
2. T-norm and its Family 
 

T-norm is a product operation of fuzzy set and fuzzy logic. As the fuzzy set operation, 

T-norm means ‘fuzzy intersection operation’, as the fuzzy logic operation, this means 

‘fuzzy AND operation’. 

In this chapter, we would explain T-norm, T-norm family and its characteristics 

 

2.1 T-norm and its Family 
  
T-norm (Triangular Norm) is a binary operation that is defined by the following: 

 

Definition.2.1   T-norm is a binary operation  

       ]1,0[),(]1,0[, ∈→∈ qpTqp
satisfying the following properties: 

(1) Commutativity :  ),(),( pqTqpT =
(2) Associativity :  )),,(()),(,( rqpTTrqTpT =

(3) Monotonicity : ),(),(, sqTrpTsrqp ≤⇒≤≤  

(4) Boundary conditions : pp =)1,(  TpT = ,0)0,(

qpqpTL ∧=),(
qpqpTA

 

The typical T-norms are the followings: 

 (1) Logical product :  

 (2) Algebraic product :  ×=),(
(
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Figure.2.1.1  Logical Product 
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Figure.2.1.2  Algebraic Product 

 (3) Multi-valued product (Lukaszewicz product) : 0)1(), ∨−+= qpqpTM  

 (4) Drastic product :  
=∨
<∨

1
1

qp
qp

⎩
⎨
⎧

∧
=

,
,0

),(
qp

qpTD

   

T-norms of 3-dimension graphs are illustrated in Figure.2.1.1-2.1.4. 
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 Figure.2.1.3  Multi-Valued Product Figure.2.1.4  Drastic Product 
 

 

Definition.2.2    Order of T-norms 

For two T-norms and , if a relation αT βT

αT (p,q)≤ (p,q), (p,q)∈[0,1]2 βT
holds, we denote it by . βα TT ≤

 

Theorem.2.1 

For any T-norm T, an inequality  TD≤ T≤ TL  holds. 

 
Proof 

If T-norm T TL exists, then  ≥
LT (p,q) T≤ (p,q)  

holds.  
Let p>q, 

),( qpTq ≤  
From monotonicity and boundary conditions,  

qqTqpTq =≤≤ ),1(),(  
qqpT =∴ ),(  

Let p≦q, 
),( qpTp ≤  

From monotonicity and boundary conditions,  
ppTqpTp =≤≤ )1,(),(  

pqpT =∴ ),(  
),(),( qpTqpqpT L=∧=∴  ■ 

 
If T-norm T TD exists, then  ≤

T (p,q) (p,q)  DT≤
holds.  
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Let , 1≠∨ qp
0),( ≤qpT  

From monotonicity and boundary conditions,  
0),()0,( ≤≤ qpTpT  

0),(0 ≤≤ qpT  
0),( =∴ qpT  

Let , 1=∨ qp
from boundary conditions,  

qpqpT ∧=),( . 

⎩
⎨
⎧

=∨
≠∨

∧
=∴

1,
1,0

),(
qp
qp

qp
qpT  

),( qpTD=  ■ 

 
Definition.2.3  T-norm Family 

For any ∈λ [a,b], if  is T-norm, then we say that { } is T-norm family that connects  with 
. 

λT λT aT
bT
 
The typical T-norm families are the followings: 

 

(1) Dombi product : 0,
)/)1(()/)1((1

1),( >
−+−+

= λ
λ λλλ

qqpp
qpT  

(2) Weber product : 1),)1)(1(,0max(),( −≥−−++= λλλλ pqqpqpT  

(3) Yager product : 0),)1()1(,1min(1),( >−+−−= λλ λλ
λ qpqpT  

(4) Hamacher product : 0,
))(1(

),( ≥
−+−+

= λ
λλλ pqqp

pqqpT  

(5) Schweizer product (i) : 0,)1,0max(),( >−+= λλ λλ
λ qpqpT  

(6) Schweizer product (ii) : 0,
1/1/1

1),( >
−+

= λ
λ λλλ

qp
qpT  

(7) Schweizer product (iii) : 0,)1()1()1()1(1),( >−−−−+−−= λλ λλλλ
λ qpqpqpT  

(8) Dubois product : ]1,0[,
),,max(

),( ∈= λ
λλ qp

pqqpT  

(9)  Frank product : 1,0,
1

)1)(1(1log),( ≠>⎥
⎦

⎤
⎢
⎣

⎡
−

−−
+= λλ

λ
λλ

λλ

qp

qpT  
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Theorem 2.2 

(1) Dombi product : 0,
)/)1(()/)1((1

1),( >
−+−+

= λ
λ λλλ

qqpp
qpT  

      
),(),(0
),(),(

qpTqpT
qpTqpT

D

L

=⇒→
=⇒∞→

λ

λ

λ
λ

 

Proof 

Let denote λ λλλ )/)1(()/)1(()( qqppf −+−= , 

 

λ

λ

λ

λλ

λ

λλ

λ

λ λλ

λλ

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −

=

−+−=

∞→

∞→

∞→∞→

1111log

lim

11log

lim

)/)1(()/)1((loglim)(loglim

qp

q
q

p
p

qqppf

 

From l’Hospital’s theorem, 

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=
∞→∞→ λλ

λλ

λλ
λ

1111

11log1111log11

lim)(loglim

qp

qqpp
f  

Let qp > , 1111
−<−

qp
. 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛
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⎟⎟
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⎞
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⎝

⎛
−

⎟⎟
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⎝

⎛
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⎟⎟
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⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
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⎝

⎛
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
∞→∞→

11log

1

11

11

11log11log

11

11

lim)(loglim

q

q

p

qp

q

p

f

λ

λ

λ

λ

λλ
λ

 

Let qp ≤ , as in the previous proof, 
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  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∨⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=∴

∞→
1111)(lim

qp
f λ

λ
. 

  

　■),(

11111

1),(lim

qpT
qp

qp

qpT

L=
∧=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∨⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+

=
∞→ λλ

 

 

Let denote ,1,0,1,0,)/)1(()/)1(()( ≠≠−+−= qpqqppf λ λλλ  

 
∞=

−+−=
→→

λ λλ

λλ
λ )/)1(()/)1((lim)(lim

00
qqppf

 

 )1,0,1,0(0),(lim
0

≠≠=∴
→

qpqpTλλ
 

 　■),(),(lim
0

qpTqpT D=∴
→ λλ

 

 

(2) Weber product : 1),)1)(1(,0max(),( −≥−−++= λλλλ pqqpqpT  

),(),( qpTqpT D=⇒∞→ λλ  

Proof 

))1)(1()1(,0max(
))1)(1(,0max(),(

qpqp
pqqpqpT
−−−−+=

−−++=
λ

λλλ  

Let , . 1≠∨ qp 0),(lim =
∞→

qpTλλ

Let , . 1=∨ qp qpqpT ∧=
∞→

),(lim λλ

),(),(lim qpTqpT D=∴
∞→ λλ

 ■ 

 

(3) Yager product : 0),)1()1(,1min(1),( >−+−−= λλ λλ
λ qpqpT  

),(),(
),(),(0

qpTqpT
qpTqpT

L

D

=⇒∞→
=⇒→

λ

λ

λ
λ

 

Proof 
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  Let denote 1,0,1,0,)1()1()( ≠≠−+−= qpqpf λ λλλ , 

∞=

−+−=
→→

λ λλ

λλ
λ )1()1(lim)(lim

00
qpf

 

  0),(lim
0

=
→

qpTλλ

),(),(lim
0

qpTqpT D=∴
→ λλ

 ■ 

Let denote 1,0,1,0,)1()1()( ≠≠−+−= qpqpf λ λλλ , 

( )λλ

λ

λ λλ

λλ

λ

λ

)1()1(log1lim

)1()1(loglim)(loglim

qp

qpf

−+−=

−+−=

∞→

∞→∞→
 

From l’Hospital’s theorem, 

( )λλ

λλ

λ )1()1(
)1log()1()1log()1(lim

qp
qqpp

−+−
−−+−−

=
∞→

 

Let qp > , then . qp −<− 11

)1log(

1
)1(
)1(

)1log()1log(
)1(
)1(

lim

q
q
p

qp
q
p

−=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−
−

−+−
−
−

=
∞→

λ

λ

λ

λ

λ  

 qf −=∴
∞→

1)(lim λ
λ

 

 qqpT =∴
∞→

),(lim λλ
 

Let qp ≤ , as in the previous proof, 

 ),(),(lim qpTqpT L=∴
∞→ λλ

 ■ 

(4) Hamacher product : 0,
))(1(

),( ≥
−+−+

= λ
λλλ pqqp

pqqpT  

),(),( qpTqpT D=⇒∞→ λλ  

Proof 

 10



   

)1)(1()(

))(1(
),(

qppqqp
pq

pqqp
pqqpT

−−+−+
=

−+−+
=

λ

λλλ

 

Let , 1,0,1,0 ≠≠ qp

  

0
)1)(1()(

lim),(lim

=
−−+−+

=
∞→∞→ qppqqp

pqqpT
λλλλ  

 ),(),(lim qpTqpT D=∴
∞→ λλ

  ■ 

 

(5) Schweizer product (i) : 0,)1,0max(),( >−+= λλ λλ
λ qpqpT  

),(),(
),(),(0
qpTqpT

qpTqpT

D

A

=⇒∞→
=⇒→

λ

λ

λ
λ

 

Proof 

  Let denote 1,0,1,0,1)( ≠≠−+= qpqpf λ λλλ  

 
( )1log1lim

1loglim)(loglim

0

00

−+=

−+=

→

→→

λλ

λ

λ λλ

λλ

λ

λ

qp

qpf
 

From l’Hospital’s theorem, 

pq
qp

qp
qqpp

log
loglog

1
logloglim

0

=
+=

−+
+

=
→ λλ

λλ

λ

 

 ),(),(lim qpTqpT A=∴
∞→ λλ

  ■ 

  Let denote  1,0,1,0 ≠≠ qp

 
0

)1,0max(lim),(lim

=

−+=
∞→∞→

λ λλ

λλλ
qpqpT

 

 ),(),(lim qpTqpT D=∴
∞→ λλ

  ■ 
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(6) Schweizer product (ii) : 0,
1/1/1

1),( >
−+

= λ
λ λλλ

qp
qpT  

),(),(
),(),(0
qpTqpT

qpTqpT

D

A

=⇒∞→
=⇒→

λ

λ

λ
λ

 

Proof 

  Let denote 1,0,1,0,1)( ≠≠−+= −− qpqpf λ λλλ  

 
( )1log1lim

1loglim)(loglim

0

00

−+=

−+=

−−

→

−−

→→

λλ

λ

λ λλ

λλ

λ

λ

qp

qpf
 

From l’Hospital’s theorem, 

( )

pq

pq
qp

qp
qqpp

1log

log
loglog

1
logloglim

0

=

−=
+−=

−+
+

−=
−−

→ λλ

λλ

λ

 

 ),(),(lim qpTqpT A=∴
∞→ λλ

  ■ 

  Let denote 1,0,1,0,1)( ≠≠−+= −− qpqpf λ λλλ  

 
( )1log1lim

1loglim)(loglim

−+=

−+=

−−

∞→

−−

∞→∞→

λλ

λ

λ λλ

λλ

λ

λ

qp

qpf
 

From l’Hospital’s theorem, 

∞=
−+

+
−=

−−

∞→ 1
logloglim λλ

λλ

λ qp
qqpp

 

 ),(),(lim qpTqpT D=∴
∞→ λλ

  ■ 

 

(7) Schweizer product (iii) : 0,)1()1()1()1(1),( >−−−−+−−= λλ λλλλ
λ qpqpqpT  
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),(),(
),(),(0

qpTqpT
qpTqpT

L

D

=⇒∞→
=⇒→

λ

λ

λ
λ

 

Proof 

  Let denote 1,0,1,0,)1()1()1()1()( ≠≠−−−−+−= qpqpqpf λ λλλλλ  

 
( )λλλλ

λ

λ λλλλ

λλ

λ

λ

)1()1()1()1(log1lim

)1()1()1()1(loglim)(loglim

0

00

qpqp

qpqpf

−−−−+−=

−−−−+−=

→

→→
 

From l’Hospital’s theorem, 

0
)1()1()1()1(

)1log()1()1()1log()1()1()1log()1()1log()1(lim
0

=
−−−−+−

−−−−−−−−−−+−−
=

→ λλλλ

λλλλλλ

λ qpqp
qqppqpqqpp

 

 ),(),(lim
0

qpTqpT D=∴
→ λλ

  ■ 

  Let denote 1,0,1,0,)1()1()1()1()( ≠≠−−−−+−= qpqpqpf λ λλλλλ  

 
( )λλλλ

λ

λ λλλλ

λλ

λ

λ

)1()1()1()1(log1lim

)1()1()1()1(loglim)(loglim

qpqp

qpqpf

−−−−+−=

−−−−+−=

∞→

∞→∞→  

From l’Hospital’s theorem, 

λλλλ

λλλλλλ

λ )1()1()1()1(
)1log()1()1()1log()1()1()1log()1()1log()1(lim

qpqp
qqppqpqqpp

−−−−+−
−−−−−−−−−−+−−

=
∞→

Let p>q, then (1-p)<(1-q), 

 

)1log(

)1(1
)1(
)1(

)1log()1()1log()1()1log()1log(
)1(
)1(

lim

q

p
q
p

qpppqp
q
p

−=

−−+
−
−

−−−−−−−+−
−
−

=
∞→

λ
λ

λ

λλ
λ

λ

λ  

    
q

qqpT

=

−−=
∞→

)1(1),(lim λλ

Let p≦q, as in the previous proof, 

pqpT =
∞→

),(lim λλ
 

 13



 ),(),(lim qpTqpT L=∴
∞→ λλ

  ■ 

 

(9)  Frank product : 1,0,
1

)1)(1(1log),( ≠>⎥
⎦

⎤
⎢
⎣

⎡
−

−−
+= λλ

λ
λλ

λλ

qp

qpT  

),(),( qpTqpT M=⇒∞→ λλ  

Proof 

  Let , 1,0,1,0 ≠≠ qp

 
λ
λ

λλ

λλλ log
1

)1)(1(1log
lim),(lim

⎥
⎦

⎤
⎢
⎣

⎡
−

−−
+

=
∞→∞→

qp

qpT  

( )
λ

λλλλ
λ

λ
λλλ

λ

λ

log
)1log()1)(1(1loglim

log
1

)1)(1(1log
lim

−−−−+−
=

⎥
⎦

⎤
⎢
⎣

⎡
−

−−+−

=

∞→

∞→

qp

qp

 

From l’Hospital’s theorem, 

1
)1)(1(1

)(lim

1
1

)1)(1(1
)(1lim

111

−⎥
⎦

⎤
⎢
⎣

⎡
−−+−
−−++

=

⎥
⎦

⎤
⎢
⎣

⎡
−

−
−−+−
−−++

=

+

∞→

−−−+

∞→

qp

qpqp

qp

qpqp

qpqp

qpqp

λλλ
λλλλ

λλλλ
λλλλ

λ

λ

 

Let p+q>1, 

1

1
)1)(1(

)(lim )()1(

)1(

−+=

−⎥
⎦

⎤
⎢
⎣

⎡

−−+−
−−++

=
−−+−−+−

−−−+−

∞→

qp

qpqp
qpqpqp

qpqp

λλλλ
λλλ

λ  

Let p+q≦1, 

0

1
1

)(1lim 111

111

=

−⎥
⎦

⎤
⎢
⎣

⎡

−−+
−−++

=
−−−+

−−−+

∞→ qpqp

qpqp qpqp
λλλ

λλλ
λ  

),(),(lim
0

qpTqpT M=∴
→ λλ

  ■  
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  T-norm family connects one typical T-norm to another. The relation between λ  and  is appeared 
in Table.2.1. 

λT

 T-Norm Families T-Norms Logical Algebraic Multi-valued Drastic
Infinity →0

-1 0 Infinity
Infinity 1 →0

1 Infinity
→0 1 Infinity

Infinity →0
Infinity 1 →0

0 1
Infinity(9) Frank

(5) Schweizer (i)
(6) Schweizer (ii)
(7) Schweizer (iii)
(8) Dubois

(1) Dombi
(2) Weber
(3) Yager
(4) Hamacher

 
 
 
 
 
 
 
 
 
 

Table.2.1  Relation between λ  and T  λ 
 

The continuity and the monotonicity of T-norm family are defined as the followings. 
 
Definition.2.5   Continuity of T-norm 

T-norm family { } is continuous, if for any λT ε >0, ∈λ [0,1],  
(p, q)∈[0,1]2, a positive number δ  exists, a proposition 

εδμλμ μλ <−⇒<−∈∀ ),(),(:]1,0[ qpTqpT  

holds. 

 

Definition.2.6   Monotonicity of T-norm 

T-norm family { } is monotonous, if for any λT ∈λ [0,1], (p, q)∈[0,1]2, (p, q) is monotonous.  λT
 
 

 15



2.2 The New T-norm Family “Quasi-Logical Product” 
 
Definition.2.7 Quasi-Logical Product  (Uesu Product) 

Quasi-logical product  (Uesu product) is defined as the following: 

]1,0[,
1,
1,0

),( ∈
⎩
⎨
⎧

−≥∨
−<∨

∧
= λ

λ
λ

λ qp
qp

qp
qpT  

 
Theorem 2.3 
  Quasi-logical product  is T-norm family. λT
 
Proof 
(1) Commutativity :  ),(),( pqTqpT =

),(
1,
1,0

1,
1,0

),(

pqT
pq
pq

pq

qp
qp

qp
qpT

λ

λ

λ
λ

λ
λ

=
⎩
⎨
⎧

−≥∨
−<∨

∧
=

⎩
⎨
⎧

−≥∨
−<∨

∧
=

 

 

(2) Associativity :  )),,(()),(,( rqpTTrqTpT =

  
⎩
⎨
⎧

−≥∨
−<∨

∧
=

λ
λ

λ 1,
1,0

),(
rq
rq

rq
rqT

If λ−≥∨ 1rq , then 

 , rqprqTpT ∧∧=)),(,( λλ

if λ−<∨ 1rq , then 

⎩
⎨
⎧

−≥∧∧
−<

=
λ
λ

λλ 1,
1,0

)),(,(
prqp
p

rqTpT  

Then,  

  
⎩
⎨
⎧

−≥∨∨∧∧
−<∨∨

=
λ
λ

λλ 1,
1,0

)),(,(
rqprqp
rqp

rqTpT

 

⎩
⎨
⎧

−≥∨
−<∨

∧
=

λ
λ

λ 1,
1,0

),(
qp
qp

qp
qpT  

If λ−≥∨ 1qp , then 

 , rqprqpTT ∧∧=)),,(( λλ

if λ−<∨ 1qp , then 
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⎩
⎨
⎧

−≥∧∧
−<

=
λ
λ

λλ 1,
1,0

)),,((
rrqp
r

rqpTT  

Then,  

  
⎩
⎨
⎧

−≥∨∨∧∧
−<∨∨

=
λ
λ

λλ 1,
1,0

)),,((
rqprqp
rqp

rqpTT

 

(3) Monotonicity : ),(),(, sqTrpTsrqp ≤⇒≤≤  

From  and T , it is clearly. 
⎩
⎨
⎧

−≥∨
−<∨

∧
=

λ
λ

λ 1,
1,0

),(
qp
qp

qp
rpT

⎩
⎨
⎧

−≥∨
−<∨

∧
=

λ
λ

λ 1,
1,0

),(
sq
sq

sq
sq

 

(4) Boundary conditions : ppTpT == )1,(,0)0,(  

0
10,
10,

0
0

)0,(

=
⎩
⎨
⎧

−≥∨
−<∨

∧
=

λ
λ

λ p
p

p
pT

 

 

p
p
p

p
pT

=
⎩
⎨
⎧

−≥∨
−<∨

∧
=

λ
λ

λ 11,
11,

1
0

)1,(
 

 

From (1) ,(2), (3) and (4), quasi-logical product  is T-norm family.■ λT
 

  The relation of typical T-norm families and quasi-logical product could be illustrated in Figure.2.2.  
 
 
 
 
 
 
 
 
 
 
 

Figure.2.2  Relation of T-norm Families 
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This relation of 3-dimension graphs is illustrated in Figure.2.3. 
 

0

0.5

 18

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

1

p

0

0.5

1

q

0

0.5

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

 
 

1

T
 
 
 0

 0.5
p

 
1

 
Dubois Product (λ=0.00)  

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

 

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

Quasi-Logical Product (λ=1.00) 

Quasi-Logical Product (λ=0.80) 

Quasi-Logical Product (λ=0.60) 

 
 
    
 
 
 
 Dubois Product (λ=0.33) 
 
 
 
 
 
 
 

Dubois Product (λ=0.67)  
 
 
 
 
 
 

 
 

Dubois Product (λ=1.00) 

Weber Product (λ=-1.00) 
 
 

 
 
 
 
 
 
 

Weber Product (λ=-0.67) 
 



 

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

 

Weber Product (λ=-0.33) 

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

 19

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

 

0

0.5

1

p

 

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

0

0.5

1

p

0

0.5

1

q

0

0.5

1

T

0

0.5

1

p

Shweizer Product(i) (λ=10) 

Shweizer Product(i) (λ→∞) 

Figure.2.3  The Relation of T-norm Family and Quasi-Logical Product 
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