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Remarks on BV estimates for vanishing
viscosity approximations to hyperbolic systems

Kazuo Kobayasi*' and Hiroki Ohwa**

Abstract

We consider the Cauchy problems for a parabolic n xXn system in one-space dimension:
ut + A(u)uz = Uz, assuming that A(u) has n real, distinct eigenvalues and that the initial
data have small total variation. We discuss local existence and decay estimates of the
solutions in detail.

1. Introduction

The Cauchy problem for a system of conservation laws in one space dimension takes

the form

ut—i-f(u)m =0 5 (11)
u(0,2) = a(z) . (1.2)

Here v = (u1,...,uy,) is the vector of conserved quantities, while the components of f =
(f1, .-y fn) are the fluzes. We assume the flux function f : R™ — R™ is smooth and that
the system is strictly hyperbolic; i.e., at each point u the Jacobian matrix A(u) = Df(u)
has n real, distinct eigenvalues

AL << Ay (1.3)

One can then select bases of right and left eigenvectors r;(u), {;(u), normalized so that

1 if i=j5,
| i [= 1, li-ry = e (1.4)
0 if i#j.
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Since the hyperbolic Cauchy problem is known to be well posed within a space of func-
tions with small total variation, it seems natural to develop a theory of vanishing viscosity
approximations within the same space BV. This was indeed accomplished in [1], in the more
general framework of nonlinear hyperbolic systems not necessarily in conservation form.
The only assumptions needed here are the strict hyperbolicity of system and the small total

variation of the initial data.
Theorem 1.1. Consider the Cauchy problem for the hyperbolic system with viscosity

up + A(u)u, = eul,

u(0,2) = u(x) . (1.5)

Assume that A(u) are strictly hyperbolic, smoothly depending on w in a neighborhood of
the origin. Then there exist constants C, L, L' and 6 > 0 such that the following holds. If

Tot.Var.{a} < ¢, |a|r=~ <9, (1.6)

then for each € > 0 the Cauchy problem (2.5), has a unique solution u¢, defined for all ¢ > 0.

Adopting a semigroup notation, this will be written as t — u®(¢,-) = Sfu. In addition, one

has
BV bounds : Tot.Var.{S;u} < C Tot.Var.{a} . (1.7)
1 e e qen o
L* stability : HS’tu - StUHLl <L|u- ’UHLl ) (1.8)
’%a—SEL}gL(H—ﬂ%ﬂVE—V&D. (1.9)

Convergence: As e — 0+, the solutions u¢ converge to the trajectories of a semigroup S

such that
H&Q—Sﬁ

nguw—@hl+Lu—ﬂ. (1.10)

These vanishing viscosity limits can be regarded as the unique vanishing viscosity solu-

tions of the hyperbolic Cauchy problem
ur+ A(u)u, =0, u(0,2) =a(x) . (1.11)

In the conservation case A(u) = Df(u), every vanishing viscosity solution is a weak

solution of

us+ f(u), =0, u(0,2)=1a(x), (1.12)

satisfying the Liu admissibility conditions (cf. [2]).
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We observe that u¢ is a solution of (1.5) if and only if the rescaled function u(t,x) =

u(et, ex) is a solution of the parabolic system with unit viscosity
ur + A(u)uy = gy (1.13)

with initial data u(0,z) = a(ex). Clealy, the stretching of the space variable has no effect
on the total variation. Notice however that the value of u¢ on a fixed time interval [0, 7
correspond to the values of u on the much longer time interval [0, %] To obtain the desired
BV bounds for the viscous solutions u¢, we can confine all our analysis to solutions of
(1.13), but we need estimates uniformly valid for all times ¢ > 0, depending only on the
total variation of the initial data .

In the proof of Theorem 1.1 in [1], it is proved that (1.13) with initial data
u(0,x) = u(x) (1.14)
having small total variation, say
Tot.Var.{u} < o ,
and
2zt + [DA) - zJug + A(u)zg = 2z (1.15)

with initial data

2(0,z) = z(z) € L (1.16)

have solutions v = u(t,x) and z = z(¢, ), respectively, defined on an initial time interval
[0, %] with  ~ 0 2. Moreover, it is proved that all higher derivatives of the solutions, decay
quickly.

In this paper, we discuss this situation in detail.

2. Parabolic estimates
Following a standard approach, one can write the parabolic system (1.13) in the form
Up — Uy = —A(U) Uy (2.1)

regarding the hyperbolic term A(u)u, as a first order perturbation of the heat equation.

The general solution of (2.1) can then be written as
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u(t) = G(t) x u(0) — /0 G(t — s) x [A(u(s))uz(s)]ds

in terms of convolutions with the Gauss kernel

22

Gt ) = #ﬁew . (2.2)

From the above integral formura, one can derive local existence, uniqueness and regularity
estimates for solutions of (2.1). Since we shall be dealing with a solution u = u(t, ) having
small total variation, a more effective representation is following. Consider the state

u' = lim wu(tz), (2.3)

r— —00

which is independent of time. We then define the matrix A* = A(u*) and let \f,r¥, ¥ be

UREE R
the corresponding eigenvalues and right and left eigenvectors, normalized as in (1.4). It will

“

be convenient to use “ e 7 to denote a directional derivative, so that z ¢ A(u) = DA(u) - 2

indicates the derivative of the matrix valued functon u — A(u) in the direction of the vector

z. The systems (1.13) and (1.15) can now be written respectively as

up + A%y — Ugy = (A" — A(w))uy (2.4)

2t + A% 2y — Zgw = (A" — A(u)) 2, — (2 0 A(w))uy - (2.5)

Observing that, if u is a solution of (2.4), then z = u, is a paticular solution of the variational

equation (2.5). Therefore, as soon as one proves an a priori bound on z, or z,,, the same
estimate will be valid also for the corresponding derivatives u,y, Uzzq-

In both of the equations (2.4), (2.5), we regard the right hand side as a perturbation of

the linear parabolic system with constant coefficients
wy + A'wy —wee =0 . (2.6)

We denote by G* the Green kernel for (2.6), so that any solution admits the integral repre-

sentation
wlta) = [ 6t~ y)ul0.)dy

The matrix valued function G* can be explicitly computed. If w solves (2.6), then the i-th

component w; = [ - w satisfies the scalar equation
*
Wit + )\1 Wi, — Wi gx = 0.

Therefore w; (t) = GF(t) * w;(0), where
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LAY
2\}56’(1){_(96 4?lt) }

It is now clear that this Green kernel G* = G* (¢, x) satisfies the bounds

Gi(t,x) =

GOl < ks GO < 7 Gz <

K
t

, (2.7)
for some constant x and all ¢ > 0.

In the following, we consider an initial data «(0,-) having small total variation, but
possibly discontinuous. We shall prove the local existence of solutions and some estimates
on the decay of higher order derivatives. To get a feeling on this rate of decay, let us first

take a look at this most elementary case.
Example 2.1. The solution to the Cauchy problem for the heat equation

0 if z<0,

ut_uww:()u U(O,.’IJ):
6 if x>0,

is computed explicitly as
u(t,z) = 50/ G(t,z —y)dy .
0
The Gauss kernel (2.2) satisfies

H o =O0()t™% for1<k<3.

Oxk— ¢ HLao - Haka(t)’

Lt

In the present example we have uy(t, z) = doG(t, ). Therefore

|%whmsmm@nﬂzmn%, (2.8)
e ()2 < a2 = O (29)
o (8) [ = O(1)2 (2.10)

t_\/z .

In this section, our analysis will show that the same decay rates hold for solutions of
the perturbed equation (2.4), restricted to some initial interval [0,]. More precisely, let &g

measure the order of magnitude of the total variation data, so that
Tot.Var.{u(0,-)} = O(1)dp

Then:
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e There exists an initial interval [0,7], with £ = O(1)d;? on which the solution of (2.4) is
well defined. Its derivatives decay according to the estimates (2.8)-(2.10).

e As long as the total variation remains small, say
e ()| L1 < 00 (2.12)

the solution can be prolonged in time. In this case, for ¢ > # the higher derivatives satisfy

the bounds

[z ()L s uze(t)][ 1 = O(1)3F (2.13)
vws(llLoe s [|Uaza(t)]lLr = 0(1)68 ) (2.14)

Proposition 2.2 (Local existence). For ¢y > 0 sufficiently small, consider intial data
u(0,2) =u(z), =z(0,2)=z(z) (2.16)

such that
Tot.Var.{a} < 3—0 , zeL'. (2.17)
K

Then the equations (2.4), (2.5) have solutions u = u(t,x), z = z(¢,x) defined on the time

interval [0, ], where

. 1 2
b= (7) ; = DA| , |D*A
220k 400 ra = sup{[ DA|| , |DAll}

and « is the constant in (2.7). Moreover one has
llug(t)|| 1 < 26Tot.Var{a} , ||z(t)||p: < 2x|Z|g:  for all t € (0,7] . (2.18)

Proof. The couple (u,us), consisting of the solution of (2.2) together with its derivative,
will be obtained as the unique fixed point of a contractive transformation. For simplicity,
we assume here

u* = lim wu(z)=0.

Of course this is not restrictive, since it can always be achieved by @(x) — @(—00). Cosider

the Banach space
E = {(u,v);u € C([0,] : L(R)),v € L>((0,f] : L"(R))}

with norm
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[(w, )| = SltlpmaX{IIU(t)lle » @Iz}

On E we define the transformation 7 (u,v) = (4, 0) for (u,v) € E by setting
t
a(t) = G*(t) »u + / G*(t — s) x [A" — A(u(s))]v(s)ds ,
0

0(t) = Ga(t) «u+ /0 Gi(t—s) x [A* — A(u(s))]v(s)ds .

Of course, the above definition implies v = 4,. Observing that

lim GH(t)«a= lm a=u' =0,
we can compute
[G*(t) * ull L~ < |GL(t) xallLr < [[G*(E)]|r /Rdlﬂ(y)l < % : (2.19)
Moreover, if
u(s)ze <o, [v(s)|[zr <do forall s € (0,4,

then

H /Ot G (= 5) A" = Au(s))o(s)ds]|_

<[ [ et - Ao,

ds

Lt

Vi—s

< [ i - Ao
g/ot 5 iado sup [[u(s)]grds

t—s s€(0,1]
= kkalp sup |v(s)| s
s€(0,7]

< 2\/%/%,45(2) .
Therefore, it follows that
(@, )]s < %0 +2VikKkadS < 5o .
Hence we see that the transformation 7" maps the domain
D= {(u,v) € B fu(®l|p=, o)l <8 for all ¢ € (0,4]}

into itself. To prove that 7 is a strict contraction, we compute the difference 7 (u,v) —

T(u',v"). The norm is estimated as
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P
HA<E@—$*HA“nMM$MMQ—J@D

+HA(u'(5) = Au(s)]v' (s) bds|| |

IN

A|GuvmeMAﬂnuw$MWQ—d@»
HA®W (5)) — A(u(s)]v' (5)] g1 ds
{IDA||Ju(s) ]| = l[o(s) — v (s)]| £

+HIDAu(s) = u' ()]l z=[v'(5)]| 1 }ds

= /.J__

IN

2Kk 400 (u

v—1v)| /;ds
B 0 \/t—S

4\/ZI£I£A50||(U—UI,U—U/)”E .

IN

Hence

|7 (w,v) — T(u,, v,)||E 4\/1_%5,450”(11 — ul,v — v,)HE

IN

sl o= v)p

Therefore, the map 7 is a strict contraction. By the contraction mapping theorem, a unique
fixed point exists in D. Clearly, this provides the solution of (2.4) with the prescribed initial
data.

Having constructed a solution u of (2.4), we now prove the existence of a solution z of

the linearized variational system (2.5), with initial data z € L*. Cosider the Banach space
E = {zzeC(0,1: Ll(R)),zgC € L>((0,1] : Ll(R))}
with norm

I2]

On E' we define the transformation 7 (z) = % for z € E by setting

g = supmax{|z(t)]z: . Vitllza(®)llz1} -

2t) =G (t)* z +/0 G*(t — s) * {[A* — A(u(s))]z(s)
~[2(s) » A(u(s))]um(s)}ds .
Thus w is a solution of (2.4). The bounds (2.7) now yield

_ _ _ K
1G*(8) * 2l < w2, (GL(#) * 2] < —

\/EHEHLl : (2.20)
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Moreover, using the identity

—r<4 (2.21)

[ ==L 7=

one obtains the bound

H/O G (= )+ {[A" = A(uls))]za(s)  [2(5) @ Alu())ua () }as |
S/O %{||DAHHU(S)lle\/EHZm(S)HLl + | DAIVs[l22(s) | 21 |z (5)l| 2 }ds

< 4Vtrrado sup /sl|z(s)l| e
s€(0,1]

< 4v/Ewk b0 2]

and similarly

Lt

| [ et =s) s {14 = Au(sDlents) = (25) o Al (s) s
DAY () 2= V3] 22(3) |

HIDA[Vs] 22 ()| 1 [[ua(s) | £ s

<[

< 8kkaldp sup v/s|lzz(s)|
s€(0,7]

< 8kkadolz|l 5 -

Therefore, it follows that

12l < 12O + Vi)l
< EO ) + sup Vi Z(t)]| e
t€(0,4]

< 22| +12\/1_?m$,450 sup V1t zz(t)| o

t€(0,]
_ 3
< 2l + 2zl
< 0.

Hence we see that the transformation 7 maps the domain E into itself. Observing that

12— £ ll < 4vEnmadollz — 2l

122 = Zullpr < 8kkadollz — 2 |

it follows that
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12(6) = 2 ()l

126) = 2 (Ol 22 + VE2a(t) = 2(8)ll s

IN

12V tkk ad0)|z — Z,HE/

IN

= ols=2 e

Therefore, the map 7 is a strict contraction. By the contraction mapping theorem, a unique
fixed point exists in E'. Clearly, this provides the solution of (2.5) with the prescribed initial
data.

Finally, we prove (2.18). Because of v = © = u,, it follows that

¢
ua (Ol < NGE(E) *ullpr + H/ G (t =) * [A" — A(u(s))]v(s)ds| x
0
< wTot.Var.{a} + 2V irkkade sup [ua(t)]|p: -
te(0,]
Hence
(1 -2 ffmAéo) sup ||uz(t)]|zr < xkTot.Var.{a} .
tc(0,]
Since
- 109
1-2 t:‘ﬂ?ﬁ?A(SQ = 1—10 5
we obtain
sup |Juz(t)||pr < 2xTot.Var.{a} .
t€(0,7]
Hence

lluz ()|l < 26Tot.Var{a} .
Moreover, because of z = 2, it follows that

|2z + sup Azt < 26|z +12VEkrad sup VE|z ()] L -
te(O,ﬂ te(ovﬂ

Hence

120 + (1= 12Vinkad) sup [|za(t)] s < 26)12] 21 -
t€(0,7]

Since

52

1 — 12V kKb = —
RK A0Q 557

we obtain
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lz@lr < 26zl L1 - u

Having established the local existence of a solution, we now prove the decay of its higher

order derivatives.

Proposition 2.3. Let u and z be solutions of the systems (2.4) and (2.5), respectively,

constructed in Proposition 2.2, satisfying the bounds

[ua(®)llzr < do, lz(®)llLr < do (2.22)

for 6o > 0 sufficiently small and all ¢ € (0, ], where

. 1 2 B ,
i~ (yppmrs) + 4 =sun{lIDA]L |D*A]} (2.23)

and & is the constant in (2.7). Then for ¢ € (0,{] the following estimates hold.

[taa @)Ly, 22(E)]Lr < 7 ; (2.24)
5&260

[tuawa(@)llLrs [2za()]Lr < P (2.25)
16K35

[ttae (D)L=, [|220(t)]| L= < 2 (2.26)

Proof. It will suffice to establish the desired estimates under the additional assumption
that z(0) is smooth, because the general case will then follow by completion.

We begin with (2.24). The function z, can be represented in terms of convolutions with

the Green kernel G*, as

w=0(3)*(3) - / Gt~ 5)+ { (2 0 Aw))ua(s)
+ (A(u) — A*)zz}ds . (2.27)

Recalling the identity (2.21) we compute

(3)]

+ [ 163 = 9l (Il 1D ANl

ez < [oz(2)]

L' L'

+llus)[[ = DAz ()] L1 }ds

V2k (t) |
), 2omade [ < lo)laid
2(3)],, +26ma0 , T elds

= i
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V2K
< 7lGL,

+ 8Kk 400 Sup \/—sz( )HL1 .

s€(0,]
Hence
t
Vil < Van||(5)| | +8Vikkade sup Vilz ()
2/1lL (0,4
t
= Voo (5)] . + 2 swp VAl
(2) 55 t€(0,1]

Observing that

53
== sup V2 ()]s
t€(0,f]

IN

Varl|-(3)|,
V2kdy

1

IN

we obtain

Villeo(®)ls < 22

Koo < 2Kdg s

which proves (2.24).

A similar technique is used to establish (2.25). Indeed, we can write

e — G;(%) " z(%) - /t Gt — 5 { (= 0 Alw)a(s)

+(A(u) — A*)zx} ds . (2.28)

Since A
/t Lo <2\/2
— ds< — < 22
L s\t—s \/Z t
2
we compute
K 2K0g

laalr < NoY /F

+(DA - 2)ugy + (DA - ug)ze + (A(u) — A*) 2

H (DA - 2)uy

ds
Ll

4/1250 / 2
< HD AllllvuzelF:112] 21
\/— L
+HIDAN Zzell L1 luall Lo + IDA 2] Lt [tz || L1
+HDA|||lue| L[| 222l Lt + [ DA wel £ ] 222 ]| L1 }ds
4K25 |
< +4KKA50{H25§—|— sup s||zm(s)|\L1}/ ——ds
t 5€(0,] 1 sVt—s
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4k25,  8Vi
< 20 I o[ W5+ sup slzan(s)lnr )
t t s€(0,7]
42 2
_ Ktao @{,{25(2)4- sup S||ch(5)||L1}

s€(0,7]

Hence

2 2
tlzaa(®)ller < 46200 + 26200 + == sup t]zpa(t)]| e

55 95 te(0,1]
222K%5) 2
_ + — sup t|zz.(t)|| L1 -
55 55 t€(0,t
Observing that
9 222K26
(1_5) sup t||zex(t)||pr < 55 - ’
t€(0,1]
we obtain 2
222K45
lzna ()l < T < 5K

which proves (2.25).

Finally, since

/t 1 4 i
————ds < - < —= ,
t 82\t —s t otV

using (2.28) we compute

Kk B5Kr2d bk
l2asll t |, = lloa -2

+(DA - 2)ugy + (DA - ug)ze + (Alu) — A" ) 2gn

[NES

2

ds
L()O

10\/5/1350
< / {10l o 212~
HID AN zall o tallz + DAY 2] g~ tns | =
DA sl gzl + 1D ANl 12 s
- 10426360 t

K
+ 7{8#;3& 53
tV/t L s2t—s A%
+30k%K 402 + k400 SUp 82 || 2an(s)|| L }ds
s€(0,7]
1538 4\/?/{/@450

< + {8,.;352 + 306300 + sup s? ||zm(s)|\m}
t\/i t\/i 0 s€(0,7]
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15636 1 ,
= +— {8& 62 + 30350 + sup 52| 2ga(s )||Loo}
t\/z 55t\/— SE(Oﬂ

863c%%0 1 3 ()]
NG 55t\fse(opt pe P

Hence
863

3 1
tHlzeaOllze < =100 + 22 sup ¢ 0a(t) 2o
te(0,4]
Observing that

1 3 863
(1= 22) s et < S2R%0
557 ye0,i 55

we obtain
; 863
t3 | 220 ()| L < — 1500 < 16x°d0 |

which proves (2.26). [

The estimates in the following corollary show that as long as Tot.Var.{u(¢)} and
lz(t)|| 1 satisfy the desired bounds, all higher order derivatives of u, and z are small,

with expotentially decaying L* norms.

Corollary 2.4. In the same setting as in Proposition 2.3, assume that the boubds (2.22)
hold on a larger interval [0, T]. Then for all ¢ € [£,T],

lusa(®)llLr s Nus@®lz=, [zl = 01)8 (2.29)

lueae@llLt s uze®lz= . lzze(®)]Lr = O1)d , (2.30)

[uzza()lLee s Nz2a(®)llLe = 0(1)63 . (2.31)

Proof. These follow by applying Proposition 2.3 on the interval [t — t, t]. |
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