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N

N−1 xN−1
i ∈ XN−1 yi ∈ Y

n (xN−1, y)n

xN−1
p yp D(xN−1

p , (xN−1, y)n)

X ∈ R Y ∈ R

|X| <∞ |Y | <∞

(i)

(ii)

(iii)

(i)

P (y|xN−1,θ)

ŷ = D(xN−1
p , (xN−1, y)n) 1

N − 1 xN−1 y

θ ∈ Θ

n (xN−1, y)n xN−1
p yp ŷ

1 D(xN−1
p , (xN−1, y)n) D
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D

P (y|xN−1,θ)

(ii) P (y|xN−1,θ) θ

D1(x
N−1,θ) = max

y
P (y|xN−1

p ,θ) (1.1)

[11, 33, 5] 2

θ

θ

(1.1)

(1.1) P (y|xN−1
p ,θ) θ

[1, 18, 16, 33, 43, 57]

(iii)

D(xN−1
p , (xN−1, y)n)

2 (1.1) xN−1
p y

[60]
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(iii)

3

L(D(xN−1
p , (xN−1, y)n), Y |θ) =

∑
yp∈Y

d(D, yp)p(yp|xN−1
p ,θ) (1.2)

d(D, yp) D(xN−1
p , (xN−1, y)n)

yp 0 1

0 − 1

R(D(xN−1
p , (xN−1, y)n), Y |θ,μ) =∑

(xN−1)n∈(XN−1)n

∑
yn∈Y n

L(D, Y |θ)P (y|xN−1,θ)P (xN−1|μ) (1.3)

μ xN−1 (1.3)

θ μ

Brisk(D(xN−1
p , (xN−1, y)n), Y ) =

∫
μ

∫
θ

R(D, Y |θ,μ)f(θ)dθf(μ)dμ (1.4)

D(xN−1
p , (xN−1, y)n)

θ

(1.1)

θ

(xN−1, y)n θ

3 (1.2)

d(D, yp) (1.2) [16, 57]
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(a) θ

0

(1.1)

[21, 7, 34]

θ

(b) N N N − 1

[56]

N

[14, 34, 17] EM [10]
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4 [15, 58, 48]

Simple Power Steady Model (SPSM)[27]
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2

2.1

1

xN−1
i ∈ XN−1 yi ∈ Y

n (xN−1, y)n xN−1
p

yp D(xN−1
p , (xN−1, y)n) n

|Y | <∞
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2.2

(1)

(2)

(3)

(4)

(5)

(6)

(1)

P (xN−1, y|ν) = P (y|xN−1,θ)P (xN−1|μ) (2.1)

2 ν xN−1 y θ xN−1

y μ xN−1

θ μ N y

2 μ θ

[60]
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(2)

ŷ = D(xN−1
p , (xN−1, y)n) (2.2)

3 n (xN−1, y)n xN−1
p

yp ŷ

D

(3)

d(ŷ, yp) =

{
0 (ŷ = yp)

1 (ŷ �= yp)
(2.3)

0−1 0

1

yp ∈ Y θ

L(D(xN−1
p , (xN−1, y)n), Y |θ) =

∑
yp∈Y

d(D, yp)p(yp|xN−1
p ,θ) (2.4)

(2.3)

(2) (xN−1, y)n

3 D(xN−1
p , (xN−1, y)n) D
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(4)

L(D(xN−1
p , (xN−1, y)n), Y |θ) (xN−1, y)n

R(D(xN−1
p , (xN−1, y)n), Y |θ,μ) =∑

(xN−1)n∈(XN−1)n

∑
yn∈Y n

L(D, Y |θ)P (y|xN−1,θ)P (xN−1|μ) (2.5)

θ μ

(5)

R(D, Y |θ,μ) θ μ

f(θ) f(μ)

Brisk(D(xN−1
p , (xN−1, y)n), Y ) =

∫
μ

∫
θ

R(D, Y |θ,μ)f(θ)dθf(μ)dμ (2.6)

(6)

(5)

Dbr(x
N−1
p , (xN−1, y)n) = arg max

D
Brisk(D, Y ) (2.7)
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2.3

[34]

[1, 18, 16, 43, 33, 57]

[14, 41, 49, 30, 29, 53]

(1) (6)

(1) (2)

θ

D1(x
N−1
p ,θ) = arg max

y
P (y|xN−1

p ,θ) (2.8)

θ n (xN−1, y)n

θ̂y|xN−1
p

= c(y|xN−1
p ) c(y|xN−1

p )

xN−1
p y θ

ŷ = f(xN−1
p ,θ′)

= θ0 +
N−1∑
i=1

θ′ixi (2.9)
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θ′ = {θ′1, θ′2, · · · , θ′N−1}
[55] (2.9)

[33]

θ′

θ

(3) (4) (5)

l(y, ŷ) = I(y �= D1(x
N−1
p ,θ)) (2.10)

0− 1 I(·) · 1

0

L(Y,XN−1,θ) =
∑

xN−1
p ∈XN−1

∑
y∈Y

l(y,D(xN−1
p ,θ))P (y, xN−1

p |θ) (2.11)

(2.10)

(2.11) [5, 57]

(2.11) (2.4)
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(6)

(2.11) θ

D1(x
N−1
p ,θ) = arg max

y
P (y|xN−1

p ,θ) (2.12)

[11, 33, 5]

P (y|xN−1
p ,θ)

P (y|xN−1
p ,θ)

(xN−1, y)n

Lemp(D1(x
N−1
p ,θ), (xN−1, y)n) =

1

n

n∑
i=1

l(yi, D(xN−1
i ,θ)) (2.13)

[1, 18, 16, 33, 43, 5, 57]

θ

2.4
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(a)

(b) N

(a)

[8, 34]

(b)N N

N N − 1

[56]

[31, 56]

[23, 59, 60, 50]

[23] [32] [37, 38]

[45]
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2.5

N N − 1

N

[22, 34, 17]

xN−1 ∈ XN−1 m

m < N y ∈ Y P (y|xN−1
p ,θm) w(m)

Dinter(x
N−1
p ,θ) =

∑
m∈{N}

P (y|xN−1
p ,θm)w(m) (2.14)

θm w(m) EM

[14] [41, 49]

[19, 7]

Dkn(x
m,θ) =

max{c(y|xm)− ddiscount, 0}∑
y∈Y c(y|xm)

+
ddiscount∑
y∈Y c(y|xm)

∣∣{y : c(y|xm) > 0}∣∣Dkn(x
m−1,θ) (2.15)

ddiscount ddiscount ≥ 0

c(y|xm) xm y | · |
xm y
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N [6, 22, 34, 62]

xN−1
p = xp,1xp,2 · · · xp,N−1 xp,i cp,i

cN−1p = cp,1cp,2 · · · cp,N−1
Pclass(y|cN−1p ) (2.14)

[47]

N

N

N [25, 34]

N [47]

N xN−1

xN−1

y

xN−1 M xN−1
N−M

xN−1
N−M

[24] Pc(y|xN−1
N−M ,θc) P (y|xN−1,θ)

[20] xN−1 M

xN−1
N−M y

PT(y|xN−1
N−M) =

1

M

M∑
m=1

t(y, xn−m) (2.16)

, P (y|xN−1,θ)

t(y, xn−m) xn−m y

[9]
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(xN−1
i , yi), i = 1, 2, · · · , nt

Pperplexity =
nt∏
i=1

Dnl(x
N−1,θ)−

1
nt (2.17)

[34] Dnl(x
N−1,θ)

[35, 64]

2.6
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2.2

D((xN−1, y)n, xN−1
p )

4

2.7

3 1

4

2

5

1 N

N

4 N

N
5 [58]



2 22

2

Simple

Power Steady Model (SPSM)[27]



23

3 1

3.1

[44]

[66] [40]

[3, 42, 59, 4, 13, 63]

3.2

N N

N



3 1 24

N

N N−1 xN−1 =

x1x2 · · · xN−1 y

N

[26, 51] N

N

[22, 34, 17] N

xN−1 ∈ XN−1 y ∈ Y N

m θm w(m)

Dinter(x
N−1,θ) =

N∑
m=1

p(y|xm−1,θm)w(m) (3.1)

m ≤ N θ = (θ1,θ2, · · · ,θm, )
∑N

m=1 w(m) = 1

(3.1) m w(m) N

z ∈ Z

EM [10, 5]

[14, 22, 34, 17]
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E t θ̂t

Q(θ̂|θ̂t) = EZ|(xN−1,y)n,θ[logLml(θ̂; (x
N−1, y)n, Z)] (3.2)

M

θ̂t+1 = arg max
θ̂

Q(θ̂|θ̂t) (3.3)

Lml(θ̂; (x
N−1, y)n, Z)

z

EM

[5] N

[56]

[41, 49]

Dkn(x
m
p ,θ) =

max{c(y|xm
p )− ddiscount, 0}∑

y∈Y c(y|xm
p )

+
ddiscount∑
y∈Y c(y|xm

p )

∣∣{y : c(y|xm) > 0}∣∣Dkn(x
m−1
p ,θ) (3.4)

ddiscount ddiscount ≥ 0 c(y|xm)

xm y | · | xm

y
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ddiscount m cm,1

1 m cm,2 2

m

ddiscount,m =
cm,1

cm,1 + 2cm,2

(3.5)

[19, 7]

–

[28, 29, 53]

N N

N

N

[6] N N [25]

N [56]

N
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[24]

[20]

3.3

N

3.3.1

N

m = 1, 2, · · · , N θm xm−1

y

p(y|xm−1) = p(y|xm−1,θm) (3.6)
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θm N m

N m

3.3.2

xN−1 ∈ XN−1

y ∈ Y n (xN−1, y)n xN−1
p

xN−1
p yp ∈ Y

ŷ = D(xN−1
p , (xN−1, y)n) (3.7)

(3.7)

(3.6)

d(ŷ, yp) =

{
0 (ŷ = yp)

1 (ŷ �= yp)
(3.8)
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0 1

yp ∈ Y θ

1

L(D(xN−1
p , (xN−1, y)n), Y |θ) =

∑
yp∈Y

d(D, yp)p(yp|xN−1
p ,θ) (3.9)

R(D(xN−1
p , (xN−1, y)n), Y |θ,μ)

=
∑

(xN−1)n∈(XN−1)n

∑
yn∈Y n

L(D, Y )p(yn|(xN−1)n,θ)p((xN−1)n|μ) (3.10)

μ xN−1

μ θ 2 f(μ) f(θ)

1 D(xN−1
p , (xN−1, y)n) D

2 [60]
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Brisk(D(xN−1
p , (xN−1, y)n), Y )

=

∫
μ

∫
θ

R(D, Y |θ,μ)f(θ)dθf(μ)dμ

=
∑

(xN−1)n∈(XN−1)n

∑
yn∈Y n

∑
yp∈Y

∫
μ

∫
θ

d(D, yp)p(yp|xN−1
p ,θ)

p(yn|(xN−1)n,θ)p((xN−1)n|μ)f(θ)dθf(μ)dμ

=
∑

(xN−1)n∈(XN−1)n

∑
yn∈Y n

∑
yp∈Y

∫
μ

∫
θ

d(D, yp)p(yp|xN−1
p ,θ)

f(θ|(xN−1)n, yn)dθp(yn|(xN−1)n)p((xN−1)n|μ)f(μ)dμ

=
∑

(xN−1)n∈(XN−1)n

∑
yn∈Y n

∑
yp∈Y

∫
μ

{
1−

∫
θ

ID(yp)p(yp|xN−1
p ,θ)

f(θ|(xN−1, y)n)dθ
}
p(yn|(xN−1)n)p((xN−1)n|μ)f(μ)dμ (3.11)

3 ID(yp) D = yp 1 D �= yp 0

(3.11)

1−
∫
θ

ID(yp)p(yp|xN−1
p ,θ)f(θ|(xN−1, y)n)dθ (3.12)

ŷ = arg max
y

∫
θ

p(y|xN−1
p ,θ)f(θ|(xN−1, y)n)dθ (3.13)

ŷ

3 (xN−1)n θ

f(θ|(xN−1, y)n)p((xN−1, y)n) = p(yn|(xN−1)n,θ)p((xN−1)n,θ)

= p(yn|(xN−1)n,θ)p((xN−1)n)f(θ)

p(yn|(xN−1)n,θ)f(θ) = f(θ|(xN−1, y)n)p(yn|(xN−1)n)



3 1 31

(3.8)

N m θm xN−1
p

m − 1 xm−1
p

Lh(D(xN−1
p , (xN−1, y)n), Y |m,θm) =

∑
yp∈Y

d(D, yp)p(yp|xm−1
p ,θm) (3.14)

Rh(D(xN−1
p , (xN−1, y)n), Y |m,θm,μ)

=
∑

(xN−1)n∈(XN−1)n

∑
yn∈Y n

Lh(D, Y |m,θm)

p(yn|(xN−1)n,θm)p((x
N−1)n|μ) (3.15)

m p(m) f(θm) μ

f(μ)

Bh,risk(D(xN−1
p , (xN−1, y)n), Y )

=

∫
μ

N∑
m=1

p(m)

∫
θm

Rh(D, Y |m,θm,μ)f(θm)dθmf(μ)dμ

=
∑

(xN−1)n∈(XN−1)n

∑
yn∈Y n

∑
yp∈Y

∫
μ

N∑
m=1

p(m)

∫
θm

d(D, yp)p(yp|xm−1
p ,θm)

p(yn|(xN−1)n,θm)f(θm)dθmp((x
N−1)n|μ)f(μ)dμ (3.16)
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(3.16)

N∑
m=1

p(m)

∫
θm

d(D, yp)p(yp|xm−1
p ,θm)

p(yn|(xN−1)n,θm)f(θm)dθm

= 1−
N∑

m=1

∫
θm

ID(yp)p(yp|xm−1
p ,θm)

f(θm|yn, (xN−1)n)dθmp(m|(xN−1, y)n)/p(yn|(xN−1)n) (3.17)

p(yn|(xN−1)n)

ŷ = arg max
y

N∑
m=1

p(m|(xN−1, y)n)

∫
θm

p(y|xN−1
p ,θm)f(θm|(xN−1, y)n)dθm (3.18)

ŷ

(3.18)

θ f(θ)

∫
θm

p(y|xN−1
p ,θm)f(θm|(xN−1, y)n)dθm

=
c(y|xm−1

p ) + α(y|xm−1
p )∑

y∈Y c(y|xm−1
p ) +

∑
y∈Y α(y|xm−1

p )
(3.19)

[4, 5] α(y|xm−1) p(y|xm−1
p ,θm)

c(y|xm−1) (3.4)

xm−1 y
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p(m|(xN−1, y)n)

p(m|(xN−1, y)n) ∝ p((xN−1, y)n|m)p(m)

= p(m)
n∏

i=1

p(xN−1
i , yi|m)

= p(m)
n∏

i=1

∫
θm

p(yi, x
N−1
i ,θm|m)dθm

∝ p(m)
n∏

i=1

∫
θm

p(yi|xN−1
i ,θm)f(θm|m)dθm (3.20)

(3.18) N

N

N

3.3.3

N N −1 xN−1

y

[34]

3.1

xN−1 ε
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3.1:

xN−1

(3.19)

(3.20)

M (3.18)

M∑
m=1

p(m|(xN−1, y)n)
∫
θm

p(y|xN−1
p ,θm)f(θm|(xN−1, y)n)dθm (3.21)

4

xN−1
p

ŷ xN−1
p

4 |Y ||X|N−1
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3.2

1.

2.

3.

4.

(1)

n

N − 1 (2) (3.19)

(3)

(3.20) n N − 1

(4)

EM

(1) (2) (3)

w(m)

w(m)

(3) (3.4)

ddiscount ddiscount

n N − 1
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3.4

(3.4) c(y|xm)∑
y∈Y c(y|xm)

Dkn(x
m−1,θ) ddiscount∑

y∈Y c(y|xm)

∣∣{y : c(y|xm) > 0}∣∣
(3.18) m

(3.4)

m

F (m) =

∫
θm

p(y|xN−1
p ,θm,m)f(θm|(xN−1, y)n,m)dθm (3.22)

Fr(m)

G(m) = P (m|(xN−1, y)n) (3.23)

Fr(m) = F (m) +
G(m− 1)

G(m)
Fr(m− 1) (3.24)

(3.18)

∣∣y : c(y|xm) > 0
∣∣

xm y

y
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3.5

EM

3.5.1

5

1, 000 93, 320

4, 423 119, 146

2, 553

1, 989

3.5.2

3.2 EM

(3.18)

5 MeCab http://mecab.

sourceforge.net/
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EM

EM [34]

(3.1)

[7] (3.4) ddiscount (3.5)

m 1

3

m θm

m m

2−m m = N 2N−1

6

3.5.1

N N 3 6

7

5

3.1 3.2 N

5

6

7
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3.1: %

5

N EM MKN EM MKN

3 37.07 44.51 44.52 61.07 64.83 65.00

4 46.47 46.68 46.70 65.88 66.14 66.16

5 49.92 52.48 52.49 67.55 68.99 68.99

6 52.76 53.51 53.57 68.20 69.14 69.14

3.2: %

5

N EM MKN EM MKN

3 46.34 52.17 52.17 71.06 78.58 78.73

4 64.16 64.43 64.41 83.53 83.93 83.83

5 67.86 73.16 73.19 84.73 86.26 86.17

6 75.48 75.84 75.65 86.00 86.57 86.52

EM EM MKN

N

5

0.1
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3.6

N N

N θ

N m

(xN−1, y)n m

(3.1)

p(y|xN−1,θm) m w(m) m

m− 1 m
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4 2

4.1

[15]
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[2, 48]

[41]

[39, 2]

[51, 48]

[50]

4.2

Dda-inter(x
N−1
p ,θ) = wfP (y|xN−1

p ,θf ) + wtP (y|xN−1
p ,θt) (4.1)

θt wt

θf wf
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[15]

Dda-simple(x
N−1
p ,θ) =

ct(y|xN−1
p ) + w{cf (y|xN−1

p )}∑
y∈Y ct(y|xN−1

p ) + w{∑y∈Y cf (y|xN−1
p )} (4.2)

[2, 48]

w ct(y|xN−1) xN−1

y cf (y|xN−1) xN−1

y w ,0 < w < 1

θ̂map = arg max
θ

p((xN−1, y)n|θ)f(θ) (4.3)

θ̂map θ̂map

(xN−1, y)n n

f(θ) θ

f(θ)

[39, 51] 1 (4.1) (4.2)

2

(4.3)

4.3

1

[51]
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4.3.1

[12]

Simple Power Steady Model (SPSM)[27]

θf (x
N−1,m) = (θf (y1|xN−1,m), · · · , θf (y|Y ||xN−1,m)) (4.4)

θt(x
N−1,m) = (θt(y1|xN−1,m), · · · , θt(y|Y ||xN−1,m)) (4.5)

y θf (x
N−1,m)

θt(x
N−1,m) xN−1

N m (4.4) θf (x
N−1,m) θf
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θf (y1|xN−1,m) θf,y (4.5) θt(x
N−1,m) θt θt(y1|xN−1,m)

θt,y

θf,y θt,y

θf,y =
Af,y∑
y∈Y Af,y

, y ∈ Y (4.6)

θt,y =
At,y∑
y∈Y At,y

, y ∈ Y (4.7)

Af,y At,y

At,y = Af,yUf,y (4.8)

Uf,y

f(Uf,y) =
Γ(ρα′f,y + (1− ρ)α′f,y)

Γ(ρα′f,y)Γ((1− ρ)α′f,y)
U

ρα′f,y−1
f,y (1− Uf,y)

(1−ρα′f,y)−1 (4.9)

= Beta(ρα′f,y, (1− ρ)α′f,y) (4.10)

ρ ∈ (0, 1) α′f,y

α′f,y = cf (y|xN−1) + αf,y (4.11)

Af,y

f(Af,y) =
1

Γ(αf,y)
A

αf,y−1
f,y e−Af,y

= Ga(αf,y) (4.12)

(4.12) θf

f(θf ) = Dir(αf,y1 , αf,y2 , · · · , αf,y|Y |) (4.13)

[13, 52]

Simple

Power Steady Model (SPSM)
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4.3.2

4.3.1

(4.8) At,y

(3.19) 3.3

(4.13) θf

(xN−1, y)nf

f(θf |(xN−1, y)nf ) = Dir(cf (y|xN−1) + αf,y1 , cf (y|xN−1) + αf,y2 ,

· · · , cf (y|xN−1) + αf,y|Y |)

= Dir(α′f,y1 , α
′
f,y2

, · · · , α′f,y|Y |) (4.14)

(4.12) (4.13)

f(Af,y|(xN−1, y)nf ) =
1

Γ(α′f,y)
A

α′f,y−1
f e−Af,y

= Ga(α′f,y) (4.15)

(4.15) (4.12) (4.8)

f(At,f |(xN−1, y)nf ) =
1

Γ(ρα′f,y)
A

α′f,y−1
f,y e−Af,y (4.16)

2

(4.12) (4.13)

f(θt|(xN−1, y)nf ) = Dir(ρα′f,y1 , ρα
′
f,y2

, · · · , ρα′f,y|Y |) (4.17)

2 A
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(4.17)

ρα′f,y, y ∈ Y (3.19)

ct(y|xm−1
p ) + ρ{cf (y|xm−1

p ) + αf (y|xm−1
p )}∑

y∈Y ct(y|xm−1
p ) + ρ{∑y∈Y cf (y|xm−1

p ) +
∑

y∈Y αf (y|xm−1
p )} (4.18)

y

ŷ

Dda(x
N−1
p , (xN−1, y)nt , (xN−1, y)nf )

=
N∑

m=1

P (m|(xm−1, y)nt)

ct(y|xm−1
p ) + ρ{cf (y|xm−1

p ) + αf (y|xm−1
p )}∑

y∈Y ct(y|xm−1
p ) + ρ{∑y∈Y cf (y|xm−1

p ) +
∑

y∈Y αf (y|xm−1
p )} (4.19)

4.3.3

θm θm

xm

[4, 5]
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(4.18) ρ{cf (y|xm−1
p ) + αf (y|xm−1

p )}
ρ

(3.20)

ρ [48]

ρ > 0

xm−1

(4.18)
∑

y∈Y cf (y|xm−1) +
∑

y∈Y αf (y|xm−1) ρ

cf (y|xm−1) + αf (y|xm−1) ρ

4.4

(4.19) 4.3.1

(4.2)

N (4.18)
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[50]

(4.2)

4.3.1 N

4.5

[42]

4.5.1

3.5

3.5.2

3.5.2
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4.3.3

ρ

xm

ρ = 0.01 3

4.5.2

N = 3 4.1 4.2

[65] 5% 1%

232 1.23

14, 848 0.04 5

232 1.32 14, 848 0.03

[50]

3 ρ

xm

xm
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4.1: N = 3

%

5% 1%

232 22.47 23.70

464 26.86 27.75

928 34.31 34.15

1,856 37.31 37.14

3,712 41.37 41.45

7,424 45.05 45.09

14,848 48.10 48.14

[50]

4.6
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4.2: N = 3 5

%

5% 1%

232 38.31 39.63

464 44.99 45.45

928 52.29 52.09

1,856 57.53 57.33

3,712 62.02 62.08

7,424 67.37 67.35

14,848 72.15 72.12
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5

5.1

2

3

N

N θ N

m

(xN−1, y)n m

(3.1)



54

p(y|xm−1
p ,θm) m w(m) m

m− 1 m

4
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5.2

N

N



56

NTT

NTT

NTT NTT

NTT
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2014 2



58

A

A.1

fx(x1, · · · , xn) n X = (X1, · · · , Xn)

(X1, · · · , Xn) n Y = (Y1, · · · , Yn) 1 1

φ ψ Y = (Y1, · · · , Yn)

fy(y1, · · · , yn)

fy(y1, · · · , yn) = fx(x1, · · · , xn)|J |, (x = ψ(y)) (A.1)

[61, 13] J = J(ψ : y) ψ

J =
∂(x1, · · · , xn)

∂(y1, · · · , yn) =
∂ψ

∂y
(A.2)

y J �= 0

A.2

X1

f(x1) =
1

Γ(α)
xα−1
1 e−x1 (A.3)

X2

f(x2) =
Γ(α)

Γ(ρα)Γ((1− ρ)α)
xρα−1
2 (1− x2)

(1−ρ)α−1 (A.4)



59

Y1 = X1X2 Y2 =

X1(1−X2) φ ψ X1 = Y1 + Y2

X2 =
Y1

Y1+Y2

ψ

J =

∣∣∣∣∣
∂X1

∂Y1

∂X1

∂Y2

∂X2

∂Y1

∂X2

∂Y2

∣∣∣∣∣ (A.5)

= − 1

Y1 + Y2

(A.6)

(A.1)

f(y1, y2) = f(x1, x2)|J | (A.7)

=
1

Γ(α)
xα−1
1 e−x1

Γ(α)

Γ(ρα)Γ((1− ρ)α)
xρα−1
2 (1− x2)

(1−ρ)α−1|J | (A.8)

=
1

Γ(α)
xα−1
1 (x1x2)

ρα−1e−x1x2{x1(1− x2)}(1−ρ)α−1e−x1(1−x2) (A.9)

=
1

Γ(ρα)Γ((1− ρ)α)
yρα−11 e−y1y1−ρ)α−12 e−y2 (A.10)

Y1

f(y1) =

∫ ∞

y2=0

f(y1, y2)dy2 (A.11)

=
1

Γ(ρα)Γ((1− ρ)α)
yρα−11 e−y1

∫ ∞

0

y
1−ρ)α−1
2 e−y2dy2 (A.12)

=
1

Γ(ρα)Γ((1− ρ)α)
yρα−11 e−y1Γ((1− ρ)α) (A.13)

=
1

Γ(ρα)
yρα−11 e−y1 (A.14)

ρα
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