2. T-norm and its Family

T-norm is a product operation of fuzzy set and fuzzy logic. As the fuzzy set operation,
T-norm means ‘fuzzy intersection operation’, as the fuzzy logic operation, this means

‘fuzzy AND operation’.
In this chapter, we would explain T-norm, T-norm family and its characteristics

2.1 T-norm and its Family

T-norm (Triangular Norm) is a binary operation that is defined by the following:

Definition.2.1 T-norm is a binary operation
p.ae[01] > T(p.q) €[0]]
satisfying the following properties:
(1) Commutativity : T(p,q) =T (q, p)
(2) Associativity : T(p,T(q,r))=T(T(p,q).r)
(3) Monotonicity: p<q, r<s=T(p,r)<T(q,s)

(4) Boundary conditions: T(p,0)=0, T(p,D)=p

The typical T-norms are the followings:
(1) Logical product: T, (p,q)=pPAQ

(2) Algebraic product: T,(p,q) = pxq
(3) Multi-valued product (Lukaszewicz product) : T,, (p,q)=(p+9q-1)v 0

(4) Drastic product: T (p,q) =
pAg,pvg=1

T-norms of 3-dimension graphs are illustrated in Figure.2.1.1-2.1.4.
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Figure.2.1.3 Multi-Valued Product

Definition.2.2 Order of T-norms

For two T-norms T, and Tﬂ , if a relation
Ta (plq) S Tﬁ (p:q): (p!q) € [011]2

holds, we denote itby T, <T,.

Theorem.2.1
Forany T-norm T, an inequality Tp<T<T_.

Proof
If T-norm T > T, exists, then

T e)<T (p.a)

holds.

Let p>q,
q<T(p.q)

From monotonicity and boundary conditions,
q<T(p.a)<T(@a)=q
~T(p,a)=q

Letp=q,
p<T(p.a)

From monotonicity and boundary conditions,
P<T(p,q)<T(pL=p
~T(p.a)=p
~T(pa)=pAq=T.(p,q)

If T-norm T < Tp exists, then
TEa)<T, (.9

holds.

holds.

Figure.2.1.4 Drastic Product



Let pvg=1,
T(p.q)<0

From monotonicity and boundary conditions,
T(p,0)<T(p,q)<0

0<T(p,gq)<0
~T(p,q)=0
Let pvg=1,
from boundary conditions,
T(p.a)=p~Aq.
0 ,pvg=#l1
- T(p,q) ={
paq,pvg=1
=Tp(p,q) =
Definition.2.3 T-norm Family

Forany A €[ab],if T, is T-norm, then we say that {T, } is T-norm family that connects T, with
T,.

The typical T-norm families are the followings:

(1) Dombi product: T,(p,q)= ! A>0

1+4(a-p)/ p)’ +(@-a)/a)*
(2) Weber product : T, (p,q) = max(©, L+ A)(p+q ~1) ~ 4p), 4 > -1

(3) Yager product: T,(p,q)=1-min(L4/(L- p)* +(1-q)*), >0

Pq

(4) Hamacher product: T, (p,q) = '
2 A+(1—2A)(p+q- pq)

(5) Schweizer product (i) : T,(p,q) = \/max(O, p*+9* -1),1>0

(6) Schweizer product (i) : T,(p,q) = ! A>0

p? +1/97 -1

(7) Schweizer product (iii) : T,(p,q) =1-4/(1— p)* +1—0)* —(1—p)'A—0)*, A>0

(8) Dubois product: T,(p,q) = L,ﬂ €[0]]
max(p, d, 1)

AP —1)(° -1)

(9) Frank product : T,I(p,q):log{u( }}»0,27&1



Theorem 2.2

(1) Dombi product: T,(p,q)= ! A>0

1+4(a-p)/ p)’ +(@-a)/a)*
A—=>0o=T,(p,q)=T.(p,q)
A=>0=T,(p,9)=T,(p,q)

Proof

Letdenote f (1) =4/((1— p)/ p)* +((1—q)/q)" .

limlog f (4) = lim log /(A p)/ p)* +((1—a)/ )"

1-pY) (1-q)
o (5] ()
) p q
= lim
A—o0 A
A A
1 1
log| | —-1| +| -
od[31) 3
= lim
A—w A

From I’Hospital’s theorem,

(o ol ] o

limlog f(4) =lim - -
A—0 A— 1 1

= + - —
[(P J [q j J

Mtp>q,£—1<£—L
p q

i log £(2) = im

it

Let p <(, asinthe previous proof,



.:mnfu)=£l—qv[1—{}
i p q

1

limT, (p,q) =
R
p q
=pAq
=T (pg) W

Let denote f (1) = %/((1— p)/p)* +(1-9)/q)*, p#0]1,q=0],

lim £ (2) =lim3/(t— p)/ p)* +(2-0)/ )’

=00

IlirrgTﬂ(p, =0 (p=01Lq=021)

~NimT, (p,q) =To(p,q) H

(2) Weber product: T,(p,q) =max0,1+A)(p+9q-1)—-1pg),4A>-1

A—=>0=T,(p,q)=T(p,q)
Proof

T,(p,q) =max(@, (1+2)(p+q-1)-1pq)
=maxQ, (p+q-)-A-p)L-q)

Let pv( ;tl,limTl(p,q):O-
Let pv(q =1,!imTl(p,q)= PAQ.

~NimT, (p.a)=Tp(p,q)

(3) Yager product: T,(p,q) =1-min(, {/(1— p)*+(@1-9)*),A>0

A—=>0=T,(p,q)=T,(p,q)

A—=0=T,(p,q)=T.(p,q)
Proof



Letdenote (1) =4/(1- p)* +(1—q)*, p =04, q=0L1,

lim  (2) =lim3/t— p)* +(1-0)’

=00

limT,(p,a) =0

- NimT, (p,q) =To(p,q)

Letdenote (1) =4/(1- p)* +(1—q)*, p =04, q=0L1,

lim log f (2) = lim log4/(1— p)* + (L)’
- lim > og((t- )’ + @-0)°)

From I’Hospital’s theorem,
_ i @=P)" log@— p) + (1-q)" log(1 - q)
i (@-p)* +-a)*)
Let p>(Q,then 1-p<1l-q.

1-p)

i 1=0)°
o (a—mﬂ+q
(1-a)’
=log(1-q)
s lim f(2)=1-q

log(1- p) +log(1-q)

- limT, (p,9) =4
Let P <(, asinthe previous proof,
~NimT,(p,q) =T (p,q) =

pq
A+@1-2)(p+q-pa)
A—=>0o=T,(p,q)=T,(p,q)

(4) Hamacher product: T,(p,q) =

Proof
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pq

A+@-2)(p+9-pa)

_ Pq
(p+9-pa)+Al-p)d-q)

Let p=01q=#01,

T.(p,q) =

limT,(p,q)=Ilim
pon 7= (p+q - pa) + AQL- p)(L-q)
=0

< ImT,(p,q)=Tp(p,q) =

(5) Schweizer product (i) : T,(p,q) = {/max(o, p*+q* -1),1>0

A—=0=T,(p,q)=T,(p,0)

A—=0=T,(p,q)=T,(p.q)
Proof

Letdenote f(A)=4p*+q* -1, p=01q=01
- 1 y) ) A _
lelog f(/l)_mlogq/p +q° -1

:Iﬂim%log(p‘ +q° —1)

From I’Hospital’s theorem,

_jim P log p+q”logg
A0 p}“+qi -1

=log p+logq
=log pq

< ImT,(p,q) =T,(p,q) =

Letdenote p=0,1,g=01

1 — h A A /1_
limT, (p,q) = lim§/max(0, p* +q” ~1)
-0

< imT,(p,q)=Tp(p,q) ™

11



(6) Schweizer product (i) : T, (p,q) = ! A>0

pt +1/g7 -1

A—=>0=T,(p,a)=T,(p,0)

A—=0w0=T,(p,q)=T,(p.q)
Proof

Letdenote f(A)=4p*+q* -1, p=01qg=01
- L 2 w2 A
le)log f(4)= Iilgg log4/p™” +q 1

= Iiiirg%log(p‘l +q* —1)

From I’Hospital’s theorem,
-2 )
_lim=P Io% p+3 logq
A0 P +q -1
=—(log p +log )
= —log pq

1
=log—
Pq

< ImT,(p,q) =T,(p,q) =

Letdenote f(A)=4p*+q* -1, p=01q=01
limlog f (4) = lim log4/p™” +q* -1
BT 1 ) )
_lmzlog(p +q —1)

From I’Hospital’s theorem,

-2 -2
_lim=P Iog p+3 logq
Ao p*+q° -1

= 00

< ImT,(p,q) =Tp(p,q) ™

(7) Schweizer product (iii) : T,(p,q) =1—{/(1— p)* +1-0)* —(1-p) (1-q)*,A>0
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A—=>0=T,(p,q)=T,(p,q)

A—=0=T,(p,q)=T.(p,q)
Proof

Letdenote f(4)=4/(1—p)* +(1—q)* —(1—p)*A—q)*, p=01, =01

limlog f (4) = limlog{/(L- p)* +(L-a)* — (- p)* (- )’
~ lim—log(t— p)* + A-0)" - - p)* -0’

From I’Hospital’s theorem,

_lim &= P)" logt— p) +(L- )" log{L - ) — (1 - p)* (1~ 0)" log(L - p) - (1— p)* (1— )" log(1—q)
a0 -p)+@-a) --p)-0)
=0

~NimT, (p,q) =To(p,q) =

Letdenote f(4)=4/(1—p)* +(1—q)* —(A—p)*A—q)", p=01, =01

lim log f (2) = lim log /(L p)* +(1-0)" - (- p)* A1)’
.1
= lim ~-log((L~p)" +-a)" ~ (L~ p)* 1-0)")
From I’Hospital’s theorem,

_tim &= )" log(L— p) + (1— )" log(L— ) — (1 - p)* (1 - )" log(L - p) — (1 - p)* (L - )" log(L - q)

s @-p)+0-9)" -A-p)*l-0q)°
Let p>q, then (1-p)<(1-q),

A=P)" 1090 p)+log(t—q)— (- p)* loglL— p)—(1— p)* log(L—q)

@9

i @ p) )

1-(1-
g TEP
 log(l—q)
limT, (p,q) =1-(1-q)
=(q

Let p=q, as in the previous proof,

limT, (p,q) = p
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< imT, (p,a) =T, (p,q) ™

(9) Frank product : T,(p,q)=log, {l+ W
A

}ﬂoo,iil

A—>0=T,(p,q)=Ty,(p,q)
Proof
Let p=01q=01,

Iog{l + (A" =D - 1)}

A-1
logA

limT, (p,q) = lim

|ogP‘1+ (AP (A —1)}

. A-1
=lim
A—® |ogl
_jim log(A —1+ (4" —1)(A° 1)) log(A 1)
A—w |og/’{l

From I’Hospital’s theorem,
p+a-1 _ Pl _ ygo-l
_lim A 1+(p+Qq)4 pA gaA"™ 1
A-1+A" -1)(A° -1) A-1

lim A+(p+q)AP™ — pAP — gt 1
A-1+ (A" -D(A" -1)

A—>0

A—>

Let p+g>1,
_ "m{ A 4 (p+a)—pa’ —ga }_1
A—>00 ﬂ—(pm—l) _ﬂ—(pm) +(1_/1—p)(1_/1—q)
=p+q-1
Let p+tg=1,

=lim

A—®

1+ (p+q)AP - pAPt —gat 1
L APt et _gat |

=0

~NimT, (p,q) =Ty (p,q) =
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T-norm family connects one typical T-norm to another. The relation between A and T, is appeared
in Table.2.1.

T-Norm Families T-Norms Logical Algebraic Multi-valued Drastic
(1) Dombi Infinity —0
(2) Weber -1 0 Infinity
(3) Yager Infinity 1 —0
(4) Hamacher 1 Infinity
(5) Schweizer (i) -0 1 Infinity
(6) Schweizer (ii) Infinity —0
(7) Schweizer (iii) Infinity 1 —0
(8) Dubois 0
(9) Frank Infinity

Table.2.1 Relation between A and T,

The continuity and the monotonicity of T-norm family are defined as the followings.

Definition.2.5 Continuity of T-norm
T-norm family {T, } is continuous, if forany >0, 4 €[0,1],
(p, q) € [0,1]%, a positive number & exists, a proposition
Vuelol:|i-4<s= T,z(p,q)—Tﬂ(p,q)‘ <e

holds.

Definition.2.6 Monotonicity of T-norm

T-norm family { T, } is monotonous, if forany A €[0,1], (p, ) €[0,1]% T, (p, q) is monotonous.
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2.2 The New T-norm Family “Quasi-Logical Product”

Definition.2.7 Quasi-Logical Product (Uesu Product)
Quasi-logical product  (Uesu product) is defined as the following:

0 ,pvag<l-4
Ti(p,q)={ PV

, A €[01]
pAaQ,pvqg=21-4

Theorem 2.3
Quasi-logical product T, is T-norm family.

Proof
(1) Commutativity : T(p,q) =T(q, p)

Tz(p,q)={ 0 .pva<l-4
pAqQ,pvg=1-4

0 ,gvp<l-A
={q/\p,qvpzl—/i
=T,(a,p)

(2) Associativity : T(p,T(q,r))=T(T(p,q),r)
0 ,qvr<l-A4
Tﬂ(q,f)z{
gar,gvr>1-4
If qvr>1-A4,then
T,(p,T. (@) =pArgAar,
if qvr<1l-A4, then
0 ,p<l-A
T,(p,T,(q,r) =
(P, T,(a,1)) {p/\q” 1o
Then,
,pvgvr<il-A
T,(p,T,(q,r) =
(P, T,(a,1)) {p/\q” pvavraloi
0 ,pvg<l-1
T,(p,q) =
pAQ,pvg=>1-4
If pvg=1-A4,then
T, (T (p.a)r)=pAgnar,
if pvg<l-A, then
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T (pa)r) = 0 ,r<l-4
00(P.A) 10 = PAQAT ,r>1-2
Then,
,pvgvr<l-A4

T,(T,(p,q),r) =

»(T,(p,q),r) {pAqAr pvgyrel-a
(3) Monotonicity: p<q, r<s=T(p,r)<T(q,s)
0 ,pvg<l-A
pAQ,pvg=21-4

0 ,qvs<l-A4

and T,(q,s) :{ , itisclearly.

From Tl(p,r):{ AnS.qvs>1- A

(4) Boundary conditions: T(p,0)=0, T(pD)=p

0 ,pv0<l1-4
Tz(pio):
pAO,pv0>1-4
=0
0 ,pvii-A
T,(p1) =
pal,pvli>1-4

=P
From (1) ,(2), (3) and (4), quasi-logical product T, is T-norm family.l

The relation of typical T-norm families and quasi-logical product could be illustrated in Figure.2.2.

| Logical Product |<—’| T1:Quasi-Logical Product |

i Dubois Product
1

| Algebr:slicProduct |

i Weber Product | T,:Quasi-Ldgical Product |

| Mulch-Valued Product |

i Schweizer(i) Product

| Drastic Product |4—’| To:Quasi-Logical Product |

Figure.2.2 Relation of T-norm Families

17



This relation of 3-dimension graphs is illustrated in Figure.2.3.
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Figure.2.3 The Relation of T-norm Family and Quasi-Logical Product
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