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CHAPTER1

Introduction

1.1. Background

Inthisdoctoralthesis,weareconcernedwithfreeboundaryproblemsofthe
incompressibleNavier-Stokesequationsinsomeunboundeddomains.Suchprob-
lemsarisefrom mathematicalanalysisofincompressibleflowsofviscousfluids
withafreesurface,andtheproblemsaremathematicallytofindthevelocityfield
v=v(x,t)=(v1(x,t),...,vN(x,t))

T1)ofthefluids,thepressurefiledπ=π(x,t),
andthefreeboundaryΓ=Γ(t)satisfyingthefollowingsystem:

(1.1.1)






ρ(∂tv+(v·∇)v)=DivT−ρcgeN inΩ(t),t>0,

divv=0 inΩ(t),t>0,

−[[TnΓ]]=cσκΓnΓ onΓ(t),t>0,

[[v]]=0 onΓ(t),t>0,

VΓ=v·nΓ onΓ(t),t>0,

v|t=0=v0 inΩ0,

Γ|t=0=Γ0,

wherethestresstensorTisdecomposedasT=−πI+τbytheidentityIand
someshearstressτ,andbesides,eN =(0,...,0,1)

T.LetTijbethe(i,j)-thentry
ofTandDj=∂/∂xj(j=1,...,N),andthen

DivT=




N∑

j=1

DjT1j,...,
N∑

j=1

DjTNj





T

, divv=
N∑

j=1

Djvj,

(v·∇)v=




N∑

j=1

vjDjv1,...,
N∑

j=1

vjDjvN





T

.

Herev0andΓ0denoteinitialdataforthevelocityfieldvandthefreeboundary
Γ,respectively.Inthisthesis,weconsiderthecasewhereΓ0isgivenbythegraph
ofsomescalarfunctionh0,thatis,

Γ0={(x
′,xN)|x

′∈RN−1,xN =h0(x
′)},

andthenΓ(t)isthepositionofΓ0attimet. Wefurthermoresupposethatthe
unknownfreeboundaryΓ(t)hastheform:

(1.1.2) Γ(t)={(x′,xN)|x
′∈RN−1,xN =h(x

′,t)} (t>0)

1)MT denotesthetransposedM,andN thedimensionwhichisapositiveintegergreater
thanorequalto2throughoutthisthesis.
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2 1.INTRODUCTION

throughsomescalarfunctionh(x′,t).Ontheotherhand,Ω0=Ω10∪Ω20with

Ωi0={(x
′,xN)|x

′∈RN−1,(−1)i(xN−h0(x
′))>0}

fori=1,2,whereviscousfluids,fluid1andfluid2,occupyΩ10andΩ20,respectively.
SimilarlyΩ(t)=Ω1(t)∪Ω2(t)forΩi(t)(i=1,2)describingtheregionsoccupied
bythefluidiattimet. WethendenotetheunitnormalfieldonΓ0,pointingfrom
Ω10toΩ20,byn0,andalsotheunitnormalfieldonΓ(t)bynΓanalogously.
Letρ1andρ2bepositiveconstantswhichdescribethedensityofthefluid1and

fluid2,respectively,andthenρ=ρ1χΩ1(t)+ρ2χΩ2(t),whereχD istheindicator

functionofsetsD⊂RN. Thenon-negativeparameterscgandcσarethegravi-
tationalaccelerationandthesurfacetensioncoefficient,respectively.Inaddition,
κΓdenotesthemeancurvatureofΓ(t),andVΓthenormalvelocityofΓ(t)with
respecttonΓ.[[f]]=[[f]](x,t)isthejumpofthequantityf,definedonΩ(t),across
thefreeboundaryΓ(t)as

[[f]](x,t)=lim
ε→0+

(f(x+εnΓ,t)−f(x−εnΓ,t)) forx∈Γ(t).

Undertheassumption(1.1.2),wecanreduce(1.1.1)to

(1.1.3)






ρ(∂tv+(v·∇)v)=DivT−ρcgeN inΩ(t),t>0,

divv=0 inΩ(t),t>0,

−[[TnΓ]]=cσκΓnΓ onΓ(t),t>0,

[[v]]=0 onΓ(t),t>0,

∂th+v
′·∇′h−v·eN =0 onΓ(t),t>0,

v|t=0=v0 inΩ0,

h|t=0=h0 onRN−1,

wherev′=(v1,...,vN−1)
T,∇′=(D1,...,DN−1)

T,andv′·∇′h=
∑N−1
j=1 vjDjh

respectively,andbesides,nΓandκΓaregivenby

nΓ=
1

√
1+|∇′h|2

(
−∇′h
1

)

,κΓ=−∇
′·

(
−∇′h

√
1+|∇′h|2

)

=∆′h−Gκ(h)

with∆′h=
∑N−1
j=1 D

2
jhand

Gκ(h)=
|∇′h|2∆′h

(1+
√
1+|∇′h|2)

√
1+|∇′h|2

+
N−1∑

j,k=1

DjhDkhDjDkh

(1+|∇′h|2)3/2
.

Weareinterestedinthreetypesrelatedtoequations(1.1.3)asfollows:
One-phaseflowsof Newtonianfluids: Layertype LetΩ20beempty,and
thennotethatΩ2(t)isalsoemptyforanyt>0.Inaddition,wesupposethatthe
domainsΩ10andΩ1(t)haveflatbottoms,whichmeansthat

Ω10={(x
′,xN)|x

′∈RN−1,−b<xN <h0(x
′)},

Ω1(t)={(x
′,xN)|x

′∈RN−1,−b<xN <h(x
′,t)}

forsomepositivenumberb.Suchacaseissaidtobelayertypeinthisthesis.
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InChapter2,weconsidersomelinearizedsystemof(1.1.3)ofthelayertype
withcσ=0andcg=0inthecasewherev0=0. WehereassumethatΩ10is
occupiedbyNewtonianfluids,thatis,theshearstressτisgivenby

(1.1.4) τ=µD(v), D(v)=∇v+(∇v)T

forapositiveconstantµdescribingtheviscositycoefficientoffluid1. Thenthe
linearizedsystemisgivenby

(1.1.5)






∂tv−µDivD(v)+∇π=f inΩ,t>0,

divv=fd inΩ,t>0,

(µD(v)−πI)eN =g onΓ0,t>0,

v=0 onΓ−b,t>0,

v|t=0=0 inΩ,

wherewehavesetρ1=1withoutlossofgenerality.Inaddition,

Ω={(x′,xN)∈R
N |x′∈RN−1,−b<xN <0},

Γ0={(x
′,xN)∈R

N |x′∈RN−1,xN =0},

Γ−b={(x
′,xN)∈R

N |x′∈RN−1,xN =−b}.

Ourapproachto(1.1.5)isessentiallybasedonanalysisofgeneralizedresolvent
equations,associatedwith(1.1.5),givenby

(1.1.6)






λv−µDivD(v)+∇π=f inΩ,

divv=fd inΩ,

(µD(v)−πI)eN =g onΓ0,

v=0 onΓ−b,

whereeachtermisindependentoftimet,andλistheresolventparametercontained
inΣε,γ0,whichisdefinedas

Σε,γ0={λ∈C||argλ|≤π−ε,|λ|≥γ0} (0<ε<π/2,γ0>0).

Heregeneralizedmeansthatwedealwiththeinhomogeneousdivergenceequation:
divv=fdinsteadofdivv=0.
Resolventestimatesconcerning(1.1.6)wereprovedby[Abe04],[Abe05b],

[Abe06],and[Shi13],whilethemaximalregularitytheoremof(1.1.5)wasproved
by[Abe05a]inLq((0,T),Lq(Ω))-spacesforanyT>0andq>3/2.
Forequations(1.1.6),weshowtheR-boundednessoffamiliesofsolutionoper-

atorsdefinedonΣε,γ0.SincetheR-boundednessimpliestheuniformboundedness,
ourresultsespeciallycovertheaboveresolventestimatesduetoAbe,Abels,and
Shibata.Furthermore,inLp((0,∞),Lq(Ω))-spacesfor1<p,q<∞,themaximal
regularitytheoremof(1.1.5)willbeprovedasanapplicationoftheR-bounded
solutionoperatorfamilieswiththehelpof[Wei01,Theorem3.4].Thesearemain
objectsinChapter2.
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Wehereintroducethehistoryrelatedtotheoriginalnonlinearproblemof
(1.1.5),whichisgivenbythefollowingsystemwithcσ=0andcg=0:

(1.1.7)






ρ1(∂tv+(v·∇)v)=DivT−ρ1cgeN inΩ1(t),t>0,

divv=0 inΩ1(t),t>0,

TnΓ=cσκΓnΓ, onΓ(t),t>0,

v=0 onΓ−b,t>0,

∂th+v
′·∇′h−v·eN =0 onΓ(t),t>0,

v|t=0=v0 inΩ10,

h|t=0=h0 onRN−1.

Bealeisthepioneerwhohaddealtwith(1.1.7)mathematically. Heproved
thelocalwell-posednessinthecasewherecσ =0andcg>0in[Bea81],and
furthermore,theglobalwell-posednessforsufficientlysmallinitialdatainthecase
wherecσ >0andcg>0in[Bea84].Inaddition,[BN85]showedlarge-time
behaviorofthesolutionobtainedinthestudyof[Bea84]. Theseresultswere
provedbyusingfunctionspacesbasedonL2inbothtimeandspace.Alongwith
thesestudiesinsuchfunctionspaces,therewereseveralresultsdueto[All87],
[TT95],[Tan96],[HK09],[Hat11],and[Bae11].
Asanotherapproach,therewasthestudyof[Abe05a],whichshowedthelocal

well-posednessof(1.1.7)inthecasewherecσ=0andcg>0byusingfunction
spacesbasedonLpinbothtimeandspace.Insuchfunctionspaces,[DGH

+11]and
[G̈ot12]showedthelocalwell-posednessofmorecomplicatedsystems,containing
rotationaleffects,ofthelayertype.
One-phaseflowsofNewtonianfluids: Halfspacetype LetΩ20beempty,
andthensuchacaseissaidtobehalfspacetypeinthisthesis.Ontheotherhand,
wecallacasewholespacetypeifbothΩ10andΩ20areoccupiedbyviscousfluids,
respectively.
TheaimofChapter3andChapter4istoshowtheglobalwell-posednessof

(1.1.3)ofthehalfspacetypewithcσ>0andcg>0forsuitableinitialdatav0and
h0. WehereassumethatΩ10isoccupiedbyNewtonianfluids,thatis,theshear
stressτisgivenby(1.1.4).
Pr̈ussandSimonettshowedthelocalwell-posednessof(1.1.3)ofthewhole

spacetypewithcσ>0andcg≥0forNewtonianfluidsin[PS10a],[PS10b],
and[PS11]. WenotethatthesesettingsduetoPr̈ussandSimonettcontainour
situationdescribedabove,andthattheyusedfunctionspacesbasedonLpinboth
timeandspacetoshowthelocalwell-posedness.
Ontheotherhand,therewasanotherapproachduetoShibataandShimizu

[SS12]byusingmoregeneralfunctionspaces.In[SS12],theyconsideredsome
resolventproblemandlinearizedproblemassociatedwith(1.1.3)ofthehalfspace
typewithcσ>0andcg>0,whichisthesamesituationasours.Theyshowedthe
R-boundednessofsolutionoperatorfamiliesoftheresolventproblemwithλ∈Σε,γ0
forany0<ε<π/2andsomelargepositivenumberγ0dependingonε,and
furthermore,themaximalregularitytheoremofthelinearizedprobleminfunction
spacesbasedonLpintimeandLqinspacefor1<p,q<∞ bycombiningthe
R-boundedsolutionoperatorfamiliesand[Wei01,Theorem3.4].Inthesequel,a
frameworkofsuchfunctionspacesissaidtobeLp-Lqframework.
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Althoughthelineartheoryof[SS12]isenoughtoshowthelocalwell-posedness
ofoursituation,itseemsthatweneedtoimprovethelineartheorytoshowthe
globalwell-posedness,becausedecaypropertiesofsolutionstothelinearizedprob-
lemarenotobtainedin[SS12].TheworksduetoPr̈ussandSimonettalsodonot
containsuchobjects.
Fromviewpointofthis,inChapter3,weshowdecaypropertiesoftheStokes

semi-groupsassociatedwiththelinearizedproblemconsideredin[SS12].
InChapter4,theglobalwell-posednessandlarge-timebehaviorofsolutions

willbeproved. Mainideastoshowthemaretousethedecaypropertiesobtained
inChapter3andtheLp-Lqframeworkwithsuitableassumptionsofexponentsp
andq.
Two-phaseflowsofgeneralizedNewtonianfluids: Wholespacetype In
Chapter5,weconsider(1.1.3)ofthewholespacetypewithcσ>0andcg≥0
forsuitableinitialdatav0andh0. WehereassumethatbothΩ10andΩ20are
occupiedbygeneralizedNewtonianfluids,thatis,theshearstressτisgivenby

(1.1.8) τ=χΩ1(t)τ1+χΩ2(t)τ2, τi=µi(|D(v)|
2)D(v) (i=1,2)

forgivenscalarfunctionsµ1,µ2definedon[0,∞).Thescalarfunctionsarecalled

viscosityfunctions,andalso|D(v)|2=
∑N
i,j=1Dij(v)

2,whereDij(v)denotesthe

(i,j)-thentryofD(v). Wenotethatifµ1andµ2arejustpositiveconstants,then
thefluidsareNewtonianfluids.
Atypicalexampleofviscosityfunctionsµisgivenby

µ(|D(v)|2)=α+β|D(v)|d−2 forsomed≥1

withα≥0andβ>0.Ifd<2,thenthefluidiscalledshearthinningfluids,whileit
iscalledshearthickeningfluidsifd>2.Fluidsofthetype(1.1.8)aresomespecial
caseofthesocalledStokesianfluids,whichwereinvestigatedmathematicallyfor
fixeddomainsby[Ama94]and[Ama96].
BotheandPr̈ussgavein[BP07]thelocalwell-posednessoffixeddomainprob-

lemsinthecaseofthegeneralizedNewtonianfluidswith

(1.1.9) µ∈C1((0,∞)), µ(s)>0, µ(s)+2(dµ/ds)(s)>0 fors≥0.

Notethatourassumptions,introducedinChapter5,ofviscosityfunctionsµare
differentfrom(1.1.9). Concerningmathematicalresultsforcertainclassesofthe
generalizedNewtonianfluidsonfixeddomains,werefere.g.tothearticles[DR05],
[FMS03],[MNR01],and[PR01].
Therewereseveralstudiesoftwo-phaseflowsofNewtonianfluidsondomains

differentfromthewholespacetype.[Den94]showedthelocalwell-posednessinthe
L2-L2framework,andalso[Tan95]thelocalwell-posednessinthecaseincluding
thermo-capillaryconvection.TheyusedLagrangiancoordinatestoshowthelocal
well-posedness.
Asanotherapproach,in[PS10a],[PS10b],and[PS11],Pr̈ussandSimonett

usedHanzawatransformtoshowthelocalwell-posednessof(1.1.3)ofthewhole
spacetypewithcσ>0andcg≥0forNewtonianfluidsintheLp-Lpframework.
ShibataandShimizu[SS11]consideredsomeresolventproblemandlinearized

problemassociatedwith(1.1.3)ofthewholespacetypewithcσ>0andcg>0for
Newtonianfluids.Inthepaper,theyshowedresolventestimatesandthemaximal
regularitytheoremforsuchproblems,respectively,intheLp-Lqframework.
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InthecaseofthewholespacetypeforthegeneralizedNewtonianfluids,
[Abe07]showedtheexistencetheoreminthecontextofmeasure-valuedvarifold
solutionswithcσ>0andcg=0.Hisresultcoversinparticularsituationswhere

µi(s)=νis
(d−2)/2ford≥1andνi>0(i=1,2).Note,however,thathisapproach

doesnotgivetheuniquenessofsolutions.
Ontheotherhand,inthecaseofthegeneralizedNewtonianfluids,weshowthe

uniqueexistencetheoremofstrongsolutionsforthewholespacetypewithcσ>0
andcg≥0undersomeassumptionsofviscosityfunctionsµ1andµ2inChapter5.

1.2. Notation

Wehereintroducenotationusedthroughoutthisdoctoraldissertation.Let N
bethesetofallnaturalnumbersandCthesetofallcomplexnumbers,andput
N0=N∪{0}. WethendefineasectorΣε,λ0as

Σε,λ0={λ∈C||argλ|≤π−ε,|λ|≥λ0}

for0<ε<π/2andλ0>0,andbesides,

Σε=Σε,0={λ∈C||argλ|<π−ε,λ̸=0}.

Inaddition,weset

RN+ ={(x
′,xN)|x

′∈RN−1,xN >0},

RN− ={(x
′,xN)|x

′∈RN−1,xN <0},

RN0 ={(x
′,xN)|x

′∈RN−1,xN =0},

ṘN =RN+∪R
N
−.

TheletterCdenotesagenericconstantandC(a,b,c,...)agenericconstantde-
pendingonthequantitiesa,b,c,....ThevalueofCandC(a,b,c,...)maychange
fromlinetoline.
LetuandM beN-componentvectorsandN×Nmatrices,respectivelyThen

uidenotesithcomponentofu,u
′thetangentialcomponentofu,andMijthe

(i,j)-thentryofM,thatis,

u=(u1,...,uN)
T, u′=(u1,...,uN−1)

T, M =(Mij).

Letm ≥1beanintegerandα=(α1,...,αm)∈N
m
0 amulti-indexwhose

lengthis|α|,andthen

Dαxf(x)=D
α1
1 ...D

αm
m f(x)=

∂|α|

∂α1x1...∂
αm
xm

f(x1,...,xm).

Ifthereisnoconfusion,thenweomitthesubscriptxofDαx.
SupposethatΩaredomainsofRN.Then,forN-vectorfunctionsuandscalar

functionsθdefinedonΩ,

∇u=(Diuj), ∇
2u={DiDjuk|i,j,k=1,...,N},

∇θ=(D1θ,...,DNθ)
T,

andbesides,forscalarfunctionshdefinedonRN−1,

∇′h=(D1h,...,DN−1h)
T.
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LetIbeanintervalofRadditionally,andthenforN-vectorfunctionsu(x),v(x),
U(x,t),andV(x,t)

(u,v)Ω=

∫

Ω

u(x)·v(x)dx, (U,V)Ω×I=

∫

Ω×I

U(x,t)·V(x,t)dxdt.

LetXbeBanachspacesand∥·∥X itsnorm.ThenX
m denotesthem-product

spaceofX withm∈N,whileweusethesymbol∥·∥X todenoteitsnormfor
short,thatis,

∥u∥X =
m∑

j=1

∥uj∥X foru=(u1,...,um)
T∈Xm.

Inaddition,letYbeanotherBanachspaceendowedwith∥·∥Y,andthentheset
ofallboundedlinearoperatorsfromXtoYisdenotedbyL(X,Y).Forsimplicity,
wesetL(X)=L(X,X). HerethedefinitionoftheR-boundednessisintroduced
asfollows:

Definition1.2.1.AfamilyofoperatorsT ⊂L(X,Y)iscalledR-bounded,if
thereexistaconstantC>0andp∈[1,∞)suchthatforeverym∈N,{Tj}

m
j=1⊂

T,and{xj}
m
j=1⊂X,andforallsequences{rj(u)}

m
j=1ofindependent,symmetric,

{−1,1}-valuedrandomvariableson[0,1]thefollowinginequalityholds:





∫1

0

∥
m∑

j=1

rj(u)Tjxj∥
p
Ydu






1/p

≤C






∫1

0

∥
m∑

j=1

rj(u)xj∥
p
Xdu






1/p

.

ThesmallestsuchCiscalledR-boundofT,whichisdenotedbyRL(X,Y)(T)or
simplybyR(T).

Remark1.2.2.Itiswell-knownthatTisR-boundedforanyp(1≤p<∞),
providedthatTisR-boundedforsomep(1≤p<∞). Thisfactisprovedby
Kahane’sinequality(cf.[KW04,Theorem2.4]).

Weseethatthe R-boundbehaveslikethenormbythefollowingproposition.

Proposition1.2.3.(1)LetX andYbeBanachspaces,andletTandSbe
R-boundedfamiliesonL(X,Y). ThenT+S={T+S|T∈T,S∈S}is
R-boundedonL(X,Y),and

RL(X,Y)(T+S)≤RL(X,Y)(T)+RL(X,Y)(S).

(2)LetX,Y,andZbeBanachspaces,andletTandSbeR-boundedfamilies
inL(X,Y)andL(Y,Z),respectively. ThenST ={ST|T∈T,S∈S}is
R-boundedonL(X,Z),and

RL(X,Z)(ST)≤RL(X,Y)(T)RL(Y,Z)(S).

SinceitisdifficulttocheckthedefinitionoftheR-boundedness,weoftenuse
thefollowingproposition,whichwasprovedby[DHP03,Proposition3.3],toshow
theR-boundednessofoperatorfamilies

Proposition1.2.4.LetΩbedomainsofRN,andletΛbeanindexsetand
1<q<∞.ConsiderafamilyT={Tλ|λ∈Λ}⊂L(Lq(Ω))ofkerneloperators
givenby

(Tλf)(x)=

∫

Ω

kλ(x,y)f(y)dy (x∈Ω,f∈Lq(Ω)).
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Assumethatthekernelskλ aredominatedbyakernelk0,thatis,|kλ(x,y)|≤
k0(x,y)(x,y∈Ω,λ∈Λ),andletT0beakerneloperatoranditskernelk0.Then
TisR-boundedonL(Lq(Ω))andRL(Lq(Ω))(T)≤C(N,q)∥T0∥L(Lq(Ω))forsome
positiveconstantC(N,q)dependingonlyonNandq,providedthatT0∈L(Lq(Ω)).

Weintroducethefollowingsymbolsfor0 <ε<π/2:

A=|ξ′|, B=
√
λ+µ−1|ξ′|2 (ξ′∈RN−1,λ∈Σε),(1.2.1)

D(A,B)=B3+AB2+3A2B−A3,

L(A,B)=(B−A)D(A,B)+A(cg+cσA
2),

whichareusedtogiveexactformulasofsolutionstolinearizedproblems. Here
wehavechosenabrunchsuchthatReB≥0,andalsoµ,cg,andcσarepositive
constants.Inaddition,weset

(1.2.2) M(a)=
e−Ba−e−Aa

B−A
fora≥0.

Thennotethatforl=1,2

∂l

∂al
M(a)=(−1)l

(
(B+A)l−1e−Ba+AlM(a)

)
,(1.2.3)

M(a)=−a

∫1

0

e−(Bθ+A(1−θ))adθ.

Weheredefinetwoclassesofsymbolsasfollows:Let ε∈(0,π/2)andγ0≥0,
andletm(ξ′,λ)andℓ(ξ′,λ)(λ=γ+iτ)befunctionsdefinedon(RN−1\{0})×Σε,γ0,
whichareinfinitelymanytimesdifferentiablewithrespecttoξ′andholomorphic
withrespecttoλ.Ifthereexistarealnumberssuchthatforanymulti-index
α′∈NN−10 and(ξ′,λ)∈(RN−1\{0})×Σε,γ0,

|Dα
′

ξ′m(ξ
′,λ)|≤C(|λ|1/2+A)s−|α

′|,|Dα
′

ξ′(τ∂τm(ξ
′,λ))|≤C(|λ|1/2+A)s−|α

′|,

|Dα
′

ξ′ℓ(ξ
′,λ)|≤C(|λ|1/2+A)sA−|α

′|,|Dα
′

ξ′(τ∂τℓ(ξ
′,λ))|≤C(|λ|1/2+A)sA−|α

′|

forsomepositiveconstantCindependentofξ′andλ,thenm(ξ′,λ)iscalleda
symboloforderswithtype1andℓ(ξ′,λ)iscalledasymboloforderswithtype2.In
whatfollows,wedenotethesetofallsymbolsdefinedon(RN−1\{0})×Σε,γ0oforder
swithtypei(i=1,2)byMs,i,ε,γ0.Inparticular,itfollowsthatMs,1,ε,γ0⊂Ms,2,ε,γ0
foranys∈RbythedefinitionofMs,i,ε,γ0(i=1,2),andalsothefollowinglemma
holds(cf.[SS12,Lemma5.1]and[Sai15,Lemma5.1]).

Lemma1.2.5.Let0<ε<π/2,γ0≥0,ands1,s2∈R.

(1)Ms1,i,ε,γ0⊂Ms2,i,ε,γ0(i=1,2)foranys1≤s2,providedthatγ0>0.
(2)Givenmi∈Msi,1,ε,γ0(i=1,2),wehavem1m2∈Ms1+s2,1,ε,γ0.
(3)Givenℓi∈Msi,i,ε,γ0(i=1,2),wehaveℓ1ℓ2∈Ms1+s2,2,ε,γ0.
(4)Givenni∈Msi,2,ε,γ0(i=1,2),wehaven1n2∈Ms1+s2,2,ε,γ0.

Thesymbolsdefinedas(1.2.1)satisfythefollowingproperties(cf.[SS12,
Lemma5.2,Lemma5.3,Lemma7.2]and[Sai15,Lemma5.2]).

Lemma1.2.6.Let0<ε<π/2andλ=γ+iτ.
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(1)Leta,a1,anda2benon-negativenumbersands∈R. Then,foranymulti-

indexα′∈NN−10 ,l=0,1,and(ξ′,λ)∈(RN−1\{0})×Σε,wehave

bε,µ(|λ|
1/2+A)≤ReB≤|B|≤max{µ−1/2,1}(|λ|1/2+A)

withbε,µ=(1/
√
2){sin(ε/2)}3/2min{µ−1/2,1},andfurthermore,

|Dα
′

ξ′{(τ∂τ)
lAs}|≤CAs−|α

′|, |Dα
′

ξ′{(τ∂τ)
lBs}|≤C(|λ|1/2+A)s−|α

′|,

|Dα
′

ξ′{(τ∂τ)
lD(A,B)s}|≤C(|λ|1/2+A)3sA−|α

′|

|D′α
′

ξ {(τ∂τ)
le−Aa}|≤CA−|α

′|e−(1/2)Aa,

|Dα
′

ξ′{(τ∂τ)
le−Ba}|≤C(|λ|1/2+A)−|α

′|e−(1/4)bε,µ(|λ|
1/2+A)a,

|Dα
′

ξ′{(τ∂τ)
l(e−Aa1e−Ba2)}|≤CA−|α

′|e−(1/4)bε,µ{A(a1+a2)+|λ|
1/2a2}

|Dα
′

ξ′{(τ∂τ)
lM(a)}|≤CaA−|α

′|e−(1/4)bε,µAa,

|Dα
′

ξ′{(τ∂τ)
lM(a)}|≤C|λ|−1/2A−|α

′|e−(1/4)bε,µAa,

whereC=C(α′,s,ε)isapositiveconstant.Inparticular,theconstantCis
independentofξ′,λ,a,a1,anda2,andalso

As∈Ms,2,ε,0(s≥0), B
s∈Ms,1,ε,0, D(A,B)s∈M3s,2,ε,0,

e−Aa,e−Aa1e−Ba1∈M0,2,ε,0, e
−Ba∈M0,1,ε,0.

(2)Thereexistsapositiveconstantλ0=λ0(ε)≥1,dependingonε,suchthatfor

any(ξ′,λ)∈(RN−1\{0})×Σε,λ0,multi-indexα
′∈NN−10 ,andl=0,1,

|Dα
′

ξ′{(τ∂τ)
lL(A,B)−1}|≤C

(
|λ|(|λ|1/2+A)2+A(cg+cσA

2)
)−1
A−|α

′|

forsomepositiveconstantC=C(α′,ε,λ0).

Letf(x)andg(ξ)befunctionsdefinedonRN,andthentheFouriertransform
offandinverseFouriertransformofg(ξ)aredefinedby

Fx[f](ξ)=

∫

RN
e−ix·ξf(x)dx, F−1ξ [g](x)=

1

(2π)N

∫

RN
eix·ξg(ξ)dξ.

Inaddition,wedefinethepartialFouriertransformoff(x)andinversepartial
Fouriertransformofg(ξ)withrespecttotangentialvariablesx′=(x1,...,xN−1)
andξ′=(ξ1,...,ξN−1),respectively,asfollows:

Fx′[f](ξ
′,xN)=f(ξ

′,xN)=

∫

RN−1
e−ix

′·ξ′f(x′,xN)dx
′,(1.2.4)

F−1ξ′[g](x
′,ξN)=

1

(2π)N−1

∫

RN−1
eix

′·ξ′g(ξ′,ξN)dξ
′.

Ifthereisnoconfusion,thenwewillomitthesubscriptsx,ξ,x′,andξ′fromthe
definitionsabove.Inordertoobtainsomespecialformulas,weusethefollowing
lemma,whichisprovedbytheresiduetheorem.

Lemma1.2.7.Leta∈R\{0}andξ=(ξ1,...,ξN)∈R
N.Thenwehave

1

2π

∫∞

−∞

eiaξN

|ξ|2
dξN =

e−|a|A

2A
,
1

2π

∫∞

−∞

iξNe
iaξN

|ξ|2
dξN =−sign(a)

e−|a|A

2
,

1

2π

∫∞

−∞

eiaξN

λ+|ξ|2
dξN =

e−B|a|

2B
,
1

2π

∫∞

−∞

ξNe
iaξN

λ+|ξ|2
dξN =sign(a)

i

2
e−B|a|,
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1

2π

∫∞

−∞

eiaξN

|ξ|2(λ+µ|ξ|2)
dξN =

1

2λ

(e−|a|A

A
−
e−|a|B

B

)
,

1

2π

∫∞

−∞

iξNe
iaξN

|ξ|2(λ+µ|ξ|2)
dξN =−

1

2λ
sign(a)(e−|a|A−e−|a|B),

wheresign(a)definedbytheformula:sign(a)=1whena>0andsign(a)=−1
whena<0.

Thefollowingpropositionwasprovedby[SS01,Theorem2.3]and[KS12,
Theorem2.4.4]

Proposition1.2.8.LetXbeaBanachspaceand∥·∥X itsnorm.Supposethat
Landnbeanon-negativeintegerandpositiveinteger,respectively.Let0<σ≤1
ands=L+σ−n,andset

l(σ)=

{
1 σ=1,

0 0<σ<1.

Letf(ξ)beafunctionofCL+l(σ)+1(Rn\{0},X)whichsatisfiesthefollowingtwo
conditions:

(1)Dγξf∈L1(R
n,X)foranymulti-indexγ∈Nn0with|γ|≤L.

(2)Foranymulti-indexγ∈Nn0 with|γ|≤L+l(σ)+1thereexistsapositive
numberC(γ)suchthat

∥Dγξf(ξ)∥X ≤C(γ)|ξ|
s−|γ| (ξ∈Rn\{0}).

ThenthereexistsapositiveconstantC(n,s)suchthatforx̸=0

∥F−1[f](x)∥X ≤C(n,s)

(

max
|γ|≤L+l(σ)+1

C(γ)

)

|x|−(n+s).

1.3.Functionspaces

LetXbeBanachspacesandΩdomainsofRm form∈N. Wethendenote,
for1≤p≤ ∞andk∈N,theX-valuedLebesgueandSobolevspacesonΩby
Lp(Ω,X)andW

k
p(Ω,X),respectively,andsetW

0
p(Ω,X)=Lp(Ω,X).Inaddition,

letWsp(Ω,X)betheX-valuedSobolev-SlobodeckijspacesonΩfor1≤p<∞ and
s∈(0,∞)\N,andalsoitsnorm

∥u∥W s
p(Ω,X)

=∥u∥
W
[s]
p (Ω,X)

+
∑

|α|=s

(∫

Ω

∫

Ω

∥Dαxu(x)−D
α
yu(y)∥

p
X

|x−y|m+(s−[s])p
dxdy

)1/p

,

where[s]=max{n∈N0|n<s}. Ontheotherhand,for1<p<∞ ands≥0,
Hsp(R

m,X)denotetheX-valuedBesselpotentialspacesofordersonRm,thatis,

Hsp(R
m,X)={u∈Lp(R

m,X)|∥u∥Hsp(Rm,X)<∞},

∥u∥Hsp(Rm,X)=∥F
−1
ξ [(1+|ξ|

2)s/2F[u](ξ)]∥Lp(Rm,X).

Weespeciallyset

Hsp,0(R,X)={u∈H
s
p(R,X)|u(t)=0fort<0},

∥u∥Hsp,0(R,X)=∥u∥Hsp(R,X)foru∈H
s
p,0(R,X),
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andalso,inthecaseofΩ,Hsp(Ω,X)aredefinedas

Hsp(Ω,X)={u|∃v∈H
s
p(R

m,X)suchthatu=vonΩ},

∥u∥Hsp(Ω,X)=inf{∥v∥Hsp(Rm,X)|v∈H
s
p(R

m,X),u=vonΩ}.

Furthermore,letC(Ω,X)bethesetofallX-valuedcontinuousfunctionsonΩ,and
BUC(Ω,X)thesetofallX-valueduniformlycontinuousandboundedfunctions
onΩ,respectively.Then,fork∈N,

Ck(Ω,X)={u∈C(Ω,X)|Dαxu∈C(Ω,X)for|α|=1,...,k},

BUCk(Ω,X)={u∈BUC(Ω,X)|Dαxu∈BUC(Ω,X)for|α|=1,...,k}.

Remark1.3.1.IfX=RorCinthedefinitionsabove,thenXisabbreviated
inthisthesis.Forexamples,Lp(Ω,C)=Lp(Ω),C(Ω,R)=C(Ω),andsoon.

WehereintroducetheBesovspacesandthehomogeneousSobolevspaces.Sup-
posethat1<p,q<∞ andΩ∈{RN,RN+,R

N
−}.Let(·,·)θ,pbetherealinterpola-

tionfunctorfor0<θ<1(cf.[Tri83,Definition2.4.1]),andthenwedefinedthe
Besovspacesas

Bsq,p(Ω)=(W
s1
q(Ω),W

s2
q(Ω))θ,p,

for0≤s1<s2ands=(1−θ)s1+θs2,while∥·∥Bsq,p(Ω)denotesitsnorm.The

homogeneousSobolevspacesaredefinedas

W1q(Ω)={u∈L1,loc(Ω)|∥D
αu∥Lq(Ω)<∞ for|α|=1}.

Moreover,inthecaseofRN,thedualspacesofW1q′(R
N)aredenotedbyW−1q (R

N)

for1/q+1/q′=1.TointroduceW−1q (R
N
−),letιbetheextensionoperatorgiven

by[AF03,Theorem5.19].Thenwenotethefollowingpropertiesofι.

Lemma1.3.2.Letιbeasmentionedabove.Thenthefollowingassertionshold.

(1)Let1<q<∞ andf∈W1q(R
N
−).Itthenholdsthat

ιf=finRN−, ιf∈W
1
q(R

N
−), ∥D

α
x(ιf)∥Lq(RN−)≤C(q)∥D

α
xf∥Lq(RN−)

foranymulti-indexα∈NN0 with|α|≤1andapositiveconstantC(q).
(2)Let1<q<∞ andf∈W1q(R

N
−).Itthenholdsthat

∥(1−∆)−1/2ι(Dαxf)∥Lq(RN−)≤C(q)∥f∥Lq(RN−)

foranymulti-indexα∈NN0 with|α|≤1andapositiveconstantC(q),where

(1−∆)−1/2g=F−1ξ [(1+|ξ|
2)−1/2F[g](ξ)](x).

Byusingtheextensionoperatorι,wedefineW−1q (R
N
−)as

W−1q (R
N
−)={f∈L1,loc(R

N
−)|(1−∆)

−1/2ιf∈Lq(R
N)},

∥f∥
W −1
q (RN−)

=∥(1−∆)−1/2ιf∥Lq(RN),

whileW−1q (R
N
+)aredefinedsimilarly.Thefollowinglemmaswillbeusedtocontrol

somenonlineartermsinChapter4.
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Lemma1.3.3.Let1<p,q<∞ andιbetheextensionoperatorofLemma
1.3.2.Supposethat

f∈W1p(R,W
−1
q (R

N
−))∩Lp(R,W

1
q(R

N
−))

andf=0fort<0.ThenthereexistsapositiveconstantC=C(p,q)suchthat

∥f∥
H
1,1/2
q,p,0(R

N
−)
≤C

(
∥∂t(1−∆)

−1/2ιf∥Lp(R+,Lq(RN))+∥f∥Lp(R+,W1q(RN−))

)
.

Proof.Itcanbeprovedinthesamewayas[Shi15,LemmaA.1].

Lemma1.3.4.Let1<p,q<∞ andιbetheextensionoperatorofLemma
1.3.2.Supposethatα∈NN0 with|α|≤1.Thenwehave

∥∂t(1−∆)
−1/2ι((Dαxf)g)∥Lp(R+,Lq(RN))(1.3.1)

≤C(p,q)
(
∥(∂tf)g∥Lp(R+,Lq(RN−))+∥(∂tf)D

α
xg∥Lp(R+,Lq(RN−))

+∥(Dαxf)∂tg∥Lp(R+,Lq(RN−))

)

withsomepositiveconstantC(p,q),providedthattheright-handsideisvalid.Es-
pecially,ifN<q<∞,then

∥∂t(1−∆)
−1/2ι((Dαxf)g)∥Lp(R+,Lq(RN))(1.3.2)

≤C(p,q)
(
∥∂tf∥Lp(R+,Lq(RN−))∥g∥L∞ (R+,L∞ (RN−))

+∥∂tf∥Lp(R+,Lq(RN−))∥D
α
xg∥L∞ (R+,Lq(RN−))

+∥Dαxf∥L∞ (R+,Lq(RN−))∥∂tg∥Lp(R+,Lq(RN−))

)
.

Proof.Wenotethat

∂t((D
α
xf)g)=D

α
x((∂tf)g)−(∂tf)D

α
xg+(D

α
xf)∂tg.

Then,byLemma1.3.2and1.3.3,itholdsthat

∥∂t(1−∆)
−1/2ι((Dαxf)g)∥Lp(R+,Lq(RN))

(1.3.3)

≤C(p,q)
(
∥(∂tf)g∥Lp(R+,Lq(RN−))+∥(1−∆)

−1/2ι((∂tf)D
α
xg)∥Lp(R+,Lq(RN))

+∥(1−∆)−1/2ι((Dαxf)∂tg)∥Lp(R+,Lq(RN))

)

withapositiveconstantC(p,q).Since∥(1−∆)−1/2F∥Lq(RN)≤C(q)∥F∥Lq(RN)
byFouriermultipliertheoremofMhiklin,itfollowsfrom(1.3.3)andLemma1.3.2
that(1.3.1)holds.Concerning(1.3.2),weusethefollowinginequality:

∥(1−∆)−1/2ι(uv)∥Lq(RN)≤C(q)∥u∥Lq(RN−)∥v∥Lq(RN−),

whichisobtainedintheproofof[Shi15,Lemma3.3].Bycombiningthisinequality
with(1.3.3),wehave(1.3.2).

Nextweconsidersomeembeddingproperties.Hereandhereafter,forBanach
spacesXandYendowedwith∥·∥X and∥·∥Y,respectively,X→YmeansthatX
iscontinuouslyembeddedintoY,thatis,thereexistsaconstantC>0suchthat

∥u∥Y≤C∥u∥X foreveryu∈X.
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LetIbeintervalsofRandΩdomainsofRN,andthenweset

W2,1q,p(Ω×I)=W
1
p(I,Lq(Ω))∩Lp(I,W

2
q(Ω)),

W2,1q,p,0(Ω×R)={u∈W
2,1
q,p(Ω×R)|u(x,t)=0fort<0},

H1,1/2q,p (Ω×I)=H
1/2
p (I,Lq(Ω))∩Lp(I,W

1
q(Ω)),

H
1,1/2
q,p,0(Ω×R)={u∈H

1,1/2
q,p (Ω×R)|u(x,t)=0fort<0}.

Concerningthefunctionspacesintroducedabove,weseethatthefollowingembed-
dingpropertieshold.

Lemma1.3.5.LetΩ∈{RN,RN+,R
N
−},andsupposethatT∈(0,∞)orT=∞.

Thenthefollowingassertionshold.

(1)W2,1q,p(Ω×(0,T))→ BUC((0,T),BUC
1(Ω)),providedthat1<p,q<∞ and

2/p+N/q<1.
(2)W2,1q,p(Ω×(0,T))→BUC((0,T),W

1
q(Ω))for2<p<∞ and1<q<∞.

(3)W2,1q,p,0(Ω×R)→H
1/2
p,0(R,W

1
q(Ω))for2<p<∞ and1<q<∞.

Proof.(1)By[MS12,Proposition3.2,Remark3.3],wehave

(1.3.4) W2,1q,p(Ω×(0,T))→W
σ
p((0,T),W

2(1−σ)
q (Ω))

for1<p,q<∞ and0<σ<1.Bytakingσinsuchawaythat

(1.3.5) σ>
1

p
, 2(1−σ)>1+

N

q
,

andusingSobolev’sembeddingtheorem,weobtain

Wσp((0,T),W
2(1−σ)
q (Ω))→BUC((0,T),W2(1−σ)q (Ω))

→BUC((0,T),BUC1(Ω)),

wherewenotethat(1.3.5)isequivalenttotheassumptions:1<p,q<∞ and
2/p+N/q<1.Thiscompletestheproofof(1).
(2)Letσ=1/2in(1.3.4). WethenobtaintherequiredpropertybySobolev’s
embeddingtheorem,noting2<p<∞.

(3)Itfollowsfrom[SS08,Proposition2.8]thatW2,1q,p(Ω×R)→ H
1/2
p (R,W1q(Ω))

for1<p,q<∞,sothattherequiredpropertyholdsclearly.

Finallyweintroduceweightedspaceswithrespecttotimet.Tothisend,let
XbeBanachspaces,andbesides,

Lp,loc,0(R,X)={u∈Lp,loc(R,X)|u(t)=0fort<0},

Wlp,loc,0(R,X)={u∈W
l
p,loc(R,X)|u(t)=0fort<0},

Lp,γ(R,X)={u∈Lp,loc(R,X)|e
−γtu∈Lp(R,X)}

forl∈Nand1≤p<∞. Wethenset,forγ>0,

Lp,γ,0(R,X)={u∈Lp,loc,0(R,X)|e
−γtu∈Lp(R,X)},

Wlp,γ,0(R,X)={u∈W
l
p,loc,0(R,X)|e

−γt∂ktu∈Lp(R,X)fork=0,1,...,l}.
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Inaddition,inordertoshowweightedBesselpotentialspaces,wedefinetheLaplace
transformanditsinverseasfollows:Forλ=γ+iτ,

Lt[f](τ)=

∫

R

e−λtf(t)dt=Ft[e
−γtf](τ),

L−1λ [g](t)=
1

2π

∫

R

eλtg(τ)dτ=eγtF−1τ [g](t).

Ifthereisnoconfusion,wedenoteLtandL
−1
λ byLandL

−1forshort.Letγ>0,
andthenweset

(Λ1/2γ f)(x,t)=L
−1
λ [|λ|

1/2Lt[f(x,t)](τ)](t)

=eγtF−1τ [(γ
2+τ2)1/4Ft[e

−γtf(x,t)](τ)](t) (λ=γ+iτ).

TheweightedBesselpotentialspacesaredefinedas

H1/2p,γ(R,X)={u∈Lp,γ(R,X)|e
−γtΛ1/2γ f∈Lp(R,X)},

H1,1/2q,p,γ(R×Ω)=H
1/2
p,γ(R,Lq(Ω))∩Lp,γ(R,W

1
q(Ω)),

H
1,1/2
q,p,γ,0(R×Ω)={f∈H

1,1/2
q,p,γ(R×Ω)|f(t)=0fort<0}

forγ>0and1<p,q<∞ withnorms:

∥u∥
H
1/2
p,γ(R,X)

=∥e−γtΛ1/2γ u∥Lp(R,X),

∥u∥
H
1,1/2
q,p,γ(R×Ω)

=∥u∥
H
1/2
p,γ(R,Lq(Ω))

+∥u∥Lp,γ(R,W1q(Ω)).

Remark1.3.6.Letγ0>0and1<p<∞. Then,byvector-valuedFourier
multipliertheoremof[Zim89,Proposition3],weseethatthereexistsapositive

constantC=C(γ0,p)suchthatforeveryu∈H
1/2
p,γ0(R,X)

C−1∥e−γ0tΛ1/2γ0 u∥Lp(R,X)≤∥e
−γ0tu∥

H
1/2
p (R,X)

≤C∥e−γ0tΛ1/2γ0 u∥Lp(R,X),

ifXisaUMD-space.ConcerningUMD-spaces,seee.g.[KW04].
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CHAPTER2

R-boundednessofsolutionoperatorfamiliesof

somegeneralizedStokesresolventequationsinan
infinitelayer

2.1. Mainresults

LetΩ⊂RN beaninfinitelayer,thatis,

Ω={(x′,xN)∈R
N |x′∈RN−1,0<xN <δ} (δ>0),

whileΓδandΓ0denoteitsboundaries:

Γδ={(x
′,xN)∈R

N |x′∈RN−1,xN =δ},

Γ0={(x
′,xN)∈R

N |x′∈RN−1,xN =0}.

ThischapterisconcernedwiththefollowinggeneralizedStokesresolventequa-
tionsinΩ:

(2.1.1)






λu−DivS(u,θ)=f, divu=fd inΩ,

S(u,θ)eN =g onΓδ,

u=0 onΓ0.

Hereunknownsu=u(x)=(u1(x),...,uN(x))
T andθ=θ(x)aretheN-

componentvelocityfieldandthepressurefield,respectively;therightmembers
f=f(x)=(f1(x)...,fN(x))

T andg=g(x)=(g1(x),...,gN(x))
T aregivenN-

componentvectors,andfd=fd(x)isagivenscalarfunction;stresstensorS(u,θ)
isdefinedas

S(u,θ)=−θI+µD(u), D(u)=∇u+(∇u)T,

whereµisapositiveconstantdescribingviscositycoefficients. ThenDivS(u,θ)
areN-componentvectorswhosei-thcomponentisgivenby

N∑

j=1

Dj{µ(Djui+Diuj)−δijθ}=µ(∆ui+Didivu)−Diθ

fori=1,...,N.
Wehereset W1q,Γδ(Ω)={θ∈W

1
q(Ω)|θ|Γδ=0}for1<q<∞,andbesides,

W1q,Γδ(Ω)={θ∈Lq,loc(Ω)|∇θ∈Lq(Ω)
N,θ|Γδ=0,

∃{θj}
∞
j=1⊂W

1
q,Γδ
(Ω)suchthatlim

j→∞
∥∇(θj−θ)∥Lq(Ω)=0}.

Remark2.1.1.IfwesetẆ1q,Γδ(Ω)={θ∈Lq,loc(Ω)|∇θ∈Lq(Ω)
N,θ|Γδ=0},

thenthereholdsW1q,Γδ(Ω)=Ẇ
1
q,Γδ
(Ω).whichwasprovedin[Shi13,TheoremA.3].

17



18 2. GENERALIZEDSTOKES RESOLVENTEQUATIONSIN ANINFINITELAYER

LetW−1q,Γδ(Ω)bethedualspaceofW
1
q′,Γδ
(Ω)with1<q<∞and1/q+1/q′=1.

Inaddition,inthesamemanneras[FS94,Section1],weset

W1q(Ω)∩W
−1
q,Γδ
(Ω)

={f∈W1q(Ω)|(f,φ)ΩiscontinuousonW
1
q′,Γδ
(Ω)under∥∇·∥L′q(Ω)}.

Thusweseethatforf∈W1q(Ω)∩W
−1
q,Γδ
(Ω)

∥f∥
W −1
q,Γδ

(Ω)
=sup{|(f,φ)Ω||φ∈W

1
q′,Γδ
(Ω),∥∇φ∥Lq′(Ω)=1}.

Letφ(xN)∈C
∞(R)beacut-cutfunctionsuchthat0≤φ(xN)≤1and

(2.1.2) φ(xN)=

{
1 xN ≤1/3,

0 xN ≥2/3.

Weset φ0(xN)=φ(xN/δ)andφδ(xN)=1−φ(xN/δ),andbesides,

(2.1.3) Φξ′(xN)=φδ(xN)e
−A(d1(xN)+d2(δ))−(φδ(xN)+2φ0(xN))e

−Ad2(xN)

forξ′∈RN−1byusing(1.2.1),whered1(xN)andd2(xN)aredefinedas

(2.1.4) d1(xN)=δ−xN, d2(xN)=xN.

Thenoneofourmainresultsisstatedasfollows:

Theorem2.1.2.Let1<q<∞ andfd∈W
1
q(Ω)∩W

−1
q,Γδ
(Ω).Then,forevery

J=1,....N,thereexistoperatorsKJ∈L(W
1
q(Ω)∩W

−1
q,Γδ
(Ω),W2q(Ω))suchthat

u=Kfd=(K1fd,...,KNfd)
T

solvesthedivergenceequation:divu=fdinΩandsatisfies

∥Kfd∥Lq(Ω)≤C(N,q,δ)∥fd∥W −1
q,Γδ

(Ω)
,

∥∇Kfd∥Lq(Ω)≤C(N,q,δ)∥fd∥Lq(Ω),

∥∇2Kfd∥Lq(Ω)≤C(N,q,δ)∥∇fd∥Lq(Ω)

withsomepositiveconstantC(N,q,δ).Inaddition,(KNfd)(x
′,0)hasthefollowing

specialformula:

(2.1.5) (KNfd)(x
′,0)=

1

2

∫δ

0

F−1ξ′
[
Φξ′(yN)fd(ξ

′,yN)
]
(x′)dyN.

ForsimplicitywedenoteL(Lq(Ω)
n,Lq(Ω)

m)withn,m∈NbyL(Lq(Ω))inthe
sequel.Theorem2.1.2enablesustoshowtheR-boundednessofsolutionoperator
familiestotheresolventequations(2.1.1)inthefollowingtheorem.

Theorem2.1.3.Let0<ε<π/2,γ0>0,and1<q<∞.Supposethat

f∈Lq(Ω)
N, fd∈W

1
q(Ω)∩W

−1
q,Γδ
(Ω), g∈W1q(Ω)

N.

Then,foreveryλ∈Σε,γ0andj=1,...,N−1,thereexistoperators

Uj(λ)∈L(Lq(Ω)
N3+2N2+5N+2,W2q(Ω)),

UN(λ)∈L(Lq(Ω)
N3+2N2+3N,W2q(Ω)),

P(λ)∈L(Lq(Ω)
N3+2N2+4N,W1q(Ω)),

VN(λ)∈L(W
1
q(Ω)∩W

−1
q,Γδ
(Ω),W2q(Ω)),
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Q(λ)∈L(W1q(Ω)∩W
−1
q,Γδ
(Ω),W1q(Ω))

suchthatthefollowingassertionshold.

(1)Settingu=(u1,...,uN)
Tandθas

uj=Uj(λ)
(
f,∇fd,λ

1/2g,∇g,K(λfd),∇K(λ
1/2fd),∇

2Kfd,

DjVN(λ)(λ
1/2fd),∇VN(λ)(Djfd),DjQ(λ)(λfd)

)
+Kjfd,

uN =UN(λ)
(
f,λ1/2g,∇g,K(λfd),∇K(λ

1/2fd),∇
2Kfd

)

+VN(λ)fd+KNfd,

θ=P(λ)
(
f,∇fd,λ

1/2g,∇g,K(λfd),∇K(λ
1/2fd),∇

2Kfd

)
+Q(λ)(λfd)

forj=1,...,N−1,whereK istheoperatorobtainedinTheorem2.1.2,we
seethat(u,θ)solvesuniquely(2.1.1)forλ∈Σε,γ0.Inaddition,thereexistsa
positiveconstantM =M(N,q,ε,γ0,µ,δ),dependingonlyonN,q,ε,γ0,µ,and
δ,suchthat

RL(Lq(Ω))({(τ∂τ)
ℓ(λUJ(λ))|λ=γ+iτ∈Σε,γ0})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(γUJ(λ))|λ=γ+iτ∈Σε,γ0})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(λ1/2∇UJ(λ))|λ=γ+iτ∈Σε,γ0})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇2UJ(λ))|λ=γ+iτ∈Σε,γ0})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓP(λ)|λ=γ+iτ∈Σε,γ0})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇P(λ))|λ=γ+iτ∈Σε,γ0})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇VN(λ))|λ=γ+iτ∈Σε,γ0})≤M

forℓ=0,1andJ=1,...,N. Concerningthesecondspatialderivativesof
VN(λ)fd,wehave

DjDkVN(λ)fd=

{
DjVN(λ)(Dkfd) ifk̸=N,

DkVN(λ)(Djfd) ifj̸=N,

andbesides,foreveryλ∈Σε,γ0thereexistsVN(λ)∈L(Lq(Ω)
N+1,Lq(Ω))such

thatD2NVN(λ)fd=VN(λ)(λ
1/2fd,∇fd)and

RL(Lq(Ω))({(τ∂τ)
ℓVN(λ)|λ∈Σε,γ0})≤M

forℓ=0,1andsomepositiveconstantM =M(N,q,ε,µ,γ0,δ).
(2)Letq′= q/(q−1). Then,foreveryλ∈Σε,γ0,thereexistboundedlinear
operators

V∗N(λ),Q
∗(λ),Q∗1(λ),...,Q

∗
N(λ):Lq′(Ω)→W

1
q′,Γδ
(Ω)

suchthatforJ=1,...,N,ψ∈W1q(Ω)∩W
−1
q,Γδ
(Ω),andφ∈Lq′(Ω)

(VN(λ)ψ,φ)Ω=(ψ,V
∗
N(λ)φ)Ω,

(Q(λ)ψ,φ)Ω=(ψ,Q
∗(λ)φ)Ω,

(DJQ(λ)ψ,φ)Ω=(ψ,Q
∗
J(λ)φ)Ω.
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Inaddition,thereexistsapositiveconstantM =M(N,q,ε,µ,γ0,δ)suchthat
forℓ=0,1andJ=0,1...,N

RL(Lq(Ω))({(τ∂τ)
ℓ(∇V∗N(λ))|λ=γ+iτ∈Σε,γ0})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇Q∗(λ))|λ=γ+iτ∈Σε,γ0})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇Q∗J(λ))|λ=γ+iτ∈Σε,γ0})≤M.

Theoriginalpaperofthischapteris[Sai15],andalsothischapterisorganized
asfollows:Inthenextsection,weprovethemaximalLp-Lqregularitytheoremof
theStokesequations,correspondingto(2.1.1),withhelpofTheorem2.1.2,Theo-
rem2.1.3,and Weis’soperatorvaluedFouriermultipliertheorem[Wei01,Theo-
rem3.4].Inaddition,weconsidersomeresolventproblem,inthewholespaceRN,
whichplaysanimportantroleinlatersections.InSection2.3,weproveTheorem
2.1.2.InSection2.4,wegiveexactsolutionformulasforsomereducedsystemof
theequations(2.1.1). Themethodstoobtaintheformulasarebasedonsolving
ordinarydifferentialequations,withrespecttoxN variableintheFourierspace,
whichareobtainedbyusingthepartialFouriertransformwithrespecttox′vari-
able.InSection2.5,weprovesometechnicallemmaswhichareusedtoshowthe
R-boundednessofsolutionoperatorfamilies.InSection2.6,applyingthetechnical
lemmasinSection2.5totheexactsolutionformulasobtainedinSection2.4,we
showtheR-boundednessofsolutionoperatorfamiliesoftheequations(2.1.1).In
Section2.7,weshowthatsolutionstotheStokesequations(2.2.1)introducedin
theSection2.2satisfytheuniquenessandinitialconditions.

2.2. MaximalLp-Lqregularitytheorem

Inthissection,wefirstshowthemaximalLp-Lqtheoremforthefollowing
StokesequationsasanapplicationofTheorem2.1.3:

(2.2.1)






∂tU−DivS(U,Θ)=F, divU=Fd inΩ×(0,∞),

S(U,Θ)eN =G onΓδ×(0,∞),

U=0 onΓ0×(0,∞),

subjecttotheinitialcondition:U(x,0) =0inΩ. HereU = U(x,t),Θ =
Θ(x,t),F=F(x,t),G=G(x,t),andFd=Fd(x,t)denotetime-dependentfunc-
tionscorrespondingtou,θ,f,g,andfdin(2.1.1).Forsimplicity,weset

W±1,1q,p,γ,0(Ω×R)=W
1
p,γ,0(R,W

−1
q,Γδ
(Ω))∩Lp,γ,0(R,W

1
q(Ω)).

Wethenobtainthemaximal Lp-Lqregularitytheoremasfollows:

Theorem2.2.1.Let1<p,q<∞ andγ0>0.Then,forevery

F∈Lp,γ0,0(R,Lq(Ω))
N, Fd∈W

±1,1
q,p,γ0,0

(Ω×R),G∈H
1,1/2
q,p,γ0,0

(Ω×R)N,

equation(2.2.1)admitsauniquesolution(U,Θ)with

U∈(W1p,loc,0(R,Lq(Ω))∩Lp,loc,0(R,W
2
q(Ω))

N, Θ∈Lp,loc,0(R,W
1
q(Ω)).
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Inaddition,thesolution(U,Θ)satisfiestheestimate:

∥e−γ0t(∂tU,U,Λ
1/2
γ0 ∇U,∇

2U)∥Lp(R,Lq(Ω))+∥e
−γ0tΘ∥Lp(R,W1q(Ω))(2.2.2)

≤C
(
∥e−γ0t(F,Λ1/2γ0 Fd,∇Fd,Λ

1/2
γ0 G,∇G)∥Lp(R,Lq(Ω))

+∥e−γ0t(∂tFd,Fd)∥Lp(R,W −1
q,Γδ

(Ω))

)

forsomepositiveconstantC=C(N,p,q,γ0,µ,δ)dependingonlyonN,p,q,γ0,µ,
andδ.IfFd=0andG=0,thenthesolutionUsatisfies

(2.2.3) γ∥e−γtU∥Lp(R,Lq(Ω))≤C∥e
−γtF∥Lp(R,Lq(Ω))

foranyγ≥γ0withsomepositiveconstantCindependentofγ.

Remark2.2.2.AlthoughtracespacesfortheboundarydataGdoesnotappear
explicitlysinceGisalwaysdefinedonΩ,itisgivenbytheso-calledTriebel-Lizorkin
spaces(cf.e.g.[DHP07,Theorem2.3]).

Proof.Weonlyshow(2.2.2)here,andnotethattheuniquenessandinitial
conditionwillbediscussedinSection2.7.
ByapplyingtheLaplacetransformto(2.2.1)andsetting

u=L[U](λ),θ=L[Θ](λ),f=L[F](λ),fd=L[Fd](λ),g=L[G](λ),

weseethat(u,θ)satisfies(2.1.1)withrightmembersf,fd,andg.Therefore,by
Theorem2.1.3,solutions(U,Θ)ofequations(2.2.1)aregivenby

Uj(t)=Kj(Fd(t))+

(2.2.4)

L−1λ0

[
Uj(λ0)L

[(
F,∇Fd,G,∇G,K(∂tFd),∇KFd,∇

2KFd,F
1
d,F

2
d,F

3
d

)]
(λ0)
]
(t),

UN(t)=KN(Fd(t))+L
−1
λ0
[VN(λ0)L[Fd](λ0)](t)

+L−1λ0

[
UN(λ0)L

[(
F,G,∇G,K(∂tFd),∇KFd,∇

2KFd

)]
(λ0)
]
(t),

Θ(t)=L−1λ0

[
P(λ0)L

[(
F,∇Fd,G,∇G,K(∂tFd),∇KFd,∇

2KFd

)]
(λ0)
]
(t)

+L−1λ0[Q(λ0)λ0L[Fd](λ0)](t)

forj=1,...,N−1,whereλ0=γ0+iτandKJ(J=1,...,N)istheoperator
obtainedinTheorem2.1.2.HereFkd(k=1,2,3)aredefinedas

F1d=L
−1
λ0
[DjVN(λ0)Fd](t), F

2
d=L

−1
λ0
[∇VN(λ0)L[DjFd](λ0)](t),

F3d=L
−1
λ0
[DjQ(λ0)λ0L[Fd](λ0)](t),

andalsothesymbolXforX∈{G,Fd}denotesX=L
−1
λ0
[λ
1/2
0 L[X](λ0)](t).Then,

bytheFouriermultipliertheoremofZimmermann[Zim89,Proposition3],itholds
that

(2.2.5) ∥e−γ0tX∥Lp(R,Lq(Ω))≤C(N,q)∥e
−γ0tΛ1/2γ0 X∥Lp(R,Lq(Ω)).
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Byformulas(2.2.4),Theorem2.1.2,Theorem2.1.3(1),and[Wei01,Theorem3.4],
weobtain

∥e−γ0t(∂tU,U,Λ
1/2
γ0 ∇U,∇

2U)∥Lp(R,Lq(Ω))+∥e
−γ0tΘ∥Lp(R,W1q(Ω))(2.2.6)

≤C
(
∥e−γ0t(F,Λ1/2γ0 Fd,∇Fd,Λ

1/2
γ0 G,∇G)∥Lp(R,Lq(Ω))

+∥e−γ0t(Fd,∂tFd)∥Lp(R,W −1
q,Γδ

(Ω))

+
3∑

k=1

∥e−γ0tFkd∥Lp(R,Lq(Ω))+
6∑

ℓ=1

∥e−γ0tIℓ∥Lp(R,Lq(Ω))

)

forapositiveconstantC=C(N,p,q,γ0,µ,δ),whereIℓ(ℓ=1,...,6)aregivenby

I1(t)=L
−1
λ0
[λ0VN(λ0)L[Fd](λ0)](t), I2(t)=L

−1
λ0
[γ0VN(λ0)L[Fd](λ0)](t),

I3(t)=L
−1
λ0
[∇VN(λ0)L[Fd](λ0)](t), I4(t)=L

−1
λ0
[∇2VN(λ0)L[Fd](λ0)](t),

I5(t)=L
−1
λ0
[Q(λ0)λ0L[Fd](λ0)](t), I6(t)=L

−1
λ0
[∇Q(λ0)λ0L[Fd](λ0)](t).

Itisclearthat

(2.2.7) ∥e−γ0tF3d∥Lp(R,Lq(Ω))≤∥e
−γ0tI6∥Lp(R,Lq(Ω)),

andfurthermore,by(2.2.5)

∥e−γ0tF1d∥Lp(R,Lq(Ω))≤C∥e
−γ0tFd∥Lp(R,Lq(Ω))≤C∥e

−γ0tΛ1/2γ0 Fd∥Lp(R,Lq(Ω)),

(2.2.8)

∥e−γ0tF2d∥Lp(R,Lq(Ω))≤C∥e
−γ0t∇Fd∥Lp(R,Lq(Ω))

inthesamewayaswehaveobtained(2.2.6).Therefore,itissufficienttoconsider
estimatesofIℓ(t)(ℓ=1,...,6).

Lemma2.2.3.Let1<p,q<∞ andγ0>0,andletFd∈W
±1,1
q,p,γ0,0

(R×Ω).

ThenthereexistsapositiveconstantC=C(N,p,q,γ0,µ,δ)suchthat

∥e−γ0t(I1,I5,I6)∥Lp(R,Lq(Ω))≤C∥e
−γ0t∂tFd∥Lp(R,W −1

q,Γδ
(Ω))
,

∥e−γ0tI2∥Lp(R,Lq(Ω))≤C∥e
−γ0tFd∥Lp(R,W −1

q,Γδ
(Ω))
,

∥e−γ0t(I3,I4)∥Lp(R,Lq(Ω))≤C∥e
−γ0t(Λ1/2γ0 Fd,∇Fd)∥Lp(R,Lq(Ω)).

Proof.HereweconsideronlyI1(t),becausewecanshowtherequiredesti-
matesofI2(t),I5(t),andI6(t)similarly.TheestimatesofI3(t)andI4(t)areproved
bycombiningTheorem2.1.3(1)with[Wei01,Theorem3.4]andusing(2.2.5).
Letφ∈C∞0(R

N+1),andnotee−γ0tI1(t)=F
−1
τ [λ0VN(λ0)F[e

−γ0tFd](λ0)](t)
forλ0=γ0+iτ.Then,byTheorem2.1.3(2),thereholds

(e−γ0tI1,φ)R×Ω=(Fd,e
−γ0tFτ[λ0V

∗
N(λ0)F

−1
t [φ](τ)])R×Ω

=−(Fd,∂t(e
−γ0tFτ[V

∗
N(λ0)F

−1
t [φ](τ)]))R×Ω

=(e−γ0t∂tFd,Fτ[V
∗
N(λ0)F

−1
t [φ](τ)])R×Ω,
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which,combinedwithTheorem2.1.3(2)and[Wei01,Theorem3.4],furnishesthat

|(e−γ0tI1,φ)R×Ω|

≤

∫

R

∥e−γ0t∂tFd(t)∥W −1
q,Γδ

(Ω)
∥Fτ[∇V

∗
N(λ0)F

−1
t [φ](τ)](t)∥Lq′(Ω)dt

≤C∥e−γ0t∂tFd∥Lp(R,W −1
q,Γδ

(Ω))
∥φ∥Lp′(R,Lq′(Ω))

for1/p+1/p′=1and1/q+1/q′=1withC=C(N,p,q,γ0,µ,δ). Thisimplies
thattherequiredinequalitieshold.

CombiningLemma2.2.3,(2.2.7),and(2.2.8)with(2.2.6),wecompletethe
proofofTheorem2.2.1.

IntheproofofTheorem2.1.3,wedealwiththefollowingresolventproblemin
thewholespace:

(2.2.9) λu−µ∆u=f inRN,

whereu=u(x)isascalarunknownfunction. Concerning(2.2.9),wehavethe
followinglemma.

Lemma2.2.4.Let0<ε<π/2and1<q<∞.Then,foreveryλ∈Σε,there
existoperatorsH(λ)∈L(Lq(R

N),W2q(R
N))suchthatu=H(λ)funiquelysolves

(2.2.9)forf∈Lq(R
N),andalsotherehold

RL(Lq(RN))({(τ∂τ)
ℓ(λH(λ))|λ=γ+iτ∈Σε})≤M,(2.2.10)

RL(Lq(RN))({(τ∂τ)
ℓ(γH(λ))|λ=γ+iτ∈Σε})≤M,

RL(Lq(RN))({(τ∂τ)
ℓ(λ1/2∇H(λ))|λ=γ+iτ∈Σε})≤M,

RL(Lq(RN))({(τ∂τ)
ℓ(∇2H(λ))|λ=γ+iτ∈Σε})≤M

forℓ=0,1withsomepositiveconstantM dependingonlyonN,q,ε,andµ.

Proof.Forλ∈Σε,wesetH(λ)f=F
−1
ξ [(λ+µ|ξ|

2)−1]F[f](ξ),andthen

u(x) =H(λ)faresolutionsto(2.2.9). Wecanshow(2.2.10)bythesolution
formulaaboveand[ES13,Theorem3.3].

Intheremainingofthissection,forfunctionsfdefinedonΩ,weconsiderthe
followingresolventprobleminthewholespace:

(2.2.11) λu−DivS(u,θ)=Ef, divu=0 inRN,

whereu=(u1(x),...,uN(x))
T andθ=θ(x)areunknownfunctions. HereEf

denotessomeextensionofffromΩtoRN asfollows:First,letg(x)befunctions
definedonΩ,andsetg0(x)=φ0(xN)g(x)andgδ(x)=φδ(xN)g(x)forthecut-off
functionsφ0andφδdefinedasthenextlineof(2.1.2).Second,weset

ge0(x)=

{
g0(x

′,xN) xN >0,

g0(x
′,−xN) xN <0,

go0(x)=

{
g0(x

′,xN) xN >0,

−g0(x
′,−xN) xN <0,

(2.2.12)

geδ(x)=

{
gδ(x

′,xN) xN <δ,

gδ(x
′,2δ−xN) xN >δ,

goδ(x)=

{
gδ(x

′,xN) xN <δ,

−gδ(x
′,2δ−xN) xN >δ.
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Third,Ef=(f̄1,...,̄fN)withf̄j(x)=f
e
j0(x)+f

o
jδ(x)(j=1,...,N−1)and

f̄N(x)=f
o
N0(x)+f

e
Nδ(x).

Lemma2.2.5.Let1<q<∞ and0<ε<π/2.Then,foreveryλ∈Σε,there
existoperatorsS0(λ)∈L(Lq(Ω)

N,W2q(Ω)
N)andT0∈L(Lq(Ω)

N,W1q(Ω))such

that(u,θ)=(S0(λ)f,T0f)uniquelysolves(2.2.11)forf∈Lq(Ω)
N.Inaddition,

therehold

RL(Lq(Ω))({(τ∂τ)
ℓ(λS0(λ))|λ=γ+iτ∈Σε})≤M,(2.2.13)

RL(Lq(Ω))({(τ∂τ)
ℓ(γS0(λ))|λ=γ+iτ∈Σε})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(λ1/2∇S0(λ))|λ=γ+iτ∈Σε})≤M,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇2S0(λ))|λ=γ+iτ∈Σε})≤M,

∥T0∥L(Lq(Ω)N,Lq(Ω))+∥∇T0∥L(Lq(Ω)N)≤M

forℓ=0,1withsomepositiveconstantM dependingonlyonN,q,ε,µ,andδ.

Proof.Theuniquenessisguaranteedby[SS12,Theorem3.1]. Wehereshow
properties(2.2.13)only.Foranyλ∈Σε,representationformulasofthesolution
(u,θ)toequations(2.2.11)aregivenby

u=S̄0(λ)(Ef)=F
−1
ξ

[
P(ξ)F[Ef](ξ)

λ+µ|ξ|2

]

(x),(2.2.14)

θ=T̄0Ef=−F
−1
ξ

[
iξ·F[Ef](ξ)

|ξ|2

]

(x),

whereP(ξ)isanN×Nmatrixwhose(j,k)componentPjk(ξ)isgivenbyPjk=
δjk−ξjξk|ξ|

−2(cf.[SS12,Section3]).Theproperties:∥∇̄T0∥L(Lq(RN)N)≤Cand

RL(Lq(RN))({(τ∂τ)
ℓ(λ̄S0(λ))|λ∈Σε})≤C,

RL(Lq(RN))({(τ∂τ)
ℓ(γ̄S0(λ))|λ∈Σε})≤C,

RL(Lq(RN))({(τ∂τ)
ℓ(λ1/2∇S̄0(λ))|λ∈Σε})≤C,

RL(Lq(RN))({(τ∂τ)
ℓ(∇2S̄0(λ))|λ∈Σε})≤C

forsomepositiveconstantC,followfrom[ES13,Theorem3.3]. Thus,setting
S0(λ)=S̄0(λ)EandT0=T̄0E,wehave(2.2.13)byProposition1.2.3exceptfor
theboundednessofT0.Fromnowon,weshowtherequiredestimateconcerning
∥T0∥L(Lq(Ω)N,Lq(Ω)).BythedefinitionofEf,wehave

Fx′[T0f](ξ
′,xN)

=−
N−1∑

j=1

iξj

∫δ

0

φ0(yN)F
−1
ξN

[
e−iyNξN +eiyNξN

|ξ|2

]

(xN)fj(ξ
′,yN)dyN

−
N−1∑

j=1

iξj

∫δ

0

φδ(yN)F
−1
ξN

[
e−iyNξN −e−i(2δ−yN)ξN

|ξ|2

]

(xN)fj(ξ
′,yN)dyN

−

∫δ

0

φ0(yN)F
−1
ξN

[
iξN(e

−iyNξN −eiyNξN)

|ξ|2

]

(xN)fN(ξ
′,yN)dyN

−

∫δ

0

φδ(yN)F
−1
ξN

[
iξN(e

−iyNξN +e−i(2δ−yN)ξN)

|ξ|2

]

(xN)fN(ξ
′,yN)dyN.
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InsertingtheidentitiesinLemma1.2.7intotheformulaabove,wehave,bythe
inversepartialFouriertransformwithrespecttoξ′,

T0f=−

N−1∑

j=1

∫δ

0

φ0(yN)

2
F−1ξ′

[
iξj
A

(
e−|xN−yN|A+e−(xN+yN)A

)
fj(yN)

]

dyN

(2.2.15)

−

N−1∑

j=1

∫δ

0

φδ(yN)

2
F−1ξ′

[
iξj
A

(
e−|xN−yN|A−e−(2δ−xN−yN)A

)
fj(yN)

]

dyN

+

∫δ

0

φ0(yN)

2
F−1ξ′

[(
sign(xN−yN)e

−|xN−yN|A−e−(xN+yN)A
)
fN(yN)

]
dyN

+

∫δ

0

φδ(yN)

2
F−1ξ′

[(
sign(xN−yN)e

−|xN−yN|A−e−(2δ−xN−yN)A
)
fN(yN)

]
dyN

for0≤xN ≤δ,whereF
−1
ξ′[g]=F

−1
ξ′[g](x

′)andh(yN)=h(ξ
′,yN). ByLemma

1.2.6andLeibniz’srule,itholdsthatfors=0,1,j=1,...,N−1,and0≤
xN,yN ≤δ,

Dα
′

ξ′

(
iξj
A
e−|xN−yN|A

)

≤CA−|α
′|,Dα

′

ξ′

((
iξj
A

)s
e−(xN+yN)A

)

≤CA−|α
′|,

Dα
′

ξ′

((
iξj
A

)s
e−(2d−xN−yN)A

)

≤CA−|α
′|,

Dα
′

ξ′

(
sign(xN−yN)e

−|xN−yN|A
)
≤CA−|α

′|

withsomepositiveconstantC=C(α′).Especially,CisindependentofxN,yN,ξ
′,

andδ.Thus,usingtheFouriermultipliertheoremofMikhlin-Ḧormandertype(cf.
[Mik65,AppendixTheorem2])withrespecttox′andḦolder’sinequalitytothe
formal(2.2.15),wehave

∥(T0f)(·,xN)∥Lq(RN−1)

≤C(N,q)

∫δ

0

∥f(·,yN)∥Lq(RN−1)dyN ≤C(N,q)δ
1−(1/q)∥f∥Lq(Ω),

whichimpliesthat∥T0f∥Lq(Ω)≤ C(N,q,δ)∥f∥Lq(Ω)forsomepositiveconstant
C(N,q,δ).Thiscompletestheproof.

Remark2.2.6.LetS0(λ)f=(S01(λ)f,...,S0N(λ)f)
T.Then,bythedefinition

ofEfand(2.2.14),wehave

Fx′[S0N(λ)f](ξ
′,0)

=
N−1∑

k=1

iξk
2π

∫δ

0

φ0(yN)

{∫∞

−∞

iξN(e
−iyNξN +eiyNξN)

|ξ|2(λ+µ|ξ|2)
dξN

}

fkξ
′,yN)dyN

+
N−1∑

k=1

iξk
2π

∫δ

0

φδ(yN)

{∫∞

−∞

iξN(e
−iyNξN −e−i(2δ−yN)ξN)

|ξ|2(λ+µ|ξ|2)
dξN

}

fk(ξ
′,yN)dyN

+
A2

2π

∫δ

0

φ0(yN)

{∫∞

−∞

e−iyNξN −eiyNξN

|ξ|2(λ+µ|ξ|2)
dξN

}

fN(ξ
′,yN)dyN
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+
A2

2π

∫δ

0

φδ(yN)

{∫∞

−∞

e−iyNξN +e−i(2δ−yN)ξN

|ξ|2(λ+µ|ξ|2)
dξN

}

fN(ξ
′,yN)dyN.

InsertingtheidentitiesinLemma1.2.7intotheaboveformulafurnishesthat

Fx′[S0N(λ)f](ξ
′,0)

(2.2.16)

=

N−1∑

k=1

2∑

n=1

iξk(−1)
n

2λ

∫δ

0

φδ(yN)(e
−A(dn(0)+dn(yN))−e−B(dn(0)+dn(yN)))fk(yN)dyN

+
A2

2λ

2∑

n=1

∫δ

0

φδ(yN)
(e−A(dn(0)+dn(yN))

A
−
e−B(dn(0)+dn(yN))

B

)
fN(yN)dyN,

wherewehaveusedtheabbreviation:g(yN)=g(ξ
′,yN).

2.3. ProofofTheorem2.1.2

Inthissection,weshallproveTheorem2.1.2. Letfd∈W
1
q(Ω)∩W

−1
q,Γδ
(Ω),

andsetf∗d(x)=f
o
d0(x)+f

o
dδ(x)byusing(2.2.12). Wefirstshowtheestimate:

∥f∗d∥W −1
q (RN)

≤C∥fd∥W −1
q,Γδ

(Ω)
withapositiveconstantCindependentoffdand

f∗d.Bythedefinitionoff
∗
d,wehave

(f∗d,ψ)RN

=

∫

Ω

(−φδ(xN)ψ(x
′,2δ−xN)+ψ(x

′,xN)−φ0(xN)ψ(x
′,−xN))fd(x)dx

foranyψ∈C∞0(R
N). Wethusseethat

|(f∗d,ψ)RN|≤∥fd∥W −1
q,Γδ

(Ω)

× ∇
(
−φδ(xN)ψ(x

′,2δ−xN)+ψ(x
′,xN)−φ0(xN)ψ(x

′,−xN)
)

Lq′(Ω)

≤C∥fd∥W −1
q,Γδ

(Ω)

(
∥ψ(x′,2δ−xN)−ψ(x

′,−xN)∥Lq′(Ω)+∥∇ψ∥Lq′(RN)

)

≤C∥fd∥W −1
q,Γδ

(Ω)
∥∇ψ∥Lq′(RN)

withsomepositiveconstantC=C(q,δ),since−φδ(xN)ψ(x
′,2δ−xN)+ψ(x

′,xN)−

φ0(xN)ψ(x
′,−xN)∈W

1
q′,Γδ
(Ω)and

ψ(x′,2δ−xN)−ψ(x
′,−xN)=

∫2δ−xN

−xN

(DNψ)(x
′,s)ds.

Thelastinequalityimpliesthattherequiredestimateholds.
Wehereset

(2.3.1) uJ(x)=−F
−1
ξ

[
iξJ
|ξ|2
Fx[f

∗
d](ξ)

]

(x) (J=1,...,N).

Thenitisclearthatu=(u1,...,uN)
Tsatisfiesthedivergenceequation:divu=fd

inΩ.By[SS12,Lemma3.2]andtheinequalityobtainedabove,wehave

∥uJ∥Lq(Ω)≤∥uJ∥Lq(RN)≤C∥f
∗
d∥W −1

q (RN)
≤C∥fd∥W −1

q,Γδ
(Ω)

forJ=1,...,NandsomepositiveconstantC=C(N,q,δ).
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Nextweshowtheestimatesof∇uJ and∇
2uJ. BytheFourier multiplier

theoremofMikhlin-Ḧormandertype,weobtain,forj=1,...,N−1andJ,K,L=
1,...,N,

∥∇uJ∥Lq(Ω)≤∥uJ∥Lq(RN)≤C∥f
∗
d∥Lq(RN)≤C∥fd∥Lq(Ω),(2.3.2)

∥DKDLuj∥Lq(Ω)≤∥DKDLuj∥Lq(RN)≤C∥Djf
∗
d∥Lq(RN)≤C∥Djfd∥Lq(Ω),

∥DjDKuN∥Lq(Ω)≤∥DjDKuN∥Lq(RN)≤C∥Djf
∗
d∥Lq(RN)≤C∥Djfd∥Lq(Ω)

withsomepositiveconstantC=C(N,q). Ontheotherhand,wehavetherela-

tion:D2NuN =DNfd−
∑N−1
j=1 DNDjujinΩ,becauseusatisfiesthedivergence

equationinΩ.Thisrelationcombinedwith(2.3.2)furnishesthat∥D2NuN∥Lq(Ω)≤
C∥∇fd∥Lq(Ω).Concerningtherepresentationformula(2.1.5),wehave

uN(ξ
′,xN)=−

∫δ

0

{
1

2π

∫∞

−∞

iξN
|ξ|2

(
−φδ(yN)e

i(xN+yN−2δ)ξN

+ei(xN−yN)ξN −φ0(yN)e
i(xN+yN)ξN

)
dξN

}
fd(ξ

′,yN)dyN

by(2.3.1)andthedefinitionoff∗d,which,combinedwithLemma??,furnishesthat

uN(ξ
′,0)=−

1

2

∫δ

0

(
−φδ(yN)e

−A(2δ−yN)+e−AyN +φ0(yN)e
−AyN

)
fd(ξ

′,yN)dyN.

TakingtheinversepartialFouriertransform,withrespecttoξ′,oftheaboveformula
impliesthat(2.1.5)hold.

2.4.Solutionformulas

Inthissection,wegiveexactsolutionformulasoftheequations:

(2.4.1)






λu−DivS(u,θ)=f, divu=0 inΩ,

S(u,θ)eN =g onΓδ,

u=−Kfd onΓ0,

whereKisthesameoperatorasinTheorem2.1.2.
Wefirstreduceequations(2.4.1)tothecasewhere f=0.Tothisend,weset

u=S0(λ)f+vandθ=T0f+πforS0(λ)andT0obtainedinLemma2.2.5.Then
equations(2.4.1)arereducedto

(2.4.2)






λv−DivS(v,π)=0, divv=0 inΩ,

µ(DNvj+DjvN)=aj onΓδ,

2µDNvN−π=aN+T0f onΓδ,

v=b onΓ0

forj=1,...,N−1,whereaJ(J=1,...,N)andbaredefinedby

(2.4.3) aJ=gJ−µ(DJS0N(λ)f+DNS0J(λ)f),b=−(Kfd+S0(λ)f).
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Nextweshallgivesolutionformulasof(2.4.2). ApplyingthepartialFourier
transformwithrespecttox′variableto(2.4.2),wehave

(2.4.4)






µ(B2−D2N)vj(ξ
′,xN)+iξjπ(ξ

′,xN)=0 (0<xN <δ),

µ(B2−D2N)vN(ξ
′,xN)+DNπ(ξ

′,xN)=0 (0<xN <δ),

N−1∑

j=1

iξjvj(ξ
′,xN)+DNvN(ξ

′,xN)=0 (0<xN <δ),

µ(DNvj(ξ
′,δ)+iξjvN(ξ

′,δ))=aj(ξ
′,δ),

2µDNvN(ξ
′,δ)−π(ξ′,δ)=aN(ξ

′,δ)+T0f(ξ
′,δ),

vJ(ξ
′,0)=bJ(ξ

′,0)

forj=1,...,N−1andJ=1,...,N,wherebJdenotestheJ-thcomponentofb.
Fromnowon,wesolve(2.4.4)astheordinarydifferentialequationswithrespect

toxN.In(2.4.4),multiplyingthefirstequationby−iξjandaddingtheresultant
formulastothethirdequationmultipliedbyµ(B2−D2N)yieldthat

(2.4.5) µ(B2−D2N)DNvN(ξ
′,xN)+A

2π(ξ′,xN)=0 (0<xN <δ).

ApplyDN tothesecondequationof(2.4.4),andthustheresultantformulacom-
binedwith(2.4.5)impliesthat

(2.4.6) (D2N−A
2)π(ξ′,xN)=0 (0<xN <δ).

Ontheotherhand,ifweapply−(D2N −A
2)tothefirstandsecondequationof

(2.4.4),thenweobtain,byusing(2.4.6),

µ(D2N−A
2)(D2N−B

2)vJ(ξ
′,xN)=0 (0<xN <δ)

forJ=1,...,N.Fromviewpointofthis,weset

vJ(ξ
′,xN)=αδJ(e

−B(δ−xN)−e−A(δ−xN))(2.4.7)

+βδJe
−B(δ−xN)+α0J(e

−BxN −e−AxN)+β0Je
−BxN,

π(ξ′,xN)=γδe
−A(δ−xN)+γ0e

−AxN,

whereαδJ,βδJ,α0J,β0J,γδ,andγ0denoteconstants,dependingonλandξ
′,which

aredeterminedbytheboundaryconditionsof(2.4.4).Inthesequel,wewrite
αδ=(αδ1,...,αδN),andalsoβδ,α0,andβ0aredefinedsimilarly.Inserting(2.4.7)
into(2.4.4),forj=1,...,N−1,weobtaintherelations:

−µ(B2−A2)αδj+iξjγδ=0, −µ(B2−A2)α0j+iξjγ0=0,(2.4.8)

−µ(B2−A2)αδN+Aγδ=0, −µ(B2−A2)α0N−Aγ0=0,

iξ′·α′δ+iξ
′·β′δ+BαδN+BβδN=0, −iξ′·α′δ−AαδN=0,

iξ′·α′0+iξ
′·β′0−Bα0N−Bβ0N =0, −iξ′·α′0+Aα0N =0,
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whicharecorrespondingtothefirst,second,andthirdequations,andfurthermore,
theboundaryconditionsyieldthat

µ
{
(B−A)αδj+Bβδj−(Be

−Bδ−Ae−Aδ)α0j−Be
−Bδβ0j(2.4.9)

+iξj
(
βδN+(e

−Bδ−e−Aδ)α0N+e
−Bδβ0N

)}
=aj(ξ

′,δ),

2µ
{
(B−A)αδN+BβδN−(Be

−Bδ−Ae−Aδ)α0N−Be
−Bδβ0N

}

−(γδ+γ0e
−Aδ)=aN(ξ

′,δ)+T0f(ξ
′,δ),

(e−Bδ−e−Aδ)αδj+e
−Bδβδj+β0j=bj(ξ

′,0),

(e−Bδ−e−Aδ)αδN+e
−BδβδN+β0N =bN(ξ

′,0).

Wecanwrite iξ′·α′δ,αδN,iξ
′·α′0,α0N,γδ,andγ0byusingiξ

′·β′δ,βδN,iξ
′·β′0,and

β0N.Infact,bytherelations(2.4.8),weobtaintheformulas:

αδN=−
1

B−A
(iξ′·β′δ+BβδN), iξ′·α′δ=

A

B−A
(iξ′·β′δ+BβδN),

(2.4.10)

α0N =
1

B−A
(iξ′·β′0−Bβ0N), iξ′·α′0=

A

B−A
(iξ′·β′0−Bβ0N),

γδ=−µ
B+A

A
(iξ′·β′δ+BβδN), γ0=−µ

B+A

A
(iξ′·β′0−Bβ0N).

Combining(2.4.9)with(2.4.10),weachievethefollowingsimultaneouslinearequa-
tionswithrespecttoiξ′·β′δ,βδN,iξ

′·β′0,andβ0N:

L
[
iξ′·β′δ βδN iξ′·β′0 β0N

]T
(2.4.11)

=
[
µ−1iξ′·a′ µ−1A(aN+T0f) iξ

′·b′ bN

]T
,

whereLisa4×4matrixwhose(i,j)-thcomponentsLijaregivenby

L11=B+A, L12=A(B−A),

L13=−(B
2+A2)M(δ)−(B+A)e−Aδ,

L14=A
(
(B2+A2)M(δ)+(B−A)e−Aδ

)
,

L21=B−A, L22=B(B+A),

L23=−2ABM(δ)+(B−A)e
−Aδ,

L24=B
(
2A2M(δ)−(B+A)e−Aδ

)
,

L31=BM(δ)+e
−Aδ, L32=ABM(δ),

L33=1, L34=0,

L41=−M(δ), L42=−AM(δ)+e
−Aδ,

L43=0, L44=1.

ThedeterminantdetLisrepresentedasdetL=(B−A)−2ℓ1(λ,ξ
′)with

ℓ1(λ,ξ
′)=(B5+2A2B3+5A4B)(1+e−2Aδ)(1+e−2Bδ)(2.4.12)

−(16A2B3+16A4B)e−Aδe−Bδ

−(AB4+6A3B2+A5)(1−e−2Aδ)(1−e−2Bδ).

Thefollowinglemmawasprovedin[Abe04,Lemma2.2].
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Lemma2.4.1.Ifλ∈C\(−∞,0]andξ′≠0,thenℓ1(λ,ξ
′)̸=0.

InviewofLemma2.4.1and(2.4.10),ifλ∈C\(−∞,0]andξ′≠0,thenthe
solutionsvN,πof(2.4.4)andthesolutionsvN,πof(2.4.2)arerepresentedas

vN(ξ
′,xN)=

4∑

k=1

2∑

ℓ=1

(
Lk,2ℓ
detL

M(dℓ(xN))+
Lk,2ℓ
detL

e−Bdℓ(xN)

)

rk,(2.4.13)

π(ξ′,xN)=µ

(
B+A

A

) 4∑

k=1

2∑

ℓ=1

(−1)ℓ+1
Lk,2ℓ
detL

e−Adℓ(xN)rk,

vN(x)=F
−1
ξ′[vN(ξ

′,xN)](x
′), π(x)=F−1ξ′[π(ξ

′,xN)](x
′),

whereLi,jdenotethe(i,j)-cofactorsofLand

(2.4.14) Lk,2ℓ=(−1)
ℓLk,2ℓ−1−BLk,2ℓ (k=1,...,4,ℓ=1,2).

Herewehaveset,fora=(a1,...,aN)
Tandbgivenby(2.4.3),

r1=µ
−1iξ′·a′(ξ′,δ), r2=µ

−1A(aN(ξ
′,δ)+T0f(ξ

′,δ)),(2.4.15)

r3=iξ
′·b′(ξ′,0), r4=bN(ξ

′,0),

andalsothecofactorsLi,jaregivenby

L1,1=B(B+A)
{
1+e−2Aδ−2Ae−AδM(δ)+2A2M(δ)2

}
,

(2.4.16)

L1,2=−(B−A)(1−e
−2Aδ)+2B(B−A)e−AδM(δ)−2AB(B+A)M(δ)2,

L1,3=B
{
−(B+A)(1+e−2Aδ)e−Aδ

−(B2+A2+(B2−3A2)e−2Aδ)M(δ)+2A2(B−A)e−AδM(δ)2
}
,

L1,4=(B−A)(1−e
−2Aδ)e−Aδ

+(B2+A2−(B2−4AB+A2)e−2Aδ)M(δ)+2AB(B−A)e−AδM(δ)2,

L2,1=A
{
−(B−A)(1−e−2Aδ)

−2A(B−A)e−AδM(δ)−(B2+A2)(B+A)M(δ)2
}
,

L2,2=(B+A)
{
1+e−2Aδ+2Be−AδM(δ)+(B2+A2)M(δ)2

}
,

L2,3=A
{
(B−A)(1−e−2Aδ)e−Aδ

−2(AB+(B2−AB+A2)e−2Aδ)M(δ)−(B−A)(B2+A2)e−AδM(δ)2
}
,

L2,4=−(B+A)(1+e
−2Aδ)e−Aδ

−2(−A2+B2e−2Aδ)−(B−A)(B2+A2)e−AδM(δ)2,

L3,1=(D1(A,B)+D2(A,B)e
−2Aδ)e−Aδ

+(BD3(A,B)+(B−2A)D2(A,B)e
−2Aδ)M(δ)

−A(B−A)D2(A,B)e
−AδM(δ)2,

L3,2=−2(B
2−A2)e−Aδ

+(−D1(−A,B)+D2(A,B)e
−2Aδ)M(δ)+(B−A)D2(A,B)e

−AδM(δ)2,

L3,3=D2(A,B)+D1(A,B)e
−2Aδ

+2AD1(−A,B)e
−AδM(δ)+A(B+A)D2(−A,B)M(δ)

2,
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L3,4=(B+A)
{
2(B−A)e−2Aδ+2(B−A)2e−AδM(δ)+D2(−A,B)M(δ)

2
}
,

L4,1=AB
{
−2(B2−A2)e−Aδ

−(D3(A,B)+D2(A,B)e
−2Aδ)M(δ)−(B−A)D2(A,B)e

−AδM(δ)2
}
,

L4,2=(D1(A,B)+D2(A,B)e
−2Aδ)e−Aδ

+(AD1(−A,B)+(2B−A)D2(A,B)e
−2Aδ)M(δ)

+B(B−A)D2(A,B)e
−AδM(δ)2,

L4,3=AB(B+A)
{
2(B−A)e−2Aδ+2(B−A)2e−AδM(δ)+D2(−A,B)M(δ)

2
}
,

L4,4=D2(A,B)+D1(A,B)e
−2Aδ

+2BD3(A,B)e
−AδM(δ)+B(B+A)D2(−A,B)M(δ)

2,

whereDi(A,B)(i=1,2,3)aredefinedas

D1(A,B)=B
3+3AB2−A2B+A3,(2.4.17)

D2(A,B)=B
3+AB2+3A2B−A3,

D3(A,B)=B
3+AB2−A2B+3A3.

Intheremainingpartofthissection,wegivetherepresentationformulaofj-th
componentofvforj=1,...,N−1in(2.4.2).ForafunctionfdefinedonΩ,we
defineanextensionoperatorE0asfollows:

E0f(x)=

{
f(x) 0≤xN ≤δ,

0 xN /∈[0,δ].

Puttingvj=−H(λ)E0Djπ+wjin(2.4.2)forj=1,...,N−1,whereH(λ)isthe
sameoperatorasinLemma2.2.4,yieldsthat






λwj−µ∆wj=0 inΩ,

DNwj=µ
−1aj−DjvN+DNH(λ)E0Djπ onΓδ,

wj=bj+H(λ)E0Djπ onΓ0,

which,appliedthepartialFouriertransformwithrespecttox′,furnishesthat

(2.4.18)






(D2N−B
2)wj(ξ

′,xN)=0 (0<xN <δ),

DNwj(ξ
′,δ)=h1j(ξ

′,δ),

wj(ξ
′,0)=h2j(ξ

′,0),

wheretherightmembersaregivenby

(2.4.19)h1j(x)=µ
−1aj−DjvN+DNH(λ)E0Djπ, h

2
j(x)=bj+H(λ)E0Djπ.

Wethusobtain wj(ξ
′,xN)=w

1
j(ξ
′,xN)+w

2
j(ξ
′,xN)with

w1j(ξ
′,xN)=

2∑

ℓ=1

(−1)ℓ+1
e−B(dℓ(xN)+dℓ(δ))

B(1+e−2Bδ)
h1j(ξ

′,δ),

w2j(ξ
′,xN)=

2∑

ℓ=1

e−B(dℓ(xN)+dℓ(0))

1+e−2Bδ
h2j(ξ

′,0)
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bysolvingtheordinarydifferentialequations(2.4.18)withrespecttoxN. Thus,
forthej-thcomponentofvin(2.4.2),wehavethefollowingsolutionformula:

(2.4.20)vj(x)=−H(λ)E0Djπ+w
1
j(x)+w

2
j(x), w

k
j(x)=F

−1
ξ′[w

k
j(ξ
′,xN)](x

′)

forj=1,...,N−1andk=1,2.

2.5. Technicallemmas

Inthissection,weshowseveralestimatesofFouriermultipliers,whichwillbe
usedtoestimatesolutionsobtainedinSection2.4. Tothisend,weset,byusing
thesymbols(2.1.2),

Ei(yN)=






φδ(yN) i=1,

φ′(yN) i=2,

φ0(yN) i=3,

whereφ′(yN)=(dφ/dyN)(yN).Thesymboldefinedas(2.1.4)isusedbelow,and
thenwehavethefollowinglemma.

Lemma2.5.1.Let0<ε<π/2,1<q<∞,γ0>0,andmk∈M0,k,ε,γ0
(k=1,2).Forλ∈Σε,γ0 andX,Y ∈{A,B},wedefineK

i
j,ℓ,n(λ)(i=1,2,3,j=

1,...,5,ℓ,n=1,2)by

[Ki1,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)m1λ

1/2e−B(dℓ(xN)+dn(yN))f(yN)
]
(x′)dyN,

[Ki2,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)m2Ae

−Xdℓ(xN)e−Ydn(yN)f(yN)
]
(x′)dyN,

[Ki3,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)m2A

2M(dℓ(xN))e
−Xdn(yN)f(yN)

]
(x′)dyN,

[Ki4,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)m2Aλ

1/2M(dℓ(xN))e
−Xdn(yN)f(yN)

]
(x′)dyN,

[Ki5,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)m2ABM(dℓ(xN))e

−Xdn(yN)f(yN)
]
(x′)dyN,

wheref(yN)=f(ξ
′,yN). Then,fori=1,2,3,j=1,...,5,ℓ,n=1,2,and

s=0,1,thesets{(τ∂τ)
sKij,ℓ,n(λ)|λ=γ+iτ∈Σε,γ0}areR-boundedfamilies,in

L(Lq(Ω)),whoseRboundsdonotexceedsomepositiveconstantC(N,q,ε,γ0,µ,δ).

Proof.Inwhatfollows,wesaythatthefamilyofoperator{T(λ)|λ∈Σε,γ0}
hastherequiredpropertiesif{(τ∂τ)

sT(λ)|λ=γ+iτ∈Σε,γ0}(s=0,1)are
R-boundedfamilies,inL(Lq(Ω)),whoseR-bounddonotexceedsomepositive
constantC(N,q,ε,γ0,µ,δ).
Wefirstconsider Ki1,ℓ,n(λ)fori=1,2,3andℓ,n=1,2.Fori=1,2,3,setting

ki1,λ(x,y)=F
−1
ξ′[Ei(yN)m1(λ,ξ

′)λ1/2e−B(dℓ(xN)+dn(yN))](x′−y′),

wehave

[Ki1,ℓ,n(λ)f](x)=

∫

Ω

ki1,λ(x,y)f(y)dy.
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Weprovethatthereexistsapositiveconstant CN,ε,γ0,µsuchthat

|ki1,λ(x,y)|≤
CN,ε,γ0,µEi(yN)

{|x′−y′|2+(dℓ(xN)+dn(yN))2}N/2
,(2.5.1)

|τ∂τk
i
1,λ(x,y)|≤

CN,ε,γ0,µEi(yN)

{|x′−y′|2+(dℓ(xN)+dn(yN))2}N/2
(2.5.2)

foranyλ=γ+iτ∈Σε,γ0andi=1,2,3.Bytheassumptionofm1,Leibniz’srule

andLemma1.2.6,foranymulti-indexα′∈NN−10 wehave

|Dα
′

ξ′{m1(λ,ξ
′)λ1/2e−B(dℓ(xN)+dn(yN))}|(2.5.3)

≤Cα′,ε,γ0,µ|λ|
1/2(|λ|1/2+A)−|α

′|e−(1/4)bε,µ(|λ|
1/2+A)(dℓ(xN)+dn(yN)).

Usingtheidentity:

eix
′·ξ′=

∑

|α′|=k

(
−ix′

|x′|2

)α′

Dα
′

ξ′e
ix′·ξ′,

foranyk∈N0,weseethatk
i
1,λ(x,y)canbewrittenintheform:

ki1,λ(x,y)=
∑

|α′|=N

(
i(x′−y′)

|x′−y′|2

)α′(
1

2π

)N−1
(2.5.4)

×

∫

RN−1
ei(x

′−y′)Dα
′

ξ′{Ei(yN)m1λ
1/2e−B(dℓ(xN)+dn(yN))}dξ′.

Applying(2.5.3)to(2.5.4)andusingthechangeofvariables:ξ′=|λ|1/2η′furnish
that

|ki1,λ(x,y)|≤CN,ε,γ0,µEi(yN)|x
′−y′|−N|λ|1/2

∫

RN−1
(|λ|1/2+A)−Ndξ′(2.5.5)

=CN,ε,γ0,µEi(yN)|x
′−y′|−N

∫

RN−1
(1+|η′|)−Ndη′.

Moreover,by(2.5.3)withα′=0,wehave

|ki1,λ(x,y)|(2.5.6)

≤CEi(yN)|λ|
1/2

∫

RN−1
e−(1/4)bε,µ(|λ|

1/2+A)(dℓ(xN)+dn(yN))dξ′

≤CEi(yN)|λ|
1/2N!

∫

RN−1

{
1

4
bε,µ(|λ|

1/2+A)(dℓ(xN)+dn(yN))

}−N
dξ′

≤CEi(yN)(dℓ(xN)+dn(yN))
−N

∫

RN−1
(1+|η′|)−Ndη′

forsomepositiveconstantC=C(N,ε,γ0,µ).Combining(2.5.5)and(2.5.6)implies
(2.5.1).Since

τ∂τ(m1(λ,ξ
′)λ1/2e−B(dℓ(xN)+dn(yN)))

=(τ∂τm1(λ,ξ
′))λ1/2e−B(dℓ(xN)+dn(yN))+m1(λ,ξ

′)
iτ

2λ1/2
e−B(dℓ(xN)+dn(yN))

+m1(λ,ξ
′)λ1/2(τ∂τe

−B(dℓ(xN)+dn(yN))),
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wehave,byLeibniz’srule,theassumptionofm1,andLemma1.2.6,

|Dα
′

ξ′{τ∂τ(Ei(yN)m1(λ,ξ
′)λ1/2e−B(dℓ(xN)+dn(yN)))}|(2.5.7)

≤CEi(yN)|λ|
1/2(|λ|1/2+A)−|α

′|e−(1/4)bε,µ(|λ|
1/2+A)(dℓ(xN)+dn(yN))

forapositiveconstantC=C(α′,ε,γ0,µ)Employingthesameargumentasin
proving(2.5.1)by(2.5.3),wehave(2.5.2)by(2.5.7).Now,usingProposition1.2.4,
weprovethatKi1,ℓ,n(λ)hastherequiredproperties.Forthispurpose,inviewof

(2.5.1)and(2.5.2),wesetk0(x)=C(N,ε,γ0,µ)|x|
−N anddefinetheoperatorKi0

bytheformula:

[Ki0f](x)=

∫

Ω

Ei(yN)k0(x
′−y′,dℓ(xN)+dn(yN))f(y)dy.

Weprovethat Ki0isaboundedlinearoperatoronLq(Ω),fori=1,2,3,whose
bounddoesnotexceedaconstantC(N,q,ε,γ0,µ,δ). ByYoung’sinequality,we
have

∥[Ki0f](·,xN)∥Lq(RN−1)(2.5.8)

≤

∫δ

0

Ei(yN)∥k0(·,dℓ(xN)+dn(yN))∥L1(RN−1)∥f(·,yN)∥Lq(RN−1)dyN

≤C

∫δ

0

Ei(yN)
∥f(·,yN)∥Lq(RN−1)

dℓ(xN)+dn(yN)
dyN.

Weshallproveinthecaseof i=1. Forℓ,n=1in(2.5.8),usingthechangeof
variables:yN =δ−(δ−xN)t,weobtain

∥[K10f](·,xN)∥Lq(RN−1)

≤C

∫δ

−∞

φδ(yN)
∥f(·,yN)∥Lq(RN−1)

(δ−xN)+(δ−yN)
dyN

=C

∫∞

0

φδ(δ−(δ−xN)t)
∥f(·,δ−(δ−xN)t)∥Lq(RN−1)

1+t
dt.

Bythelastinequality,Minkowski’sintegralinequality,andthechangeofvariables:
s=δ−(δ−xN)t,itholdsthat

∥K10f∥Lq(RN−1×(−∞,δ))

≤C

∫∞

0

1

1+t

[∫δ

−∞

{φδ(δ−(δ−xN)t)∥f(·,δ−(δ−xN)t)∥Lq(RN−1)}
qdxN

]1/q
dt

=C

∫∞

0

1

1+t

[∫δ

−∞

{φδ(s)∥f(·,s)∥Lq(RN−1)}
qds

t

]1/q
dt

≤C∥f∥Lq(Ω)

∫∞

0

1

(1+t)t1/q
dt

forsomepositiveconstantC=C(N,ε,γ0,µ). Wethushavetheinequality:

∥K10f∥Lq(Ω)≤C(N,q,ε,γ0,µ)∥f∥Lq(Ω).
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Ifℓ=2andn=1in(2.5.8),usingthechangeofvariables:yN =δ−xNt,wehave

∥[K10f](·,xN)∥Lq(RN−1)

≤C

∫δ

−∞

φδ(yN)
∥f(·,yN)∥Lq(RN−1)

xN+(δ−yN)
dyN

=C

∫∞

0

φδ(δ−xNt)
∥f(·,δ−xNt)∥Lq(RN−1)

1+t
dt.

Bythelastinequality,Minkowski’sintegralinequality,andthechangeofvariables:
s=δ−xNt,weobtain

∥K10f∥Lq(RN−1×(0,∞))

≤C

∫∞

0

1

1+t

[∫∞

0

{φδ(δ−xNt)∥f(·,δ−xNt)∥Lq(RN−1)}
qdxN

]1/q
dt

=C

∫∞

0

1

1+t

[∫δ

−∞

{φδ(s)∥f(·,s)∥Lq(RN−1)}
qds

t

]1/q
dt

≤C∥f∥Lq(Ω)

∫∞

0

1

(1+t)t1/q
dt.

Namelywehavetheinequality: ∥K10f∥Lq(Ω)≤C(N,q,ε,γ0,µ)∥f∥Lq(Ω).Inthe
caseofn=2in(2.5.8),usingḦolder’sinequality,wehave

∥[K10f](·,xN)∥Lq(RN−1)≤C

∫δ

δ/3

φδ(yN)
∥f(·,yN)∥Lq(RN−1)

yN
dyN

≤C

(
3

δ

)∫δ

δ/3

φδ(yN)∥f(·,yN)∥Lq(RN−1)dyN

≤C∥φδ∥Lq′(0,δ)∥f∥Lq(Ω),

whichshowsthat∥K10f∥Lq(Ω)≤C(N,q,ε,γ0,µ,δ)∥f∥Lq(Ω). Thiscompletesthe
proofinthecaseofi=1in(2.5.8).
Nextweconsiderthecaseofi=2in(2.5.8).ByḦolder’sinequality,wehave

∥[K20f](·,xN)∥Lq(RN−1)≤C

∫(2/3)δ

δ/3

φ′(yN)
∥f(·,yN)∥Lq(RN−1)

dn(yN)
dyN

≤C

(
3

δ

)∫(2/3)δ

δ/3

φ′(yN)∥f(·,yN)∥Lq(RN−1)dyN

≤C∥φ′∥Lq′(0,δ)∥f∥Lq(Ω),

whichshowsthat∥K20f∥Lq(Ω)≤C(N,q,ε,γ0,µ,δ)∥f∥Lq(Ω). ConcerningK
3
0,by

thesameargumentasinthecaseofK10,wecanprovetheinequality:

∥K30f∥Lq(Ω)≤C(N,q,ε,γ0,µ,δ)∥f∥Lq(Ω).

Wefinishedprovingthat Ki0∈L(Lq(Ω))fori=1,2,3. Thus,usingProposition
1.2.4,weobtain

RL(Lq(Ω))({(τ∂τ)
sKi1,ℓ,n(λ)|λ=γ+iτ∈Σε,γ0})≤C(N,q,ε,γ0,µ,δ),

sothat{Ki1,ℓ,n(λ)|λ∈Σε,γ0}havetherequiredproperties.
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Secondly,weconsiderKi2,ℓ,n(λ)fori=1,2,3andℓ,n=1,2.Thecasewhere
X=BandY=Aisonlyconsideredhere,sincewecanshowsimilarlytheother
cases.Ifweset

ki2,λ(x,y)=F
−1
ξ′[Ei(yN)m2(λ,ξ

′)Ae−Bdℓ(xN)e−Adn(yN)](x′−y′),

thentheoperatorKi2,ℓ,n(λ)isgivenbytheformula:

[Ki2,ℓ,n(λ)f](x)=

∫

Ω

ki2,λ(x,y)f(y)dy.

Asweprovedthat{Ki1,ℓ,n(λ)|λ∈Σε,γ0}hastherequiredpropertiesbyusing

(2.5.1)and(2.5.2),toprovethat{Ki2,ℓ,n(λ)|λ∈Σε,γ0}hastherequiredproperties,
itissufficienttoprovethatforanyλ=γ+iτ∈Σε,γ0thereholdtheestimates:

|ki2,λ(x,y)|≤
C(N,ε,γ0,µ)Ei(yN)

{|x′−y′|2+(dℓ(xN)+dn(yN))2}N/2
,(2.5.9)

|τ∂τk
i
2,λ(x,y)|≤

C(N,ε,γ0,µ)Ei(yN)

{|x′−y′|2+(dℓ(xN)+dn(yN))2}N/2
.

Bytheassumptionofm2,Leibniz’sruleandLemma1.2.6,wehave

|Dα
′

ξ′{m2(λ,ξ
′)Ae−Bdℓ(xN)e−Adn(yN)}|(2.5.10)

≤C
∑

β′+γ′+δ′=α′

|Dβ
′

ξ′m2(λ,ξ
′)||Dγ

′

ξ′A||D
δ′

ξ′(e
−Bdℓ(xN)e−Adℓ(xN))|

≤C
∑

β′+γ′+δ′=α′

A−|β
′|A1−|γ

′|A−|δ
′|e−(1/4)bε,µA(dℓ(xN)+dn(yN))

≤CA1−|α
′|e−(1/4)bε,µA(dℓ(xN)+dn(yN))

forapositiveconstantC=C(α′,ε,γ0,µ).Since

τ∂τ(m2(λ,ξ
′)Ae−Bdℓ(xN)e−Adn(yN))

={τ∂τm2(λ,ξ
′)}Ae−Bdℓ(xN)e−Adn(yN)+m2(λ,ξ

′)A{τ∂τ(e
−Bdℓ(xN)e−Adn(yN))},

asdiscussedin(2.5.10),wealsohave

|Dα
′

ξ′{τ∂τ(m2(λ,ξ
′)Ae−Bdℓ(xN)e−Adn(yN))}|(2.5.11)

≤C(α′,ε,γ0,µ)A
1−|α′|e−(1/4)bε,µA(dℓ(xN)+dn(yN)).

Inviewof(2.5.10)and(2.5.11),weapplyProposition1.2.8withn=N−1and
σ=1toobtain

|ki2,λ(x,y)|≤C(N,ε,γ0,µ)Ei(yN)|x
′−y′|−N,(2.5.12)

|τ∂τk
i
2,λ(x,y)|≤C(N,ε,γ0,µ)Ei(yN)|x

′−y′|−N.
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Ontheotherhand,using(2.5.10)and(2.5.11)withα′=0andthechangeof
variables:4−1bε,µ(dℓ(xN)+dn(yN))ξ

′=η′,wehave

|(τ∂)ski2,λ(x,y)|

≤CEi(yN)
(1

2π

)N−1∫

RN−1
Ae−4

−1bε,µA(dℓ(xN)+dn(yN))dξ′

=CEi(yN)
(1

2π

)N−1
{
1

4
bε,µ(dℓ(xN)+dn(yN))

}−N∫

RN−1
|η′|e−|η

′|dη′

≤CEi(yN)(dℓ(xN)+dn(yN))
−N

fors={0,1}withsomepositiveconstantC=C(N,ε,γ0,µ),which,combined
with(2.5.12),furnishes(2.5.9),andtherefore{Ki2,ℓ,n(λ)|λ∈Σε,γ0}hasrequired

properties.Analogouslywecanshowthat{Kij,ℓ,n(λ)|λ∈Σε,γ0}havetherequired

propertiesinthecaseofj=3,4(cf.[SS12,Lemma5.4]).
FinallyweconsiderKi5,ℓ,n(λ)fori=1,2,3andℓ=1,2withX=A.Thecase

whereX=Bcanbeshownsimilarly.ByB=B2/B=(λ/µB2)+A2/B,wewrite
[Ki5,ℓ,n(λ)f](x)to

[Ki5,ℓ,n(λ)f](x)

=

∫δ

0

F−1ξ′

[

Ei(yN)m2
λ1/2

µB
Aλ1/2M(dℓ(xN))e

−Adn(yN)f(ξ′,yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

Ei(yN)m2
A

B
A2M(dℓ(xN))e

−Adn(yN)f(ξ′,yN)

]

(x′)dyN,

andthenweseethefactthat{Ki5,ℓ,n(λ)|λ∈Σε,γ0}havetherequiredproperties

bytheaboveresultsofKi3,ℓ,n,K
i
4,ℓ,nandλ

1/2/(µB),A/B∈M0,2,ε,γ0.

ByusingLemma2.5.1,wehavethelemmasasfollows:

Lemma2.5.2.Let0<ε<π/2,1<q<∞,γ0>0,andki∈M−i,i,ε,γ0 (i=
1,2).Forλ∈Σε,γ0 andX,Y ∈{A,B},wedefineL

i
j,ℓ,n(λ)(i,j=1,2,3,ℓ,n=

1,2)by

[Li1,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)k1e

−B(dℓ(xN)+dn(yN))f(ξ′,yN)
]
(x′)dyN,

[Li2,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)k2Ae

−Xdℓ(xN)e−Ydn(yN)f(ξ′,yN)
]
(x′)dyN,

[Li3,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)k2ABM(dℓ(xN))e

−Xdn(yN)f(ξ′,yN)
]
(x′)dyN.

Then,fori=1,2,3,j=1,...,7,ℓ,n=1,2,s=0,1,andk,m=1,...,N,the
sets:

{(τ∂τ)
s(λLij,ℓ,n(λ))|λ=γ+iτ∈Σε,γ0},

{(τ∂τ)
s(γLij,ℓ,n(λ))|λ=γ+iτ∈Σε,γ0},

{(τ∂τ)
s(λ1/2DkL

i
j,ℓ,n(λ))|λ=γ+iτ∈Σε,γ0},

{(τ∂τ)
s(DkDmL

i
j,ℓ,n(λ))|λ=γ+iτ∈Σε,γ0}
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areR-boundedfamilies,inL(Lq(Ω)),whoseR-boundsdonotexceedsomepositive
constantC(N,q,ε,γ0,µ,δ).

Proof.Inwhatfollows,wesaythattheset{T(λ)|λ∈Σε,γ0}hastherequired
propertyiffors=0,1{(τ∂τ)

sT(λ)|λ=γ+iτ∈Σε,γ0}areR-boundedfamilies,in
L(Lq(Ω)),whoseR-boundsdonotexceedsomepositiveconstantC(N,q,ε,γ0,µ,δ).

Wefirstconsidertheoperators Li1,ℓ,n(λ)fori=1,2,3andℓ,n=1,2. Wewrite

λ[Li1,ℓ,n(λ)f](x)

=

∫δ

0

F−1ξ′
[
Ei(yN)λ

1/2k1λ
1/2e−B(dℓ(xN)+dn(yN))f(ξ′,yN)

]
(x′)dyN,

γ[Li1,ℓ,n(λ)f](x)

=

∫δ

0

F−1ξ′
[
Ei(yN)γλ

−1/2k1λ
1/2e−B(dℓ(xN)+dn(yN))f(ξ′,yN)

]
(x′)dyN,

λ1/2DN[L
i
1,ℓ,n(λ)f](x)

=(−1)ℓ−1
∫δ

0

F−1ξ′
[
Ei(yN)Bk1λ

1/2e−B(dℓ(xN)+dn(yN))f(ξ′,yN)
]
(x′)dyN,

whereλ=γ+iτ∈Σε,γ0. Sinceλ
1/2,γλ−1/2,B∈M1,1,ε,γ0,byLemma1.2.5

λ1/2k1,γλ
−1/2k1,Bk1∈M0,1,ε,γ0,sothatLemma2.5.1furnishesthatthesets:

{λLi1,ℓ,n(λ)|λ∈Σε,γ0},{γL
i
1,ℓ,n(λ)|λ∈Σε,γ0},and{λ

1/2DNL
i
1,ℓ,n(λ)|λ∈

Σε,γ0}havetherequiredproperties.Fork,m=1,...,N−1,wewrite

λ1/2Dk[L
i
1,ℓ,n(λ)f](x)

=

∫δ

0

F−1ξ′
[
Ei(yN)λ

1/2(iξkA
−1)k1Ae

−B(dℓ(xN)+dn(yN))f(ξ′,yN)
]
(x′)dyN,

DmDk[L
i
1,ℓ,n(λ)f](x)

=

∫δ

0

F−1ξ′
[
Ei(yN)(iξm)(iξkA

−1)k1Ae
−B(dℓ(xN)+dn(yN))f(ξ′,yN)

]
(x′)dyN,

DNDk[L
i
1,ℓ,n(λ)f](x)

=(−1)ℓ−1
∫δ

0

F−1ξ′
[
Ei(yN)B(iξkA

−1)k1Ae
−B(dℓ(xN)+dn(yN))f(ξ′,yN)

]
(x′)dyN.

Sinceλ1/2,iξm,B∈M1,1,ε,γ0andiξkA
−1∈M0,2,ε,γ0,byLemma1.2.5

λ1/2(iξkA
−1)k1,(iξm)(iξkA

−1)k1,B(iξkA
−1)k1∈M0,2,ε,γ0,

sothatLemma2.5.1furnishesthatfork,m=1,...,N−1thesets:

{λ1/2DkL
i
1,ℓ,n(λ)|λ∈Σε,γ0},

{DmDkL
i
1,ℓ,n(λ)|λ∈Σε,γ0},

{DmDkL
i
1,ℓ,n(λ)|λ∈Σε,γ0}

havetherequiredproperties.Furthermore,since

D2NL
i
1,ℓ,n(λ)=λµ

−1Li1,ℓ,n(λ)+
N−1∑

k=1

D2kL
i
1,ℓ,n(λ),

weseeeasilythatthesets{D2NL
i
1,ℓ,n(λ)|λ∈Σε,γ0}havetherequiredproperties.
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Secondly,weconsidertheoperatorsLi2,ℓ,n(λ)fori=1,2,3andℓ,n=1,2. We
showonlythecasethatX=BandY=Ahere. Theothercasescanbeshown
similarly.Fork,m=1,...,N−1,wewrite
(
λ,γ,λ1/2Dk,DmDk,λ

1/2DN,DNDk,D
2
N

)
[Li2,ℓ,n(λ)f](x)

=

∫δ

0

F−1ξ′
[
Ei(yN)

(
λ,γ,λ1/2(iξk),(iξm)(iξk),(−1)

ℓ−1λ1/2B,(−1)ℓ−1B(iξk),B
2
)

×k2Ae
−Bdℓ(xN)e−Adn(yN)f(ξ′,yN)

]
(x′)dyN.

ByLemma1.2.5,thesymbols:

λk2,γk2,λ
1/2(iξk)k2(iξm)(iξk)k2,(−1)

ℓ−1λ1/2Bk2,(−1)
ℓ−1B(iξk)k2,B

2k2

belongtoM0,2,ε,γ0,sothatLemma2.5.1furnishesthatfork,m=1,...,Nthesets:

{λLi2,ℓ,n(λ)|λ∈Σε,γ0}, {γLi2,ℓ,n(λ)|λ∈Σε,γ0},

{λ1/2DkL
i
2,ℓ,n(λ)|λ∈Σε,γ0}, {DmDkL

i
2,ℓ,n(λ)|λ∈Σε,γ0}

havetherequiredproperties.
Finally,weconsidertheoperatorsLi3,ℓ,n(λ)fori=1,2,3andℓ,n=1,2. We

showonlythecasewhereX=Ahere.Fork,m=1,...,N−1,wewrite
(
λ,γ,λ1/2Dk,DmDk

)
[Li3,ℓ,n(λ)f](x)=

=

∫δ

0

F−1ξ′
[
Ei(yN)

(
λ,γ,λ1/2(iξk),(iξm)(iξk)

)

×k2ABM(dℓ(xN))e
−Adn(yN)f(ξ′,yN)

]
(x′)dyN.

ByLemma1.2.5,λk2,γk2,λ
1/2(iξk)k2and(iξm)(iξk)k2belongtoM0,2,ε,γ0,sothat

Lemma2.5.1furnishesthatthesets:{λLi3,ℓ,n(λ)|λ∈Σε,γ0},{γL
i
3,ℓ,n(λ)|λ∈

Σε,γ0},{λ
1/2DkL

i
3,ℓ,n(λ)|λ∈Σε,γ0},and{DmDkL

i
3,ℓ,n(λ)|λ∈Σε,γ0}havethe

requiredpropertiesfork,m=1,...,N−1.By(1.2.3),wehave
(
λ1/2DN,DNDk

)
[Li3,ℓ,n(λ)f](x)

=(−1)ℓ−1
∫δ

0

F−1ξ′
[
Ei(yN)

(
λ1/2,iξk

)
Bk2Ae

−Bdℓ(xN)e−Adn(yN)f(yN)
]
(x′)dyN

+(−1)ℓ−1
∫δ

0

F−1ξ′
[
Ei(yN)

(
λ1/2,iξk

)
Ak2ABM(dℓ(xN))e

−Adn(yN)f(yN)
]
(x′)dyN

fork=1,...,N−1,wheref(yN)=f(ξ
′,yN)ByLemma1.2.5,λ

1/2Bk2and
(iξk)Bk2belongtoM0,2,ε,γ0,sothatLemma2.5.1furnishesthatfork=1,...,N−1

thesets:{λ1/2DNL
i
3,ℓ,n(λ)|λ∈Σε,γ0}and{DNDkL

i
3,ℓ,n(λ)|λ∈Σε,γ0}havethe

requiredproperties.ConcerningD2NM(dℓ(xN)),wehave,by(1.2.3),

D2N[L
i
3,ℓ,n(λ)f](x)

=

∫δ

0

F−1ξ′
[
Ei(yN)(A+B)Bk2(λ,ξ

′)Ae−Bdℓ(xN)e−Adn(yN)f(ξ′,yN)
]
(x′)dyN

+

∫δ

0

F−1ξ′
[
Ei(yN)A

2k2(λ,ξ
′)ABM(dℓ(xN))e

−Adn(yN)f(ξ′,yN)
]
(x′)dyN.
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ByLemma1.2.5(A+B)Bk2andA
2k2belongtoM0,2,ε,γ0,sothatLemma2.5.1

furnishesthatthesets:{D2NL
i
3,ℓ,n(λ)|λ∈Σε,γ0}havetherequiredproperties.

Lemma2.5.3.Let0<ε<π/2,1<q<∞,γ0>0,andm0∈M0,2,ε,γ0.For
λ∈Σε,γ0,wedefineL

i
4,ℓ,n(λ)(i=1,2,3,ℓ,n=1,2)by

[Li4,ℓ,n(λ)f](x)=

∫δ

0

F−1ξ′
[
Ei(yN)m0e

−A(dℓ(xN)+dn(yN))f(ξ′,yN)
]
(x′)dyN.

Then,fori=1,2,3,ℓ,n=1,2,s=0,1,andj=1,...,N,thesets:

{(τ∂τ)
sLi4,ℓ,n(λ)|λ=γ+iτ∈Σε,γ0},

{(τ∂τ)
s(DjL

i
4,ℓ,n(λ))|λ=γ+iτ∈Σε,γ0}

areR-boundedfamilies,inL(Lq(Ω)),whoseR-boundsdonotexceedsomepositive
constantC(N,q,ε,γ0,µ,δ).

Proof.Wefirstshowthat {(τ∂τ)
sLi4,ℓ,n(λ)|λ=γ+iτ∈Σε,γ0}areR-

boundedfamiliesfori=1,2,3,ℓ,n=1,2ands=0,1. Forthispurpose,we

considertheoperatorsLi4,ℓ,n(λ,xN,yN)givenbytheformulas:
[
Li4,ℓ,n(λ,xN,yN)f

]
(x′)

=F−1ξ′[Ei(yN)m0(ξ
′,λ)e−A(dℓ(xN)+dn(yN))Fx′[f](ξ

′)](x′).

Bythedefinitionofk3,Lemma1.2.6,Leibniz’srule,and[ES13,Theorem3.3],
therehold

RLq(RN−1)
(
{(τ∂τ)

sLi4,ℓ,n(λ,xN,yN)|λ=γ+iτ∈Σε,γ0,0≤xN,yN ≤δ}
)

(2.5.13)

≤C(N,q,ε,γ0,µ).

Fromnowon,weprovethatfori=1,2,3,ℓ,n=1,2ands=0,1,

{(τ∂τ)
sLi4,ℓ,n(λ)|λ=γ+iτ∈Σε,γ0}

areR-boundedfamiliesinL(Lq(Ω))bycheckingthedefinitionofR-boundedness.
Notingthatforf∈Lq(Ω)

[Li4,ℓ,n(λ)f](x)=

∫δ

0

[Li4,ℓ,n(λ,xN,yN)f](x
′)dyN,

wehave,byMinkowski’sintegralinequality,Ḧolder’sinequality,and(2.5.13),
∫1

0

∥
m∑

j=1

rj(u)(τ∂τ)
sLi4,ℓ,n(λj)fj∥

q
Lq(Ω)

du

=

∫1

0

∥

m∑

j=1

rj(u)

∫δ

0

(τ∂τ)
sLi4,ℓ,n(λj,xN,yN)fjdyN∥

q
Lq(Ω)

du

≤δq−1
∫δ

0

∫δ

0

∫1

0

∥
m∑

j=1

rj(u)(τ∂τ)
sLi4,ℓ,n(λj,xN,yN)fj∥

q
Lq(RN−1)

dudxNdyN

≤δq−1C(N,q,ε,γ0,µ)

∫δ

0

∫δ

0

∫1

0

∥

m∑

j=1

rj(u)fj∥
q
Lq(RN−1)

dudxNdyN
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≤C(N,q,ε,γ0,µ,δ)

∫1

0

∥
m∑

j=1

rj(u)fj∥
q
Lq(Ω)

du.

Wethusobtaintheinequality:

RLq(Ω)
(
{(τ∂τ)

sLi4,ℓ,n(λ)|λ=γ+iτ∈Σε,γ0}
)
≤C(N,q,ε,γ0,µ,δ).

Secondly,weconsiderDjL
i
4,ℓ,n(λ)fori=1,2,3,ℓ,n=1,2andj=1,...,N.

Fork=1,...,N−1,wehave

(Dk,DN)[L
i
4,ℓ,n(λ)f](x)

=

∫δ

0

F−1ξ′[Ei(yN)(iξkA
−1,(−1)ℓ−1)m0Ae

−A(dℓ(xN)+dn(yN))f(ξ′,yN)](x
′)dyN,

which,combinedwithLemma2.5.1,furnishesthatthesets: {DjL
i
4,ℓ,n(λ)|λ=

γ+iτ∈Σε,γ0}areR-boundedfamilies,inL(Lq(Ω)),whoseR-boundsdonotex-
ceedsomepositiveconstantC(N,q,ε,γ0,µ,δ),becauseiξkA

−1m0and(−1)
ℓ−1m0

belongtoM0,2,ε,γ0byLemma1.2.5andLemma1.2.6.Thiscompletetheproofof
thelemma.

Weusethefollowinglemmafortermsarisingfromthesolutionofthedivergence
equation.

Lemma2.5.4.Let0<ε<π/2,1<q<∞,γ0>0,andm0∈M0,2,ε,γ0.For
λ∈Σε,γ0 andX∈{A,B},wedefineL

i
j,ℓ,n(λ)(i=1,2,3,j=5,6,7,ℓ,n=1,2)

by

[Li5,ℓ,n(λ)f](y)=

∫δ

0

Fξ′
[
m0e

−Xdℓ(xN)e−Adn(yN)f(ξ′,xN)
]
(y′)dxN,

[Li6,ℓ,n(λ)f](y)=

∫δ

0

Fξ′
[
m0BM(dℓ(xN))e

−Adn(yN)f(ξ′,xN)
]
(y′)dxN,

[Li7,ℓ,n(λ)f](y)=

∫δ

0

Fξ′
[
m0A

−1e−A(dℓ(xN)+dn(yN))f(ξ′,xN)
]
(y′)dxN.

Then,fori=1,2,3,j=5,6,7,ℓ,n=1,2,s=0,1,andk=1,...,N,thesets
{(τ∂τ)

s(DkL
i
j,ℓ,n(λ))|λ=γ+iτ∈Σε,γ0}areR-boundedfamilies,inL(Lq(Ω)),

whoseR-bounddonotexceedsomepositiveconstantC(N,q,ε,γ0,µ,δ).

Proof.WeconsideronlyLi6,ℓ,n(λ)here,sincewecanshowthecaseofL
i
5,ℓ,n(λ)

similarly. ConcerningLi7,ℓ,n(λ),usethesameargumentationasinLemma2.5.3.
Fork=1,...,N−1,thereholds

(Dk,DN)[L6,ℓ,n(λ)f](y)=
∫δ

0

Fξ′
[
φ0(xN)m0(−iξkA

−1,(−1)n−1)ABM(dℓ(xN))e
−Adn(yN)f(xN)

]
(y′)dxN,

wheref(yN)=f(ξ
′,yN),sothatwehavetherequiredpropertiesinthesame

mannerasintheproofofLemma2.5.1.
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2.6. ProofofTheorem2.1.3

Inthissection,weproveTheorem2.1.3.Tothisend,weset

K′fd=(K1fd,...,KN−1fd)
T, S′0(λ)f=(S01(λ)f,...,S0N−1(λ)f)

T,

whereKandS0(λ)areinTheorem2.1.2,Lemma2.2.5andRemark2.2.6.Acrucial
partoftheproofofTheorem2.1.3istoshowthefollowingtheorem.

Theorem2.6.1.Let0<ε<π/2,γ0>0,and1<q<∞,andletq
′=

q/(q−1).Supposethat

f∈Lq(Ω)
N, fd∈W

1
q(Ω)∩W

−1
q,Γδ
(Ω), g∈W1q(Ω)

N.

(1)Foranyλ∈Σε,γ0andj=1,...,N−1,thereexisttheoperators

SN(λ)∈L(Lq(Ω)
N3+N2+2N−1,W2q(Ω)), I1(λ)∈L(W

1
q(Ω)∩W

−1
q,Γδ
(Ω),W2q(Ω)),

T(λ)∈L(Lq(Ω)
N3+N2+3N−1,W1q(Ω)), I2(λ)∈L(W

1
q(Ω)∩W

−1
q,Γδ
(Ω),W1q(Ω)),

Sj(λ)∈L(Lq(Ω)
N3+N2+4N+1,W2q(Ω))

suchthatu=(u1,...,uN)
Tandθaregivenby

uN =SN(λ)(f,λ
1/2g,∇g,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd)+I1(λ)fd,

θ=T(λ)(f,∇fd,λ
1/2g,∇g,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd)+I2(λ)(λfd),

uj=Sj(λ)(f,∇fd,λ
1/2g,∇g,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd,

DjI1(λ)(λ
1/2fd),∇DjI1(λ)fd,DjI2(λ)(λfd))

solvesequations(2.4.1).Inaddition,therehold

RL(Lq(Ω))({(τ∂τ)
ℓ(λSJ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(γSJ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(λ1/2∇SJ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇2SJ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓT(λ)|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇T(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇I1(λ))|λ=γ+iτ∈Σε,γ0})≤C

forℓ=0,1andJ=1,....NwithapositiveconstantC=C(N,q,ε,µ,γ0,δ).
ConcerningthesecondspatialderivativesofI1(λ)fd,wehave

DjDkI1(λ)fd=

{
DjI1(λ)(Dkfd) if k̸=N,

DkI1(λ)(Djfd) if j̸=N,

andalsoforanyλ∈Σε,γ0thereexistsanoperatorI1(λ)∈L(Lq(Ω)
N+1,Lq(Ω))

suchthatD2NI1(λ)fd=I1(λ)(λ
1/2fd,∇fd). Moreover,thereholds

RL(Lq(Ω))({(τ∂τ)
ℓI1(λ)|λ=γ+iτ∈Σε,γ0})≤C(N,q,ε,µ,γ0,δ)

forℓ=0,1withsomepositiveconstantC(N,q,ε,µ,γ0,δ).
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(2)Foranyλ∈Σε,γ0 andJ=1,...,N,thereexisttheoperatorsI
∗
1(λ),I

∗
2(λ),

andI∗3J(λ),fromLq′(Ω)toW
1
q′,Γδ
(Ω),suchthat

(I1(λ)ψ,φ)Ω=(ψ,I
∗
1(λ)φ)Ω,

(I2(λ)ψ,φ)Ω=(ψ,I
∗
2(λ)φ)Ω,

(DJI2(λ)ψ,φ)Ω=(ψ,I
∗
3J(λ)φ)Ω

foranyψ∈W1q(Ω)∩W
−1
q,Γδ
(Ω)andφ∈Lq′(Ω).Inaddition,therehold

RL(Lq(Ω))({(τ∂τ)
ℓ(∇X∗(λ))|λ=γ+iτ∈Σε,γ0})≤C(N,q,ε,µ,γ0,δ)

forℓ=0,1,J=1,...,N,andX ∈{I1,I2,I31,...,I3N}withsomepositive
constantC(N,q,ε,µ,γ0,δ).

IfTheorem2.6.1holds,thenwehaveTheorem2.1.3easily.Infact,solutions
ofequations(2.1.1)aregivenby

uj=Kjfd+Sj(λ)(F,∇fd,λ
1/2G,∇G,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd,

DjI1(λ)(λ
1/2fd),∇I1(λ)(Djfd),DjI2(λ)(λfd))

uN =KNfd+SN(λ)(F,λ
1/2G,∇G,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd)+I1(λ)fd,

θ=T(λ)(F,∇fd,λ
1/2G,∇G,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd)+I2(λ)(λfd)

withF=f−K(λfd)+2µDivD(Kfd)andG=g−2µD(Kfd)eNforj=1,...,N−1.
Therefore,setting

Uj(λ)(f,∇fd,λ
1/2g,∇g,K(λfd),∇K(λ

1/2fd),∇
2Kfd,

DjI1(λ)(λ
1/2fd),∇I1(λ)(Djfd),DjI2(λ)(λfd))

=Sj(λ)(F,∇fd,λ
1/2G,∇G,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd,

DjI1(λ)(λ
1/2fd),∇I1(λ)(Djfd),DjI2(λ)(λfd)),

UN(λ)(f,λ
1/2g,∇g,K(λfd),∇K(λ

1/2fd),∇
2Kfd)

=SN(λ)(F,λ
1/2G,∇G,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd),

P(λ)(f,∇fd,λ
1/2g,∇g,K(λfd),∇K(λ

1/2fd),∇
2Kfd)

=T(λ)(F,∇fd,λ
1/2G,∇G,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd),

VN(λ)=I1(λ), VN(λ)=I1(λ), V
∗
N(λ)=I

∗
1(λ),

Q(λ)=I2(λ), Q∗(λ)=I∗2(λ), Q
∗
J(λ)=I

∗
3J(λ)

forj=1,...,N−1andJ=1,...,N,wehavetherequiredoperatorsinTheorem
2.1.3,notingLemma1.2.3.
Fromnowon,weproveTheorem2.6.1.Letζ∈C∞0(R

N−1)beafunctionwhich
satisfies0≤ζ≤1and

ζ(ξ′)=






1 |ξ′|≤
1

2
,

0 |ξ′|≥
3

4
,
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andalsowedefinethecut-offfunctionsζ1(ξ
′,λ),...,ζ4(ξ

′,λ)by

ζ1(ξ
′,λ)=ζ

(
ξ′

σ1

)

,ζ2(ξ
′,λ)=

{

1−ζ

(
ξ′

σ1

)}

ζ

(
ξ′

(σ2λ)1/2

)

,(2.6.1)

ζ3(ξ
′,λ)=

{

1−ζ

(
ξ′

σ1

)}{

1−ζ

(
ξ′

(σ2λ)1/2

)}

ζ

(
ξ′

σ3

)

,

ζ4(ξ
′,λ)=

{

1−ζ

(
ξ′

σ1

)}{

1−ζ

(
ξ′

(σ2λ)1/2

)}{

1−ζ

(
ξ′

σ3

)}

,

whereσ1,σ2andσ3aresomepositiveconstants,dependingonlyonε,γ0,µand
δ,whichwillbegiveninAppendixA.Inthepresentsection,weoftenusethe
relations:

B=
B2

B
=
λ

µB
−
N−1∑

j=1

(iξj)
2

B
1=
B2

B2
=
λ

µB2
−
N−1∑

j=1

(iξj)
2

B2
,(2.6.2)

A=
A2

A
=
N−1∑

j=1

(iξj)
2

A
, 1=

A2

A2
=−

N−1∑

j=1

(iξj)
2

A2
.

Wefirstconstructtheoperators SN(λ),I1(λ),I1(λ),andI
∗
1(λ).Forthepur-

pose,weconsiderthenormalvelocityvN(x)definedas(2.4.13). Bythecut-off

functionsζj(ξ
′,λ),wehavevN(x)=

∑4
j,k=1

∑2
ℓ=1V

j
k,ℓ(x),where

(2.6.3)Vjk,ℓ(x)=F
−1
ξ′

[

ζj(ξ
′,λ)

(
Lk,2ℓ
detL

M(dℓ(xN))+
Lk,2ℓ
detL

e−Bdℓ(xN)

)

rk

]

(x′).

Hererk,Lk,2ℓ,Lk,2ℓ,anddetLaregiveinSection2.4.Inordertousethelemmas
obtainedinSection2.5,wewrite(2.6.3)byintegrals.ForX∈{A,B},therehold
theidentities:

f(ξ′,δ)=

∫δ

0

d

dyN

[
φδ(yN)e

−X(δ−yN)f(ξ′,yN)
]
dyN(2.6.4)

=

∫δ

0

φ′δ(yN)e
−Xd1(yN)f(ξ′,yN)dyN

+

∫δ

0

φδ(yN)Xe
−Xd1(yN)f(ξ′,yN)dyN

+

∫δ

0

φδ(yN)e
−Xd1(yN)DNf(ξ

′,yN)dyN,

g(ξ′,0)=−

∫δ

0

d

dyN

[
φ0(yN)e

−XyNg(ξ′,yN)
]
dyN

=−

∫δ

0

φ′0(yN)e
−Xd2(yN)g(ξ′,yN)dyN

+

∫δ

0

φ0(yN)Xe
−Xd2(yN)g(ξ′,yN)dyN

+

∫δ

0

φ0(yN)e
−Xd2(yN)DNg(ξ

′,yN)dyN,
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whereφ′a(yN)=(dφa/dyN)(yN)fora∈{0,δ}. Applying(2.6.4)withX=Ato

Vjk,ℓ(x)andusing(2.4.15),(2.6.2)yieldthat

Vj1,ℓ(x)=
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ
′
δ

iξk
AB3

L1,2ℓ
detL

ABM(dℓ(xN))e
−A1(yN)

(2.6.5)

×

(
λ1/2

µ
λ1/2ak(yN)−iξ

′·∇′ak(yN)

)]

(x′)dyN

+
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
1

B

L1,2ℓ
detL

ABM(dℓ(xN))e
−A1(yN)Dkak(yN)

]

(x′)dyN

+
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk
AB

L1,2ℓ
detL

ABM(dℓ(xN))e
−A1(yN)DNak(yN)

]

(x′)dyN

+
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ
′
δ

iξk
AB2

L1,2ℓ
detL

Ae−Bdℓ(xN)e−A1(yN)

×

(
λ1/2

µ
λ1/2ak(yN)−iξ

′·∇′ak(yN)

)]

(x′)dyN

+
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
L1,2ℓ
detL

Ae−Bdℓ(xN)e−A1(yN)Dkak(yN)

]

(x′)dyN

+
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk
A

L1,2ℓ
detL

Ae−Bdℓ(xN)e−A1(yN)DNak(yN)

]

(x′)dyN,

Vj2,ℓ(x)=
1

µ

∫δ

0

F−1ξ′

[

ζjφ
′
δ

1

B3
L2,2ℓ
detL

ABM(dℓ(xN))e
−Ad1(yN)

×

(
λ1/2

µ
λ1/2aN(yN)−iξ

′·∇′aN(yN)

)]

(x′)dyN

−
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk
AB

L2,2ℓ
detL

ABM(dℓ(xN))e
−Ad1(yN)DkaN(yN)

]

(x′)dyN

+
1

µ

∫δ

0

F−1ξ′

[

ζjφδ
1

B

L2,2ℓ
detL

ABM(dℓ(xN))e
−Ad1(yN)DNaN(yN)

]

(x′)dyN

+
1

µ

∫δ

0

F−1ξ′

[

ζjφ
′
δ

1

B2
L2,2ℓ
detL

Ae−Bdℓ(yN)e−Ad1(yN)

×

(
λ1/2

µ
λ1/2aN(yN)−iξ

′·∇′aN(yN)

)]

(x′)dyN

−
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk
A

L2,2ℓ
detL

Ae−Bdℓ(xN)e−Ad1(yN)DkaN(yN)

]

(x′)dyN

+
1

µ

∫δ

0

F−1ξ′

[

ζjφδ
L2,2ℓ
detL

Ae−Bdℓ(xN)e−Ad1(yN)DNaN(yN)

]

(x′)dyN
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+
1

µ

∫δ

0

F−1ξ′

[

ζjφ
′
δ

1

B

L2,2ℓ
detL

ABM(dℓ(xN))e
−Ad1(yN)T0f(ξ

′,yN)

]

(x′)dyN

−
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk
AB

L2,2ℓ
detL

ABM(dℓ(xN))e
−Ad1(yN)DkT0f(yN)

]

(x′)dyN

+
1

µ

∫δ

0

F−1ξ′

[

ζjφδ
1

B

L2,2ℓ
detL

ABM(dℓ(xN))e
−Ad1(yN)DNT0f(yN)

]

(x′)dyN

+
1

µ

∫δ

0

F−1ξ′

[

ζjφ
′
δ

L2,2ℓ
detL

Ae−Bdℓ(yN)e−Ad1(yN)T0f(ξ
′,yN)

]

(x′)dyN

−
1

µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk
A

L2,2ℓ
detL

Ae−Bdℓ(xN)e−Ad1(yN)DkT0f(yN)

]

(x′)dyN

+
1

µ

∫δ

0

F−1ξ′

[

ζjφδ
L2,2ℓ
detL

Ae−Bdℓ(xN)e−Ad1(yN)DNT0f(yN)

]

(x′)dyN,

Vj3,ℓ(x)=−
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ
′
0

iξk
AB3

L3,2ℓ
detL

ABM(dℓ(xN))e
−Ad2(yN)

×
(
µ−1λbk(yN)−∆′bk(yN)

)]
(x′)dyN

+

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ0
iξk
B3
L3,2ℓ
detL

ABM(dℓ(xN))e
−Ad2(yN)

×
(
µ−1λbk(yN)−∆′bk(yN)

)]
(x′)dyN

+
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ0
iξk
AB3

L3,2ℓ
detL

ABM(dℓ(xN))e
−Ad2(yN)

×
(
µ−1λ1/2Fx′[λ

1/2DNbk](ξ
′,yN)−iξ

′·Fx′[∇
′DNbk](ξ

′,yN)
)]
(x′)dyN

−
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ
′
0

iξk
AB2

L3,2ℓ
detL

Ae−Bdℓ(xN)e−Ad2(yN)

×
(
µ−1λbk(yN)−∆′bk(yN)

)]
(x′)dyN

+
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ0
iξk
B2
L3,2ℓ
detL

Ae−Bdℓ(xN)e−Ad2(yN)

×
(
µ−1λbk(yN)−∆′bk(yN)

)]
(x′)dyN

+

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ0
iξk
AB2

L3,2ℓ
detL

Ae−Bdℓ(xN)e−Ad2(yN)

×
(
µ−1λ1/2Fx′[λ

1/2DNbk](ξ
′,yN)−iξ

′·Fx′[∇
′DNbk](ξ

′,yN)
)]
(x′)dyN

forj=1,2,3,4andℓ=1,2,wherewehaveusedtheabbreviations:

ζj=ζj(ξ
′,λ), φδ=φδ(yN), φ0=φ0(yN), f(yN)=f(ξ

′,yN),(2.6.6)
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iξ′·∇′f(ξ′,xN)=
N−1∑

j=1

iξjDjf(ξ
′,xN), ∆

′g(x)=
N−1∑

j=1

D2jg(x)

forscalarfunctionsf(x)andg(x). WewilldiscussVj4,ℓ(x)later. Thefollowing
lemmawillbeprovedinAppendixA.

Lemma2.6.2.Let0<ε<π/2andγ0>0.Thenwehavetheproperties:

ζj(λ,ξ
′)
L3,2ℓ
detL

∈M0,2,ε,γ0,

ζj(λ,ξ
′)
L1,2ℓ
detL

,ζj(λ,ξ
′)
L2,2ℓ
detL

,ζj(λ,ξ
′)
L3,2ℓ
detL

∈M−1,2,ε,γ0,

ζj(λ,ξ
′)
L1,2ℓ
detL

,ζj(λ,ξ
′)
L2,2ℓ
detL

∈M−2,2,ε,γ0

forj=1,...,4andℓ=1,2.

Fromviewpointof(2.6.5)andLemma2.5.2,wedefinesolutionoperatorsas
follows:

Sj1,ℓ(λ)(λ
1/2a′,∇a′)=Vj1,ℓ(x),(2.6.7)

Sj2,ℓ(λ)(λ
1/2aN,∇aN)+S

j
2,ℓ(λ)(T0f,∇T0f)=V

j
2,ℓ(x),

Sj3,ℓ(λ)(λb
′,λ1/2∇b′,∇2b′)=Vj3,ℓ(x)

forλ∈Σε,γ0.Sincetherehold,fork=1,...,N−1,

(2.6.8)
iξk
A
,
iξk
B
,
λ1/2

B
∈M0,2,ε,γ0,

wehave,byLemma1.2.5,Lemma1.2.6,Lemma2.5.2,andLemma2.6.2,

RL(Lq(Ω))({(τ∂τ)
m(λSjk,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,(2.6.9)

RL(Lq(Ω))({(τ∂τ)
m(γSjk,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(λ1/2∇Sjk,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(∇2Sjk,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C

RL(Lq(Ω))({(τ∂τ)
m(λSj2,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(γSj2,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(λ1/2∇Sj2,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(∇2Sj2,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C

forj=1,...,4,k=1,2,3,ℓ=1,2,andm =0,1withsomepositiveconstant
C=C(N,q,ε,µ,γ0,δ).

NextweconsiderthetermVj4,ℓ(x).By(2.1.5)and(2.2.16),wehaveV
j
4,ℓ(x)=

Ij1,ℓ(λ)fd+S
j
4,ℓ(λ)fsuchthatforj=1,...,4,ℓ=1,2,andm=1,2,3

Ij1,ℓ(λ)fd=−
1

2

∫δ

0

F−1ξ′

[

ζj
1

B

L4,2ℓ
detL

BM(dℓ(xN))Φ(ξ
′,yN)fd(yN)

]

(x′)dyN

−
1

2

∫δ

0

F−1ξ′

[

ζj
L4,2ℓ
detL

e−Bdℓ(xN)Φ(ξ′,yN)fd(yN)

]

(x′)dyN,
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Sm4,ℓ(λ)f=
N−1∑

k=1

2∑

n=1

(−1)n
{

−

∫δ

0

F−1ξ′

[

ζmφδ
iξke

−Adn(0)

2AB

L4,2ℓ
λdetL

ABM(dℓ(xN))e
−Adn(yN)fk(yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζmφδ
iξke

−Bdn(0)

2AB

L4,2ℓ
λdetL

ABM(dℓ(xN))e
−Bdn(yN)fk(yN)

]

(x′)dyN

−

∫δ

0

F−1ξ′

[

ζmφδ
iξke

−Adn(0)

2A

L4,2ℓ
λdetL

Ae−Bdℓ(xN)e−Adn(yN)fk(yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζmφδ
iξke

−Bdn(0)

2A

L4,2ℓ
λdetL

Ae−Bdℓ(xN)e−Adn(yN)fk(yN)

]

(x′)dyN

}

−
2∑

n=1

∫δ

0

F−1ξ′

[

ζmφδ
e−Adn(0)

2B

L4,2ℓ
λdetL

ABM(dℓ(xN))e
−Adn(yN)fN(yN)

]

(x′)dyN

+
2∑

n=1

∫δ

0

F−1ξ′

[

ζmφδ
Ae−Bdn(0)

2B2
L4,2ℓ
λdetL

ABM(dℓ(xN))e
−Adn(yN)fN(yN)

]

(x′)dyN

−

2∑

n=1

∫δ

0

F−1ξ′

[

ζmφδ
e−Adn(0)

2

L4,2ℓ
λdetL

Ae−Bdℓ(xN)e−Adn(yN)fN(yN)

]

(x′)dyN

+

2∑

n=1

∫δ

0

F−1ξ′

[

ζmφδ
Ae−Bdn(0)

2B

L4,2ℓ
λdetL

Ae−Bdℓ(xN)e−Adn(yN)fN(yN)

]

(x′)dyN,

S44,ℓ(λ)f=

−

∫δ

0

F−1ξ′

[
ζ4φ

′
0

A3B

L4,2ℓ
detL

ABM(dℓ(xN))e
−Ad2(yN)Fx′[∆

′S0N(λ)f](ξ
′,yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[
ζ4φ0
A2B

L4,2ℓ
detL

ABM(dℓ(xN))e
−Ad2(yN)Fx′[∆

′S0N(λ)f](ξ
′,yN)

]

(x′)dyN

+
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζ4φ0
iξk
A3B

L4,2ℓ
detL

ABM(dℓ(xN))e
−Ad2(yN)

×Fx′[DkDNS0N(λ)f](ξ
′,yN)

]

(x′)dyN

−

∫δ

0

F−1ξ′

[

ζ4φ
′
0

1

A3
L4,2ℓ
detL

Ae−Bdℓ(xN)e−Ad2(yN)Fx′[∆
′S0N(λ)f](ξ

′,yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζ4φ0
1

A2
L4,2ℓ
detL

Ae−Bdℓ(xN)e−Ad2(yN)Fx′[∆
′S0N(λ)f](ξ

′,yN)

]

(x′)dyN

+

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζ4φ0
iξk
A3
L4,2ℓ
detL

Ae−Bdℓ(xN)e−Ad2(yN)

×Fx′[DkDNS0N(λ)f](ξ
′,yN)

]

(x′)dyN,
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wherewehaveused(2.6.6)and(2.6.4)withX =AforS44,ℓ(λ). Notethatby

(2.4.14)and(1.2.3)therehold

DkI
j
1,ℓ(λ)fd

=−
1

2

∫δ

0

F−1ξ′

[

ζj(λ,ξ
′)
iξk
AB

L4,2ℓ
detL

ABM(dℓ(xN))Φ(ξ
′,yN)fd(ξ

′,yN)

]

(x′)dyN

−
1

2

∫δ

0

F−1ξ′

[

ζj(λ,ξ
′)
iξk
A

L4,2ℓ
detL

Ae−Bdℓ(xN)Φ(ξ′,yN)fd(ξ
′,yN)

]

(x′)dyN,

DNI
j
1,ℓ(λ)fd

=
(−1)ℓ

2

∫δ

0

F−1ξ′

[

ζj(λ,ξ
′)
1

B

L4,2ℓ
detL

ABM(dℓ(xN))Φ(ξ
′,yN)fd(ξ

′,yN)

]

(x′)dyN

+
1

2

∫δ

0

F−1ξ′

[

ζj(λ,ξ
′)
A−1L4,2ℓ−1
detL

Ae−Bdℓ(xN)Φ(ξ′,yN)fd(ξ
′,yN)

]

(x′)dyN

forj=1,...,4,k=1,...,N−1,andℓ=1,2,andalsoby(1.2.3)and(2.6.2)

DkDJI
j
1,ℓ(λ)fd=DJI

j
1,ℓ(λ)(Dkfd),(2.6.10)

D2NI
j
1,ℓ(λ)(fd)=I

j
1,ℓ(λ)(λ

1/2fd,∇fd)

forJ=1,...,N,where

Ij1,ℓ(λ)(λ
1/2fd,∇fd)=

1

2

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζj
iξk
AB

L4,2ℓ
detL

ABM(dℓ(xN))Φξ′(yN)Dkfd(ξ
′,yN)

]

(x′)dyN

−
1

2

∫δ

0

F−1ξ′

[

ζj
1

B2
L4,2ℓ
detL

Ae−Bdℓ(xN)Φξ′(yN)

×

(
λ1/2

µ
λ1/2fd(ξ

′,yN)−iξ
′·∇′fd(ξ

′,yN)

)]

(x′)dyN

−
(−1)ℓ

2µ

∫δ

0

F−1ξ′

[

ζj
λ1/2

B

L4,2ℓ−1
AdetL

Ae−Bdℓ(xN)Φξ′(yN)λ1/2fd(ξ
′,yN)

]

(x′)dyN

+
(−1)ℓ

2

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζj
iξk
B

L4,2ℓ−1
AdetL

Ae−Bdℓ(xN)Φξ′(yN)Dkfd(ξ
′,yN)

]

(x′)dyN.

WethenhavethefollowinglemmawhichwillbeprovedinAppendixA.

Lemma2.6.3.Let0<ε<π/2andγ0>0.Thenwehavetheproperties:

ζj(λ,ξ
′)
L4,2ℓ
detL

∈M1,2,ε,γ0, ζj(λ,ξ
′)
A−1L4,2ℓ−1
detL

,ζj(λ,ξ
′)
L4,2ℓ
detL

∈M0,2,ε,γ0,

ζm(λ,ξ
′)
L4,2ℓ
λdetL

∈M−1,2,ε,γ0, ζm(λ,ξ
′)
L4,2ℓ
λdetL

∈M−2,2,ε,γ0

forj=1,...,4,ℓ=1,2,andm=1,2,3.
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Inthesamemannerasintheproofof(2.6.9),weobtain,byLemma1.2.5,1.2.6,
2.5.2,and2.6.3,

RL(Lq(Ω))({(τ∂τ)
m(λSj4,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,(2.6.11)

RL(Lq(Ω))({(τ∂τ)
m(γSj4,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(λ1/2∇Sj4,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(∇2Sj4,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C

RL(Lq(Ω))({(τ∂τ)
m(∇Ij1,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(Ij1,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C

forj=1,2,3,4,ℓ=1,2,m=0,1,andapositiveconstantC=C(N,q,ε,µ,γ0,δ),
wherewealsohaveusedLemma2.2.5,1.2.3,andA.3(2).

Wehereconsidertheoperator Ij∗1,ℓ(λ):

[Ij∗1,ℓ(λ)φ](y)

=−
1

2

∫δ

0

Fξ′

[

ζj(λ,ξ
′)
1

B

L4,2ℓ
detL

BM(dℓ(xN))Φ(ξ
′,yN)F

−1
x′[φ](ξ

′,xN)

]

(y′)dxN

−
1

2

∫δ

0

Fξ′

[

ζj(λ,ξ
′)
L4,2ℓ
detL

e−Bdℓ(xN)Φ(ξ′,yN)F
−1
x′[φ](ξ

′,xN)

]

(y′)dxN

forφ∈Lq′(Ω)with1/q+1/q
′=1.Then,foranyψ∈W1q(Ωy)∩W

−1
q,Γδ
(Ωy)and

φ∈Lq′(Ωx),wheresubscriptxandydenotetheirvariables,therehold

(2.6.12) (Ij1,ℓ(λ)ψ,φ)Ωx=(ψ,I
j∗
1,ℓ(λ)φ)Ωy,[I

j∗
1,ℓ(λ)φ]|yN=δ=0,

sinceΦ(ξ′,δ)=0. Moreover,wehave,byLemma2.5.4andLemma2.6.3,

(2.6.13) RL(Lq(Ω))({(τ∂τ)
m(∇yI

j∗
1,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C

forj=1,...,4,ℓ=1,2,andm=0,1withapositiveconstantC=(N,q,ε,γ0,µ,δ).
Summinguptheaboveargumentation,weset

S1(λ)(λ
1/2a,∇a,λb′,λ1/2∇b′,∇2b′)=

4∑

j=1

2∑

ℓ=1

(
Sj1,ℓ(λ)(λa

′,∇a′)+Sj2,ℓ(λ)(λ
1
2aN,∇aN)+S

j
3,ℓ(λ)(λb

′,λ
1
2∇b′,∇2b′)

)
,

S1(λ)f=

4∑

j=1

2∑

ℓ=1

(
Sj2,ℓ(λ)(T0f,∇T0f)+S

j
4,ℓ(λ)f

)
,I1(λ)fd=

4∑

j=1

2∑

ℓ=1

Ij1,ℓ(λ)fd,

andthenvN(x)in(2.4.13)isgivenby

(2.6.14) vN(x)=S1(λ)(λ
1/2a,∇a,λb′,λ1/2∇b′,∇2b′)+S1(λ)f+I1(λ)fd.

ByLemma1.2.3,(2.6.9),(2.6.11),and(2.6.13),wehave

RL(Lq(Ω))({(τ∂τ)
ℓ(λX1(λ))|λ=γ+iτ∈Σε,γ0})≤C,(2.6.15)

RL(Lq(Ω))({(τ∂τ)
ℓ(γX1(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(λ1/2∇X1(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇2X1(λ))|λ=γ+iτ∈Σε,γ0})≤C,
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RL(Lq(Ω))({(τ∂τ)
ℓ(∇I1(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(I1(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇I∗1(λ))|λ=γ+iτ∈Σε,γ0})≤C

forℓ=1,2andX∈{S,S},withsomepositiveconstantC=C(N,q,ε,µ,γ0,δ),

whereI1(λ)andI
∗
1(λ)aredefinedas

I1(λ)(λ
1/2fd,∇fd)=

4∑

j=1

2∑

ℓ=1

Ij1,ℓ(λ)(λ
1/2fd,∇fd),

I∗1(λ)φ=
4∑

j=1

2∑

ℓ=1

Ij∗1,ℓ(λ)φ forφ∈Lq′(Ω),

andalsoby(2.6.10)and(2.6.12)therehold

DJDkI1(λ)fd=DJI1(λ)(Dkfd),(2.6.16)

D2NI1(λ)fd=I1(λ)(λ
1/2fd,∇fd)

(I1(λ)ψ,φ)Ωx=(ψ,I
∗
1(λ)φ)Ωy, [I

∗
1(λ)φ]|yN=δ=0

forJ=1,...,N,k=1,...,N−1andanyψ∈W1q(Ωy)∩W
−1
q,Γδ
(Ωy),φ∈Lq′(Ωx).

Thus,setting

uN =S0N(λ)f+S1(λ)(λ
1/2a,∇a,λb′,λ1/2∇b′,∇2b′)+S1(λ)f+I1(λ)fd,

weseethatuN istheN-thcomponentofthevelocityutoequations(2.4.1),and
alsotheoperatorSN(λ)inTheorem2.6.1isgivenby

SN(λ)(f,λ
1/2g,∇g,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd)

=S0N(λ)f+S1(λ)(λ
1/2a,∇a,λb′,λ1/2∇b′,∇2b′)+S1(λ)f

=S0N(λ)f+S1(λ)
(
λ1/2a,∇a,−λS′0(λ)f,−λ

1/2∇S′0(λ)f,−∇
2S′0(λ)f

)

+S1(λ)
(
0,0,−K′(λfd),−∇K

′(λ1/2fd),−∇
2K′fd

)
+S1(λ)f.

SN(λ),I1(λ),I1(λ),andI
∗
1(λ)satisfytherequiredpropertiesinTheorem2.6.1by

(2.6.15),(2.6.16),Lemma2.2.5andLemma1.2.3.
NextweconstructtheoperatorsT(λ),I2(λ),I

∗
2(λ),andI

∗
2J(λ)forJ=1,...,N.

Forthepurpose,weconsiderthepressureπ(x)in(2.4.13)inthesamemanner
asvN(x). Bythecut-offfunctionsζj(ξ

′,λ)definedas(2.6.1),wehaveπ(x)=
∑4
j,k=1

∑2
ℓ=1(−1)

ℓ+1Πjk,ℓ(x)with

Πjk,ℓ(x)=µF
−1
ξ′

[

ζj(λ,ξ
′)
B+A

A

Lk,2ℓ
detL

e−Adℓ(xN)rk

]

(x′).
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Itfollowsfrom(2.6.4)withX=Aand(2.6.2)that

Πj1,ℓ(x)

=
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ
′
δ

iξk(B+A)

AB2
L1,2ℓ
detL

e−A(dℓ(xN)+d1(yN))

×

(
λ1/2

µ
λ1/2ak(yN)−iξ

′·∇′ak(yN)

)]

(x′)dyN

+

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ(B+A)
L1,2ℓ
detL

e−A(dℓ(xN)+d1(yN))Dkak(yN)

]

(x′)dyN

+

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk(B+A)

A

L1,2ℓ
detL

e−A(dℓ(xN)+d1(yN))DNak(yN)

]

(x′)dyN,

Πj2,ℓ(x)

=

∫δ

0

F−1ξ′

[

ζjφ
′
δ

B+A

B2
L2,2ℓ
detL

e−A(dℓ(xN)+d1(yN))

×

(
λ1/2

µ
λ1/2aN(yN)−iξ

′·∇′aN(yN)

)]

(x′)dyN

−
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk(B+A)

A

L2,2ℓ
detL

e−A(dℓ(xN)+d1(yN))DkaN(yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζjφδ(B+A)
L2,2ℓ
detL

e−A(dℓ(xN)+d1(yN))DNaN(yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζjφ
′
δ(B+A)

L2,2ℓ
detL

e−A(dℓ(xN)+d1(yN))T0f(yN)

]

(x′)dyN

−

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφδ
iξk(B+A)

A

L2,2ℓ
detL

e−A(dℓ(xN)+d1(yN))DkT0f(yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζjφδ(B+A)
L2,2ℓ
detL

e−A(dℓ(xN)+d1(yN))DNT0f(yN)

]

(x′)dyN,

Πj3,ℓ(x)=

−µ
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ
′
0

iξk(B+A)

AB2
L3,2ℓ
detL

e−A(dℓ(xN)+d2(yN))

×
(
µ−1λbk(yN)−∆′bk(yN)

)]
(x′)dyN

+µ

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ0
iξk(B+A)

B2
L3,2ℓ
detL

e−A(dℓ(xN)+d2(yN))

×
(
µ−1λbk(yN)−∆′bk(yN)

)]
(x′)dyN

+µ
N−1∑

k=1

∫δ

0

F−1ξ′

[

ζjφ0
iξk(B+A)

AB2
L3,2ℓ
detL

e−A(dℓ(xN)+d2(yN))



2.6.PROOF OF THEOREM2.1.3 53

×
(
µ−1λ1/2Fx′[λ

1/2DNbk](ξ
′,yN)−iξ

′·Fx′[∇
′DNbk](ξ

′,yN)
)]
(x′)dyN,

forj=1,...,4andℓ=1,2,wherewehaveusedtheabbreviations(2.6.6).From
viewpointoftheaboveformulasandLemma2.5.3,wedefinesolutionoperatorsas
follows:

Tj1,ℓ(λ)(λ
1/2a′,∇a′)=Πj1,ℓ(x),

Tj2,ℓ(λ)(λ
1/2aN,∇aN)+T

j
2,ℓ(λ)(T0f,∇T0f)=Π

j
2,ℓ(x),

Tj3,ℓ(λ)(λb
′,λ1/2∇b′,∇2b′)=Πj3,ℓ(x).

Then,byLemma1.2.5,Lemma1.2.6,Lemma2.5.3,andLemma2.6.2,weobtain

RL(Lq(Ω))({(τ∂τ)
mTjk,ℓ(λ)|λ=γ+iτ∈Σε,γ0})≤C,(2.6.17)

RL(Lq(Ω))({(τ∂τ)
m(∇Tjk,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
mTj2,ℓ(λ)|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(∇Tj2,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C

forj=1,...,4,k=1,2,3,ℓ=1,2,andm =0,1withsomepositiveconstant
C=C(N,q,ε,µ,γ0,δ),notingthat(B+A)/B∈M0,2,ε,γ0and(2.6.8).Concerning

thetermΠj4,ℓ(x),by(2.6.2),thespecialformulas(2.1.5),and(2.2.16),wehave

Πj4,ℓ(x)=I
j
2,ℓ(λ)(λfd)+I

j
2,ℓ(λ)(∇fd)+T

j
4,ℓ(λ)fwith

Ij2,ℓ(λ)(λfd)

=−
1

2

∫δ

0

F−1ξ′

[

ζj
(B+A)

AB2
L4,2ℓ
detL

e−Adℓ(xN)Φ(ξ′,yN)λfd(yN)

]

(x′)dyN,

Ij2,ℓ(λ)(∇fd)

=
µ

2

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζj
iξk(B+A)

AB2
L4,2ℓ
detL

e−Adℓ(xN)Φ(ξ′,yN)Dkfd(yN)

]

(x′)dyN,

Tm4,ℓ(λ)f=
µ

2

N−1∑

k=1

2∑

n=1

(−1)n
{

−

∫δ

0

F−1ξ′

[

ζmφδ
iξk(B+A)

A

e−Adn(0)L4,2ℓ
λdetL

e−A(dℓ(xN)+dn(yN))fk(yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζmφδ
iξk(B+A)

A

e−Bdn(0)L4,2ℓ
λdetL

e−Adℓ(xN)e−Bdn(yN)fk(yN)

]

(x′)dyN

}

+
µ

2

2∑

n=1

{

−

∫δ

0

F−1ξ′

[

ζmφδ(B+A)
e−Adn(0)L4,2ℓ
λdetL

e−A(dℓ(xN)+dn(yN))fN(yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζmφδ
A(B+A)

B

e−Bdn(0)L4,2ℓ
λdetL

e−Adℓ(xN)e−Bdn(yN)fN(yN)

]

(x′)dyN

}

,
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T44,ℓ(λ)f=µ

{

−

∫δ

0

F−1ξ′

[

ζ4φ
′
0

B+A

A3
L4,2ℓ
detL

e−A(dℓ(xN)+d2(yN))Fx′[∆
′S0N(λ)f](ξ

′,yN)

]

(x′)dyN

+

∫δ

0

F−1ξ′

[

ζ4φ0
B+A

A2
L4,2ℓ
detL

e−A(dℓ(xN)+d2(yN))Fx′[∆
′S0N(λ)f](ξ

′,yN)

]

(x′)dyN

+

N−1∑

k=1

∫δ

0

F−1ξ′

[

ζ4φ0
iξk(B+A)

A3
L4,2ℓ
detL

e−A(dℓ(xN)+d2(yN))

×Fx′[DkDNS0N(λ)f](ξ
′,yN)](x

′)dyN

}

forj=1,...,4,ℓ=1,2,andm=1,2,3,wherewehaveused(2.6.4)withX=A
forT44,ℓ(λ).

HerewesettheoperatorsIj∗2,ℓ(λ)andI
j∗
3J,ℓ(λ)as

[Ij∗2,ℓ(λ)φ](y)

=−
1

2

∫δ

0

Fξ′

[

ζj
B+A

AB2
L4,2ℓ
detL

e−Adℓ(xN)Φ(ξ′,yN)Fx′[φ](ξ
′,xN)

]

(y′)dxN,

[Ij∗3J,ℓ(λ)φ](y)

=−
1

2

∫δ

0

Fξ′

[

ζj
XJ(B+A)

AB2
L4,2ℓ
detL

e−Adℓ(xN)Φ(ξ′,yN)Fx′[φ](ξ
′,xN)

]

(y′)dxN,

forφ∈Lq′(Ω)with1/q+1/q
′=1,whereXJ =iξJ ifJ=1,...,N−1and

XN =(−1)
ℓ+1A.Thentherehold

(Ij2,ℓ(λ)ψ,φ)Ωx=(ψ,I
j∗
2,ℓ(λ)φ)Ωy, [I

j∗
2,ℓ(λ)φ]|yN=δ=0,(2.6.18)

(DJI
j
2,ℓ(λ)ψ,φ)Ωx=(ψ,I

j∗
3J,ℓ(λ)φ)Ωy,[I

j∗
3J,ℓ(λ)φ]|yN=δ=0

foranyψ∈W1q(Ωy)∩W
−1
q,Γδ
(Ωy)andφ∈Lq′(Ωx).ByLemma1.2.5,1.2.6,2.5.3,

2.5.4,and2.6.3,wehave

RL(Lq(Ω))({(τ∂τ)
mTj4,ℓ(λ)|λ=γ+iτ∈Σε,γ0})≤C,(2.6.19)

RL(Lq(Ω))({(τ∂τ)
m(∇Tj4,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
mIj2,ℓ(λ)|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(∇Ij2,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(∇Ij∗2,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
m(∇Ij∗3J,ℓ(λ))|λ=γ+iτ∈Σε,γ0})≤C

forj=1,...,4,ℓ=1,2,m=0,1,andJ=1,...,Nwithsomepositiveconstant
C=C(N,q,ε,µ,γ0,δ),wherewealsohaveusedLemma2.2.5,1.2.3,andA.3(2).
Summinguptheaboveargumentation,weset

T1(λ)(λ
1/2a,∇a,λb′,λ1/2∇b′,∇2b′)=

4∑

j=1

2∑

ℓ=1

(−1)ℓ+1
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×
(
Tj1,ℓ(λ)(λ

1/2a′,∇a′)+Tj2,ℓ(λ)(λ
1/2aN,∇aN)+T

j
3,ℓ(λ)(λb

′,λ1/2∇b′,∇2b′)
)
,

T1(λ)(f,∇fd)=
4∑

j=1

2∑

ℓ=1

(−1)ℓ+1
(
Tj2,ℓ(λ)(T0f,∇T0f)+T

j
4,ℓ(λ)f+I

j
2,ℓ(λ)(∇fd)

)
,

I2(λ)(λfd)=

4∑

j=1

2∑

ℓ=1

(−1)ℓ+1Ij2,ℓ(λ)(λfd),

andthenπ(x)in(2.4.13)isgivenby

(2.6.20)π(x)=T1(λ)(λ
1/2a,∇a,λb′,λ1/2∇b′,∇2b′)+T1(λ)(f,∇fd)+I2(λ)(λfd).

Moreover,byLemma1.2.3,(2.6.17),and(2.6.19),wehave

RL(Lq(Ω))({(τ∂τ)
ℓX1(λ)|λ=γ+iτ∈Σε,γ0})≤C,(2.6.21)

RL(Lq(Ω))({(τ∂τ)
ℓ∇X1(λ)|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ∇I∗2(λ)|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ∇I∗3J(λ)|λ=γ+iτ∈Σε,γ0})≤C

forℓ=0,1,J=1,...,N,andX ∈{T,T}withsomepositiveconstantC=
C(N,q,ε,µ,γ0,δ),where

I∗2(λ)φ=

4∑

j=1

2∑

ℓ=1

(−1)ℓ+1Ij∗2,ℓ(λ)φ,

I∗3J(λ)φ=
4∑

j=1

2∑

ℓ=1

(−1)ℓ+1Ij∗3J,ℓ(λ)φ forφ∈Lq′(Ω),

andalsoby(2.6.18)therehold,foranyψ∈W1q(Ωy)∩W
−1
q,Γδ
(Ωy)andφ∈Lq′(Ωx),

(I2(λ)ψ,φ)Ωx=(ψ,I
∗
2(λ)φ)Ωy, [I

∗
2(λ)φ]|yN=δ=0,(2.6.22)

(DJI2(λ)ψ,φ)Ωx=(ψ,I
∗
3J(λ)φ)Ωy, [I

∗
3J(λ)φ]|yN=δ=0.

Therefore.setting

θ=T0f+T1(λ)(λ
1/2a,∇a,λb′,λ1/2∇b′,∇2b′)+T1(λ)(f,∇fd)+I2(λ)(λfd),

weseethatθisthepressureoftheequation(2.4.1),andtheoperatorT(λ)in
Theorem2.6.1isgivenby

T(λ)(f,∇fd,λ
1/2g,∇g,K′(λfd),∇K

′(λ1/2fd),∇
2K′fd)

=T0f+T1(λ)(λ
1/2a,∇a,λb′,λ1/2∇b′,∇2b′)+T1(λ)(f,∇fd)

=T0f+T1(λ)
(
λ1/2a,∇a,−λS′0(λ)f,−λ

1/2∇S′0(λ)f,−∇
2S′0(λ)f

)

+T1(λ)
(
0,0,−K′(λfd),−∇K

′(λ1/2fd),−∇
2K′fd

)
+T1(λ)(f,∇fd).

T(λ),I2(λ),I
∗
2(λ),andI

∗
3J(λ)satisfytherequiredpropertiesinTheorem2.6.1by

(2.6.21),(2.6.22),Lemma2.2.5,andLemma1.2.3.
FinallyweconstructtheoperatorSj(λ). Forthepurpose,weconsiderthe

horizontalvelocitiesvj(j=1,...,N−1)definedas(2.4.20).Set

pℓ(ξ
′,λ)=(−1)ℓ+1

e−Bdℓ(δ)

1+e−2Bδ
. qℓ(ξ

′,λ)=
e−Bdℓ(0)

1+e−2Bδ
.
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Thenwehavethefollowinglemma.

Lemma2.6.4.Let0<ε<π/2andγ0>0.Then,forℓ=1,2,wehave

pℓ(ξ
′,λ),qℓ(ξ

′,λ)∈M0,1,ε,γ0.

Proof.Sinceitholdsthatforanymulti-indexα∈NN−10 andm=0,1

Dα
′

ξ′
{
(τ∂τ)

m(1+e−2Bδ)−1
}
≤C(α′,ε,µ,γ0,δ)(|λ|

1/2+A)−|α
′|

withsomepositiveconstantC(α′,ε,µ,γ0,δ),weseethat(1+e
−2Bδ)−1belongs

toM0,1,ε,γ0. Bythisfact,Lemma1.2.5,andLemma1.2.6,pℓ(ξ
′,λ)andqℓ(ξ

′,λ)
belongtoM0,1,ε,γ0forℓ=1,2.

By(2.6.2)and(2.6.4)withX=B,w1jandw
2
j(j=1,...,N−1),definedas

(2.4.20),aregivenby

w1j(x)=
2∑

ℓ=1

∫δ

0

F−1ξ′[φ
′
δ

λ−1/2pℓ(ξ
′,λ)

B
e−B(dℓ(xN)+d1(yN))λ1/2h1j(yN)](x

′)dyN

+
2∑

ℓ=1

∫δ

0

F−1ξ′[φδ
λ1/2pℓ(ξ

′,λ)

µB2
e−B(dℓ(xN)+d1(yN))λ1/2h1j(yN)](x

′)dyN

−
N−1∑

k=1

2∑

ℓ=1

∫δ

0

F−1ξ′[φδ
iξkpℓ(ξ

′,λ)

B2
e−B(dℓ(xN)+d1(yN))Dkh1j(yN)](x

′)dyN

+

2∑

ℓ=1

∫δ

0

F−1ξ′[φδ
pℓ(ξ

′,λ)

B
e−B(dℓ(xN)+d1(yN))DNh1j(ξ

′,yN)](x
′)dyN,

w2j(x)=−

2∑

ℓ=1

∫δ

0

F−1ξ′[φ
′
0

qℓ(ξ
′,λ)

µB2
e−B(dℓ(xN)+d2(yN))λh2j(yN)](x

′)dyN

+
2∑

ℓ=1

∫δ

0

F−1ξ′[φ
′
0

qℓ(ξ
′,λ)

B2
e−B(dℓ(xN)+d2(yN))∆′h2j(yN)](x

′)dyN

+
2∑

ℓ=1

∫δ

0

F−1ξ′[φ0
qℓ(ξ

′,λ)

µB
e−B(dℓ(xN)+d2(yN))λh2j(yN)](x

′)dyN

−
2∑

ℓ=1

∫δ

0

F−1ξ′[φ0
qℓ(ξ

′,λ)

B
e−B(dℓ(xN)+d2(yN))∆′h2j(yN)](x

′)dyN

−
2∑

ℓ=1

∫δ

0

F−1ξ′[φ0
λ1/2qℓ(ξ

′,λ)

µB2
e−B(dℓ(xN)+d2(yN))Fx′[λ

1/2DNh
2
j](ξ

′,yN)](x
′)dyN

+

N−1∑

k=1

2∑

ℓ=1

∫δ

0

F−1ξ′[φ0
iξkqℓ(ξ

′,λ)

B2
e−B(dℓ(xN)+d2(yN))Fx′[DkDNh

2
j](ξ

′,yN)](x
′)dyN

forj=1,...,N−1,wherewehaveused(2.6.6). Wedefinethesolutionoperators
asfollows:

S2(λ)(λ
1/2h1j,∇h

1
j)=w

1
j(x), S3(λ)(λh

2
j,λ

1/2∇h2j,∇
2h2j)=w

2
j(x).
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Sincetherehold,byLemma1.2.5,Lemma1.2.6,andLemma2.6.4,

λ−1/2pℓ(ξ
′,λ)

B
,
λ1/2pℓ(ξ

′,λ)

B2
,
iξkpℓ(ξ

′,λ)

B2
,
pℓ(ξ

′,λ)

B
,

qℓ(ξ
′,λ)

B2
,
qℓ(ξ

′,λ)

B
,
λ1/2qℓ(ξ

′,λ)

B2
,
iξkqℓ(ξ

′,λ)

B2

belongtoM−1,1,ε,γ0,weobtain,byLemma2.5.2,

RL(Lq(Ω))({(τ∂τ)
ℓ(λSm(λ))|λ=γ+iτ∈Σε,γ0})≤C,(2.6.23)

RL(Lq(Ω))({(τ∂τ)
ℓ(γSm(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(λ1/2∇Sm(λ))|λ=γ+iτ∈Σε,γ0})≤C,

RL(Lq(Ω))({(τ∂τ)
ℓ(∇2Sm(λ))|λ=γ+iτ∈Σε,γ0})≤C

forℓ=0,1andm=1,2withsomepositiveconstantC=C(N,q,ε,µ,γ0,δ).Then
vj(x)isgivenby

vj=−H(λ)E0Djπ+S2(λ)(λ
1/2h1j,∇h

1
j)+S3(λ)(λh

2
j,λ

1/2∇h2j,∇
2h2j).

Therefore,setting

uj=S0j(λ)f−H(λ)E0Djπ+S2(λ)(λ
1/2h1j,∇h

1
j)+S3(λ)(λh

2
j,λ

1/2∇h2j,∇
2h2j),

weseethat,forj=1,...,N−1,ujisthej-thcomponentofthevelocityuto
theequation(2.4.1),andtheoperatorSj(λ)inTheorem2.6.1isgivenbytheright
handsideintheabovesettingthroughtherelations:(2.4.19),(2.6.14),and(2.6.20).
NotethatSj(λ)satisfiestherequiredpropertiesinTheorem2.6.1byLemma2.2.4,
Lemma2.2.5,Lemma1.2.3,(2.6.15),(2.6.21),and(2.6.23). Thiscompletesthe
proofofTheorem2.6.1.

2.7.Initialconditionanduniqueness

Let(U,Θ)beasolutionsatisfyingtheestimates(2.2.2)and(2.2.3)toequations
(2.2.1).Inthissection,weprovethatthesolution(U,Θ)vanishesfort<0ifF,Fd,
andGvanishfort<0,andalsoweshowtheuniquenessofsolutionstoequations
(2.2.1). Wefirsthavethefollowinglemma.

Lemma2.7.1.Let1<q<∞ andq′beitsdualexponent.Letu∈W2q(Ω)
N,

v∈W2q′(Ω)
N,θ∈W1q(Ω),andπ∈W

1
q′(Ω).Then,fortheunitouternormalνto

Γδ∪Γ0,wehavetheformula:

(u,DivS(v,π))Ω=(DivS(u,θ),v)Ω

+(u,S(v,π)ν)Γδ∪Γ0−(S(u,θ)ν,v)Γδ∪Γ0+(divu,π)Ω−(θ,divv)Ω.

2.7.1.Initialcondition.Wefirstconsiderthecasewhere Fd=0andG=0
in(2.2.1).Inthiscase,by(2.2.3)thereholds

γ∥U∥Lp((−∞,0),Lq(Ω))≤γ∥e
−γtU∥Lp((−∞,0),Lq(Ω))≤γ∥e

−γtU∥Lp(R,Lq(Ω))

≤C∥e−γtF∥Lp(R,Lq(Ω))=C∥e
−γtF∥Lp((0,∞),Lq(Ω))

≤C∥e−γ0tF∥Lp((0,∞),Lq(Ω))

withapositiveconstantC=C(N,p,q,γ0,µ,δ),sothat

∥U∥Lp((−∞,0),Lq(Ω))≤γ
−1C∥e−γ0tF∥Lp((0,∞),Lq(Ω))
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holdsforanyγ≥γ0.Inthelastinequality,takingthelimit:γ→ ∞,weobtain
U=0(t<0),whichfurnishesthatU|t=0 =0.Inaddition,∇Θ(t)=0(t<0)
bythefirstequationof(2.2.1),sothatΘ(t)dependsonlyontimevariabletwhen
t<0.Butnow,Θ(t)|Γδ=0(t<0)bytheboundaryconditiononΓδ,whichmeans
thatΘ(t)=0fort<0. ThiscompletestheproofofthecasewhereFd=0and
G=0in(2.2.1).
NextweconsiderthecasewhereFd≠0orG≠0in(2.2.1).LetΦ∈C

∞
0(Ω×

(−∞,0))N andsetΨ(x,t)=Φ(x,−t).SinceΨ∈Lp′,γ0,0(R,Lq′(Ω))
N,aswasseen

inthecasewhereFd=0andG=0,thereexistsasolution(V,Π),whichsatisfies
V∈(Lp′,γ0,0(R,W

2
q′(Ω))∩W

1
p′,γ0,0

(R,Lq′(Ω)))
N andΠ∈Lp′,γ0,0(R,W

1
q′(Ω))with

1/p=1/p′=1and1/q+1/q′=1,totheequations:





∂tV−DivS(V,Π)=Ψ,divV=0 in Ω×R,

S(V,Π)eN =0 on Γδ×R,

V=0 on Γ0×R.

SettingW(x,t)=V(x,−t)andP(x,t)=Π(x,−t),weseethat(W,P)satisfies

(2.7.1)






∂tW +DivS(W,P)=−Φ divW =0 in Ω×R,

S(W,P)eN =0 on Γδ×R,

W =0 on Γ0×R,

andtheconditions:W(t)=0andP(t)=0fort>0.By(2.7.1),integrationby
partsandLemma2.7.1,

(U,Φ)Ω×(−∞,0)=−(U,∂tW)Ω×(−∞,0)−(U,DivS(W,P))Ω×(−∞,0)

=(∂tU,W)Ω×(−∞,0)−(DivS(U,Θ),W)Ω×(−∞,0)=(F,W)Ω×(−∞,0)=0

becauseF(t)=0whent<0,whichfurnishesthatU(t)=0(t<0). Wealsohave
Θ(t)=0(t<0)inthesamemannerasinthecasewhereFd=0andG=0.

2.7.2. Uniqueness.Weprovetheuniquenessofsolutionstoequations(2.2.1).
Supposethat

U∈(W1p,loc,0(R,Lq(Ω))∩Lp,loc,0(R,W
2
q(Ω)))

N,Θ∈Lp,loc,0(R,W
1
q(Ω))

satisfythefollowinghomogeneousequations:

(2.7.2)






∂tU−DivS(U,Θ)=0, divU=0 inΩ×R,

S(U,Θ)eN =0 onΓδ×R,

U=0 onΓ0×R.

LetΦbeanyfunctioninC∞0(Ω×R)
N,andletT0andT1bepositiveconstants

satisfyingthecondition:suppΦ⊂Ω×(−T0,T1).SettingΦT1(x,t)=Φ(x,T1−t),
weseethatsuppΦT1⊂Ω×(0,T0+T1).SinceΦT1∈Lp′,γ0,0(R,Lq′(Ω))

N,there
existV∈(W1p′γ0,0(R,Lq′(Ω))∩Lp′,γ0,0(R,W

2
q′(Ω)))

N andΠ∈Lp′,γ0,0(R,W
1
q′(Ω)),

where1/p+1/p′=1and1/q+1/q′=1,satisfyingtheequations:





∂tV−DivS(V,Π)=ΦT1, divV=0 inΩ×R,

S(V,Π)eN =0 onΓδ×R,

V=0 onΓ0×R.
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SetW(x,t)=V(x,T1−t)andP(x,t)=Π(x,T1−t).Then(W,P)satisfies

{∂tW +DivS(W,P)}(x,t)=−{∂tW −DivS(W,P)}(x,T1−t)

=−ΦT1(x,T1−t)=−Φ(x,t),

andW(t)=0andP(t)=0fort>T1. Thus,usingintegrationbypartsand
Lemma2.7.1,weobtain

0=(∂tU−DivS(U,Θ),W)Ω×R=−(U,∂tW +DivS(W,P))Ω×R=(U,Φ)Ω×R,

whichfurnishesthatthatU =0. Employingthesameargumentationasinthe
proofoftheinitialcondition,wealsohaveΘ=0. Thiscompletestheproofof
Theorem2.2.1.





Part2

One-phaseflowsofNewtonian
fluids: Halfspacetype





CHAPTER3

Lq-LrestimatesofStokessemigroupswithsurface

tensionandgravityinRN+

3.1. Mainresults

Inthischapter,weshowLq-LrestimatesoftheStokessemigroupsassociated
withthefollowingStokesequationsinRN+ (N≥2):

(3.1.1)






∂tu−DivS(u,θ)=0 inR
N
+,t>0,

divu=0 inRN+,t>0,

∂th−u·n=0 onR
N
0,t>0,

S(u,θ)n+(cg−cσ∆
′)hn=0 onRN0,t>0,

u|t=0=f inRN+,

h|t=0=g onRN−1,

wherecg>0denotesthegravitationalacceleration,cσ>0thesurfacetension
coefficient,andn=(0,...,0,−1)TtheunitouternormalfieldonRN0.Inaddition,
thestresstensorS(u,θ)isgivenby

S(u,θ)=−θI+D(u), D(u)=∇u+(∇u)T.

Wefirstdefineasuitablesolenoidalspace Jq(R
N
+)toconstructtheStokes

semigroup.Tothisend,weset,for1<q<∞,

W1q,0(R
N
+)={θ∈W

1
q(R

N
+)|θ=0onR

N
0},

W1q,0(R
N
+)={θ∈W

1
q(R

N
+)|θ=0onR

N
0}.

Aswasseenin[Shi13,TheoremA.3],W1q,0(R
N
+)isdenseinW

1
q,0(R

N
+)withthe

gradientnorm∥∇·∥Lq(RN+).ThesolenoidalspaceJq(R
N
+)isthendefinedas

Jq(R
N
+)=

{
u∈Lq(R

N
+)
N |(u,∇φ)RN+ =0foranyφ∈W

1
q′,0(R

N
+)
}
,

where1/q+1/q′=1,andalsoweset

Xq=Jq(R
N
+)×W

2−1/q
q (RN−1),(3.1.2)

X0q=Lq(R
N
+)×Lq(R

N−1),

Xiq=Lq(R
N
+)×W

i−1/q
q (RN−1) (i=1,2).

Nowwehavethefollowingtheorem.

Theorem3.1.1.Let1<q<∞.Then,foreveryt>0,thereexistoperators

S(t)∈L(X2q,W
2
q(R

N
+)
N),Π(t)∈L(X2q,W

1
q(R

N
+)),T(t)∈L(X

2
q,W

3−1/q
q (RN−1))

63
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suchthatforF=(f,g)∈Xq

S(·)F∈C1((0,∞),Jq(R
N
+))∩C

0((0,∞),W2q(R
N
+)
N),

Π(·)F∈C0((0,∞),W1q(R
N
+)),

T(·)F∈C1((0,∞),W2−1/qq (RN−1))∩C0((0,∞),W3−1/qq (RN−1)),

and(u,θ,h)=(S(t)F,Π(t)F,T(t)F)solvesuniquely(3.1.1)with

lim
t→0
∥(u(t),h(t))−(f,g)∥Xq=0.

Remark3.1.2.Ifweconsidertheoperator

S(t):Xq∋F→(S(t)F,T(t)F)∈Xq,

then{S(t)}t≥0istherequiredStokessemigroups(seeSection3.3forthedetail).

HereweextendT(t)FtoE(T(t)F),definedonRN+,by

(3.1.3) E(T(t)F)=F−1ξ′[e
−AxNT(t)F(ξ′)](x′),E:W1−1/qq (RN−1)→W1q(R

N
+),

whichistheso-calledharmonicextension. TheLq-Lrestimatesoftheoperators
S(t),Π(t),T(t),andET(t)thenareshowedinthefollowingtheorem.

Theorem3.1.3.Let1<p<∞ andF=(f,g)∈X2p. Moreover,letS(t),Π(t),
andT(t)begivenbyTheorem3.1.1.Thentheyaredecomposedasfollows:

S(t)F=S0(t)F+S∞(t)F+R(t)f,(3.1.4)

Π(t)F=Π0(t)F+Π∞(t)F+P(t)f,

T(t)F=T0(t)F+T∞(t)F,

andalsotherightmemberssatisfythefollowingestimates.

(1)Let1≤r≤2≤q≤∞,k=1,2,andl=0,1,2,andset

m(r,q)=
N−1

2

(
1

r
−
1

q

)

+
1

2

(
1

2
−
1

q

)

,

n(r,q)=
N−1

2

(
1

r
−
1

q

)

+min

{
1

2

(
1

r
−
1

q

)

,
1

8

(

2−
1

q

)}

.

Inaddition,letF∈X0r.ThenthereexistsapositiveconstantC=C(N,q,r)
suchthatfort≥1

∥(∂tS0(t)F,∇Π0(t)F)∥Lq(RN+)≤C(t+1)
−m(q,r)−14∥F∥X0r,

∥(S0(t)F,∂tE(T0(t)F))∥Lq(RN+)≤C(t+1)
−m(q,r)∥F∥X0r ((q,r)̸=(2,2)),

∥∇kS0(t)F∥Lq(RN+)≤C(t+1)
−n(q,r)−k8∥F∥X0r,

∥∇k∂tE(T0(t)F)∥Lq(RN+)≤C(t+1)
−m(q,r)−k2∥F∥X0r,

∥∇1+lE(T0(t)F)∥Lq(RN+)≤C(t+1)
−m(q,r)−14−

l
2∥F∥X0r,

∥T0(t)F∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)∥F∥X0r (r̸=2).

Ontheotherhand,let0<t≤1,andthen

∥(∂tS0(t)F,∇Π0(t)F)∥Lq(RN+)+∥(∇S0(t)F,∇∂tE(T0(t)F))∥W 1
q(R

N
+)

+∥∇E(T0(t)F)∥W 2
q(R

N
+)
≤Ct−α∥F∥X0r,
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∥(S0(t)F,∂tE(T0(t)F))∥Lq(RN+)≤Ct
−α∥F∥X0r ((q,r)̸=(2,2)),

∥T0(t)F∥Lq(RN−1)≤Ct
−α∥F∥X0r (r̸=2)

foranyα>0withapositiveconstantC=C(N,q,r,α).
(2)Letα>0.ThenthereexistpositiveconstantsδandC=C(N,p,α)suchthat
foranyt>0

∥S∞(t)F∥W 1
p(R

N
+)
+∥E(T∞(t)F)∥W 2

p(R
N
+)
+∥∂tE(T∞(t)F)∥Lp(RN+)

≤Ct−αe−δt∥F∥X2p,

∥(∂tS∞(t)F,∇∂tE(T∞(t)F))∥Lp(RN+)≤Ct
−1/2e−δt∥F∥X2p,

∥(∇2S∞(t)F,∇Π∞(t)F,∇
3E(T∞(t)F),∇

2∂tE(T∞(t)F))∥Lp(RN+)

≤Ct−1e−δt∥F∥X2p.

Itespeciallyholdsthat

∥T∞(t)F∥Lp(RN−1)≤Ct
−αe−δt∥F∥X2p (t>0)

withsomepositiveconstantC=C(N,p,α).
(3)ThereexistsapositiveconstantC=C(N,p)suchthatforeveryt>0and
l=0,1,2

∥(∂tR(t)f,∇P(t)f)∥Lp(RN+)≤Ct
−1∥f∥Lp(RN+),

∥∇lR(t)f∥Lp(RN+)≤Ct
−l/2∥f∥Lp(RN+).

Theoriginalpaperofthischapteris[SS15],andalsothischapterisorganizedas
follows:Inthenextsection,weconsidersomeresolventproblemarisingfrom(3.1.1)
withcg=cσ=0,andthenweshowresolventestimatesandspecialrepresentation
formulasofthesolution.InSection3.3,weshowTheorem3.1.1byusingthe
standardtheoryofanalyticsemigroups.InSection3.4,wegivethedecompositions
(3.1.4)ofS(t)F,Π(t)F,andT(t)F.InSection3.5,weprovepointwiseestimates
withrespecttotimetforthelowfrequencypartsofS(t)F,Π(t)F,T(t)F,and
E(T(t)F),thatis,weproveTheorem3.1.3(1).Finally,Section3.6showsTheorem
3.1.3(2).

3.2. Preliminaries

Inthissection,weconsidertheresolventproblem:

(3.2.1)

{
λw−DivS(w,p)=f, divw=0 inRN+,

S(w,p)n=0 onRN0

inordertoobtainthefollowinglemma.

Lemma3.2.1.Let0<ε<π/2and1<q<∞.Then,foreveryλ∈Σεand
f∈Lq(R

N
+)
N,equations(3.2.1)admitsauniquesolution(w,p)∈W2q(R

N
+)
N ×

W1q(R
N
+),andalsothesolution(w,p)satisfies

(3.2.2) ∥(λw,λ1/2∇w,∇2w,∇p)∥Lq(RN+)≤C(N,ε,q)∥f∥Lq(RN+)
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withapositiveconstantC(N,ε,q).Inaddition,theN-thcomponentwN(ξ
′,0,λ)

ofw(ξ′,0,λ)isgivenby

wN(ξ
′,0,λ)=

N−1∑

k=1

iξk(B−A)

D(A,B)

∫∞

0

e−ByNfk(ξ
′,yN)dyN(3.2.3)

+
A(B+A)

D(A,B)

∫∞

0

e−ByNfN(ξ
′,yN)dyN

−
N−1∑

k=1

iξk(B
2+A2)

D(A,B)

∫∞

0

M(yN)fk(ξ
′,yN)dyN

−
A(B2+A2)

D(A,B)

∫∞

0

M(yN)fN(ξ
′,yN)dyN

=
N−1∑

k=1

iξk(B−A)

D(A,B)

∫∞

0

e−AyNfk(ξ
′,yN)dyN(3.2.4)

+
A(B+A)

D(A,B)

∫∞

0

e−AyNfN(ξ
′,yN)dyN

−
N−1∑

k=1

2iξkAB

D(A,B)

∫∞

0

M(yN)fk(ξ
′,yN)dyN

−
2A3

D(A,B)

∫∞

0

M(yN)fN(ξ
′,yN)dyN,

whereA,B,D(A,B),andM(yN)aredefinedas(1.2.1)withµ=1and(1.2.2).

Proof.Thelemmawasprovedby[SS03,Theorem4.1]exceptfor(3.2.3)and
(3.2.4)essentially,butwehereprovetheestimate(3.2.2)againbyanotherapproach
forthesakeofChapter4.Letj=1,...,N−1andJ=1,...,Nbelow.
Forgivenfunctionsg(x)definedonRN+,wesettheirevenextensionsg

e(x)and
oddextensionsgo(x)asfollows:

(3.2.5) ge(x)=

{
g(x′,xN) inRN+,

g(x′,−xN) inR
N
−,

go(x)=

{
g(x′,xN) inRN+,

−g(x′,−xN) inR
N
−.

Inaddition,fortherightmemberf=(f1,...,fN)
Tof(3.2.1),weset

(3.2.6) Ef=(fo1,...,f
o
N−1,f

e
N)
T,

andlet(w1,p1)bethesolutiontotheresolventequationsinRN:

(3.2.7) λw1−DivS(w1,p1)=Ef, divw1=0 inRN.

Let(Ef)JbetheJ-thcomponentofEf,andthenwehavethefollowingsolution
formulas(cf.[SS12,Section3]):

w1J(x,λ)=F
−1
ξ

[
(Ef)J(ξ)

λ+|ξ|2

]

(x)−
N∑

K=1

F−1ξ

[
ξJξK(Ef)K(ξ)

|ξ|2(λ+|ξ|2)

]

(x).(3.2.8)

p1(x,λ)=−F−1ξ

[
iξ

|ξ|2
·Ef(ξ)

]

(x).
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ByFouriermultipliertheoremofḦormander-Mikhlintype,weobtain

∥(λw1,λ1/2∇w1,∇2w1,∇p1)∥Lq(RN+)(3.2.9)

≤∥(λw1,λ1/2∇w1,∇2w1,∇p1)∥Lq(RN)≤C∥Ef∥Lq(RN)≤C∥f∥Lq(RN+)

withsomepositiveconstantC=C(N,q,ε).Aswasseenin[SS03,Section4],we
havethefactthatbythedefinitionoftheextensionEf

(3.2.10) DNw
1
N(x

′,0,λ)=0, p1(x′,0,λ)=0.

Inaddition,sincetherehold

F[foj](ξ)=

∫∞

0

(e−iyNξN −eiyNξN)fj(ξ
′,yN)dyN,

F[feN](ξ)=

∫∞

0

(e−iyNξN +eiyNξN)fN(ξ
′,yN)dyN,

applyingthepartialFouriertransformandLemma1.2.7to(3.2.8)yieldsthat

w1N(ξ
′,0,λ)=

N−1∑

k=1

iξk
λ

∫∞

0

(e−AyN −e−ByN)fk(ξ
′,yN)dyN

+

∫∞

0

e−ByN

B
fN(ξ

′,yN)dyN

+
1

λ

∫∞

0

(Ae−AyN −Be−ByN)fN(ξ
′,yN)dyN

DNw1j(ξ
′,0,λ)=−

N−1∑

k=1

ξjξk
λ

∫∞

0

(e−AyN −e−ByN)fk(ξ
′,yN)dyN

+

∫∞

0

e−ByNfj(ξ
′,yN)dyN

+
iξj
λ

∫∞

0

(Ae−AyN −Be−ByN)fN(ξ
′,yN)dyN.

Wethusseethatby λ=B2−A2ande−ByN −e−AyN =(B−A)M(yN)

w1N(ξ
′,0,λ)=

A

B(B+A)

∫∞

0

e−BxNfN(ξ
′,yN)dyN(3.2.11)

−

N−1∑

k=1

iξk
B+A

∫∞

0

M(yN)fk(ξ
′,yN)dyN

−
A

B+A

∫∞

0

M(yN)fN(ξ
′,yN)dyN,

DNw1j(ξ
′,0,λ)=

∫∞

0

e−ByNfj(ξ
′,yN)dyN

−
iξj
B+A

∫∞

0

e−ByNfN(ξ
′,yN)dyN

+
N−1∑

k=1

ξjξk
B+A

∫∞

0

M(yN)fk(ξ
′,yN)dyN
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−
iξjA

B+A

∫∞

0

M(yN)fN(ξ
′,yN)dyN.

Nextweconsiderthefollowingequations:

(3.2.12)






λw2−DivS(w2,p2)=0, divw2=0 inRN+,

Djw
2
N+DNw

2
j=−gj onRN0,

−p2+2DNw
2
N =0 onRN0

withgj=Djw
1
N+DNw

1
j,whichareobtainedasfollows:Firstwesetw=w

1+w2

andp=p1+p2in(3.2.1).Secondweuse(3.2.10)forthethirdline.
Wethenobtaintheformulas(cf.[SS12,Section4]):

w2J(x,λ)=F
−1
ξ′[w

2
J(ξ

′,xN,λ)](x
′),p2(x,λ)=F−1ξ′[p

2(ξ′,xN,λ)](x
′),(3.2.13)

w2j(ξ
′,xN,λ)=

(
iξj(3B−A)

BD(A,B)
e−BxN −

2iξjB

D(A,B)
M(xN)

)N−1∑

k=1

iξkgk(ξ
′,0,λ)

+
1

B
e−BxNgj(ξ

′,0,λ),

w2N(ξ
′,xN,λ)=

(
B−A

D(A,B)
e−BxN +

2AB

D(A,B)
M(xN)

)N−1∑

j=1

iξkgk(ξ
′,0,λ).

p2(ξ′,xN,λ)=−
2B(B+A)

D(A,B)
e−AxN

N−1∑

k=1

iξkgk(ξ
′,0,λ).

Itholdsthatby(3.2.11)

gk(ξ
′,0,λ)=iξkw

1
N(ξ

′,0,λ)+DNw1k(ξ
′,0,λ)

=
N−1∑

l=1

2ξkξl
B+A

∫∞

0

M(yN)fl(ξ
′,yN)dyN

−
2iξkA

B+A

∫∞

0

M(yN)fN(ξ
′,yN)dyN

−
iξk(B−A)

B(B+A)

∫∞

0

e−ByNfN(ξ
′,yN)dyN+

∫∞

0

e−ByNfk(ξ
′,yN)dyN,

which,insertedinto(3.2.13),furnishesthat

w2j(x,λ)

(3.2.14)

=
N−1∑

k=1

∫∞

0

F−1ξ′

[
2ξjξkB

A(B+A)D(A,B)
A3M(xN)M(yN)fk(ξ

′,yN)

]

(x′)dyN

−

∫∞

0

F−1ξ′

[
4iξjB

(B+A)D(A,B)
A3M(xN)M(yN)fN(ξ

′,yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
2ξjξkB

A2D(A,B)
A2M(xN)e

−ByNfk(ξ
′,yN)

]

(x′)dyN
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−

∫∞

0

F−1ξ′

[
2iξj(B−A)

(B+A)D(A,B)
A2M(xN)e

−ByNfN(ξ
′,yN)

]

(x′)dyN

−
N−1∑

k=1

∫∞

0

F−1ξ′

[
ξjξk(3B−A)

B(B+A)D(A,B)
A2e−BxNM(yN)fk(ξ

′,yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
2iξjA(3B−A)

B(B+A)D(A,B)
A2e−BxNM(yN)fN(ξ

′,yN)

]

(x′)dyN

−

N−1∑

k=1

∫∞

0

F−1ξ′

[
ξjξk(3B−A)

ABD(A,B)
Ae−B(xN+yN)fk(ξ

′,yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
iξjA(3B−A)(B−A)

B2(B+A)D(A,B)
Ae−B(xN+yN)fN(ξ

′,yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
ξjξk

A2B(B+A)
A2e−BxNM(yN)fk(ξ

′,yN)

]

(x′)dyN

−

∫∞

0

F−1ξ′

[
2iξj

AB(B+A)
A2e−BxNM(yN)fN(ξ

′,yN)

]

(x′)dyN

−

∫∞

0

F−1ξ′

[
iξj(B−A)

AB2(B+A)
Ae−B(xN+yN)fN(ξ

′,yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
1

B
e−B(xN+yN)fj(ξ

′,yN)

]

(x′)dyN,

w2N(x,λ)

=
N−1∑

k=1

∫∞

0

F−1ξ′

[
4iξkB

(B+A)D(A,B)
A3M(xN)M(yN)fk(ξ

′,yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
4AB

(B+A)D(A,B)
A3M(xN)M(yN)fN(ξ

′,yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
2iξkB

AD(A,B)
A2M(xN)e

−ByNfk(ξ
′,yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
2A(B−A)

(B+A)D(A,B)
A2M(xN)e

−ByNfN(ξ
′,yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
2iξk(B−A)

(B+A)D(A,B)
A2e−BxNM(yN)fk(ξ

′,yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
2A(B−A)

(B+A)D(A,B)
A2e−BxNM(yN)fN(ξ

′,yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
iξk(B−A)

AD(A,B)
Ae−B(xN+yN)fk(ξ

′,yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
A(B−A)2

B(B+A)D(A,B)
Ae−B(xN+yN)fN(ξ

′,yN)

]

(x′)dyN,
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p2(x,λ)

=−

N−1∑

k=1

∫∞

0

F−1ξ′

[
4iξkB

D(A,B)
A2e−AxNM(yN)fk(ξ

′,yN)

]

(x′)dyN

−

∫∞

0

F−1ξ′

[
4AB

D(A,B)
A2e−AxNM(yN)fN(ξ

′,yN)

]

(x′)dyN

−
N−1∑

k=1

∫∞

0

F−1ξ′

[
2iξkB(B+A)

AD(A,B)
Ae−AxNe−ByNfk(ξ

′,yN)

]

(x′)dyN

−

∫∞

0

F−1ξ′

[
2A(B−A)

D(A,B)
Ae−AxNe−ByNfN(ξ

′,yN)

]

(x′)dyN.

SinceitholdsthatbyLemma1.2.5and1.2.6

1

D(A,B)

(
2ξjξkB

A(B+A)
,
4iξjB

B+A
,
2ξjξkB

A2
,
2iξj(B−A)

B+A
,
ξjξk(3B−A)

B(B+A)
,

2iξjA(3B−A)

B(B+A)
,
ξjξk(3B−A)

AB
,
iξjA(3B−A)(B−A)

B2(B+A)
,
4iξkB

B+A
,
4AB

B+A
,

2iξkB

A
,
2A(B−A)

B+A
,
2iξk(B−A)

B+A
,
2A(B−A)

B+A
,
iξk(B−A)

A
,
A(B−A)2

B(B+A)

)

belongtoM−2,2,ε,0forj,k=1,...,N−1,andbesides,

ξjξk
A2B(B+A)

,
2iξj

AB(B+A)
,
iξj(B−A)

AB2(B+A)
∈M−2,2,ε,0,

1

B
∈M−1,1,ε,0,

4iξkB

D(A,B)
,
4AB

D(A,B)
,
2iξkB(B+A)

AD(A,B)
,
2A(B−A)

D(A,B)
∈M−1,2,ε,γ0,

weobtain,byapplyingCorollaryB.3(2)totheformulas(3.2.14),

(3.2.15) ∥(λw2,λ1/2∇w2,∇2w2,∇p2)∥Lq(RN+)≤C(N,q,ε)∥f∥Lq(RN+)

foranyλ∈ΣεwithapositiveconstantC(N,q,ε).Combining(3.2.9)with(3.2.15)
furnishestheestimate(3.2.2).
Ontheotherhand,settingxN =0in(3.2.14),wehave

w2N(ξ
′,0,λ)=

N−1∑

k=1

iξk(B−A)

D(A,B)

∫∞

0

e−ByNfk(ξ
′,yN)dyN

+
A2(B−A)2

B(B+A)D(A,B)

∫∞

0

e−ByNfN(ξ
′,yN)dyN

+
N−1∑

k=1

2iξkA
2(B−A)

(B+A)D(A,B)

∫∞

0

M(yN)fk(ξ
′,yN)dyN

+
2A3(B−A)

(B+A)D(A,B)

∫∞

0

M(yN)fN(ξ
′,yN)dyN,

which,combinedwith(3.2.11),furnishes(3.2.3)sincewN(ξ
′,0,λ)=w1N(ξ

′,0,λ)+
w2N(ξ

′,0,λ). Wefinallyobtain(3.2.4)byusingtherelation:e−ByN =e−AyN +
(B−A)M(yN)in(3.2.3).Thiscompletestheproofofthelemma.

Wedevotethelastpartofthissectiontointroducethefollowingfundamental
lemmas.
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Lemma3.2.2.Letsi≥0(i=1,2,3,4).Thenthereexistsapositiveconstant
C=C(s1,s2,s3,s4)suchthatforeverya>0,τ>0,andZ>0

e−s1Z
2τZs2e−s3Z

(s4)a≤C(τs2/2+as2/s4)−1.

Lemma3.2.3.Let1≤q,r≤∞,a>0,b1>0,andb2>0.

(1)Setg(xN,τ)={τ
a+(xN)

b1}−1forxN >0andτ>0. Thenthereexistsa
positiveconstantC(q,a,b1)suchthatforeveryτ>0

∥g(τ)∥Lq(0,∞)≤C(q,a,b1)τ
−a
(
1− 1

b1q

)

,

providedthatb1q>1.
(2)Letf∈Lr(0,∞),andalsoweset,forxN >0andτ>0,

g(xN,τ)=

∫∞

0

f(yN)

τa+(xN)b1+(yN)b2
dyN.

ThenthereexistsapositiveconstantC=C(q,r,a,b1,b2)suchthatforevery
τ>0

∥g(τ)∥Lq(0,∞)≤Cτ
−a
(
1− 1

b1q
− 1
b2
+ 1
b2r

)

∥f∥Lr(0,∞),

providedthatforr′=r/(r−1)

b1q>1, b2

(

1−
1

b1q

)

r′>1.

3.3. GenerationoftheStokessemigroup

Inthissection,weproveTheorem3.1.1bythetheoryofanalyticsemigroups.
Westartwiththeresolventproblem:

(3.3.1)






λu−DivS(u,θ)=f inRN+,

divu=0 inRN+,

λh−u·n=g onRN0,

S(u,θ)n+(cg−cσ∆
′)hn=0 onRN0.

Thefollowinglemmawasprovedby[SS09,Theorem1.1].

Lemma3.3.1.Let0<ε<π/2and1<q<∞.Thenthereexistsapositive
numberλ0=λ0(ε)≥1suchthatequations(3.3.1)admitsauniquesolution

(u,θ,h)∈W2q(R
N
+)
N×W1q(R

N
+)×W

3−1/q
q (RN−1)

foreveryλ∈Σε,λ0,f∈Lq(R
N
+)
N,andg∈W

2−1/q
q (RN−1).Inaddition,the

solution(u,θ,h)satisfies

∥(λu,λ1/2∇u,∇2u,∇θ)∥Lq(RN+)+∥(λh,∇
′h)∥

W
2−1/q
q (RN−1)

≤C(N,q,ε,λ0)
(
∥f∥Lq(RN+)+∥g∥W 2−1/q

q (RN−1)

)

foranyλ∈Σε,λ0withsomepositiveconstantC(N,q,ε,λ0).

Thefollowingpropositionisusedtoeliminatethepressureθfrom(3.3.1).
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Proposition3.3.2.Let1<q<∞ andq′=q/(q−1).Then,foreveryf∈

Lq(R
N
+)
N,thereexistsauniqueθ∈W1q,0(R

N
+)satisfyingthevariationalequation:

(3.3.2) (∇θ,∇φ)RN+ =(f,∇φ)RN+ foranyφ∈W1q′,0(R
N
+),

andfurthermore,thereholdstheestimate:∥∇θ∥Lq(RN+)≤C∥f∥Lq(RN+)withsome

positiveconstantCindependentoff,θandφ.

Proof.SinceC∞0(R
N
+)isdenseinLq(R

N
+),itsufficestoshowtheexistenceof

asolutionθ∈W1q,0(R
N
+)to(3.3.2)withf∈C

∞
0(R

N
+)
N.Letgo(x)andge(x)bethe

oddandevenextensionsdefinedas(3.2.5),andputF=(fo1,...,f
o
N−1,f

e
N)
T.Then,

settingθ(x)=F−1ξ [|ξ|
−2F[divF](ξ)](x),weeasilyseethatbydivF=(divf)oand

Lemma1.2.7

∆θ=divf inRN+, θ|RN0 =0,

andbesides,FouriermultipliertheoremofḦormander-Mikhlintypeyieldsthat

∥∇θ∥Lq(RN+)≤∥∇θ∥Lq(RN)≤C∥F∥Lq(RN)≤C∥f∥Lq(RN+)

withsomepositiveconstantC=C(N,q).Thesefactsimpliesthatθ∈W1q,0(R
N
+),

andthatθsatisfies(3.3.2).Finally,theuniquenessfollowsfromthetheexistence
ofasolutiontothedualproblemof(3.3.2),whichcompletestheproofofthe
proposition.

ByProposition3.3.2weseethatforf∈Lq(R
N
+)
N andg∈W

1−1/q
q (RN−1)

thereexistsauniquesolutionθ∈W1q,0(R
N
+)tothevariationalequation:

(3.3.3) (∇θ,∇φ)RN+ =(f−∇g,∇φ)RN+ foranyφ∈W1q′,0(R
N
+),

wheregisanextensionofgsatisfying∥g∥W 1
q(R

N
+)
≤C∥g∥

W
1−1/q
q (RN−1)

withsome

positiveconstantCindependentofgandg.Furthermore,thesolutionθsatisfies
∥∇θ∥Lq(RN+)≤C(N,q)(∥f∥Lq(RN+)+∥∇g∥Lq(RN+))forapositiveconstantC(N,q).

Thus,settingψ=θ+gin(3.3.3)furnishesthat

(∇ψ,∇φ)RN+ =(f,∇φ)RN+ foranyφ∈W
1
q′,0(R

N
+), ψ|RN0 =g,

and∥ψ∥Lq(RN+)≤C(N,q)
(
∥f∥Lq(RN+)+∥g∥W 1−1/q

q (RN−1)

)
.

Asmentionedabove,foru∈W2q(R
N
+)
N andh∈W

3−1/q
q (RN−1),wedefine

K(u)andK(h)asthesolutionsto

{
(∇K(u),∇φ)RN+ =(∆u,∇φ)RN+,

K(u)|RN0 =2DNuN|RN0,






(∇K(h),∇φ)RN+ =0,

K(h)|RN0 =(cg−cσ∆
′)h

foranyφ∈W1q′,0(R
N
+),respectively.HereK(u)andK(h)alsosatisfy

∥∇K(u)∥Lq(RN+)≤C∥u∥W 2
q(R

N
+)
,∥∇K(h)∥Lq(RN+)≤C∥h∥W 3−1/q

q (RN−1)

withsomepositiveconstantC=C(N,q).
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Nowweconsidertheequations:

(3.3.4)






λu−DivS(u,K(u)+K(h))=f inRN+,

λh−u·n=g onRN0,

S(u,K(u)+K(h))n+(cg−cσ∆
′)hn=0 onRN0

inthefunctionspaceXqdefinedas(3.1.2).Thefollowingpropositionthenholds.

Proposition3.3.3.Let0<ε<π/2and1<q<∞. Thenthereexists
apositivenumberλ0=λ0(ε)≥1suchthat(3.3.1)isequivalentto(3.3.4)for
everyλ∈Σε,λ0 and(f,g)∈Xq,whichmeansthatthefollowingassertionholds:

(u,θ,h)=(u,K(u)+K(h),h)isauniquesolutionof(3.3.1)if(u,h)∈W2q(R
N
+)
N×

W
3−1/q
q (RN−1)isauniquesolutionof(3.3.4),andconversely(u,h)isaunique
solutionof(3.3.4)providedthat

(u,θ,h)∈W2q(R
N
+)
N×W1q(R

N
+)×W

3−1/q
q (RN−1)

isauniquesolutionof(3.3.1).

Proof.Wefirstassumethat(u,h)∈W2q(R
N
+)
N×W

3−1/q
q (RN−1)isaunique

solutionof(3.3.4). Weshallcheckthedivergencefreecondition.Letφ∈W1q′,0(R
N
+)

withq′=q/(q−1),andthenbythefirstequationof(3.3.4)andthedefinitionsof

K(u)andK(h)

0=(f,∇φ)RN+ =(λu,∇φ)RN+ =−(λdivu,φ)RN+,

whichfurnishesthatdivu=0inRN+.Settingθ=K(u)+K(h),weeasilysee
that(u,θ,h)solves(3.3.1). ByLemma3.3.1theuniquenessof(3.3.1)holdsfor
λ∈Σε,λ0,whereλ0isthesamenumberasinthelemma.

Nextweshowtheoppositedirection.Let(u,θ,h)∈W2q(R
N
+)
N×W1q(R

N
+)×

W
3−1/q
q (RN−1)beauniquesolutionof(3.3.1). BythedefinitionsofK(u)and

K(h)

0=(f,∇φ)RN+ =(∇(θ−K(u)−K(h)),∇φ)RN+,0=(θ−K(u)−K(h))|RN0

foranyφ∈W1q′,0(R
N
+),sothatθ=K(u)+K(h)byProposition3.3.2.Therefore

(u,h)isasolutionof(3.3.4),andfurthermore,theuniquenessof(3.3.4)forλ∈Σε,λ0
followsfromtheuniquenessof(3.3.1).Thiscompletestheproof.

Inviewof(3.3.4),weheresettheoperatorAqas

AqU=(DivS(u,K(u)+K(h)),−u·n) forU=(u,h)∈D(Aq)

withdomainD(Aq)definedby

D(Aq)={(u,h)∈(W
2
q(R

N
+)
N∩Jq(R

N
+))×W

3−1/q
q (RN−1)|

D(u)n−(n·D(u)n)n=0 onRN0}.

Theequations(3.3.4)theniswrittenbyλU−AqU=FforF=(f,g).

Lemma3.3.4.Let0<ε<π/2and1<q<∞. Thenthereexistapositive
numberλ0=λ0(ε)≥1suchthat

(3.3.5) ∥λ(λI−Aq)
−1∥L(Xq)≤C (λ∈Σε,λ0)
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withsomepositiveconstantC=C(N,q,ε,λ0).Inaddition,Aqisadenselydefined
closedoperatoronXq.

Proof.ByLemma3.3.1andProposition3.3.3,wehave(3.3.5),sothatour
maintaskistoprovethatAqisadenselydefinedclosedoperatoronXq.
Firstofall,wenotethattherangeofAqiscontainedinXq.Infact,for

U=(u,h)∈D(Aq)andφ∈W
1
q′,0(R

N
+)withq

′=q/(q−1)

(DivS(u,K(u)+K(h)),∇φ)RN+ =(−∆u+∇K(u),∇φ)RN+ =0,

whichimpliesthatDivS(u,K(u)+K(h))∈Jq(R
N
+).Ontheotherhand,itisclear

thatAqU∈Lq(R
N
+)
N×W

2−1/q
q (RN−1).TherangeofAqthusiscontainedinXq.

NextweshowthatD(Aq)isdenseinXq.LetF=(f,g)∈Xq. ByLemma
3.3.1andProposition3.3.3,thereexistsapositiveintegerm0≥1suchthatforany
m∈Nwithm≥m0thereexists(u

m,hm)∈D(Aq)satisfyingtheequations:

(3.3.6)






mum−DivS(um,K(um)+K(hm))=f inRN+,

mhm−um·n=g onRN0,

S(um,K(um)+K(hm))+(cg−cσ∆
′)hm =0 onRN0

andtheestimates:

(3.3.7) ∥(mum,m1/2∇um,∇2um)∥Lq(RN+)+∥(mh
m,∇′hm)∥

W
2−1/q
q (RN−1)

+∥∇(K(um)+K(hm))∥Lq(RN+)≤C(N,q,m0)∥F∥Xq.

Inparticular,(3.3.7)impliesthatforj,k=1,...,N

um →0 inW1q(R
N
+)
N asm→∞,(3.3.8)

DjDku
m(l)→0 weaklyinLq(R

N
+)
N asl→∞,

where{m(l)}∞l=1 isasubsequenceof{m}
∞
m=m0. Wesetvm =mum,ηm =mhm,

andθm =K(um)+K(hm).Thenby(3.3.7)thereexistfunctionsf∈Lq(R
N
+)
N,

g∈W
2−1/q
q (RN−1),andsubsequences{vm(l)}∞l=1,{η

m(l)}∞l=1suchthat

vm(l)→f weaklyinLq(R
N
+)
N asl→∞,(3.3.9)

ηm(l)→g weaklyinW2−1/qq (RN−1) asl→∞,

andespeciallyf∈Jq(R
N
+)by(3.3.6),(3.3.9),andthedefinitionsofKandK.In

addition,thereexistafunctionθ∈W1q,0(R
N
+)andsubsequence{θ

m(l)}∞l=1 such
that

(3.3.10) ∇θm(l)→∇θ weaklyinLq(R
N
+)
N asl→∞,

becauseW1q,0(R
N
+)isareflexiveBanachspace(cf.[Gal11,ExerciseII.6.2]).Passing

asubsequenceof{m}∞m=m0in(3.3.6)ifnecessary,wehave,by(3.3.8),(3.3.9),and
(3.3.10),

(f+∇θ,φ)RN+ =(f,φ)RN+ foranyφ∈C∞0(R
N
+)
N,

(g,ψ)RN−1=(g,ψ)RN−1 foranyψ∈C∞0(R
N−1).

Thisimpliesthatf=fandg=gsinceLq(R
N
+)
N =Jq(R

N
+)⊕Gq(R

N
+)with

Gq(R
N
+)={∇θ∈Lq(R

N
+)
N |θ∈W1q,0(R

N
+)}. Wethuscanreplace(f,g)by(f,g)
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in(3.3.9),which,combinedwithMazur’stheorem,furnishesthatforanyε>0there
existsapositivenumbern0andnon-negativenumbersclanddl(l=1,...,n0)such
that

∑n0
l=1cl=1,

∑n0
l=1dl=1,and

f−

n0∑

l=1

clv
m(l)

Lq(RN+)

<ε, g−

n0∑

l=1

dlη
m(l)

W
2−(1/q)
q (RN−1)

<ε.

Since(
∑n0
l=1clv

m(l),
∑n0
l=1dlη

m(l))∈D(Aq),weseethatD(Aq)isdenseinXq.
WefinallyshowthatAqisaclosedoperatoronXq.Tothisend,itissufficientto

provethatU=(u,h)∈D(Aq)andV=AqUforanysequences{Uj}
∞
j=1⊂D(Aq)

with

Uj→U inXq, AqUj→V inXq asj→∞.

SettingFj=λ0Uj−AqUj,whereλ0isthesameconstantasinLemma3.3.1,
wehaveFj→ λ0U−VinXqasj→ ∞,andthereforebyProposition3.3.3and
Lemma3.3.1withλ=λ0

∥Uj−Uk∥W 2
q(R

N
+)×W

3−1/q
q (RN−1)

≤C(N,q,ε,λ0)∥Fj−Fk∥Xq→0 asj,k→∞.

ThisshowsthatthereexistsafunctionU∈W2q(R
N
+)
N×W

3−1/q
q (RN−1)suchthat

Uj→UinW
2
q(R

N
+)
N×W

3−1/q
q (RN−1)asj→∞.SinceU=U,itisclearthat

U∈D(Aq),andalsothat

∥V−AqU∥Xq≤∥V−AqUj∥Xq+∥AqUj−AqU∥Xq

≤∥V−AqUj∥Xq+∥Uj−U∥W 2
q(R

N
+)×W

3−1/q
q (RN−1)

→0

asj,k→∞,whichcompletestheproofofthelemma.

ByLemma3.3.4,weobtainthefollowingproposition.

Proposition3.3.5.Let1<q<∞. ThenAqgeneratesananalyticsemi-
group{S(t)}t≥0onXq.Inaddition,thereexistapositiveconstantsγ0andC=
C(N,q,γ0)suchthatforanyt>0

∥S(t)F∥Xq≤Ce
γ0t∥F∥Xq,

∥∂tS(t)F∥Xq≤Ct
−1eγ0t∥F∥Xq,

∥∂tS(t)F∥Xq≤Ce
γ0t∥F∥D(Aq).

LetP1andP2beprojectionsfromXqtoJq(R
N
+)andtoW

2−1/q
q (RN−1),

respectively.IfwesetforF∈Xq

S(t)F=P1S(t)F,(3.3.11)

T(t)F=P2S(t)F,

Π(t)F=K(P1S(t)F)+K(P2S(t)F),

thenthestandardtheoryofanalyticsemigroupstellsusthat

(u,θ,h)=(S(t)F,Π(t)F,T(t)F)

solves(3.1.1)uniquelyandsatisfiestherequiredpropertiesinTheorem3.1.1.
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3.4. DecompositionsofS(t),Π(t),andT(t)

Inthissection,wegivedecompositionsofS(t),Π(t),andT(t)obtainedin
Theorem3.1.1.Tothisend,wefirstcalculateexactformulasofsolutionsto(3.3.1).
Let(w1,p1)and(w2,p2)besolutions,givenby(3.2.8)and(3.2.13),totheequations
(3.2.7)and(3.2.12),respectively,andthennotethat(w,p)=(w1+w2,p1+p2)
solves(3.2.1)uniquely.Inaddition,let(v,π,h)besolutionsto

(3.4.1)






λv−∆v+∇π=0, inRN+

divv=0 inRN+,

λh−v·n=w·n+g onRN0,

S(v,π)n+(cg−cσ∆
′)hn=0 onRN0.

Then(u,θ,h)=(v+w,π+p,h)isthesolutiontotheequations(3.3.1). Let
j,k=1,...,N−1andJ=1,...,Ninthepresentsection.Representationformulas
of(v,π,h)aregivenby

vJ(x,λ)=F
−1
ξ′[vJ(ξ

′,xN,λ)](x
′),π(x,λ)=F−1ξ′[π(ξ

′,xN,λ)](x
′),(3.4.2)

h(x′,λ)=F−1ξ′

[
D(A,B)

(B+A)L(A,B)
(−wN(ξ

′,0,λ)+g(ξ′))

]

(x′)

(cf.[SS12,Section7]),where

vj(ξ
′,xN,λ)

=

(

−
iξj(B−A)

D(A,B)
e−BxN +

iξj(B
2+A2)

D(A,B)
M(xN)

)

(cg+cσA
2)h(ξ′,λ),

vN(ξ
′,xN,λ)=

(
A(B+A)

D(A,B)
e−BxN −

A(B2+A2)

D(A,B)
M(xN)

)

(cg+cσA
2)h(ξ′,λ),

π(ξ′,xN,λ)=
(B+A)(B2+A2)

D(A,B)
e−AxN(cg+cσA

2)h(ξ′,λ),

forA,B,D(A,B),L(A,B),andM(xN)definedas(1.2.1)withµ=1and(1.2.2).
Inserting(3.2.3)intoh(x′,λ),wehavethefollowingdecompositions:

vJ(ξ
′,xN,λ)=

∑

d∈{f,g}

vdJ(ξ
′,xN,λ), π(ξ

′,xN,λ)=
∑

d∈{f,g}

πd(ξ′,xN,λ),

wheretheright-handsidesaregivenby

vfJ(ξ
′,xN,λ)=

N∑

K=1

VBBJK(ξ
′,λ)(cg+cσA

2)

L(A,B)

∫∞

0

e−B(xN+yN)fK(ξ
′,yN)dyN

(3.4.3)

+
N∑

K=1

VBMJK(ξ
′,λ)(cg+cσA

2)

L(A,B)

∫∞

0

e−BxNM(yN)fK(ξ
′,yN)dyN

+
N∑

K=1

VM BJK(ξ
′,λ)(cg+cσA

2)

L(A,B)

∫∞

0

M(xN)e
−ByNfK(ξ

′,yN)dyN
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+
N∑

K=1

VM MJK (ξ
′,λ)(cg+cσA

2)

L(A,B)

∫∞

0

M(xN)M(yN)fK(ξ
′,yN)dyN

vgj(ξ
′,xN,λ)=

iξj(cg+cσA
2)

(B+A)L(A,B)

(
−(B−A)e−BxN +(B2+A2)M(xN)

)
g(ξ′),

vgN(ξ
′,xN,λ)=

A(cg+cσA
2)

(B+A)L(A,B)

(
(B+A)e−BxN −(B2+A2)M(xN)

)
g(ξ′),

πf(ξ′,xN,λ)=
N∑

K=1

PAAK (ξ
′,λ)(cg+cσA

2)

L(A,B)

∫∞

0

e−A(xN+yN)fK(ξ
′,yN)dyN

+

N∑

K=1

PAMk (ξ′,λ)(cg+cσA
2)

L(A,B)

∫∞

0

e−AxNM(yN)fK(ξ
′,yN)dyN,

πg(ξ′,xN,λ)=
(B2+A2)(cg+cσA

2)

L(A,B)
e−AxNg(ξ′),

andfurthermore,

VBBjk(ξ
′,λ)=−

ξjξk(B−A)
2

(B+A)D(A,B)
, VBBjN(ξ

′,λ)=
iξjA(B−A)

D(A,B)
,

(3.4.4)

VBBNk(ξ
′,λ)=−

iξkA(B−A)

D(A,B)
, VBBNN(ξ

′,λ)=−
A2(B+A)

D(A,B)
,

VBMjk (ξ
′,λ)=

ξjξk(B−A)(B
2+A2)

(B+A)D(A,B)
, VBMjN (ξ

′,λ)=−
iξjA(B−A)(B

2+A2)

(B+A)D(A,B)
,

VBMNk (ξ
′,λ)=

iξkA(B
2+A2)

D(A,B)
, VBMNN (ξ

′,λ)=
A2(B2+A2)

D(A,B)
,

VM Bjk (ξ
′,λ)=

ξjξk(B−A)(B
2+A2)

(B+A)D(A,B)
, VM BjN (ξ

′,λ)=−
iξjA(B

2+A2)

D(A,B)
,

VM BNk (ξ
′,λ)=

iξkA(B−A)(B
2+A2)

(B+A)D(A,B)
, VM BNN (ξ

′,λ)=
A2(B2+A2)

D(A,B)
,

VM Mjk (ξ′,λ)=−
ξjξk(B

2+A2)2

(B+A)D(A,B)
, VM MjN (ξ

′,λ)=
iξjA(B

2+A2)2

(B+A)D(A,B)
,

VM MNk (ξ′,λ)=−
iξkA(B

2+A2)2

(B+A)D(A,B)
, VM MNN (ξ

′,λ)=−
A2(B2+A2)2

(B+A)D(A,B)
,

PAAk (ξ
′,λ)=−

iξk(B−A)(B
2+A2)

D(A,B)
, PAAN (ξ

′,λ)=−
A(B+A)(B2+A2)

D(A,B)
,

PAMk (ξ′,λ)=
2iξkAB(B

2+A2)

D(A,B)
, PAMN (ξ′,λ)=

2A3(B2+A2)

D(A,B)
.

Inaddition,weseethat,byinserting(3.2.4)intoh(ξ′,λ),h(ξ′,λ)=hf(ξ,λ)+

hg(ξ,λ)with

hf(ξ′,λ)=−
N−1∑

k=1

iξk(B−A)

(B+A)L(A,B)

∫∞

0

e−AyNfk(ξ
′,yN)dyN(3.4.5)
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−
A

L(A,B)

∫∞

0

e−AyNfN(ξ
′,yN)dyN

+
N−1∑

k=1

2iξkAB

(B+A)L(A,B)

∫∞

0

M(yN)fk(ξ
′,yN)dyN

+
2A3

(B+A)L(A,B)

∫∞

0

M(yN)fN(ξ
′,yN)dyN,

hg(ξ′,λ)=
D(A,B)

(B+A)L(A,B)
g(ξ′).

Nextweshallconstructcut-offfunctions.Letφ∈C∞0(R
N−1)beafunction

suchthat0≤φ(ξ′)≤1,φ(ξ′)=1for|ξ′|≤1/3,andφ(ξ′)=0for|ξ′|≥2/3.Let
A0∈(0,1)beasufficientlysmallnumber,whichisdeterminedinSection3.5. We
thendefineφ0andφ∞ as

(3.4.6) φ0(ξ
′)=φ(ξ′/A0), φ∞(ξ

′)=1−φ(ξ′/A0),

andbesides,weset,fort>0,

Sda(t;A0)F=
1

2πi

∫

Γ(ε)

eλtF−1ξ′[φa(ξ
′)vd(ξ′,xN,λ)](x

′)dλ,(3.4.7)

Πda(t;A0)F=
1

2πi

∫

Γ(ε)

eλtF−1ξ′[φa(ξ
′)πd(ξ′,xN,λ)](x

′)dλ,

Tda(t;A0)F=
1

2πi

∫

Γ(ε)

eλtF−1ξ′[φa(ξ
′)hd(ξ′,λ)](x′)dλ,

R1(t)Ef=
1

2πi

∫

Γ(ε)

eλtw1(x,λ)dλ, R2(t)f=
1

2πi

∫

Γ(ε)

eλtw2(x,λ)dλ,

P1(t)Ef=
1

2πi

∫

Γ(ε)

eλtp1(x,λ)dλ, P2(t)f=
1

2πi

∫

Γ(ε)

eλtp2(x,λ)dλ

witha∈{0,∞}andd∈{f,g},whereEistheextensionoperatordefinedas(3.2.6).
HerewehavetakentheintegralpathΓ(ε)=Γ+(ε)∪Γ−(ε)asfollows:

(3.4.8) Γ±(ε)={λ∈C|λ=λ0(ε)+ue
±i(π−ε),u∈(0,∞)}

forsomeε∈(0,π/2)withλ0(ε)=2λ0(ε)/sinε,whereλ0(ε)isthesamenumber
asinLemma3.3.1(cf.Figure3.4.1below).By(3.4.7),theoperatorsinTheorem
3.1.3aredefinedas

Sa(t)F=
∑

d∈{f,g}

Sda(t;A0)F, Πa(t)F=
∑

d∈{f,g}

Πda(t;A0)F,(3.4.9)

Ta(t)F=
∑

d∈{f,g}

Tda(t;A0)F,

R(t)f=R1(t)Ef+R2(t)f, P(t)=P1(t)Ef+P2(t)f

fora∈{0,∞}.
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Γ+(ε)

Γ−(ε)

λ0(ε)

ε
ε

λ0(ε)

2λ0(ε)
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Figure3.4.1.Γ(ε)=Γ+(ε)∪Γ−(ε)

Remark3.4.1.(1)Let1<p<∞.Then,byProposition3.3.3and(3.3.11),
weseethatforF∈Xp,definedas(3.1.2),

S(t)F=
∑

a∈{0,∞}

Sa(t)F+R(t)f,

Π(t)F=
∑

a∈{0,∞}

Πa(t)F+P(t)f,

T(t)F=
∑

a∈{0,∞}

Ta(t)F.

Sincetheright-handsidesarevalidforF∈X2pbyLemma3.3.1,weextend

S(t),Π(t),andT(t)totheoperatorsdefinedonX2pbytherelationsabove.For
simplicity,suchextendedoperatorsaredenotedbyS(t),Π(t),andT(t)again.

(2)Let1<p<∞ andf∈Lp(R
N
+)
N.Then,by(3.2.9)and(3.2.15),weseethat

fori=1,2,l=0,1,2,andt>0

∥∇lRi(t)f∥Lp(RN+)≤C(N,p)t
−l/2∥f∥Lp(RN+),

∥(∂tRi(t)f,∇Pi(t)f)∥Lp(RN+)≤C(N,p)t
−1∥f∥Lp(RN+)

withsomepositiveconstantC(N,p),whichfurnishesthatTheorem3.1.3(3)
holds.

(3)TheextensionE(T(t)F),definedas(3.1.3),isdecomposedinto

(3.4.10) E(T(t)F)=
∑

a∈{0,∞}

∑

d∈{f,g}

E(Tda(t;A0)F)

=
∑

a∈{0,∞}

∑

d∈{f,g}

1

2πi

∫

Γ(ε)

eλtF−1ξ′
[
φa(ξ

′)e−AxNhd(ξ′,λ)
]
(x′)dλ.

Wedevotethelastpartofthissectiontotheproofofthefollowinglemma.
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Lemma3.4.2.Letξ′∈RN−1\{0}andλ∈{z∈C|Rez≥0}.Thenitholds
thatL(A,B)̸=0.

Proof.ApplyingthepartialFouriertransformwithrespecttotangentialvari-
ablex′∈RN−1totheequations(3.3.1)withf=0andg=0yieldsthat

λuj(xN)−

N−1∑

k=1

iξk(iξjuk(xN)+iξkuj(xN))

(3.4.11)

−DN(DNuj(xN)+iξjuN(xN))+iξjθ(xN)=0,

λuN(xN)−
N−1∑

k=1

iξk(DNuk(xN)+iξkuN(xN))−2D
2
NuN(xN)+DNθ(xN)=0,

N−1∑

k=1

iξkuk(xN)+DNuN(xN)=0,

λh+uN(0)=0,

DNuj(0)+iξjuN(0)=0, −θ(0)+2DNuN(0)+(cg+cσA
2)h=0

forxN >0,where

uJ(xN)=uJ(ξ
′,xN), θ(xN)=θ(ξ

′,xN), h=h(ξ
′).

Hereweset

u(xN)=(u1(xN),...,uN(xN))
T, ∥f∥2=

∫∞

0

f(xN)·f(xN)dxN

form-vectorfunctionsf,wherem∈N,andshowthatL(A,B)̸=0bycontradiction
fromnow.SupposethatL(A,B)=0,andthenweknowthat(3.4.11)admitsa

solution(u(xN),θ(xN),h)̸=0whichdecaysexponentiallyasxN → ∞ (seee.g.
[SS12,Section4]).Ontheotherhand,weobtain

0=λ∥u∥2+2∥DNuN∥
2+

N−1∑

j,k=1

∥iξkuj∥
2+∥

N−1∑

j=1

iξjuj∥
2

+
N−1∑

j=1

∥DNuj+iξjuN∥
2+λ(cg+cσA

2)|h|2

throughthefollowingtwosteps:Firstmultiplythefirstequationbyuj(xN)and

thesecondequationbyuN(xN)in(3.4.11),andintegratetheresultantformulas
withrespecttoxN ∈(0,∞).Seconduseintegrationbypartswiththethirdto
sixthequationsof(3.4.11).Takingrealpartsintheobtainedidentityaboveyields
that

DNuN(xN)=0, DNuj(xN)+iξjuN =0 forReλ≥0.

Inparticular,uN isaconstant,butuN =0sincelimxN→∞ uN =0. Wethusobtain
DNuj=0,whichfurnishesthatuj=0bylimxN→∞ uj=0.Combininguj=0and

thefirstequationof(3.4.11)yieldsthatiξjθ=0.Thisimpliesthatθ=0because

ξ′≠0.Inaddition,bythesixthequationof(3.4.11),wehave(cg+cσA
2)h=0.

Therefore,sincecg+cσA
2 ≠0,weseethath=0.Summinguptheargument
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above,itholdsthatu=0,θ=0,andh=0,whichcontradictstoL(A,B)=0.
Thiscompletestheproofofthelemma.

3.5. Analysisoflowfrequencyparts

Inthissection,weshowTheorem3.1.3(1).IfweconsidertheLopatinskii
determinantL(A,B),definedas(1.2.1)withµ=1,asapolynomialwithrespect
toB,thenithasthefollowingfourroots:

(3.5.1) B±j =e
±i(2j−1)(π/4)c1/4g A

1/4

−
A7/4

2e±i(2j−1)(π/4)c
1/4
g

−
cσA

9/4

e±i(2j−1)(3π/4)c
3/4
g

+O(A10/4) asA→0

forj=1,2.Setλ±=(B
±
1)
2−A2,andthen

(3.5.2) λ±=±ic
1/2
g A

1/2−2A2∓
2cσ

ic
1/2
g

A10/4+O(A11/4) asA→0.

Remark3.5.1.Let0<ε<π/2andξ′∈RN−1\{0}. Then,forλ∈Σε,

wechooseabrunchsuchthatReB=Re
√
λ+A2>0. Notethatλ± ∈Σεand

Re(λ±+A
2)<0.

Weset ε0=tan
−1{(A2/8)/A2}=tan−1(1/8),and

Γ±0={λ∈C|λ=λ±+(c
1/2
g /4)A

1/2e±iu,u:0→2π},

Γ±1={λ∈C|λ=−A
2+(A2/4)e±iu,u:0→π/2},

Γ±2={λ∈C|λ=−(A
2(1−u)+γ0u)±i((A

2/4)(1−u)+γ0u),u:0→1},

Γ±3={λ∈C|λ=−(γ0±iγ0)+ue
±i(π−ε0),u:0→∞}

(cf.Figure3.5.1below),whereγ0=λ0(ε0)givenbyLemma3.3.1and

(3.5.3) γ0=
1

8

(
λ0(ε0)+λ0(ε0)

)
=
1

8

(

1+
2

sinε0

)

λ0(ε0)=
(1+2

√
65)γ0
8

forthesameλ0(ε0)asin(3.4.8)withε=ε0

Re−A2−2A2 O

ε0ε0
A2/4

c
1/2
g A1/2

−γ0

γ0
Im

Γ+1

Γ+0

Γ+2

Γ+3

λ0(ε0)
λ0(ε0)

. ByCauchy’sintegraltheorem,we

Figure3.5.1.Γ+σ(σ=0,1,2,3)
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thendecomposeSd0(t;A0)F,Π
d
0(t;A0)F,T

d
0(t;A0)F,andE(T

d
0(t;A0)F),definedas

(3.4.7)and(3.4.10),into

Sd0(t;A0)F=
3∑

σ=0

Sd,σ0 (t;A0)F, Πd0(t;A0)F=
3∑

σ=0

Πd,σ0 (t;A0)F,(3.5.4)

Td0(t;A0)F=
3∑

σ=0

Td,σ0 (t;A0)F, E(Td0(t;A0)F)=
3∑

σ=0

E(Td,σ0 (t;A0)F)

ford∈{f,g},where

Sd,σ0 (t;A0)F=F
−1
ξ′

[
1

2πi

∫

Γ+σ∪Γ
−
σ

eλtφ0(ξ
′)vd(ξ′,xN,λ)dλ

]

(x′),(3.5.5)

Πd,σ0 (t;A0)F=F
−1
ξ′

[
1

2πi

∫

Γ+σ∪Γ
−
σ

eλtφ0(ξ
′)πd(ξ′,xN,λ)dλ

]

(x′),

Td,σ0 (t;A0)F=F
−1
ξ′

[
1

2πi

∫

Γ+σ∪Γ
−
σ

eλtφ0(ξ
′)hd(ξ′,λ)dλ

]

(x′),

E(Td,σ0 (t;A0)F)=F
−1
ξ′

[
1

2πi

∫

Γ+σ∪Γ
−
σ

eλtφ0(ξ
′)e−AxNhd(ξ′,λ)dλ

]

(x′)

withφ0(ξ
′)definedas(3.4.6).Inordertoestimateeachtermin(3.5.5),wehere

introducetheoperatorsK±,σn (t;A0)andL
±,σ
n (t;A0)definedby

[K±,σn (t;A0)f](x)(3.5.6)

=

∫∞

0

F−1ξ′

[∫

Γ±σ

eλtφ0(ξ
′)kn(ξ

′,λ)Xn(xN,yN)dλf(ξ
′,yN)

]

(x′),

[L±,σn (t;A0)g](x)

=F−1ξ′

[∫

Γ±σ

eλtφ0(ξ
′)ln(ξ

′,λ)Yn(xN)dλg(ξ
′)

]

(x′)

withsomemultiplierskn(ξ
′,λ)andln(ξ

′,λ),where

Xn(xN,yN)=






e−A(xN+yN) (n=1),

e−AxNM(yN) (n=2),

e−B(xN+yN) (n=3),

e−BxNM(yN) (n=4),

M(xN)e
−ByN (n=5),

M(xN)M(yN) (n=6),

Yn(xN)=






e−AxN (n=1),

e−BxN (n=2),

M(xN) (n=3).

Remark3.5.2.Estimatesof∂tE(T
g
0(t;A0)F)willbeshowedinthelastpart

ofthissection.

3.5.1. AnalysisonΓ±0.Ouraimhereistoshowthefollowingtheoremfor
theoperatorsdefinedas(3.5.5)withσ=0.

Theorem3.5.3.Let1≤r≤2≤q≤ ∞andF=(f,g)∈X0r. Thenthere
existsanA0∈(0,1)suchthatthefollowingassertionshold.
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(1)Letk=0,1,l=0,1,2,andα′∈NN−10 .Thenthereexistsapositiveconstant
C=C(N,q,r,α′)suchthatforanyt>0

∥∂ktD
α′

x′D
l
NS

f,0
0 (t;A0)F∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

k
4−

|α′|
2 −

l
8∥f∥Lr(RN+),

∥∂ktD
α′

x′D
l
NS

g,0
0 (t;A0)F∥Lr(RN+)

≤C






(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

k
4−

|α′|
2 ∥g∥Lr(RN−1) (l=0),

(t+1)−
N−1
2 (

1
r−

1
q)−

1
8(2−

1
q)−

k
4−

|α′|
2 −

l
8∥g∥Lr(RN−1) (l=1,2).

(2)ThereexistsapositiveconstantC=C(N,q,r)suchthatforanyt>0

∥∇Πf,00 (t;A0)F∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)−

1
4∥f∥Lr(RN+),

∥∇Πg,00 (t;A0)F∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

1
4∥g∥Lr(RN−1).

(3)Letα∈NN0.ThenthereexistsapositiveconstantC=C(N,q,r,α)suchthat
foranyt>0

∥Dαx∇E(T
f,0
0 (t;A0)F)∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

1
4−

|α|
2∥f∥Lr(RN+),

∥Dαx∂tE(T
f,0
0 (t;A0)F)∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

|α|
2∥f∥Lr(RN+),

∥Dαx∇E(T
g,0
0 (t;A0)F)∥Lq(RN+)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

1
4−

|α|
2∥g∥Lr(RN−1).

(4)ThereexistsapositiveconstantC=C(N,q,r)suchthatforanyt>0

∥Tf,00 (t;A0)F∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
r−

1
2)∥f∥Lr(RN+) (r̸=2),

∥Tg,00 (t;A0)F∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)∥g∥Lr(RN−1).

WestartwiththefollowinglemmainordertoshowTheorem3.5.3.

Lemma3.5.4.Let1≤r≤2≤q≤∞,andletf∈Lr(R
N
+)andg∈Lr(R

N−1).
Weusethesymbolsdefinedas (3.5.6)with

kn(ξ
′,λ)=

κn(ξ
′,λ)

L(A,B)
, ln(ξ

′,λ)=
mn(ξ

′,λ)

L(A,B)
.

(1)Lets≥0andsupposethatthereexistpositiveconstantsA1∈(0,1)andC=
C(s)suchthatforanyA∈(0,A1)

|κ1(ξ
′,λ±)|≤CA

6
4+s,|κ2(ξ

′,λ±)|≤CA
7
4+s,|κ3(ξ

′,λ±)|≤CA
6
4+s,

|κ4(ξ
′,λ±)|≤CA

7
4+s,|κ5(ξ

′,λ±)|≤CA
7
4+s,|κ6(ξ

′,λ±)|≤CA
8
4+s.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,s)suchthat
foranyt>0

∥K±,0n (t;A0)f∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)−

s
2∥f∥Lr(RN+) (n=1,2,6),

∥K±,03 (t;A0)f∥Lq(RN+)≤C(t+1)
−(N−12 +18)(

1
r−

1
q)−

3
8−

s
2∥f∥Lr(RN+),

∥K±,04 (t;A0)f∥Lq(RN+)≤C(t+1)
−(N−12 +18)(

1
r−

1
q)−

3
8r−

s
2∥f∥Lr(RN+),

∥K±,05 (t;A0)f∥Lq(RN+)≤C(t+1)
−(N−12 +18)(

1
r−

1
q)−

3
8(1−

1
q)−

s
2∥f∥Lr(RN+).
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(2)Lets≥0andsupposethatthereexistpositiveconstantsA1∈(0,1)andC=
C(s)suchthatforanyA∈(0,A1)

|m1(ξ
′,λ±)|≤CA

1+s,|m2(ξ
′,λ±)|≤CA

1+s,|m3(ξ
′,λ±)|≤CA

5
4+s.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,s)suchthat
foranyt>0andn=1,3

∥L±,0n (t;A0)g∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

s
2∥g∥Lr(RN−1),

∥L±,02 (t;A0)g∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
8(2−

1
q)−

s
2∥g∥Lr(RN−1).

(3)SupposethatthereexistpositiveconstantsA1∈(0,1)andCsuchthatforany
A∈(0,A1)

|κ1(ξ
′,λ±)|≤CA, |κ2(ξ

′,λ±)|≤CA
5
4,|l1(ξ

′,λ±)|≤CA
2
4.

ThenthereexistsapositiveconstantsA0∈(0,A1)andC=C(N,q,r)such
thatforanyt>0andn=1,2

∥[K±,0n (t;A0)f]|xN=0∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
r−

1
2)∥f∥Lr(RN+)(r̸=2),

∥[L±,01 (t;A0)g]|xN=0∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)∥g∥Lr(RN−1).

Proof.Weusetheabbreviations: ∥·∥2=∥·∥L2(RN−1),f(yN)=f(ξ
′,yN),

andt=t+1fort>0inthisproof,andconsideronlyestimatesonΓ+0 sincethe
caseofΓ−0 canbeprovedsimilarly.

(1) WefirstshowtheinequalityforK+,01 (t;A0).Notingthat

(3.5.7)B2−(B+1)
2=λ−λ+, L(A,B)=(B−B

+
1)(B−B

−
1)(B−B

+
2)(B−B

−
2),

wehave,bytheresiduetheorem,

[K+,01 (t;A0)f](x)

(3.5.8)

=

∫∞

0

F−1ξ′

[∫

Γ+0

eλt
φ0(ξ

′)κ1(ξ
′,λ)(B+B+1)e

−A(xN+yN)

(λ−λ+)(B−B
−
1)(B−B

+
2)(B−B

−
2)
dλf(yN)

]

(x′)dyN

=4πi

∫∞

0

F−1ξ′

[

eλ+t
φ0(ξ

′)κ1(ξ
′,λ+)B

+
1e
−A(xN+yN)

(B+1−B
−
1)(B

+
1−B

+
2)(B

+
1−B

−
2)
f(yN)

]

(x′)dyN.

Inviewof(3.5.1)and(3.5.2),wecanchooseA0∈(0,A1)insuchawaythat

(3.5.9) |eλ+t|≤Ce−A
2t,|B+1−B

−
1|≥CA

1
4,|B+1−B

±
2|≥CA

1
4
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foranyA∈(0,A0)andt>0withsomepositiveconstantC. Thus,byLq-Lr
estimatesofthe(N−1)-dimensionalheatkernelandParseval’stheorem,wehave

∥[K+,01 (t;A0)f](·,xN)∥Lq(RN−1)(3.5.10)

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

e−(A
2/2)tAe−A(xN+yN)f(yN)

2
dyN

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

∥e−(A
2/4)tf(yN)∥L2(RN−1)

t1/2+xN+yN
dyN

≤Ct−
N−1
2 (

1
r−

1
q)−

s
2

∫∞

0

∥f(·,yN)∥Lr(RN−1)

t1/2+xN+yN
dyN,

wherewehaveusedLemma3.2.2withs1=1/4,si=1(i=2,3,4),τ=t,
a=xN+yN,andZ=Atocalculatefromthesecondlinetothirdline.Ifq>2,
thenapplyingLemma3.2.3(2)witha=1/2,b1=b2=1,andτ=tto(3.5.10)
impliesthattherequiredinequalityholds.Inthecaseof(q,r)=(2,2),by(3.5.10)

∥[K+,01 (t;A0)f](·,xN)∥2≤Ct
−s2

∫∞

0

F−1ξ′
[
Ae−A(xN+yN)f(yN)

]

2
dyN,

andthenitfollowsfromCorollaryB.3(1)that

∥K+,01 (t;A0)f∥L2(RN+)≤C(t+1)
−s2∥f∥L2(RN+).

Ontheotherhand,inthecaseof1≤r<2andq=2,bythesecondlienof
(3.5.10),Lemma3.2.2,andḦolder’sinequality

K+,01 (t;A0)f
L2(RN+)

≤Ct−
s
2

∫∞

0

e−(A
2/2)tA1/2e−AyNf(yN)

2
dyN

≤Ct−
N−1
2 (

1
r−

1
2)−

s
2

∫∞

0

∥f(·,yN)∥Lr(RN−1)

t1/4+(yN)1/2
dyN

≤Ct−
N
2(

1
r−

1
2)−

s
2∥f∥Lr(RN+),

whichcompletetheproofforthecaseofK+,01 (t;A0). Weheresummarizethe
argumentationabovetothefollowinglemma.

Lemma3.5.5.Let1≤r≤2≤q≤ ∞,τ >0,andsi>0(i=1,2). For
xN >0andf∈Lr(R

N
+),weset

F(xN,τ)=

∫∞

0

e−s1A
2τAe−s2A(xN+yN)f(ξ′,yN)

L2(RN−1)
dyN.

ThenthereexistsapositiveconstantC=C(N,q,r)suchthatforanyτ>0

∥F(τ)∥Lq((0,∞))≤Cτ
−N−12 (

1
r−

1
2)−

1
2(
1
r−

1
q)∥f∥Lr(RN+).

SecondlyweshowtheinequalityforK+,00,2(t;A0). Wehereset

M±(a)=
e−B

±
1a−e−Aa

B±1−A
fora>0.

Inviewof(3.5.1)and(3.5.2),wecanchooseA0∈(0,A1)insuchawaythatfor
anyA∈(0,A0)anda>0

(3.5.11) |M±(a)|=
|e−B

±
1a−e−Aa|

|B±1−A|
≤CA−1/4e−Aa
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withsomepositiveconstantC. Thus,bythesamecalculationsasin(3.5.8)and
(3.5.10),weobtain

∥[K+,02 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

e−(A
2/2)tAe−A(xN+yN)f(yN)

2
dyN,

which,combinedwithLemma3.5.5,furnishesthattherequiredinequalityholds.
ThirdlyweshowtheinequalityforK+,03 (t;A0).Inviewof(3.5.1)and(3.5.2),

wecanchooseA0∈(0,1)suchthat

(3.5.12) |e−B
+
1(xN+yN)|≤e−cA

1/4(xN+yN) foranyA∈(0,A0)

withsomepositiveconstantc,sothatweeasilyseethatbyLemma3.2.2

∥[K+,03 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

e−(A
2/2)tAe−cA

1/4(xN+yN)f(yN)
2
dyN

≤Ct−
N−1
2 (

1
r−

1
q)−

s
2

∫∞

0

∥f(·,yN)∥Lr(RN−1)

t1/2+(xN)4+(yN)4
dyN.

ThisyieldstherequiredinequalitytogetherwithLemma3.2.3fora=1/2and
b1=b2=4.
FinallyweshowtheinequalitiesforK+,0n (t;A0)(n=4,5,6). Usingsimilar

argumentationstotheabovecases,wehaveforn=4,5

∥[K+,04 (t;A0)f](·,xN)∥Lq(RN−1)≤Ct
−N−12 (

1
r−

1
q)−

s
2

∫∞

0

∥f(·,yN)∥Lr(RN−1)

t1/2+(xN)4+yN
dyN,

∥[K+,05 (t;A0)f](·,xN)∥Lq(RN−1)≤Ct
−N−12 (

1
r−

1
q)−

s
2

∫∞

0

∥f(·,yN)∥Lr(RN−1)

t1/2+xN+(yN)4
dyN,

which,combinedwithLemma3.2.3(2),completestheproofforthecasesofn=4,5.
Inaddition,forn=6,wehave

∥[K+,06 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

e−(A
2/2)tAe−CA(xN+yN)f(yN)

2
dyN,

whichfurnishestherequiredinequalityofK+,06 (t;A0)byLemma3.5.5.
(2)Noting(3.5.7),wehave,bytheresiduetheorem,

[L+,0n (t;A0)g](x)=4πiF
−1
ξ′

[
eλ+tφ0(ξ

′)mn(ξ
′,λ)B+1

(B+1−B
−
1)(B

+
1−B

−
2)(B

+
1−B

−
2)
Yn(xN)g(ξ

′)

]

(x′).

Thus,by(3.5.9),(3.5.11),(3.5.12),Lemma3.2.2,Lq-Lrestimatesofthe(N−1)-
dimensionalheatkernel,andParseval’stheorem,wehave

∥[L+,0n (t;A0)g](·,xN)∥Lq(RN−1)(3.5.13)

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2∥e−(A

2/2)tA1/2e−AxNg(ξ′)∥2

≤Ct−
N−1
2 (

1
r−

1
q)−

s
2∥g∥Lr(RN−1)/(t

1/4+(xN)
1/2),

∥[L+,02 (t;A0)g](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
r−

1
q)−

s
2∥g∥Lr(RN−1)/(t

1/4+(xN)
2).
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ForL+,02 (t;A0),itfollowsfromLemma3.2.3(1)thattherequiredinequalityholds.
Weconsider L+,0n (t;A0)(n=1,3)below.Ifq >2,thenbyLemma3.2.3(1)
weobtaintherequiredinequality.Inthecaseofq=2,weseethatbythefirst
inequalityof(3.5.13)

∥L+,0n (t;A0)g∥L2(RN+)≤Ct
−s2∥e−(A

2/2)tg(ξ′)∥L2(RN−1)

≤Ct−
N−1
2 (

1
r−

1
2)−

s
2∥g∥Lr(RN−1)

withsomepositiveconstantC,whichcompletestheproof.
(3)Asmentionedabove,wehaveforn=1,2

∥[K+,0n (t;A0)f]|xN=0∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

e−(A
2/2)tA1/2e−AyNf(yN)

2
dyN,

≤Ct−
N−1
2 (

1
r−

1
q)
∫∞

0

∥f(·,yN)∥Lr(RN−1)/(t
1/4+(yN)

1/2)dyN

∥[L+,01 (t;A0)g]|xN=0∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)∥e−(A

2/2)tg(ξ′)∥2≤Ct
−N−12 (

1
r−

1
q)∥g∥Lr(RN−1),

which,combinedwithḦolder’sinequality,furnishestherequiredinequalities.

Corollary 3.5.6.Let1≤ r≤ 2≤ q≤ ∞,andletf∈Lr(R
N
+)
N and

g∈Lr(R
N−1). Weusethesymbolsdefinedin(3.5.6)withσ=0and

kn(ξ
′,λ)=

κn(ξ
′,λ)

L(A,B)
, ln(ξ

′,λ)=
mn(ξ

′,λ)

L(A,B)
.

(1)Letα∈NN0 andsupposethatthereexistpositiveconstantsA1∈(0,1)andC
suchthatforanyA∈(0,A1)

|κ1(ξ
′,λ±)|≤CA, |κ2(ξ

′,λ±)|≤CA
5
4, |m1(ξ

′,λ±)|≤CA
2
4.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,α)such
thatforanyt>0andn=1,2

∥Dαx∇K
±,0
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

1
4−

|α|
2∥f∥Lr(RN+),

∥Dαx∂tK
±,0
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

|α|
2∥f∥Lr(RN+),

∥Dαx∇L
±,0
1 (t;A0)g∥Lq(RN+)≤C(t+1)

−N−12 (
1
r−

1
q)−

1
2(
1
2−

1
q)−

1
4−

|α|
2∥g∥Lr(RN−1).

(2)Letk=0,1,l=0,1,2,andα′∈NN−10 . Wesupposethatthereexistpositive
constantsA1∈(0,1)andCsuchthatforanyA∈(0,A1)

|κ3(ξ
′,λ±)|≤CA

6
4, |κ4(ξ

′,λ±)|≤CA
7
4, |κ5(ξ

′,λ±)|≤CA
7
4,

|κ6(ξ
′,λ±)|≤CA

8
4,|m2(ξ

′,λ±)|≤CA, |m3(ξ
′,λ±)|≤CA

5
4.
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ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,α
′)such

thatforanyt>0andn=3,4,5,6

∥∂ktD
α′

x′D
l
NK

±,0
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

k
4−

|α′|
2 −

l
8∥f∥Lq(RN+),

3∑

n=2

∥∂ktD
α′

x′D
l
NL

±,0
n (t;A0)g∥Lq(RN+)

≤C






(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

k
4−

|α′|
2 ∥g∥Lr(RN−1) (l=0),

(t+1)−
N−1
2 (

1
r−

1
q)−

1
8(2−

1
q)−

k
4−

|α′|
2 −

l
8∥g∥Lr(RN−1) (l=1,2).

Proof.Weconsiderthecasesof K±,05 (t;A0),K
±,0
6 (t;A0),andL

±,0
3 (t;A0).

TheotherinequalitiescanbeprovedbyLemma3.5.4directly.Letn=5,6and
t>0below.
Byusing(3.5.6),wehave

∂ktD
α′

x′[K
±,0
n (t;A0)f](x)

=

∫∞

0

F−1ξ′

[∫

Γ±0

eλtφ0(ξ
′)λk(iξ′)α

′κn(ξ
′,λ)

L(A,B)
Xn(xN,yN)dλf(ξ

′,yN)

]

(x′),

∂ktD
α′

x′[L
±,0
3 (t;A0)g](x)

=F−1ξ′

[∫

Γ±0

eλtφ0(ξ
′)λk(iξ′)α

′m3(ξ
′,λ)

L(A,B)
M(xN)dλg(ξ

′)

]

(x′)

fork=0,1andanymulti-indexα′∈NN−10 .Sinceitholdsthat

|(λ±)
k(iξ′)α

′

κ5(ξ
′,λ±)|≤CA

7
4+

k
2+|α

′|,

|(λ±)
k(iξ′)α

′

κ6(ξ
′,λ±)|≤CA

8
4+

k
2+|α

′|,

|(λ±)
k(iξ′)α

′

m3(ξ
′,λ±)|≤CA

5
4+

k
2+|α

′|

foranyA∈(0,A0)bychoosingsomeA0∈(0,A1),wehave,byLemma3.5.4,

∥∂ktD
α′

x′K
±,0
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

k
4−

|α′|
2 ∥f∥Lr(RN+),

∥∂ktD
α′

x′L
±,0
3 (t;A0)g∥Lq(R3−)≤C(t+1)

−N−12 (
1
r−

1
q)−

1
2(
1
2−

1
q)−

k
4−

|α′|
2 ∥g∥Lr(RN−1)

fork=0,1andanymulti-indexα′∈NN−10 withsomepositiveconstantC.
Ontheotherhand,wehave,by(1.2.3)and(3.5.6),

∂ktD
α′

x′D
l
N[K

±,0
5 (t)f](x)=

(−1)l
∫∞

0

F−1ξ′

[∫

Γ±0

eλtφ0λ
k(iξ′)α

′(B+A)l−1κ5
L(A,B)

e−B(xN+yN)dλf(yN)

]

(x′)dyN

+(−1)l
∫∞

0

F−1ξ′

[∫

Γ±0

eλtφ0λ
k(iξ′)α

′ Alκ5
L(A,B)

M(xN)e
−ByN dλf(yN)

]

(x′)dyN,

∂ktD
α′

x′D
l
N[K

±,0
6 (t;A0)f](x)=

(−1)l
∫∞

0

F−1ξ′

[∫

Γ±0

eλtφ0λ
k(iξ′)α

′(B+A)l−1κ6
L(A,B)

e−BxNM(yN)dλf(yN)

]

(x′)dyN
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+(−1)l
∫∞

0

F−1ξ′

[∫

Γ±0

eλtφ0λ
k(iξ′)α

′ Alκ6
L(A,B)

M(xN)M(yN)dλf(yN)

]

(x′)dyN,

∂ktD
α′

x′D
l
N[L

±,0
3 (t;A0)g](x)

=(−1)lF−1ξ′

[∫

Γ±0

eλtφ0λ
k(iξ′)α

′(B+A)l−1m3(ξ
′,λ)

L(A,B)
e−BxN dλg(ξ′)

]

(x′)

+(−1)lF−1ξ′

[∫

Γ±0

eλtφ0λ
k(iξ′)α

′Alm3(ξ
′,λ)

L(A,B)
M(xN)dλg(ξ

′)

]

(x′)

fork=0,1,l=1,2,andanymulti-indexα′∈NN−10 ,wherewehaveset

φ0=φ0(ξ
′), κn=κn(ξ

′,λ)(n=5,6), f(yN)=f(ξ
′,yN).

Sinceitholdsthat

|(λ±)
k(iξ′)α

′

(B±1+A)
l−1κ5(ξ

′,λ±)|≤CA
7
4+

k
2+|α

′|+l−14 =CA
6
4+

k
2+|α

′|+l4,

|(λ±)
k(iξ′)α

′

Alκ5(ξ
′,λ±)|≤CA

7
4+

k
2+|α

′|+l,

|(λ±)
k(iξ′)α

′

(B±1+A)
l−1κ6(ξ

′,λ±)|≤CA
8
4+

k
2+|α

′|+l−14 =CA
7
4+

k
2+|α

′|+l4,

|(λ±)
k(iξ′)α

′

Alκ6(ξ
′,λ±)|≤CA

8
4+

k
2+|α

′|+l,

|(λ±)
k(iξ′)α

′

(B±1+A)
l−1m3(ξ

′,λ±)|≤CA
5
4+

k
2+|α

′|+l−14 =CA1+
k
2+|α

′|+l4

|(λ±)
k(iξ′)α

′

Alm3(ξ
′,λ±)|≤CA

5
4+

k
2+|α

′|+l

foranyA∈(0,A0)withsomepositiveconstantA0∈(0,A1),wehave,byusing
Lemma3.5.4,

∥∂ktD
α′

x′D
l
NK

±,0
5 (t)f∥Lq(RN+)≤C(t+1)

−(N−12 +18)(
1
r−

1
q)−

k
4−

|α′|
2 −

l
8∥f∥Lr(RN+)

×
(
(t+1)−

3
8−

l
8+(t+1)−

3
8(1−

1
q)−l
)

≤C(t+1)−
N
2(

1
r−

1
q)−

k
4−

|α′|
2 −

l
8∥f∥Lr(RN+),

∥∂ktD
α′

x′D
l
NK

±,0
6 (t)f∥Lq(RN+)≤C(t+1)

−N−12 (
1
r−

1
q)−

k
4−

|α′|
2 ∥f∥Lr(RN+)

×
(
(t+1)−

1
8(
1
r−

1
q)−

3
8r−

l
8+(t+1)−

1
2(
1
r−

1
q)−l
)

≤C(t+1)−
N
2(

1
r−

1
q)−

k
4−

|α′|
2 −

l
8∥f∥Lr(RN+),

∥∂ktD
α′

x′D
l
NL

±,0
3 (t;A0)g∥Lq(RN+)≤C(t+1)

−N−12 (
1
r−

1
q)−

k
4−

|α′|
2 ∥g∥Lr(RN−1)

×
(
(t+1)−

1
8(2−

1
q)−

l
8+(t+1)−

1
2(
1
2−

1
q)−l
)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
8(2−

1
q)−

k
4−

|α′|
2 −

l
8∥g∥Lr(RN−1)

fork=0,1,l=1,2,andanymulti-indexα′∈NN−10 withsomepositiveconstant
C.Thiscompletestheproofofthecorollary.

NotingthatforsomeA2∈(0,1)andC>0thereholds|D(A,B
±
1)|≥CA

3/4

foranyA∈(0,A2),weseethatthereexistpositiveconstantsA1∈(0,A2)andC
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suchthatforanyA∈(0,A1)andj,k=1,...,N

|VBBjk(ξ
′,λ±)|≤CA

6
4,|VBMjk (ξ

′,λ±)|≤CA
7
4, |VM Bjk (ξ

′,λ±)|≤CA
7
4,

|VM Mjk (ξ′,λ±)|≤CA
8
4, |PAAj (ξ

′,λ±)|≤CA, |PAMj (ξ′,λ±)|≤CA
5
4.

Therefore,recallingtheformulas(3.4.3),(3.4.4),(3.4.5),(3.5.5)withσ=0,we
obtaintherequiredestimatesofTheorem3.5.3(1),(2),and(3)byCorollary3.5.6.
Inaddition,Theorem3.5.3(4)followsfromLemma3.5.4(3)directly.

3.5.2. AnalysisonΓ±1.Ouraimhereistoshowthefollowingtheoremfor
theoperatorsdefinedas(3.5.5)withσ=1.

Theorem3.5.7.Let1≤r≤2≤q≤ ∞andF=(f,g)∈X0r. Thenthere
existsanA0∈(0,1)suchthatthefollowingassertionshold.

(1)Letk=0,1,l=0,1,2,andα′∈NN−10 .Thenthereexistsapositiveconstant
C=C(N,q,r,α′)suchthatforanyt>0

∥∂ktD
α′

x′D
l
NS

f,1
0 (t;A0)F∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

2k+|α′|+l
2 ∥f∥Lr(RN+),

∥∂ktD
α′

x′D
l
NS

g,1
0 (t;A0)F∥Lq(RN+)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

3
4−

2k+|α′|+l
2 ∥g∥Lr(RN−1).

(2)ThereexistsapositiveconstantC=C(N,q,r)suchthatforanyt>0

∥∇Πf,10 (t;A0)F∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)−1∥f∥Lr(RN+),

∥∇Πg,10 (t;A0)F∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

7
4∥g∥Lr(RN−1).

(3)Letα∈NN0.ThenthereexistsapositiveconstantC=C(N,q,r,α)suchthat
foranyt>0

∥Dαx∇E(T
f,1
0 (t;A0)F)∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−1−

|α|
2∥f∥Lr(RN+),

∥Dαx∂tE(T
f,1
0 (t;A0)F)∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

3
2−

|α|
2∥f∥Lr(RN+),

∥Dαx∇E(T
g,1
0 (t;A0)F)∥Lq(RN+)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

7
4−

|α|
2∥g∥Lr(RN−1).

(4)ThereexistsapositiveconstantCsuchthatforanyt>0

∥Tf,10 (t;A0)F∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

3
4∥f∥Lr(RN+),

∥Tg,10 (t;A0)F∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)−1∥g∥Lr(RN−1).

WestartwiththefollowinglemmasinordertoshowTheorem3.5.7.

Lemma3.5.8.Letf(z)=z3+2z2+12z−8.Thenf(z)̸=0forz∈{ω∈C|
Reω≥0}\(0,1).

Proof.Wenotethat f(z)hasonlyonerealrootαbecausef(0)=−8,f(1)=
7andf′(z)=3z2+4z+12>0forz∈R,anditisclearthatαisin(0,1).Letβand
β̄betheotherrootsoff(z).Thensinceα+β+β̄=−2,wehave2Reβ=−2−α<0.
Thiscompletestheproof.
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Lemma3.5.9.Letλ∈Γ±1 andξ
′∈RN−1.Then

A

4
≤ReB≤|B|≤

A

2
, |D(A,B)|≥CA3

forsomepositiveconstantCindependentofξ′andλ.Inaddition,thereexist
positiveconstantsA1∈(0,1)andCsuchthat|L(A,B)|≥CAforanyA∈(0,A1).

Proof.Wefirstshowtheinequalitiesfor BandD(A,B).Notethat

B=
√
λ+A2=

A

2
e±i(u/2),

sinceλ=−A2+(A2/4)e±iuforu∈[0,π/2]onΓ±1. Therefore,itisclearthat
therequiredinequalitiesofBhold.ForD(A,B)insertingtheaboveidentityinto
D(A,B)furnishesthat

D(A,B)=
A3

8

(
(e±i(u/2))3+2(e±i(u/2))2+12(e±i(u/2))−8

)
,

which,combinedwithLemma3.5.8,impliesthat|D(A,B)|≥CA3forsomepositive
constantCindependentofξ′andλ.
Finallyweshowthelastinequality.By(3.5.2)

B2−(B±1)
2=∓ic1/2g A

1/2+A2
(

1+
e±iu

4

)

+O(A10/4) asA→0,

sothatthereexistpositiveconstantsA1∈(0,1)andCsuchthat

|B2−(B±1)
2|≥CA1/2 foranyA∈(0,A1).

Ontheotherhand,wehave|B+B±1|≤CA
1/4onΓ±1whenAissufficientlysmall,

which,combinedwiththeinequalityabove,yieldsthat

|B−B±1|=
|B2−(B±1)

2|

|B+B±1|
≥CA1/4 foranyA∈(0,A1).

Since|B−B±1|≤|B−B
±
2|followsfromReB≥0and(3.5.1),weobtain

|L(A,B)|=|(B−B+1)(B−B
−
1)(B−B

+
2)(B−B

−
2)|≥CA

foranyA∈(0,A1),λ∈Γ
±
1,andapositiveconstantCindependentofξ

′andλ.

NextweshowsomemultipliertheoremonΓ±1.

Lemma3.5.10.Let1≤ r≤ 2≤ q≤ ∞,andletf∈Lr(R
N
+)andg∈

Lr(R
N−1). Weusethesymbolsdefinedas(3.5.6)withσ=1.

(1)Lets≥0andsupposethatthereexistpositiveconstantsA1∈(0,1)andC=
C(s)suchthatforanyλ∈Γ±1 andA∈(0,A1)

|kn(ξ
′,λ)|≤CA−1+s (n=1,3),

|kn(ξ
′,λ)|≤CAs (n=2,4,5),

|k6(ξ
′,λ)|≤CA1+s.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,s)suchthat
foranyt>0andn=1,...,6

∥K±,1n (t;A0)f∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)−

s
2∥f∥Lr(RN+).
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(2)Lets≥0andsupposethatthereexistpositiveconstantsA1∈(0,1)andC=
C(s)suchthatforanyλ∈Γ±1 andA∈(0,A1)

|ln(ξ
′,λ)|≤CAs (n=1,2), |l3(ξ

′,λ)|≤CA1+s.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,a,r,s)suchthat
foranyt>0andn=1,2,3

∥L±,1n (t;A0)g∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

3
4−

s
2.∥g∥Lr(RN−1)

(3)SupposethatthereexistpositiveconstantsA1∈(0,1)andCsuchthatforany
λ∈Γ±1 andA∈(0,A1)

|k1(ξ
′,λ)|≤C, |k2(ξ

′,λ)|≤CA, |l1(ξ
′,λ)|≤C.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r)suchthat
foranyt>0andn=1,2

∥[K±,1n (t;A0)f]|xN=0∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
r)−

3
4∥f∥Lr(RN+),

∥[L±,11 (t;A0)g]|xN=0∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)−1∥g∥Lr(RN−1).

Proof.Weusetheabbreviations: ∥·∥2=∥·∥L2(RN−1),f(yN)=f(ξ
′,yN),

andt=t+1fort>0inthisproof,andconsideronlyestimatesonΓ+1 since
estimatesonΓ−1 canbeshownsimilarly.
(1)Sinceλ=−A2+(A2/4)eiuwithu∈[0,π/2]onΓ+1,wehave

[K+,1n (t;A0)f](x)=

∫∞

0

F−1ξ′

[∫π
2

0

e(−A
2+(A2/4)eiu)tφ0(ξ

′)

×k1(ξ
′,λ)Xn(xN,yN)

(

i
A2

4
eiu
)

duf(yN)

]

(x′)dyN.

Notingthat|e(−A
2+(A2/4)eiu)t| ≤Ce−(3/4)A

2tforsomepositiveconstantCin-
dependentofξ′,u,andt,weseethatbyLemma3.2.2,Lq-Lrestimatesofthe
(N−1)-dimensionalheatkernel,andParseval’stheorem

∥[K+,10,1(t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫π
2

0

e−(A
2/2)tA1+se−A(xN+yN)f(yN)

2
dudyN

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

e−(A
2/4)tAe−A(xN+yN)f(yN)

2
dyN

withsomepositiveconstantC,andbesides,forn=2,...,6

∥[K+,1n (t;A0)f](·,xN)∥Lq(RN+)

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

e−(A
2/4)tAe−C(xN+yN)f(yN)

2
dyN

similarly,wherewehaveusedLemma3.5.9andthefactthatfora>0andλ∈Γ±1

(3.5.14) |M(a)|≤a

∫1

0

|e−(Bθ+A(1−θ))yN|dθ≤ae−(A/4)a≤8A−1e−(A/8)a.

Wethusobtaintherequiredinequalitiesconcerning K+,1n (t;A0)(n=1,...,6)by
usingLemma3.5.5.
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(2)Sinceλ=−A2+(A2/4)eiuforu∈[0,π/2]onΓ+1,wehave

[L+,1n (t;A0)g](x)=F
−1
ξ′

[∫π
2

0

e(−A
2+(A2/4)eiu)tφ0(ξ

′)

×l1(ξ
′,λ)Yn(xN)

(

i
A2

4
eiu
)

dug(ξ′)

]

(x′).

Bycalculationssimilarto(1)andLemma3.2.2,wehave

∥[L+,11 (t;A0)g](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)−

1
2−

s
2 e−(A

2/2)tAe−AxNg(ξ′)
2

≤Ct−
N−1
2 (

1
r−

1
q)−

1
2−

s
2∥g∥Lr(RN−1)/(t

1/2+xN)

withsomepositiveconstantC,andalsoforn=2,3wehave,byLemma3.5.9and
(3.5.14),

∥[L+,1n (t;A0)g](·,xN)∥Lq(RN+)≤Ct
−N−12 (

1
r−

1
q)−

1
2−

s
2∥g∥Lr(RN−1)/(t

1/2+xN).

Wethusobtaintherequiredinequalitiesfor L+,1n (t;A0)(n=1,2,3)byusing
Lemma3.2.3(1).
(3)Asstatedabove,forn=1,2,wehave,by(3.5.14),

∥[K+,1n (t;A0)f]|xN=0∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

e−(A
2/2)tA2e−CAyNf(yN)

2
dyN

≤Ct−
N−1
2 (

1
r−

1
q)
∫∞

0

∥f(·,yN)∥Lr(RN−1)

t+(yN)2
dyN,

∥[L+,11 (t;A0)g]|xN=0∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)∥e−(A

2/2)tA2g(ξ′)∥2≤Ct
−N−12 (

1
r−

1
q)−1∥g∥Lr(RN−1)

withsomepositiveconstantC,which,combinedwithḦolder’sinequality,furnishes
thattherequiredinequalitieshold.

ByLemma3.5.9weseethatthereexistpositiveconstantsA1∈(0,1)andC
suchthatforanyλ∈Γ±1,A∈(0,A1),andj,k=1,...,N

|VBBjk(ξ
′,λ)/L(A,B)|≤CA−1, |VBMjk (ξ

′,λ)/L(A,B)|≤C,

|VM Bjk (ξ
′,λ)/L(A,B)|≤C, |VM Mjk (ξ′,λ)/L(A,B)|≤CA,

|PAAj (ξ
′,λ)/L(A,B)|≤C, |Pj(ξ

′,λ)/L(A,B)|≤CA.

Therefore,recallingtheformulas:(3.4.3),(3.4.4),(3.4.5),(3.5.5)withσ=1and
using(1.2.3),weobtaintherequiredinequalitiesofTheorem3.5.7byLemma3.5.9
andLemma3.5.10.

3.5.3. AnalysisonΓ±2.Ouraimhereistoshowthfollowingtheoremforthe
operatorsdefinedas(3.5.5)withσ=2.

Theorem3.5.11.Let1≤r≤2≤q≤ ∞andF=(f,g)∈X0r. Thenthere
existsanA0∈(0,1)suchthatthefollowingassertionshold.
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(1)Letk=0,1,l=0,1,2,andα′∈NN−10 .Thenthereexistsapositiveconstant
C=C(N,q,r,α′)suchthatforanyt>0

∥∂ktD
α′

x′D
l
NS

f,2
0 (t;A0)F∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−k−

|α′|+l
2 ∥f∥Lr(RN+),

∥∂ktD
α′

x′D
l
NS

g,2
0 (t;A0)F∥Lq(RN+)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−k−

|α′|+l
2 ∥g∥Lr(RN−1),

providedthatk+l+|α′|̸=0.Inaddition,if(q,r)̸=(2,2),then

∥Sf,20 (t;A0)F∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)∥f∥Lr(RN+),

∥Sg,20 (t;A0)F∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)∥g∥Lr(RN−1).

(2)ThereexistsapositiveconstantC=C(N,q,r)suchthatforanyt>0

∥∇Πf,20 (t;A0)F∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)−

1
4∥f∥Lr(RN+),

∥∇Πg,20 (t;A0)F∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)−1∥g∥Lr(RN−1).

(3)Letα∈NN0.ThenthereexistsapositiveconstantC=C(N,q,r,α)suchthat
foranyt>0

∥Dαx∇E(T
f,2
0 (t)F)∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

1
4−

|α|
2∥f∥Lr(RN+),

∥Dαx∂tE(T
f,2
0 (t)F)∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

|α|
2∥f∥Lr(RN+) if|α|̸=0,

∥Dαx∇E(T
g,2
0 (t)F)∥Lq(RN+)≤C(t+1)

−N−12 (
1
r−

1
q)−

1
2(
1
2−

1
q)−1−

|α|
2∥g∥Lr(RN−1).

Inaddition,if(q,r)̸=(2,2),then

∥∂tE(T
f,2
0 (t;A0)F)∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)∥f∥Lr(RN+).

(4)ThereexistsapositiveconstantC=C(N,q,r)suchthatforanyt>0

∥Tf,20 (t;A0)f∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
r−

1
2)∥f∥Lr(RN+) (r̸=2),

∥Tg,20 (t;A0)g∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)∥g∥Lr(RN−1) (r̸=2).

WestartwiththefollowinglemmainordertoshowTheorem3.5.11.

Lemma3.5.12.ThereexistpositiveconstantsA1∈(0,1),b0≥1,andCsuch
thatforanyλ∈Γ±2 andA∈(0,A1)

b−10 (A
√
1−u+

√
u+A)≤ReB≤|B|≤b0(A

√
1−u+

√
u+A),

|D(A,B)|≥C(A
√
1−u+

√
u+A)3,

|L(A,B)|≥C(A
√
1−u+

√
u+A1/4)4.

Proof.Wefirstshowtheinequalitiesfor B.Setσ=λ+A2andθ=argσ.
Notingthat

λ=−(A2(1−u)+γ0u)±i((A
2/4)(1−u)+γ0u)

foru∈[0,1]onΓ±2,wehave

|σ|+A2(1−u)+γ0u−A
2≤2(A2(1−u)+γ0u+A

2)+
A2

4
(1−u)+γ0u

≤3max{γ0,γ0}(A
2(1−u)+u+A2)≤3max{γ0,γ0}(A

√
1−u+

√
u+A)2,
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whichisusedtoobtain

ReB=|σ|1/2cos
θ

2
=
|σ|1/2
√
2
(1+cosθ)1/2=

1
√
2

(
|σ|2−(Reσ)2

|σ|−Reσ

)1/2

=
(A2/4)(1−u)+γ0u+(A

2/8)−(A2/8)(1−u)−(A2/8)u
√
2(|σ|+A2(1−u)+γ0u−A2)1/2

≥
(A2/8)(1−u)+γ0u+(A

2/8)−(A21/8)u
√
6max{γ

1/2
0 ,γ

1/2
0 }(A

√
1−u+

√
u+A)

≥
(1/8){A2(1−u)+γ0u+A

2}
√
6max{γ

1/2
0 ,γ

1/2
0 }(A

√
1−u+

√
u+A)

≥
A
√
1−u+u+A

24
√
6max{γ

1/2
0 ,γ

1/2
0 }

foranyA∈(0,A1),providedthatA
2
1≤7γ0.Itisclearthattheotherinequalities

concerningBhold.
NextweconsiderD(A,B).Notingthatλ∈Γ±2⊂Σε0andusingLemma1.2.6

(1),weobtain

|D(A,B)|≥C(ε0)(|λ|
1
2+A)3≥C(ε0)(A

√
1−u+

√
u+A)3.

FinallyweshowtheinequalityforL(A,B).By(3.5.2)

B2−(B±1)
2

=−(A2(1−u)+γ0u)±i

(
A2

4
(1−u)+γ0u−c

1/2
g A

1/2

)

+2A2+O(A10/4)

asA→0,andalsowehave

−(A2(1−u)+γ0u)±i

(
A2

4
(1−u)+γ0u−c

1/2
g A

1/2

)2

=(A2(1−u)+γ0u)
2+

(
A2

4
(1−u)+γ0u

)2

+cgA−2c
1/2
g A

1/2

(
A2

4
(1−u)+γ0u

)

≥

(

A2(1−u)+
γ0
3
u

)2
+
1

11
cgA−

1

10

(
A2

4
(1−u)+γ0u

)2

≥
1

90
(A2(1−u)+γ0u)

2+
1

11
cgA≥C(A

√
1−u+

√
u+A1/4)4.

Wethusseethat,bytheinequalityfor Bobtainedabove,thereexistpositive
constantsA1∈(0,1)andCsuchthatforanyA∈(0,A1)andλ∈Γ

±
2

|B−B±1|=
|B2−(B±1)

2|

|B+B±1|

≥
C
(
A
√
1−u+

√
u+A1/4

)2

b0(A
√
1−u+

√
u+A)+c

1/4
g A1/4

≥C(A
√
1−u+

√
u+A1/4).

Since|B−B±1|≤|B−B
±
2|followsfromReB≥0and(3.5.1),wehavetherequired

inequalityofL(A,B),whichcompletestheproofofthelemma.

Lemma3.5.13.Let1≤ r≤ 2≤ q≤ ∞,andletf∈Lr(R
N
+)andg∈

Lr(R
N−1). Weusethesymbolsdefinedas(3.5.6)withσ=2.
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(1)Lets≥0andsupposethatthereexistpositiveconstantsA1∈(0,1)andC=
C(s)suchthatforanyλ∈Γ±2 andA∈(0,A1)

|k1(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−2A|B|s (n=1,3),

|k2(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−2A2|B|s,

|kn(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−1A|B|s (n=4,5),

|k6(ξ
′,λ)|≤CA|B|s.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,s)suchthat
foranyt>0andn=1,...,6

∥K±,2n (t;A0)f∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)−

s
2∥f∥Lr(RN+),

providedthats>0.Inthecaseofs=0,

∥K±,2n (t;A0)f∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)∥f∥Lr(RN+) if(q,r)̸=(2,2).

(2)Lets≥0andsupposethatthereexistpositiveconstantsA1∈(0,1)andC=
C(s)suchthatforanyλ∈Γ±2 andA∈(0,A1)

|ln(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−4A|B|s (n=1,2),

|l3(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−3A|B|s.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,s)suchthat
foranyt>0andn=1,3

∥L±,2n (t;A0)g∥Lq(RN+)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

s
2∥g∥Lr(RN−1) (s>0),

∥L±,22 (t;A0)g∥Lq(RN+)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

3
4−

s
2∥g∥Lr(RN−1) (s≥0).

Forn=1,3,inthecaseofs=0,

∥L±,2n (t;A0)g∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)∥g∥Lr(RN−1),

providedthat(q,r)̸=(2,2).
(3)SupposethatthereexistpositiveconstantsA1∈(0,1)andCsuchthatforany
λ∈Γ±2 andA∈(0,A1)

|k1(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−4A,

|k2(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−4A2,

|l1(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−2.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r)suchthat
foranyt>0,n=1,2,andr̸=2

∥[K+,2n (t;A0)f]|xN=0∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
r−

1
2)∥f∥Lr(RN+),

∥[L+,21 (t;A0)g]|xN=0∥Lq(RN−1)≤C(t+1)
−N−12 (

1
r−

1
q)∥g∥Lr(RN−1).
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Proof.Weoftenusetheabbreviations: ∥·∥2 = ∥·∥L2(RN−1),f(yN) =

f(ξ′,yN),φ0=φ0(ξ
′),andt=t+1fort>0inthisproof,andconsideronly

estimatesonΓ+3sinceestimatesonΓ
−
3 canbeshownsimilarly.

(1) WefirstshowtheinequalityforK+,21 (t;A0).RecallingthatonΓ
+
2

(3.5.15) λ=−(A2(1−u)+γ0u)+i((A
2/4)(1−u)+γ0u) foru∈[0,1],

wehaveby(3.5.6)

[K+,21 (t;A0)f](x)=

∫∞

0

F−1ξ′

[∫1

0

e{−(A
2(1−u)+γ0u)+i((A

2/4)(1−u)+γ0u)}tφ0

×k1(ξ
′,λ)e−A(xN+yN)

{

−(γ0−A
2)+i

(

γ0−
A2

4

)}

duf(yN)

]

(x′)dyN.

SinceitfollowsfromLemma3.5.12that

(3.5.16) |e{−(A
2(1−u)+γ0u)±i((A

2/4)(1−u)+γ0u)}t|

≤e−
3
4A

2te−
1
4(A

2(1−u)+γ0u)t≤Ce−
3
4A

2te−C|B|
2t

withsomepositiveconstantC,independentofξ′,λ,andt,foranyA∈(0,A0)by
choosingasuitableA0∈(0,A1),wehave,byLemma3.5.12,Lq-Lrestimatesof
the(N−1)-dimensionalheatkernel,andParseval’stheorem,

∥[K+,21 (t;A0)f](·,xN)∥Lq(RN−1)

(3.5.17)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−(A
2/2)te−C|B|

2tA|B|se−A(xN+yN)φ0

(A
√
1−u+

√
u+A)2

duf(yN)

2

dyN

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−C|B|
2t|B|s−δφ0
(
√
u)2−δ

due−
A2

2 tAe−A(xN+yN)f(yN)

2

dyN

forasufficientlysmallδ>0.Ifs>0,thenbyLemma3.5.12wehave

(3.5.18)

∫1

0

e−C|B|
2t|B|s−δφ0
(
√
u)2−δ

du≤Ct−
s−δ
2

∫1

0

e−Cut

(
√
u)2−δ

du≤Ct−
s
2

forapositiveconstantC. Wethusobtain

∥[K+,21 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

e−(A
2/2)tAe−A(xN+yN)f(yN)

2
dyN,

which,combinedwithLemma3.5.5,furnishestherequiredinequality.Inthecase
ofs=0,byLemma3.2.2and(3.5.17)

∥[K+,21 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−Cut

(
√
u)2−δ

due−(A
2/2)tA1−δe−A(xN+yN)f(yN)

2

dyN

≤Ct−
N−1
2 (

1
r−

1
q)−

δ
2

∫∞

0

∥f(·,yN)∥Lr(RN−1)

t(1−δ)/2+(xN)1−δ+(yN)1−δ
dyN,
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whichfurnishesthattherequiredinequalityholdsbyLemma3.2.3(2)andchoosing

asufficientlysmallδ>0when(q,r)̸=(2,2).ConcerningK+,22 (t;A0),wecanshow

theestimateinasimilarwaytothecaseofK+,21 (t;A0),notingthatby(1.2.3)and
Lemma3.5.12

(3.5.19)|M(a)|≤a

∫1

0

e−{(ReB)θ+A(1−θ)}adθ≤ae−b
−1
0 Aa≤2b0A

−1e−(b
−1
0 /2)Aa

fora>0andanyA∈(0,A0)bychoosingasuitableA0∈(0,A1).
NextweshowtheinequalitiesforK+,2n (t;A0)withn=3,4,5. Since|λ|≥

C|B|2onΓ±2 withsomepositiveconstantCbyLemma3.5.12,wehave

(3.5.20) |M(a)|=
|e−Ba−e−Aa|

|B−A|
≤e−CAa

|B+A|

|λ|
≤C
e−CAa

|B|
≤C
e−CAa
√
u

witha>0andsomepositiveconstantCforanyA∈(0,A0)bychoosingasuitable
A0∈(0,A1).Thus,by(3.5.16)andLemma3.5.12,

∥[K+,2n (t)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−(A
2/2)te−C|B|

2tA|B|se−CA(xN+yN)φ0

(A
√
1−u+

√
u+A)

√
u

duf(yN)

2

dyN,

whichfurnishesthattherequiredinequalitiesofK+,2n (t;A0)(n=3,4,5)holdin

thesamemanneraswehaveobtainedtheestimateofK+,21 (t;A0)from(3.5.17).

Finally,weconsiderK+,26 (t;A0)f.By(3.5.18)and(3.5.20),wehave,fors>0,

∥[K+,26 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−
A2

2 te−C|B|
2tφ0A|B|

sM(xN)M(yN)duf(yN)
2

dyN

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−
A2

2 te−C|B|
2tφ0A|B|

s−2e−CA(xN+yN)duf(yN)
2

dyN

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−C|B|
2t|B|s−δφ0
(
√
u)2−δ

due−
A2

2 tAe−CA(xN+yN)f(yN)

2

dyN

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫∞

0

e−
A2

2 tAe−CA(xN+yN)duf(yN)
2
dyN

forapositiveconstantCbychoosingasufficientlysmallδ>0. Wethusobtainthe
requiredinequalityofK+,26 (t;A0)byLemma3.5.5ifs>0.Inthecaseofs=0,
sinceitfollowsthatby(1.2.3)andLemma3.5.12

|M(a)|≤a

∫1

0

e−{(ReB)θ+A(1−θ)}adθ≤a

∫1

0

e−{(b
−1
0 (
√
u+A))θ+A(1−θ)}adθ

≤ae−b
−1
0 Aa

∫1

0

e−b
−1
0

√
uθadθ (a>0,λ∈Γ+2)
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foranyA∈(0,A0)bychoosinganA0∈(0,A1),weobtaineasily,byLemma3.2.2,

∥[K+,26 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−(A
2/2)tφ0AM(xN)M(yN)duf(yN)

2

dyN

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

xNyN e−(A
2/2)tAe−CA(xN+yN)f(yN)

2

×

∫∫∫

[0,1]3
e−Cute−C

√
uφxNe−C

√
uψyN dudφdψdyN

≤Ct−
N−1
2 (

1
r−

1
q)
∫∞

0

xNyN∥f(·,yN)∥Lr(RN−1)

t1/2+xN+yN

∫∫

[0,1]2

dφdψdyN

t+(φxN)2+(ψyN)2

withsomepositiveconstantC.Thechangeofvariable:ψyN ={t+(φxN)
2}1/2l

yieldsthat
∫1

0

dψ

t+(φxN)2+(ψyN)2
≤

1

t+(φxN)2

∫∞

0

1

1+l2
{t+(φxN)

2}1/2

yN
dl

≤
C

yN(t1/2+φxN)

forapositiveconstantC,sothat

∥[K+,26 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
r−

1
q)
∫∞

0

xN∥f(·,yN)∥Lr(RN−1)

t1/2+xN+yN

∫1

0

dφ

t1/2+φxN
dyN

=Ct−
N−1
2 (

1
r−

1
q)
∫∞

0

xN∥f(·,yN)∥Lr(RN−1)

(t1/2+xN+yN)1−δ

∫1

0

dφdyN

(t1/2+xN+yN)δ(t1/2+φxN)

forany0<δ<1. Wethenseethatbythechangeofvariable:φxN =t
1/2l

∫1

0

dφ

(t1/2+xN+yN)δ(t1/2+φxN)
≤

∫1

0

dφ

(t1/2+φxN)δ(t1/2+φxN)

≤C

∫1

0

dφ

t(1+δ)/2+(φxN)1+δ
≤

C

t(1+δ)/2

∫∞

0

1

1+l1+δ
t1/2

xN
dl≤

C

xNtδ/2

withapositiveconstantC,whichfurnishesthat

∥[K+,26 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
r−

1
q)−

δ
2

∫∞

0

∥f(·,yN)∥Lr(RN−1)

t(1−δ)/2+x1−δN +y1−δN

dyN.

TogetherwithLemma3.2.3(2),weobtaintherequiredinequalitybychoosinga
sufficientlyδ>0if(q,r)̸=(2,2).

(2) WefirstshowtheinequalityforL+,21 (t;A0).By(3.5.6)and(3.5.15),wehave

[L+,21 (t;A0)g](x)=F
−1
ξ′

[∫1

0

e{−(A
2(1−u)+γ0u)+i((A

2/4)(1−u)+γ0u)}tφ0

×l1(ξ
′,λ)e−A(xN+yN)

{

−(γ0−A
2)±i

(

γ0−
A2

4

)}

g(ξ′)

]

(x′).
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InasimilarwaytothecaseofK+,21 (t;A0),wehaveby(3.5.18)andLemma3.2.2

∥[L±,21 (t;A0)g](·,xN)∥Lq(RN−1)

(3.5.21)

≤Ct−
N−1
2 (

1
2−

1
q)
∫1

0

e−(A
2/2)te−C|B|

2tφ0A
1/2|B|se−AxN

(A
√
1−u+

√
u+A1/4)2

dug(ξ′)

2

≤Ct−
N−1
2 (

1
2−

1
q)
∫1

0

e−C|B|
2tφ0|B|

s−δ

(
√
u)2−δ

due−(A
2/2)tA1/2e−AxN g(ξ′)

2

≤Ct−
N−1
2 (

1
r−

1
q)−

s
2∥g∥Lr(RN−1)/(t

1/4−δ/8+(xN)
1/2−δ/4)

forasufficientlysmallδ>0withsomepositiveconstantC,providedthats>0.
WethusobtaintherequiredinequalitybyLemma3.2.3(1)when s>0andq>2.
Inthecaseofs>0andq=2,by(3.5.18)and(3.5.21),wehave

∥L+,21 (t;A0)g∥L2(RN+)≤C

∫1

0

e−C|B|
2tφ0|B|

s−δ

(
√
u)2−δ

due−(A
2/2)tg(ξ′)

2

≤Ct−
N−1
2 (

1
r−

1
2)−

s
2∥g∥Lr(RN−1).

Ifs=0,thenwehave,byLemma3.2.2,Lemma3.5.12,and(3.5.21),

∥[L+,21 (t;A0)g](·,xN)∥Lq(RN−1)(3.5.22)

≤Ct−
N−1
2 (

1
2−

1
q)
∫1

0

e−(A
2/2)te−C|B|

2tφ0A
1/2e−AxN

(A
√
1−u+

√
u+A1/4)2

dug(ξ′)

2

≤Ct−
N−1
2 (

1
2−

1
q)
∫1

0

e−Cut

(
√
u)2−δ

due−(A
2/2)tA1/2−δ/4e−AxNg(ξ′)

2

≤Ct−
N−1
2 (

1
r−

1
q)−

δ
2∥g∥Lr(RN−1)/(t

1/4−δ/8+(xN)
1/2−δ/4)

which,combinedwithLemma3.2.2,furnishesthattherequiredinequalityholdsfor
q>2bychoosingasufficientlysmallδ>0.Inthecaseofs=0andq=2,by
(3.5.22)andYoung’sinequalitywith1+1/2=1/p+1/rfor1≤r<2,wehave

∥L+,21 (t;A0)g∥L2(RN+)≤Ct
−δ/2∥e−(A

2/2)tA−δ/4g(ξ′)∥2(3.5.23)

≤Ct−δ/2∥F−1ξ′[e
−(A2/2)tA−δ/4]∥Lp(RN−1)∥g∥Lr(RN−1).

Ontheotherhand,byProposition1.2.8withn=N−1,L=N−2,andσ=1−δ/4,
wehave

|F−1ξ′[e
−(A2/2)tA−δ/4](x′)|≤C|x′|−(N−1−δ/4)

forapositiveconstantC,andfurthermore,bydirectcalculations

|F−1ξ′[e
−(A2/2)tA−δ/4](x′)|≤Ct−(1/2)(N−1−δ/4).

Wethusobtain

|F−1ξ′[e
−(A2/2)tA−δ/4](x′)|≤

C

t(1/2)(N−1−δ/4)+|x′|N−1−δ/4
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forapositiveconstantC.Therefore,bychoosingasufficientlysmallδ>0,wesee
that

(3.5.24) ∥F−1ξ′[e
−(A2/2)tA−δ/4]∥Lp(RN+)≤Ct

−N−12 (1−
1
p)+

δ
8=Ct−

N−1
2 (

1
r−

1
2)+

δ
8,

notingthatp>1because1≤r<2,which,combinedwith(3.5.23),furnishesthat
therequiredinequalityholds.Summingupthecaseofs=0,wehaveobtained

∥L+,21 (t;A0)g∥Lq(RN+)≤Ct
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)∥g∥Lr(RN−1)

forsomepositiveconstantCand1≤r≤2≤q≤∞if(q,r)̸=(2,2).

ConcerningL+,22 (t;A0),weseethatbyLemma3.2.2

∥[L+,22 (t;A0)g](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫1

0

e−(A
2/2)te−C|B|

2tφ0e
−(ReB)xN dug(ξ′)

2

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

∫1

0

e−Cute−C
√
uxN due−(A

2/2)tg(ξ′)
2

≤Ct−
N−1
2 (

1
2−

1
q)−

s
2

e−(A
2/2)tg(ξ′)

2

t+(xN)2
≤Ct−

N−1
2 (

1
r−

1
q)−

s
2
∥g∥Lr(RN−1)

t+(xN)2
,

which,combinedwithLemma3.2.3(1),furnishesthattherequiredinequalityholds

forL+,22 (t;A0).

Finally,weshowtheinequalityforL+,23 (t;A0). Wehaveeasily,by(3.5.20),

∥[L±,23 (t;A0)g](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫1

0

e−(A
2/2)te−C|B|

2tφ0A
1/2|B|se−CAxN

(A
√
1−u+

√
u+A1/4)

√
u

dug(ξ′)

2

forapositiveconstantC. Wethusobtaintherequiredinequalityinthesame
manneraswehaveobtainedtheestimateofL+,21 (t;A0)from(3.5.21).
(3)Asmentionedabove,forn=1,2,wehave,by(3.5.19),

∥[K+,2n (t;A0)f]|xN=0∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−(A
2/2)te−C|B|

2tφ0A
1/2e−CAyN

(A
√
1−u+

√
u+A1/4)2

duf(yN)

2

dyN,

∥[L+,21 (t;A0)g]|xN=0∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫1

0

e−(A
2/2)te−C|B|

2tφ0

(A
√
1−u+

√
u+A1/4)2

dug(ξ′)

2
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withsomepositiveconstantC.ConcerningK+,2n (t;A0)(n=1,2),byLemma3.2.2
andḦolder’sinequality,weseethatforasufficientlysmallδ>0

∥[K+,2n (t;A0)f]|xN=0∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫1

0

e−Cut

(
√
u)2−δ

due−(A
2/2)tA1/2−δ/4e−CAyNf(yN)

2

dyN

≤Ct−
N−1
2 (

1
r−

1
q)−

δ
2

∫∞

0

∥f(·,yN)∥Lr(RN−1)

t(1/2)(1/2−δ/4)+(yN)1/2−δ/4
dyN

≤Ct−
N−1
2 (

1
r−

1
q)−

1
2(
1
r−

1
2)−

3
8δ∥f∥Lr(RN+)

for1≤r<2withsomepositiveconstantC.Ontheotherhand,byusing(3.5.23)
and(3.5.24)

∥[L+,21 (t;A0)g]|xN=0∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫1

0

e−Cut

(
√
u)2−δ

due−(A
2/2)tA−δ/4g(ξ′)

2

≤Ct−
N−1
2 (

1
2−

1
q)−

δ
2∥F−1ξ′[e

−(A2/2)tA−δ/4g(ξ′)]∥2

≤Ct−
N−1
2 (

1
r−

1
q)−

3
8δ∥g∥Lr(RN−1)

for1≤r<2withsomepositiveconstantC,whichcompletestheproofofthe
lemma.

Corollary3.5.14.Let1≤r≤2≤q≤ ∞,andletf∈Lr(R
N
+)
N and

g∈Lr(R
N−1). Weusethesymbolsdefinedas(3.5.6)withσ=2.

(1)Letα∈NN0 andweassumethatthereexistpositiveconstantsA1∈(0,1)and
Csuchthatforanyλ∈Γ±2 andA∈(0,A1)

|k1(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−4A,

|k2(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−4A2,

|l1(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−4|B|2.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,α)such
thatforanyt>0andn=1,2

∥Dαx∇K
±,2
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

1
4−k−

|α|
2∥f∥Lr(RN+),

∥Dαx∂tK
±,2
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−

|α|
2∥f∥Lr(RN+) if|α|̸=0,

∥Dαx∇L
±,2
1 (t;A0)g∥Lq(RN+)≤C(t+1)

−N−12 (
1
r−

1
q)−

1
2(
1
2−

1
q)−1−

|α|
2∥g∥Lr(RN−1).

Inaddition,if(q,r)̸=(2,2),thenwehave,foranyt>0andn=1,2,

∥∂tK
±,2
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)∥f∥Lr(RN+).
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(2)Letk=0,1,l=0,1,2,andα′∈NN−10 . Wesupposethatthereexistpositive
constantsA1∈(0,1)andCsuchthatforanyλ∈Γ

±
2 andA∈(0,A1)

|k3(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−2A,

|kn(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−2A|B|(n=4,5),

|k6(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−2A|B|2,

|l2(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−4A,

|l3(A,B)|≤C(A
√
1−u+

√
u+A1/4)−4A|B|.

ThenthereexistpositiveconstantsA0∈(0,A1)andC=C(N,q,r,α
′)such

thatforanyt>0

∥∂ktD
α′

x′D
l
NK

±,2
n (t;A0)f∥Lq(RN+)

≤C(t+1)−
N
2(

1
r−

1
q)−k−

|α′|+ℓ
2 ∥f∥Lr(RN+) (n=3,4,5,6),

∥∂ktD
α′

x′D
ℓ
NL

±,2
n (t;A0)g∥Lq(RN+)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−k−

|α′|+ℓ
2 ∥g∥Lr(RN−1) (n=2,3),

providedthatk+l+|α′|̸=0.Inaddition,if(q,r)̸=(2,2),thentherehold

∥K±,2n (t;A0)f∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)∥f∥Lr(RN+) (n=3,4,5,6),

∥L±,2n (t;A0)g∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)∥g∥Lr(RN−1) (n=2,3)

foranyt>0withsomepositiveconstantC=C(N,q,r).

Proof.WeconsideronlythecasesofK±,25 (t;A0),K
±,2
6 (t;A0)andL

±,2
3 (t;A0).

TheotherinequalitiescanbeprovesbyLemma3.5.13directly.By(3.5.6)

∂ktD
α′

x′[K
±,2
n (t;A0)f](x)

=

∫∞

0

F−1ξ′

[∫

Γ±2

eλtφ0(ξ
′)λk(iξ′)α

′

kn(ξ
′,λ)Xn(xN,yN)dλf(ξ

′,yN)

]

(x′),

∂ktD
α′

x′[L
±,2
3 (t;A0)g](x)

=F−1ξ′

[∫

Γ±2

eλtφ0(ξ
′)λk(iξ′)α

′

ℓ3(ξ
′,λ)M(xN)dλg(ξ

′)

]

(x′)

forn=5,6,k=0,1,andanymulti-indexα′∈NN−10 .SincebyLemma3.5.12

|λk(iξ′)α
′

kn(ξ
′,λ)|≤C

{
(A
√
1−u+

√
u+A)−2A|B|1+2k+|α

′| (n=5),

CA|B|2k+|α
′| (n=6),

|λk(iξ′)α
′

l3(ξ
′,λ)|≤(A

√
1−u+

√
u+A1/4)−3A|B|2k+|α

′|
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forλ∈Γ±2 andA∈(0,A0)bychoosingsomeA0∈(0,A1),weobtain,byusing
Lemma3.5.13,

∥∂ktD
α′

x′K
±,2
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−k−

|α′|
2 ∥f∥Lr(RN+) (n=5,6),

(3.5.25)

∥∂ktD
α′

x′L
±,2
3 (t;A0)g∥Lq(RN+)≤C(t+1)

−N−12 (
1
r−

1
q)−

1
2(
1
2−

1
q)−k−

|α′|
2 ∥g∥Lr(RN−1)

foranyt>0withsomepositiveconstantC,providedthatk+|α′|̸=0.Inthe
caseofk+|α′|=0,wehave,byLemma3.5.13,

∥K±,2n (t;A0)f∥Lq(RN+)≤C(t+1)
−N2(

1
r−

1
q)∥f∥Lr(RN+) (n=5,6),(3.5.26)

∥L±,23 (t;A0)g∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)∥g∥Lr(RN−1)

if(q,r)̸=(2,2).Ontheotherhand,by(1.2.3)

∂ktD
α′

x′D
l
N[K

±,2
0,5(t)f](x)

=(−1)l
∫∞

0

F−1ξ′

[∫

Γ±2

eλtφ0λ
k(iξ′)α

′

(B+A)l−1k5e
−B(xN+yN)dλf(yN)

]

(x′)dyN

+(−1)l
∫∞

0

F−1ξ′

[∫

Γ±2

eλtφ0λ
k(iξ′)α

′

Alk5M(xN)e
−ByN dλf(yN)

]

(x′)dyN,

∂ktD
α′

x′D
l
N[K

±,2
6 (t;A0)f](x)=

(−1)l
∫∞

0

F−1ξ′

[∫

Γ±2

eλtφ0λ
k(iξ′)α

′

(B+A)l−1k6e
−BxNM(yN)dλf(yN)

]

(x′)dyN

+(−1)l
∫∞

0

F−1ξ′

[∫

Γ±2

eλtφ0λ
k(iξ′)α

′

Alk6M(xN)M(yN)dλf(yN)

]

(x′)dyN,

∂ktD
α′

x′D
l
N[L

±,2
3 (t;A0)g](x)

=(−1)lF−1ξ′

[∫

Γ±2

eλtφ0λ
k(iξ′)α

′

(B+A)l−1l3(ξ
′,λ)e−BxN dλg(ξ′)

]

(x′)

+(−1)lF−1ξ′

[∫

Γ±2

eλtφ0λ
k(iξ′)α

′

All3(ξ
′,λ)M(xN)dλg(ξ

′)

]

(x′)

forl=1,2,k=0,1,andα′∈NN−10 ,wherewehaveset

φ0=φ0(ξ
′), kn=kn(ξ

′,λ)(n=5,6), f(yN)=f(ξ
′,yN).

SincebyLemma3.5.12

|λk(iξ′)α
′

(B+A)l−1k5(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−2A|B|2k+|α

′|+l

|λk(iξ′)α
′

Alk5(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−1A|B|2k+|α

′|+l,

|λk(iξ′)α
′

(B+A)l−1k6(ξ
′,λ)|≤C(A

√
1−u+

√
u+A)−1A|B|2k+|α

′|+l,

|λk(iξ′)α
′

Alk6(ξ
′,λ)|≤CA|B|2k+|α

′|+l
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foranyλ∈Γ±2 andA∈(0,A0)bychoosingasuitableA0∈(0,A1),wehave,by
usingLemma3.5.13,

(3.5.27)∥∂ktD
α′

x′D
l
NK

±,2
n (t;A0)f∥Lq(RN+)≤C(t+1)

−N2(
1
r−

1
q)−k−

|α′|+l
2 ∥f∥Lr(RN+)

foranyt>0,k=0,1,l=1,2,α′∈NN−10 ,andn=5,6withsomepositive
constantC.Inaddition,

|λk(iξ′)α
′

(B+A)l−1l3(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−4A|B|2k+|α

′|+l,

|λk(iξ′)α
′

All3(ξ
′,λ)|≤C(A

√
1−u+

√
u+A1/4)−3A|B|2k+|α

′|+l

foranyλ∈Γ±2 andA∈(0,A0),andthereforebyLemma3.5.13

∥∂ktD
α′

x′D
l
NL

±,2
3 (t;A0)g∥Lq(RN+)

≤C(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−k−

|α′|+ℓ
2 ∥g∥Lr(RN−1)

foranyt>0,k=0,1,l=1,2,andα′∈NN−10 withapositiveconstantC,which,
combinedwith(3.5.25),(3.5.26),and(3.5.27),furnishestherequiredestimatesfor

K±,25 (t;A0),K
±,2
6 (t;A0),andL

±,2
3 (t;A0).Thiscompletestheproof.

WeseethatbyLemma3.5.12thereexistpositiveconstants A1∈(0,1)andC
suchthatforj,k=1,...,N,λ∈Γ±2,andA∈(0,A1)

VBBjk(ξ
′,λ)

L(A,B)
≤

CA

(A
√
1−u+

√
u+A)2

,
VBMjk (ξ

′,λ)

L(A,B)
≤

CA|B|

(A
√
1−u++A)2

,

VM Bjk (ξ
′,λ)

L(A,B)
≤

CA|B|

(A
√
1−u+

√
u+A)2

,
VM Mjk (ξ′,λ)

L(A,B)
≤

CA|B|2

(A
√
1−u+

√
u+A)2

,

PAAj (ξ
′,λ)

L(A,B)
≤

CA

(A
√
1−u

√
u+A

1
4)4
,
PAMj (ξ′,λ)

L(A,B)
≤

CA2

(A
√
1−u+

√
u+A

1
4)4
,

andfurthermore,

A

L(A,B)
≤C(A

√
1−u+

√
u+A1/4)−4A,

A(B2+A2)

(B+A)L(A,B)
≤C(A

√
1−u+

√
u+A1/4)−4A|B|,

D(A,B)

(B+A)L(A,B)
≤C(A

√
1−u+

√
u+A1/4)−4|B|2.

Therefore,rememberingtheformulas:(3.4.3),(3.4.4),(3.4.5),(3.5.5)withσ=2
andusingCorollary3.5.14,wehaveTheorem3.5.11(1)-(3). Theorem3.5.11(4)
followsfromLemma3.5.13(3)directly.

3.5.4. AnalysisonΓ±3.Ouraimhereistoshowthefollowingtheoremfor
theoperatorsdefinedas(3.5.5)withσ=3.

Theorem 3.5.15.Let1≤ r≤ 2≤ q≤ ∞,(α′,α)∈NN−10 ×NN0,and
F=(f,g)∈X0r. Thenthereexistpositiveconstantsδ0,A0∈(0,1),andC=
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C(N,q,r,α′,α)suchthatforanyt>0

∥(∂tS
f,3
0 (t;A0)F,∇Π

f,3
0 (t;A0)F)∥Lq(RN+)+∥D

α′

x′S
f,3
0 (t;A0)F∥W 2

q(R
N
+)

+∥Dαx∇E(T
f,3
0 (t;A0)F)∥Lq(RN+)+∥D

α
x∂tE(T

f,3
0 (t;A0)F)∥Lq(RN+)

+∥Tf,30 (t;A0)F∥Lq(RN−1)≤C(|logt|+1)e
−δ0t∥f∥Lr(RN+),

∥(∂tS
g,3
0 (t;A0)F,∇Π

g,3
0 (t;A0)F)∥Lq(RN+)+∥D

α′

x′S
g,3
0 (t;A0)F∥W 2

q(R
N
+)

+∥Dαx∇E(T
g,3
0 (t;A0)F)∥Lq(RN+)

+∥Tg,30 (t;A0)F∥Lq(RN−1)≤C(|logt|+1)e
−δ0t∥g∥Lr(RN−1).

InordertoshowTheorem3.5.15,westartwiththefollowinglemma.

Lemma3.5.16.Let1≤ r≤ 2≤ q≤ ∞,andletf∈Lr(R
N
+)andg∈

Lr(R
N−1). Weusetheoperatorsdefinedas(3.5.6)withσ=3and

kn(ξ
′,λ)=κn(ξ

′,λ)/L(A,B), ln(ξ
′,λ)=mn(ξ

′,λ)/L(A,B).

(1)Lets≥0andsupposethatthereexistpositiveconstantsA1∈(0,1)andC=
C(s)suchthatforanyλ∈Γ±3 andA∈(0,A1)

|κn(ξ
′,λ)|≤C(|λ|1/2+A)2A1+s(n=1,2,4,5,6),

|κ3(ξ
′,λ)|≤C(|λ|1/2+A)2As.

Thenthereexistpositiveconstantsδ0,A0∈(0,A1),C=C(N,q,r,s)suchthat
foranyt>0andn=1,...,6

∥K±,3n (t;A0)f∥Lq(RN+)≤C(|logt|+1)e
−δ0t∥f∥Lr(RN+)

(2)Lets≥0andsupposethatthereexistpositiveconstantsA1∈(0,1)andCsuch
thatforanyλ∈Γ±3 andA∈(0,A1)

|m1(ξ
′,λ)|≤C(|λ|1/2+A)2A1+s,

|m2(ξ
′,λ)|≤C(|λ|1/2+A)2As,

|m3(ξ
′,λ)|≤C|λ|1/2(|λ|1/2+A)2A1+s.

Thenthereexistpositiveconstantsδ0,A0∈(0,A1),andC=C(N,q,r)such
thatforanyt>0andn=1,2,3

∥L±,3n (t;A0)g∥Lq(RN+)≤C(|logt|+1)e
−δ0t∥g∥Lr(RN−1).

(3)SupposethatthereexistpositiveconstantsA1∈(0,1)andCsuchthatforany
λ∈Γ±3 andA∈(0,A1)

|κn(ξ
′,λ)|≤C(|λ|1/2+A)2A (n=1,2),

|m1(ξ
′,λ)|≤C(|λ|1/2+A)2.

Thenthereexistpositiveconstantsδ0,A0∈(0,1),andCsuchthatforany
t>0andn=1,2

∥[K±,3n (t;A0)f]|xN=0∥Lq(RN−1)≤C(|logt|+1)e
−δ0t∥f∥Lr(RN+),

∥[L±,31 (t;A0)g]|xN=0∥Lq(RN−1)≤C(|logt|+1)e
−δ0t∥g∥Lr(RN−1).
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Proof.Weusetheabbreviations: ∥·∥2=∥·∥L2(RN−1),f(yN)=f(ξ
′,yN),

φ0=φ0(ξ
′),andt=t+1fort>0inthisproof,andconsideronlyestimateson

Γ+3sinceestimatesonΓ
−
3 canbeshownsimilarly.

(1)FirstweshowtheinequalityforK+,31 (t;A0). Notingthatλ=−γ0+iγ0+

uei(π−ε0)foru∈[0,∞)onΓ+3,wehave,by(3.5.6),

[K+,31 (t;A0)f](x)=

∫∞

0

F−1ξ′

[∫∞

0

e{−γ0+iγ0+ue
i(π−ε0)}tφ0

×
κ1(ξ

′,λ)

L(A,B)
e−A(xN+yN)ei(π−ε0)duf(yN)

]

(x′)dyN.

Sincee−(γ0/2)teA
2t≤Ce−A

2tforanyA∈(0,A0)bychoosingasuitableA0∈
(0,A1),weobtain,byLemma1.2.6(2),Lq-Lrestimatesofthe(N−1)-dimensional
heatkernel,andParseval’stheorem,

∥[K+,31 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ct−
N−1
2 (

1
2−

1
q)
∫∞

0

∫∞

0

φ0e
A2te−(γ0+ucosε0)t

A1+s

|λ|
e−A(xN+yN)duf(yN)

2

dyN

≤Ct−
N−1
2 (

1
2−

1
q)e−

γ0
2t

∫∞

0

e−u(cosε0)t

|λ|
du

∫∞

0

e−A
2tAe−A(xN+yN)f(yN)

2
dyN,

which,combinedwithLemma3.5.5,furnishesthat

(3.5.28) ∥K+,31 (t;A0)f∥Lq(RN+)≤Ce
−(γ0/4)t∥f∥Lr(RN+)

∫∞

0

e−u(cosε0)t

|λ|
du

forsomepositiveconstantC. Weherecalculatetheintegralontheright-handside.
Itholdsthat

∫∞

0

e−u(cosε0)t

|λ|
du≤

∫∞

0

e−u(cosε0)t

γ0+ucosε0
du=

1

cosε0

∫∞

0

e−ℓ

γ0t+ℓ
dℓ

≤
1

cosε0

∫∞

0

e−ℓ

t+ℓ
dℓ,

which,combinedwith

∫∞

0

e−ℓ

t+ℓ
dℓ=−logt+

∫∞

0

e−ℓlog(t+ℓ)dℓ

=−logt−tlogt−1+

∫∞

0

e−ℓ(t+ℓ)log(t+ℓ)dℓ,

furnishesthat
∫∞
0
e−ℓ/(t+ℓ)dℓ=O(logt)ast→0.Thustherequiredinequality

followsfrom(3.5.28).Analogously,wecanshowthecasesofn=2,4,5,6byusing
thefactthatbyLemma1.2.6(1)

|e−Ba|≤Ce−Ca, |M(a)|≤C|λ|−1/2e−Ca≤Ce−Ca

foranya>0andλ∈Γ±3 withsomepositiveconstantC.

WefinallyconsidertheinequalityforK+,33 (t;A0).ByLemma1.2.6(1),Ḧolder’s

inequality,andcalculationssimilartothecaseofK+,31 (t;A0),weeasilysee,for
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r′=r/(r−1),that

∥[K+,33 (t;A0)f](·,xN)∥Lq(RN−1)

≤Ce−(γ0/4)t
∫∞

0

∫∞

0

e−u(cosε0)t

|λ|
e−C|λ|

1
2(xN+yN)due−A

2tf(yn)
2

dyN

≤Ce−(γ0/8)t
∫∞

0

e−u(cosε0)te−C|λ|
1
2xN

|λ|

(∫∞

0

e−r
′C|λ|

1
2yN dyN

)1
r′

du∥f∥Lr(RN+)

≤Ce−(γ0/8)t∥f∥Lr(RN+)

∫∞

0

e−u(cosε0)te−C|λ|
1
2xN

|λ|1+1/(2r′)
du,

whichfurnishesthat

∥K±,33 (t;A0)f∥Lq(RN+)≤Ce
−(γ0/8)t∥f∥Lr(RN+)

∫∞

0

e−u(cosε0)t

|λ|1+1/(2q)+1/(2r′)
du

≤Ce−(γ0/8)t∥f∥Lr(RN+)

∫∞

0

e−u(cosε0)t

|λ|
du

withsomepositiveconstantC.Thisinequalityimpliesthattherequiredinequality
forK+,33 (t;A0)asmentionedabove.
(2),(3) Wecanproveinasimilarwayto(1),sothatwemayomittheproof.

WeseethatbyLemma1.2.6thereexistpositiveconstants A1∈(0,1)andC
suchthatforanyλ∈Γ±3 andA∈(0,A1)

|VBBjk(ξ
′,λ)|≤C, |VBMjk (ξ

′,λ)|≤CA, |VM Bjk (ξ
′,λ)|≤CA,

|VM Mjk (ξ′,λ)|≤CA, |PAAj (ξ
′,λ)|≤CA, |PAMj (ξ′,λ)|≤CA

forj,k=1,...,N.Therefore,rememberingtheformulas:(3.4.3),(3.4.4),(3.4.5),
(3.5.5)withσ=3andusing(1.2.3),wehaveTheorem3.5.15byLemma3.5.16.
Finallyweconsider∂tE(T

g
0(t;A0)F)givenby

∂tE(T
d
0(t;A0)F)=F

−1
ξ′

[
1

2πi

∫

Γ(ε0)

eλt
φ0(ξ

′)λD(A,B)

(B+A)L(A,B)
dλe−AxNg(ξ′)

]

(x′)

=F−1ξ′

[
1

2πi

∫

Γ(ε0)

eλtdλφ0(ξ
′)e−AxNg(ξ′)

]

(x′)

−F−1ξ′

[
1

2πi

∫

Γ(ε0)

eλt
φ0(ξ

′)A(cg+cσA
2)

L(A,B)
dλe−AxNg(ξ′)

]

(x′),

wherewehaveusedtherelations:D(A,B)=(B−A)−1{L(A,B)−A(cg+cσA
2)}

andB2−A2=λ.NotethatthefirsttermvanishesbyCauchy’sintegraltheorem,
sothatitsufficestoconsiderthesecondtermonly.Setforσ=0,1,2,3

I±σ(t;A0)=F
−1
ξ′

[
1

2πi

∫

Γ±σ

eλt
φ0(ξ

′)A(cg+cσA
2)

L(A,B)
dλe−AxNg(ξ′)

]

(x′).

SincebyLemma3.5.12thereexistpositiveconstantsA1∈(0,1)andCsuchthat
foranyλ∈Γ±2 andA∈(0,A1)

|φ0(ξ
′)A(cg+cσA

2)/L(A,B)|≤C(A
√
1−u+

√
u+A)−4A,
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wehave,byLemma3.5.13andforanyt>0,α∈NN0 with|α|̸=0,and1≤r≤
2≤q≤∞,

∥DαxI
±
2(t;A0)∥Lq(RN+)≤C(t+1)

−N−12 (
1
r−

1
q)−

1
2(
1
2−

1
q)−

|α|
2∥g∥Lr(RN−1)

withsomeA0∈(0,A1)andapositiveconstantC.Inaddition,if(q,r)̸=(2,2),
thenwehave

∥I±2(t;A0)∥Lq(RN+)≤C(t+1)
−N−12 (

1
r−

1
q)−

1
2(
1
2−

1
q)∥g∥Lr(RN−1).

Ontheotherhand,intheothercases,itfollowsfromLemma3.5.4,3.5.10,and
3.5.16that

∥DαxI
±
n(t;A0)∥Lq(RN+)≤C(t+1)

−N−12 (
1
r−

1
q)−

1
2(
1
2−

1
q)−

|α|
2∥g∥Lr(RN−1) (n=0,1),

∥DαxI
±
3(t;A0)∥Lq(RN+)≤C(|logt|+1)e

−δ0t∥g∥Lr(RN−1)

foranyt>0,α∈NN0,and1≤r≤2≤q≤∞withsomepositiveconstantC.
Summinguptheargumentationabove,foranyt>0,α∈NN0,and1≤r≤

2≤q≤∞,wehaveobtained

∥Dαx∂tE(T
g
0(t;A0)F)∥Lq(RN+)

≤C(|logt|+1)(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)−

|α|
2∥g∥Lr(RN−1) (|α|̸=0),

∥∂tE(T
g
0(t;A0)F)∥Lq(RN+)

≤C(|logt|+1)(t+1)−
N−1
2 (

1
r−

1
q)−

1
2(
1
2−

1
q)∥g∥Lr(RN−1) ((q,r)̸=(2,2))

withsomepositiveconstantC,which,combinedwithTheorem3.5.3,3.5.7,3.5.11,
3.5.15,andtheformulas:(3.4.9),(3.5.4),completestheproofofTheorem3.1.3(1).

3.6. Analysisofhighfrequencyparts

Inthissection,weshowTheorem3.1.3(2).IfweconsidertheLopatinskii
determinantL(A,B),definedas(1.2.1)withµ=1,asapolynomialwithrespect
toB,itthenhasthefollowingfourroots:

(3.6.1)Bj=ajA+
cσ

4(1−aj−a3j)
+

(1+3a2j)c
2
σ

32(1−aj−a3j)
3

1

A
+O

(
1

A2

)

asA→∞,

whereaj(j=1,...,4)arethesolutionstox
4+2x2−4x+1=0. Moreprecisely,

wehavethefollowinginformationaboutaj:a1anda2arerealnumberssuchthat
a1=1and0<a2<1/2,whilea3,a4arecomplexnumberssatisfyingReaj<0
forj=3,4. Wedefineλjbyλj=B

2
j−A

2forj=1,2,andthen

λ1=−
cσ
2
A−

3

16
c2σ+O(

1

A
),(3.6.2)

λ2=−(1−a
2
2)A

2+
a2cσ

2(1−a2−a32)
A+O(1) asA→∞.

LetL0={λ∈C|L(A,B)=0,ReB≥0,A∈suppφ∞},whereφ∞ isdefined
as(3.4.6),andthentheexpansions(3.5.2),(3.6.2)andLemma3.4.2impliesthat
thereexistpositivenumbers0<ε∞ <π/2andλ∞ >0suchthatL0⊂Σε∞ ∩{z∈
C|Rez<−λ∞}. Let0≤γ∞ ≤min{λ∞,4

−1×(A0/6)
2}forA0,whichisthe

samenumberasin(3.4.6),andalsoweset,ford∈{f,g}and(3.4.7),

(3.6.3) Sd∞(t)=S
d
∞(t;A0), Π

d
∞(t)=Π

d
∞(t;A0), T

d
∞(t)=T

d
∞(t;A0)
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forshort.Inordertoestimateeachtermabove,weusethefollowingintegralpaths

Γ±4={λ∈C|λ=−γ∞ ±iu,u:0→γ∞},

Γ±5={λ∈C|λ=−γ∞ ±iγ∞ +ue
±i(π−ε∞ ),u:0→∞},

whereγ∞ =(tanε∞)(λ0(ε∞)+γ∞)andλ0(ε∞)=2λ0(ε∞)/sinε∞ isthesame
numberasin(3.4.8)withε=ε∞.Furthermore,ford∈{f,g},setting

vd∞(x,λ)=(v
d
∞1(x,λ),...,v

d
∞N(x,λ))

T,

vd∞j(x,λ)=F
−1
ξ′[φ∞(ξ

′)vdj(ξ
′,xN,λ)](x

′) (j=1,...,N),

πd∞(x,λ)=F
−1
ξ′[φ∞(ξ

′)πd(ξ′,xN,λ)](x
′),

hd∞(x,λ)=F
−1
ξ′[φ∞(ξ

′)e−AxNhd(ξ′,λ)](x′)

with(3.4.3)and(3.4.5),wehave,byCauchy’sintegraltheorem,thefollowingde-
compositions:
(3.6.4)

Sd∞(t)F=
5∑

σ=4

Sd,σ∞ (t)F,Π
d
∞(t)F=

5∑

σ=4

Πd,σ∞ (t)F,E(T
d
∞(t)F)=

5∑

σ=4

E(Td,σ∞ (t)F),

wheretheright-handsidesaregivenby

Sd,σ∞ (t)F=
1

2πi

∫

Γ+σ∪Γ
−
σ

eλtvd∞(x,λ)dλ, Πd,σ∞ (t)F=
1

2πi

∫

Γ+σ∪Γ
−
σ

eλtπd∞(x,λ)dλ,

(3.6.5)

E(Td,σ∞ (t)F)=
1

2πi

∫

Γ+σ∪Γ
−
σ

eλthd∞(x,λ)dλ.

Toprogressourargumentation,byusingtherelation1 =B2/B2=(λ+
A2)/B2,wewritevf∞,π

f
∞,andh

f
∞ asfollows:forj=1,...,N

vf∞j(x,λ)

(3.6.6)

=

N∑

k=1

∫∞

0

F−1ξ′

[
φ∞V

BB
jk(ξ

′,λ)(cg+cσA
2)

AL(A,B)
Ae−B(xN+yN)fk(yN)

]

(x′)dyN

+

N∑

k=1

∫∞

0

F−1ξ′

[
φ∞λ

1
2VBMjk (ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
Aλ

1
2e−BxNM(yN)fk(yN)

]

(x′)dyN

+

N∑

k=1

∫∞

0

F−1ξ′

[
φ∞V

BM
jk (ξ

′,λ)(cg+cσA
2)

B2L(A,B)
A2e−BxNM(yN)fk(yN)

]

(x′)dyN

+

N∑

k=1

∫∞

0

F−1ξ′

[
φ∞λ

1
2VM Bjk (ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
Aλ

1
2M(xN)e

−ByNfk(yN)

]

(x′)dyN

+
N∑

k=1

∫∞

0

F−1ξ′

[
φ∞V

M B
jk (ξ

′,λ)(cg+cσA
2)

B2L(A,B)
A2M(xN)e

−ByNfk(yN)

]

(x′)dyN

+
N∑

k=1

∫∞

0

F−1ξ′

[
φ∞V

M M
jk (ξ′,λ)(cg+cσA

2)

AB2L(A,B)
AλM(xN)M(yN)fk(yN)

]

(x′)dyN



3.6. ANALYSIS OF HIGHFREQUENCYPARTS 111

+
N∑

k=1

∫∞

0

F−1ξ′

[
φ∞V

M M
jk (ξ′,λ)(cg+cσA

2)

AB2L(A,B)
A3M(xN)M(yN)fk(yN)

]

(x′)dyN,

πf∞(x,λ)

=
N∑

k=1

∫∞

0

F−1ξ′

[
φ∞P

AA
k (ξ

′,λ)(cg+cσA
2)

AL(A,B)
Ae−A(xN+yN)fk(yN)

]

(x′)dyN

+
N∑

k=1

∫∞

0

F−1ξ′

[
φ∞P

AM
k (ξ′,λ)(cg+cσA

2)

A2L(A,B)
A2e−AxNM(yN)fk(yN)

]

(x′)dyN,

hf∞(x,λ)

=−

N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξk(B−A)

A(B+A)L(A,B)
Ae−A(xN+yN)fk(yN)

]

(x′)dyN

−

∫∞

0

F−1ξ′

[
φ∞
L(A,B)

Ae−A(xN+yN)fN(yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞2iξkB

A(B+A)L(A,B)
A2e−AxNM(yN)fk(yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
φ∞2A

(B+A)L(A,B)
A2e−AxNM(yN)fN(yN)

]

(x′)dyN

with(3.4.4),wherewehavesetφ∞ =φ∞(ξ
′)andf(yN)=f(ξ

′,yN).Inaddition,
usingtherelations:

e−BxNg(0)=

∫∞

0

Be−B(xN+yN)g(yN)dyN−

∫∞

0

e−B(xN+yN)DNg(yN)dyN,

(3.6.7)

M(xN)g(0)=

∫∞

0

(
e−B(xN+yN)+AM(xN+yN)

)
g(yN)dyN

+

∫∞

0

M(xN+yN)DNg(yN)dyN

andtheidentity:1=A2/A2=−
∑N−1
k=1(iξk)

2/A2,wewritevg∞,π
g
∞,andh

g
∞ as

follows:forj=1,...,N−1

vg∞j(x,λ)

(3.6.8)

=−

∫∞

0

F−1ξ′

[
φ∞iξj(cg+cσA

2)

A2L(A,B)
Ae−B(xN+yN)∆′g(yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞ξjξk(B−A)(cg+cσA

2)

A3(B+A)L(A,B)
Ae−B(xN+yN)DkDNg(yN)

]

(x′)dyN

−

∫∞

0

F−1ξ′

[
φ∞iξj(B

2+A2)(cg+cσA
2)

A3(B+A)L(A,B)
A2M(xN+yN)∆′g(yN)

]

(x′)dyN
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−
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞ξjξk(B

2+A2)(cg+cσA
2)

A4(B+A)L(A,B)

×A2M(xN+yN)DkDNg(yN)
]
(x′)dyN,

vg∞N(x,λ)

=−

∫∞

0

F−1ξ′

[
φ∞(B−A)(cg+cσA

2)

A(B+A)L(A,B)
Ae−B(xN+yN)∆′g(yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξk(cg+cσA

2)

A2L(A,B)
Ae−B(xN+yN)DkDNg(yN)

]

(x′)dyN

+

∫∞

0

F−1ξ′

[
φ∞(B

2+A2)(cg+cσA
2)

A2(B+A)L(A,B)
A2M(xN+yN)∆′g(yN)

]

(x′)dyN

−
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξk(B

2+A2)(cg+cσA
2)

A3(B+A)L(A,B)

×A2M(xN+yN)DkDNg(yN)
]
(x′)dyN,

πg∞(x,λ)

=−

∫∞

0

F−1ξ′

[
φ∞(B

2+A2)(cg+cσA
2)

A2L(A,B)
Ae−A(xN+yN)∆′g(yN)

]

(x′)dyN

+

N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξk(B

2+A2)(cg+cσA
2)

A3L(A,B)

×Ae−A(xN+yN)DkDNg(yN)
]
(x′)dyN,

hg∞(x,λ)

=−

∫∞

0

F−1ξ′

[
φ∞D(A,B)

A2(B+A)L(A,B)
Ae−A(xN+yN)∆′g(yN)

]

(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξkD(A,B)

A3(B+A)L(A,B)
Ae−A(xN+yN)DkDNg(yN)

]

(x′)dyN.

Remark3.6.1.Weextendg∈W
2−1/p
p (RN−1)toafunctiong,whichisdefined

onRN+ andsatisfies∥g∥W 2
p(R

N
+)
≤C∥g∥

W
2−1/p
p (RN−1)

forsomepositiveconstantC

independentofgandg.Forsimplicity,suchgisdenotedbygagaininthepresent
section.

3.6.1. AnalysisonΓ±4.Wefirstshowthefollowinglemmaconcerningesti-
matesofthesymbolsdefinedas(1.2.1)withµ=1.

Lemma3.6.2.LetA0beapositivenumberdefinedasin(3.4.6).

(1)ThereexistsapositiveconstantA∞ ≥1suchthatforanyA≥A∞ andλ∈Γ
±
4

2−1A≤ReB≤|B|≤2A, |D(A,B)|≥A3,|L(A,B)|≥(cσ/16)(8
−1A)3.

(2)ThereexistpositiveconstantsC1,C2,andCsuchthatforanyA∈[A0/6,2A∞]
andλ∈Γ±4

C1A≤ReB≤|B|≤C2A, |D(A,B)|≥CA
3,|L(A,B)|≥CA3,



3.6. ANALYSIS OF HIGHFREQUENCYPARTS 113

whereA∞ isthesameconstantasin(1).

(3)Letα′∈NN−10 ,s∈R,anda>0.Thenthereexistpositiveconstantscand
C,independentofa,suchthatforanyλ∈Γ±4 andA≥A0/6

|Dα
′

ξ′B
s|≤CAs−|α

′|, |Dα
′

ξ′D(A,B)
s|≤CA3s−|α

′|,

|Dα
′

ξ′e
−Ba|≤CA−|α

′|e−cAa, |Dα
′

ξ′L(A,B)
−1|≤CA−3−|α

′|,

|Dα
′

ξ′M(a)|≤CA
−1−|α′|e−cAa.

Proof.(1)WefirstconsidertheestimatesofB.Forλ∈Γ±4,setσ=λ+A
2=

−γ∞ +A
2±iu(u∈[0,γ∞])andθ=argσ.Thenwehave

ReB=|σ|
1
2cos

θ

2
=
|σ|

1
2

√
2
(1+cosθ)

1
2=

1
√
2
(|σ|+A2−γ∞)

1
2,

sothat

ReB≥
1
√
2

(
2A2−2γ∞ −γ∞

)1
2≥

A
√
2

foranyA≥A∞,providedthatA∞ satisfiesA
2
∞ ≥2γ∞ +γ∞.Ontheotherhand,

itclearlyholdsthat|B|≤2A.
NextweshowtheinequalityforD(A,B).Since

D(A,B)=B(B2+3A2)+A(B2−A2)=B(λ+4A2)+λA

=4A2B+(B+A)(−γ∞ ±iu),

weseethatbytheinequalityforBobtainedabove

|D(A,B)|≥4A2|B|−|B+A||−γ∞ ±iu|

≥4A2(ReB)−(|B|+A)(γ∞ +γ∞)

≥2A3−3(γ∞ +γ∞)A≥A
3

foranyA≥A∞,providedthatA∞ satisfiesA
2
∞ ≥3(γ∞ +γ∞).

FinallyweshowtheinequalityforL(A,B).Since

B21−B
2=−

cσ
2
A−

3

16
c2σ−(−γ∞ ±iu)+O(

1

A
) asA→∞,

thereexistpositiveconstantsA∞ andCsuchthatforanyA≥A∞ andλ∈Γ
±
4we

have|B21−B
2|≥(cσ/4)A,which,combinedwiththeinequalityforBand(3.6.1),

furnishesthat

|B1−B|≥
|B21−B

2|

|B1+B|
≥
(cσ/4)A

4A
≥
cσ
16

(A≥A∞,λ∈Γ
±
4).

Inaddition,wehave

B22−B
2=−(1−a22)A

2+O(A) asA→∞,

sothatthereexistsapositivenumberA∞ suchthatforanyA≥A∞ andλ∈Γ
±
4

wehave|B22−B
2|≥(A2/2),fromwhichitfollowsthat

|B2−B|=
|B22−B

2|

|B2+B|
≥
(A2/2)

4A
=
A

8
.

Since|B−B2|≤|B−Bj|(j=3,4),wethusobtain

|L(A,B)|≥(cσ/16)(8
−1A)3 (A≥A∞,λ∈Γ

±
4).
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(2)ItsufficienttoshowtheexistenceofpositiveconstantsC1,C2,andCsuchthat
foranyA∈[A0/6,2A∞]andλ∈Γ

±
4

C1≤ReB≤|B|≤C2, |D(A,B)|≥C, |L(A,B)|≥C.

ItisobviousthattheinequalitiesforBholds,sothatwehereconsiderD(A,B)
andL(A,B)only.
FirstweshowtheinequalityforD(A,B).Set

A=
A

2
, λ=−γ∞ +3A

2±iu foru∈[0,γ∞],

andthennotethatB=(λ+A2)1/2.Inaddition,weseethat

{B/A∈C|λ∈Γ±4 andA∈[A0/6,2A∞]}⊂{z∈C|1≤Rez}.

Infact,settingσ=1−(γ∞/A
2)±i(u/A2)andθ=argσ,wehave

Re
B

A
=2|σ|1/2cos

θ

2
=2|σ|1/2

(
1+cosθ

2

)1/2
=
√
2(|σ|+Reσ)1/2

≥2(Reσ)1/2=2
(
1−
γ∞
A2

)1/2
≥2

(

1−
4−1×(A0/6)

2

(A0/6)2

)1/2
=
√
3.

TogetherwithLemma3.5.8andtheformula:

D(A,B)=B3+2AB2+12A2B−8A3

=A3

{(
B

A

)3
+2

(
B

A

)2
+12

(
B

A

)

−8

}

,

thereexistsapositiveconstantCsuchthat|D(A,B)|≥CforanyA∈[A0/6,2A∞]
andλ∈Γ±4.TheinequalityforL(A,B)followsfromthedefinitionoftheintegral
pathΓ±4.
(3) Weseethatby(1)and(2)thereexistpositiveconstantsC1,C2,andCsuch
thatforanyλ∈Γ±4 andA≥A0/6

(3.6.9) C1A≤ReB≤|B|≤C2A, |D(A,B)|≥CA
3,|L(A,B)|≥CA3.

WethusobtaintherequiredinequalitiesbyusingLeibniz’sruleandBell’sformula
(cf.e.g.[SS12,Lemma5.2,Lemma5.3,Lemma7.2]),becauseby(3.6.9)

|Dα
′

ξ′D(A,B)|=|D
α′

ξ′(B
3+AB2+3A2B−A3)|≤CA3,

|Dα
′

ξ′L(A,B)|= D
α′

ξ′

(
λ

B+A
D(A,B)+A(cg+cσA

2)

)

≤CA3

foranyα′∈NN−10 ,λ∈Γ±4,andA≥A0/6.

NowwehaveamultipliertheoremonΓ±4.

Lemma3.6.3.Let1<p<∞ andf∈Lp(R
N
+). Weusethesymbolsdefined

as(B.1)withkn(ξ
′,λ)=φ∞(ξ

′)κn(ξ
′,λ)(n=1,...,10),andsupposethatforany

α′∈NN−10 thereexistsapositiveconstantC(α′)suchthat

|Dα
′

ξ′κn(ξ
′,λ)|≤C(α′)A−|α

′| (n=1,...,10)

foranyλ∈Γ±4 andA≥A0/6,whereA0isdefinedasin(3.4.6).Thenthereexists
apositiveconstantC(N,p)suchthatforanyλ∈Γ±4

∥Kn(λ)f∥Lp(RN+)≤C(N,p)∥f∥Lp(RN+) (n=1,...,10).
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Proof.Since|λ|
1
2 ≤ CAforλ∈Γ±4 andA ≥ A0/6withsomepositive

constantC,wecandealwithK5(λ),K7(λ),andK10(λ)inthesamemanneras
K4(λ),K6(λ),andK9(λ),respectively.
Asmentionedabove,itissufficienttoconsiderKi(λ)fori=1,2,3,4,6,8,9.

WecanshowsuchcasesbyLemma3.6.2andcalculationssimilartotheproofof
LemmaB.1,sothatwemayomitthedetailedproof.

Corollary3.6.4.Let1<p<∞ andletf∈Lp(R
N
+). Weusethesymbols

definedas(B.1)withkn(ξ
′,λ)=φ∞(ξ

′)κn(ξ
′,λ)(n=1,...,10).

(1)Supposethatforanyα′∈NN−10 thereexistsapositiveconstantC(α′)such
thatforanyλ∈Γ±4 andA≥A0/6

|Dα
′

ξ′κn(ξ
′,λ)|≤C(α′)A−l−|α

′| (i=1,2,3,n=1,2).

ThenthereexistsapositiveconstantC(N,p)suchthatforanyλ∈Γ±4

∥(λKn(λ)f,Kn(λ)f)∥W l
p(R

N
+)
≤C(N,p)∥f∥Lp(RN+)

withl=1,2,3andn=1,2.
(2)Supposethatforanyα′∈NN−10 thereexistsapositiveconstantC(α′)such
thatforanyλ∈Γ±4 andA≥A0/6

(3.6.10) |Dα
′

ξ′κn(ξ
′,λ)|≤C(α′)A−2−|α

′| (n=3,...,10).

ThenthereexistsapositiveconstantC(N,p)suchthatforanyλ∈Γ±4 and
n=3,...,10

∥λKn(λ)f∥Lp(RN+)+∥Kn(λ)f∥W 2
p(R

N
+)
≤C(N,p)∥f∥Lp(RN+).

ThankstoCorollary3.6.4,thefollowinglemmaholds.

Lemma3.6.5.Let1<p<∞,f∈Lp(R
N
+)
N,andg∈W2p(R

N
+).Inaddition,

letvd∞ =(v
d
∞1,...,v

d
∞N)

T,πd∞,andh
d
∞ begivenby(3.6.6)and(3.6.8)ford∈

{f,g}.ThenthereexistapositiveconstantC=C(N,p)suchthatforanyλ∈Γ±4

∥(λvf∞,∇π
f
∞)∥Lp(RN+)+∥(v

f
∞,λh

f
∞)∥W 2

p(R
N
+)
+∥hf∞∥W 3

p
≤C∥f∥Lp(RN+),

∥(λvg∞,∇π
g
∞)∥Lp(RN+)+∥(v

g
∞,λh

g
∞)∥W 2

p(R
N
+)
+∥hg∞∥W 3

p
≤C∥g∥W 2

p(R
N
+)
.

Proof.By(3.4.4),Lemma3.6.2,andLeibniz’srule,weseethatforj,k=
1,...,N−1andJ,K=1,...,N

VBBJK(ξ
′,λ)(cg+cσA

2)

AL(A,B)
,
λ
1
2VBMJK(ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
,
VBMJK(ξ

′,λ)(cg+cσA
2)

B2L(A,B)
,

(3.6.11)

λ
1
2VM BJK(ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
,
VM BJK(ξ

′,λ)(cg+cσA
2)

B2L(A,B)
,
VM MJK (ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
,

VM MJK (ξ
′,λ)(cg+cσA

2)

AB2L(A,B)
,
iξj(cg+cσA

2)

A2L(A,B)
,
ξjξk(B−A)(cg+cσA

2)

A3(B+A)L(A,B)
,

iξj(B
2+A2)(cg+cσA

2)

A3(B+A)L(A,B)
,

ξjξk(B
2+A2)

A4(B+A)L(A,B)
,
(B−A)(cg+cσA

2)

A(B+A)L(A,B)
,

iξk(cg+cσA
2)

A2L(A,B)
,
(B2+A2)(cg+cσA

2)

A2(B+A)L(A,B)
,
iξk(B

2+A2)(cg+cσA
2)

A3(B+A)L(A,B)
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satisfythecondition(3.6.10)forλ∈Γ±4 andA≥A0/6,sothatCorollary3.6.4(2)
yieldsthat

∥λvf∞∥Lq(RN+)+∥v
f
∞∥W 2

p(R
N
+)
≤C(N,p)∥f∥Lp(RN+),

∥λvg∞∥Lq(RN+)+∥v
g
∞∥W 2

p(R
N
+)
≤C(N,p)∥g∥W 2

p(R
N
+)

foranyλ∈Γ±4 withsomepositiveconstantC(N,p).Theotherassertionsfollow
fromCorollary3.6.4(1)analogously.

ApplyingLemma3.6.5totheformulas(3.6.5),wehave

∥(∂tS
f,4
∞ (t)F,∇Π

f,4
∞ (t)F)∥Lp(RN+)+∥S

f,4
∞ (t)F∥W 2

p(R
N
+)

(3.6.12)

+∥∂tE(T
f,4
∞ (t)F)∥W 2

p(R
N
+)
+∥E(Tf,4∞ (t)F)∥W 3

p(R
N
+)
≤Ce−γ∞ t∥f∥Lp(RN+),

∥(∂tS
g,4
∞ (t)F,∇Π

g,4
∞ (t)F)∥Lp(RN+)+∥S

g,4
∞ (t)F∥W 2

p(R
N
+)

+∥E(Tg,4∞ (t)F)∥W 3
p(R

N
+)
≤Ce−γ∞ t∥g∥W 2

p(R
N
+)

foranyt>0withsomepositiveconstantC=C(N,p).

Remark 3.6.6.Wewillshowestimatesconcerning ∂tE(T
g
∞(t)F)inthelast

partofthissection.

3.6.2. AnalysisonΓ±5.Westartwiththefollowinglemma.

Lemma3.6.7.Let1<p<∞ andf∈Lp(R
N
+). Weusethesymbolsdefined

as(B.1)withkn(ξ
′,λ)=φ∞(ξ

′)κn(ξ
′,λ)(n=1,...,10).

(1)Letα′∈NN−10 ,andsupposethatthereexistsapositiveconstantC(α′)such
thatforanyλ∈Γ±5,A≥A0/6,andn=1,2

|Dα
′

ξ′κn(ξ
′,λ)|≤

C(α′)(|λ|1/2+A)2A−|α
′|

|λ|(|λ|1/2+A)2+A(cg+cσA2)
.

ThenthereexistsapositiveconstantC(N,p)suchthatforanyλ∈Γ±5

∥∇Kn(λ)f∥Lp(RN+)≤C(N,p)∥f∥Lp(RN+) (n=1,2).

(2)Letα′∈NN−10 ,andsupposethatthereexistsapositiveconstantC(α′)such
thatforanyλ∈Γ±5,A≥A0/6,andn=1,2

|Dα
′

ξ′κn(ξ
′,λ)|≤

C(α′)A−|α
′|

|λ|(|λ|1/2+A)2+A(cg+cσA2)
.

ThenthereexistsapositiveconstantC=C(N,p)suchthatforeveryλ∈Γ±5
andn=1,2

∥(λ2Kn(λ)f,λ
3/2∇Kn(λ)f,λ∇

2Kn(λ)f,∇
3Kn(λ)f)∥Lp(RN+)≤C∥f∥Lp(RN+).

(3)Letα′∈NN−10 ,andsupposethatthereexistsapositiveconstantC(α′)such
thatforanyλ∈Γ±5,A≥A0/6,andn=1,2

|Dα
′

ξ′κn(ξ
′,λ)|≤

C(α′)(|λ|1/2+A)2A−|α
′|

A2{|λ|(|λ|1/2+A)2+A(cg+cσA2)}
.
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ThenthereexistsapositiveconstantC(N,p)suchthatforeveryλ∈Γ±5 and
n=1,2

∥λKn(λ)f∥W 2
p(R

N
+)
+∥Kn(λ)f∥W 3

p(R
N
+)
≤C(N,p)∥f∥Lp(RN+).

(4)Letα′∈NN−10 ,andsupposethatthereexistsapositiveconstantC(α′)such
thatforanyλ∈Γ±5,A≥A0/6,andn=3,...,10

(3.6.13) |Dα
′

ξ′κn(ξ
′,λ)|≤

C(α′)(|λ|1/2+A)A−|α
′|

|λ|(|λ|1/2+A)2+A(cg+cσA2)
.

ThenthereexistsapositiveconstantC(N,p)suchthatforanyλ∈Γ±5 and
n=3,...,10

∥(λ3/2Kn(λ)f,λ∇Kn(λ)f,∇
2Kn(λ)f)∥Lp(RN+)≤C(N,p)∥f∥Lp(RN+).

Proof.NotingthatΓ±5 ⊂Σε∞ ,λ0(ε∞ )(seethebeginningofthissectioncon-
cerningε∞ andλ0(ε∞)),wehavetherequiredpropertiesbyCorollaryB.3(1).

Nowwehavethefollowinglemma.

Lemma3.6.8.Let1<p<∞,f∈Lp(R
N
+)
N,andg∈W2p(R

N
+).Inaddition,

letvd∞ =(v
d
∞1,...,v

d
∞N)

T,πd∞,andh
d
∞ begivenby(3.6.6)and(3.6.8)ford∈

{f,g}.ThenthereexistsapositiveconstantC(N,p)suchthatforanyλ∈Γ±5

∥(λ3/2vf∞,λ∇v
f
∞,∇

2vf∞,∇π
f
∞)∥Lp(RN+)≤C(N,p)∥f∥Lp(RN+),

∥(λ2hf∞,λ
3/2∇hf∞,λ∇

2hf∞,∇
3hf∞)∥Lp(RN+)≤C(N,p)∥f∥Lp(RN+),

andbesides,

∥(λ3/2vg∞,λ∇v
g
∞,∇

2vg∞,∇π
g
∞)∥Lp(RN+)≤C(N,p)∥g∥W 2

p(R
N
+)
,

∥λhg∞∥W 2
p(R

N
+)
+∥hg∞∥W 3

p(R
N
+)
≤C(N,p)∥g∥W 2

p(R
N
+)
.

Proof.SinceΓ±5⊂Σε∞ ,λ0(ε∞ )andthesymbols(3.6.11)satisfythecondition
(3.6.13)byLemma1.2.6andLeibniz’srule,wehave,byLemma3.6.7(4),

∥(λ3/2vf∞,λ∇v
f
∞,∇

2vf∞)∥Lp(RN+)≤C(N,p)∥f∥Lp(RN+),

∥(λ3/2vg∞,λ∇v
g
∞,∇

2vg∞)∥Lp(RN+)≤C(N,p)∥g∥W 2
p(R

N
+)

withsomepositiveconstantC(N,p).Concerningtheotherestimates,wesimilarly
havethefollowingobservation:FirstLemma3.6.7(1)yieldstheestimatesof∇πd∞
ford∈{f,g}.SecondLemma3.6.7(2)yieldstheestimatesofhf∞.FinallyLemma
3.6.7(3)yieldstheestimatesofhg∞.

AswasseenintheproofofLemma3.5.16,itholdsthatforλ∈Γ±5

∫∞

0

e(Reλ)t

|λ|1−s
du≤C

{
(|logt|+1)e−γ∞ t (s=0),

t−se−γ∞ t (s>0).
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Then,applyingLemma3.6.8totheformulas(3.6.5),wehave

∥(∇2Sf,5∞ (t)F,∇Π
f,5
∞ (t)F,∇

2∂tE(T
f,5
∞ (t)F),∇

3E(Tf,5∞ (t)F))∥Lp(RN+)(3.6.14)

≤Ct−1e−γ∞ t∥f∥Lp(RN+),

∥(∂tS
f,5
∞ (t)F,∇∂tE(T

f,5
∞ (t)F))∥Lp(RN+)≤Ct

−1/2e−γ∞ t∥f∥Lp(RN+),

∥Sf,5∞ (t)F∥W 1
p(R

N
+)
+∥E(Tf,5∞ (t)F)∥W 2

p(R
N
+)
+∥∂tE(T

f,5
∞ (t)F)∥Lp(RN+)

≤C(|logt|+1)e−γ∞ t∥f∥Lp(RN+),

andfurthermore,

∥(∇2Sg,5∞ (t)F,∇Π
g,5
∞ (t)F,∇

3E(Tg,5∞ (t)F))∥Lp(RN+)≤Ct
−1e−γ∞ t∥g∥W 2

p(R
N
+)
,

(3.6.15)

∥∂tS
g,5
∞ (t)F∥Lp(RN+)≤Ct

−1/2e−γ∞ t∥g∥W 2
p(R

N
+)
,

∥Sg,5∞ (t)F∥W 1
p(R

N
+)
+∥E(Tg,5∞ (t)F)∥W 2

p(R
N
+)
≤C(|logt|+1)e−γ∞ t∥g∥W 2

p(R
N
+)

foranyt>0withsomepositiveconstantC=C(N,p).
Finallyweconsider∂tE(T

g
∞(t)F). By(3.6.7)andthesamemannerasinthe

lastpartofSection3.5,wehave

∂tE(T
g
∞(t)F)

=
1

2πi

∫

Γ(ε∞ )

eλt
{∫∞

0

F−1ξ′
[φ∞(cg+cσA

2)

AL(A,B)
Ae−A(xN+yN)∆′g(yN)

]
(x′)dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′
[φ∞iξk(cg+cσA

2)

A2L(A,B)
Ae−A(xN+yN)DkDNg(yN)

]
(x′)dyN

}

dλ.

ThankstotheanalysisonΓ±4 andΓ
±
5,weobtain

∥∂tE(T
g
∞(t)F)∥W 1

p(R
N
+)
≤C(|logt|+1)e−γ∞ t∥g∥W 2

p(R
N
+)
,(3.6.16)

∥∇2∂tE(T
g
∞(t)F)∥Lp(RN+)≤Ct

−1e−γ∞ t∥g∥W 2
p(R

N
+)

foreveryt>0andapositiveconstantC=C(N,p).
Summingup(3.6.12),(3.6.14),(3.6.15),and(3.6.16),wehaveobtainedthe

followingtheorem,notingtherelations(3.4.7),(3.4.9),(3.6.3),and(3.6.5).

Theorem3.6.9.Let1<p<∞ andF∈X2pdefinedas(3.1.2). Thenthere
existpositiveconstantsδandC=C(N,p)suchthatforeveryt>0

∥(∇2S∞(t)F,∇Π∞(t)F,∇
3E(T∞(t)F),∇

2∂tE(T∞(t)F))∥Lp(RN+)

≤Ct−1e−δt∥F∥X2p,

∥(∂tS∞(t)F,∇∂tE(T∞(t)F))∥Lp(RN+)≤Ct
−1/2e−δt∥F∥X2p,

∥S∞(t)F∥W 1
p(R

N
+)
+∥E(T∞(t)F)∥W 2

p(R
N
+)
+∥∂tE(T∞(t)F)∥Lp(RN+)

≤C(|logt|+1)e−δt∥F∥X2p.

Inparticular,Theorem3.6.9completestheproofofTheorem3.1.3(2).



CHAPTER4

Globalwell-posednessofafreeboundaryproblem

fortheincompressibleNavier-Stokesequationsin
someunboundeddomain

4.1. Mainresults

Inthischapter,weshowtheglobalwell-posedessandlarge-timebehaviorof
solutionsforthefollowingincompressibleNavier-Stokesequations:

(4.1.1)






ρ(∂tv+(v·∇)v)=DivS(v,p)−ρcge3 inΩ(t),t>0,

divv=0 inΩ(t),t>0,

S(v,p)nΓ=cσκΓnΓ onΓ(t),t>0,

VΓ=v·nΓ onΓ(t),t>0,

v|t=0=v0 inΩ0,

Γ|t=0=Γ0.

Herev= v(x,t) =(v1(x,t),v2(x,t),v3(x,t))
T andp= p(x,t)denotethe

velocityfieldofafluidoccupyingΩ(t)andthepressurefieldatx∈Ω(t)fort>
0,respectively.Inaddition,ρ,cg,andcσarepositiveconstantswhichdescribe
thedensityofthefluid,gravitationalacceleration,andsurfacetensioncoefficient,
respectively.ThestresstensorS(v,p)isgivenby

S(v,p)=−pI+µD(v), D(v)=∇v+(∇v)T,

whereµ>0istheviscositycoefficientofthefluid.
WesupposethattheunknownfreesurfaceΓ(t)anddomainΩ(t)aregivenby

ascalarfunctionh=h(x′,t)asfollows:

Γ(t)={(x′,x3)|x
′∈R2,x3=h(x

′,t)},

Ω(t)={(x′,x3)|x
′∈R2,x3<h(x

′,t)}.

Inaddition,wedenotetheouterunitnormalfiledonΓ(t)bynΓ,whiletheevolution
velocityofΓ(t)withrespecttonΓbyVΓandthemeancurvatureofΓ(t)byκΓ,
respectively.Itthenholdsthat

nΓ=
1

√
1+|∇′h(x′,t)|2

(
−∇′h(x′,t)

1

)

, VΓ=
∂th(x

′,t)
√
1+|∇′h(x′,t)|2

,

κΓ=∇
′·

(
∇′h(x′,t)

√
1+|∇′h(x′,t)|2

)

=∆′h(x′,t)−Gκ(h),
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wherefor∂j=∂/∂xj(j=1,2,3)

Gκ(h)=
|∇′h(x′,t)|2∆′h(x′,t)

(1+
√
1+|∇′h(x′,t)|2)

√
1+|∇′h(x′,t)|2

+

2∑

j,k=1

∂jh(x
′,t)∂kh(x

′,t)∂j∂kh(x
′,t)

(1+|∇′h(x′,t)|2)3/2
.

Theinitialdataaregivenbyv0=v0(x)forthevelocityfieldandh0=h0(x
′)

forthefreesurface,whichmeansthat

Γ0={(x
′,x3)|x

′∈R2,x3=h0(x
′)},

Ω0={(x
′,x3)|x

′∈R2,x3<h0(x
′)},

andbesides,theouterunitnormalfiledonΓ0isdenotedbyn0.Notinge3=∇x3
andsettingπ=p+ρcgx3,wereduce(4.1.1)to

(4.1.2)






ρ(∂tv+(v·∇)v)=µ∆v−∇π inΩ(t),t>0,

divv=0 inΩ(t),t>0,

S(v,π)nΓ+(ρcgh−cσ∆
′h)nΓ=−cσGκ(h)nΓ onΓ(t),t>0,

∂th+v
′·∇′h−v·e3=0 onΓ(t),t>0,

v|t=0=v0 inΩ0,

h|t=0=h0 onR2.

Tosolvetheequations(4.1.2),weconsiderthefollowingauxiliaryproblem:

(4.1.3)

{
∆H=0 inR3−,t≥0,

H=h onR30,t≥0.

Weshallsolve(4.1.2)with(4.1.3)insteadoftheequations(4.1.1)inthischap-
ter,thatis,wefind(v,π,h,H)satisfying(4.1.2)and(4.1.3).Thenourmainresult
isstatedasfollows:

Theorem4.1.1.Letρ,µ,cg,andcσbepositiveconstants,andsupposethat
exponentsp,qsatisfy

(4.1.4) 2<p<∞, 3<q<
16

5
,
2

p
+
3

q
<1.

Thenthereexistsapositivenumberε0suchthatforeveryinitialdata

v0∈(B
2(1−1/p)
q,p (Ω0)∩B

2(1−1/p)
q/2,p (Ω0))

3,

h0∈B
3−1/p−1/q
q,p (R2)∩B

3−1/p−1/2
2,p (R2)∩Lq/2(R

2)

satisfyingthesmallnesscondition:

∥v0∥B2(1−1/p)q,p (Ω0)∩B
2(1−1/p)

q/2,p
(Ω0)
+∥h0∥B3−1/p−1/qq,p (R2)∩B

3−1/p−1/2
2,p (R2)∩Lq/2(R2)

<ε0

andthecompatibilityconditions:

divv0=0inΩ0, D(v0)n0−(n0·D(v0)n0)n0=0onΓ0,

theequations(4.1.2)and(4.1.3)admitauniquesolution(v,π,h,H)inafunction
spacedefinedas(4.1.5).
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Remark4.1.2.(1)InTheorem4.1.1,theuniquenessholdsin

(4.1.5) {(v,π,h,H)|(Θ∗v,Θ∗π,h,H)∈Xδ0},

whereΘ∗isatransformdefinedas(4.2.1)and(4.2.3),andalsoXδ0isgivenby
Theorem4.5.1.

(2)Sinceitholds,byTheorem4.5.1andRemark4.5.2,that

H∈C(R+,C
2(R3−))∩C

1(R+,C
1(R3−)),(4.1.6)

∇H∈BUC(R+,BUC
1(R3−))

andalsothat

∥∇H∥L∞ (R+,L∞ (R3−))≤
1

2
,

weseethatΘgivenby(4.2.1)isaC1-diffeomorphism.Infact,itholdsthat

∂x3
∂ξ3
=1−

∂

∂ξ3
H(ξ,t)≥

1

2
,

whichfurnishesthatΘisabijection. Ontheotherhand,by(4.1.6)andthe
inversefunctiontheorem,theinverseΘ−1ofΘisaC1-function.

(3)ThesolutionHof(4.1.3)isgivenby

(4.1.7) H(x,t)=F−1ξ′[e
|ξ′|x3h(ξ′,t)](x′).

Let1<q<∞andηbeanextensionofh,whichisdefinedonR3−andsatisfies
η|R30=hand∥η(t)∥W 1

q(R
3
−)
≤C∥h(t)∥

W
1−1/q
q (R2)

withsomepositiveconstant

Cindependentofh,η,andt.Sinceitholdsthat

e|ξ
′|x3h(ξ′,t)=e|ξ

′|x3η(ξ′,0,t)

=

∫0

−∞

d

dy3

(
e|ξ

′|(x3+y3)η(ξ′,y3,t)
)
dy3

=

∫0

−∞

|ξ′|e|ξ
′|(x3+y3)η(ξ′,y3,t)dy3+

∫0

−∞

e|ξ
′|(x3+y3)∂3η(ξ

′,y3,t)dy3,

wehave

H(x,t)=

∫0

−∞

F−1ξ′
[
|ξ′|e|ξ

′|(x3+y3)η(ξ′,y3,t)
]
(x′)dy3

+

∫0

−∞

F−1ξ′
[
e|ξ

′|(x3+y3)∂3η(ξ
′,y3,t)

]
(x′)dy3.

By|ξ′|2=−
∑2
k=1(iξk)

2,weobtain,forj=1,2,

∂jH(x,t)=
2∑

k=1

∫0

−∞

F−1ξ′

[
ξjξk
|ξ′|2
|ξ′|e|ξ

′|(x3+y3)∂kη(ξ
′,y3,t)

]

(x′)dy3

+

∫0

−∞

F−1ξ′

[
iξj
|ξ′|
|ξ′|e|ξ

′|(x3+y3)∂3η(ξ
′,y3,t)

]

(x′)dy3,

∂3H(x,t)=−
2∑

k=1

∫0

−∞

F−1ξ′

[
iξk
|ξ′|
|ξ′|e|ξ

′|(x3+y3)∂kη(ξ
′,y3,t)

]

(x′)dy3

+

∫0

−∞

F−1ξ′
[
|ξ′|e|ξ

′|(x3+y3)∂3η(ξ
′,y3,t)

]
(x′)dy3,
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which,combinedwithCorollaryB.3(1),furnishesthat

∥∇H(t)∥Lq(R3−)≤C(q)∥∇η(t)∥Lq(R3−)≤C(q)∥h(t)∥W 1−1/q
q (R2)

withsomepositiveconstantC.Analogously,weseethat

∥∇2H(t)∥Lq(R3−)≤C(q)∥∇
′h(t)∥

W
1−1/q
q (R2)

,

∥∇3H(t)∥Lq(R3−)≤C(q)∥(∇
′)2h(t)∥

W
1−1/q
q (R2)

,

∥∇∂tH(t)∥Lq(R3−)≤C(q)∥∂th(t)∥W 1−1/q
q (R2)

,

∥∇2∂tH(t)∥Lq(R3−)≤C(q)∥∇
′∂th(t)∥W 1−1/q

q (R2)
.

(4)Letm(s,r)andn(s,r)be

m(s,r)=

(
1

s
−
1

r

)

+
1

2

(
1

2
−
1

r

)

, n(s,r)=
3

2

(
1

s
−
1

r

)

.

Forr∈{q,2}satisfying(4.1.4),wesee,byTheorem4.5.1,that

∥v(t)∥Lr(Ω(t))=O(t
−m(q2,r)), ∥∇v(t)∥Lr(Ω(t))=O(t

−n(q2,r)−
1
8),

∥h(t)∥Lr(R2)=O(t
−(2q−

1
r)), ∥∇′h(t)∥Lr(R2)=O(t

−m(q2,r)−
1
4),

∥∂th(t)∥Lr(R2)=O(t
−m(q2,r))

ast→∞,sinceitfollowsfromthetracetheoremthat

∥∇′h(t)∥Lr(R2)=∥∇
′H(t)∥Lr(R30)≤C(r)∥∇

′H(t)∥W 1
r(R

3
−)

withsomepositiveconstantC(r)independentofh,H,andt.

Thischapterisorganizedasfollows:Inthenextsection,wereducetheequa-
tions(4.1.2)tosomeproblemonafixeddomainbyusingtheso-calledHanzawa
transform.InSection4.3,weconsidersomelinearproblemsandshowestimatesof
solutionstothelinearproblems.Section4.4completesestimatesofsolutionstothe
linearizedequationsofthefixed-domainproblem.InSection4.5,wefirstshowthe
uniqueglobalexistenceofsolutionsforthefixed-domainproblem.Nexttheglobal
well-posednessoftheequations(4.1.2)willbeproved.

4.2. Reductiontoafixeddomainproblem

Inthissection,wereduce(4.1.2)toafixeddomainproblem.Let(v,π,h,H)
besolutionsto(4.1.2)and(4.1.3). Wehereintroducethefollowingtransformation:

Θ:R3−×(0,∞)∋(ξ,t)→(x,t)∈
∪

s∈(0,∞)

Ω(s)×{s},(4.2.1)

Θ(ξ,t)=(ξ′,ξ3+H(ξ,t),t).

Inthesequel,wenotethat∂j=∂/∂xjandDj=∂/∂ξj(j=1,2,3).Theinverse
ofJacobianmatrixJΘofΘisgivenby

J−1Θ =
∂(ξ,t)

∂(x,t)
=







1 0 0 0
0 1 0 0

−D1H
1+D3H

−D2H
1+D3H

1
1+D3H

−∂tH
1+D3H

0 0 0 1





.(4.2.2)
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LetΩandΩ∗be

Ω=
∪

s∈(0,∞)

Ω(s)×{s}, Ω∗=R3−×(0,∞),

andfurthermore,

(4.2.3) Θ∗f(x,t)=f(Θ(ξ,t)), Θ∗g(ξ,t)=g(Θ
−1(x,t))

forfunctionsfdefinedonΩandgdefinedonΩ∗. Wethenhavethefollowing
propertiesconcerningthetransformation(4.2.1).

Lemma4.2.1.Letf=f(x,t)besufficientlyregularfunctionsdefinedonΩ,
andletf̄(ξ,t)=Θ∗f(x,t).Thenthefollowingpropertieshold.

(1)Forthefirstderivativesoff,wehave

Θ∗∂tf=

(

∂t−

(
∂tH

1+D3H

)

D3

)

f̄,

Θ∗∂jf=

(

Dj−

(
DjH

1+D3H

)

D3

)

f̄ (j=1,2,3).

(2)Forthesecondspatialderivativesoff,wehave

Θ∗∂j∂kf=(DjDk−Fjk(H))̄f (j,k=1,2,3),

where

Fjk(H)=
1

(1+D3H)3
{
(DjDkH)(1+D3H)

2−(DkH)(DjD3H)(1+D3H)

−(DjH)(D3DkH)(1+D3H)+(DjH)(DkH)(D
2
3H)
}
D3

+

(
DkH

1+D3H

)

DjD3+

(
DjH

1+D3H

)

D3Dk−
(DjH)(DkH)

(1+D3H)2
D23.

Proof.(1)By(4.2.2)itisclearthat

(Θ∗∂tf)(x,t)=(∂tf)(Θ(ξ,t))=(∂tf)(x,t)=∂t(f(Θ(ξ,t))

=∂t(̄f(ξ,t))=∂t̄f+(∂tξ3)D3f̄=∂t̄f−
∂tH

1+D3H
D3f̄,

Θ∗∂jf=Djf̄+(∂jξ3)D3f̄=Djf̄−
DjH

1+D3H
D3f̄ (j=1,2),

Θ∗∂3f=(∂3ξ3)D3f̄=
D3f̄

1+D3H
=D3f̄−

D3H

1+D3H
D3f̄.

(2)Calculate

Θ∗∂j∂kf=

(

Dj−

(
DjH

1+D3H

)

D3

)(

Dk−

(
DkH

1+D3H

)

D3

)

f̄.
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Toprogressourargumentation,wedefinematricesMi(H)(i=1,2,3)as

M1(H)=




D3H 0 0
0 D3H 0

−D1H −D2H 0



,(4.2.4)

M2(H)=




0 0 −D1H
0 0 −D2H
0 0 0



, M3(H)=




0 0 D1H
0 0 D2H
0 0 D3H



.

ThenD(v)anddivvaretransformedby(4.2.1)asfollows:

Lemma4.2.2.Letu(x,t)=(u1(x,t),u2(x,t),u3(x,t))
T besufficientlyregular

functionsdefinedonΩ,andlet̄u(ξ,t)=Θ∗u(x,t).Then

Θ∗Dx(u)=Dξ(̄u)−
1

1+D3H

{
(∇ξH⊗D3̄u)+(∇ξH⊗D3̄u)

T
}
,

Θ∗(divxu)=divξū−
∇ξH·D3̄u

1+D3H
=
divξ{(I+M1(H))̄u}

1+D3H
,

wheresubscriptsxandξdenotethederivativesoftheircoordinates.

Proof.WeonlyshowthesecondidentityofΘ∗(divxu).Letψ=ψ(x,t)∈
C∞0(Ω)andψ̄(ξ,t)=Θ

∗ψ(x,t),andthenbyLemma4.2.1

−(Θ∗(divxu),ψ)Ω=(Θ
∗u,∇xψ)Ω

=

∫

Ω∗
ū(ξ,t)·

(

(∇ξψ̄)(ξ,t)−
(D3ψ̄)(ξ,t)∇ξH(ξ,t)

1+D3H

)

(1+D3H(ξ,t))dξdt

=

∫

Ω∗
ū(ξ,t)·(I+M1(H)

T)(∇ξψ̄)(ξ,t)dξdt=−
(
divξ{(I+M1(H))̄u},̄ψ

)
Ω∗

=−
(
(1+D3H)

−1divξ{(I+M1(H))̄u},ψ
)
Ω
.

Thisfurnishesthattherequiredpropertyholds.

Letv̄(ξ,t)=Θ∗v(x,t)andπ̄(ξ,t)=Θ∗π(x,t).Then,byLemma4.2.2,

Θ∗S(v,π)=−π̄+µDξ(̄v)(4.2.5)

−
µ

1+D3H

{
(∇ξH⊗D3̄v)+(∇ξH⊗D3̄v)

T
}
,

andalsowenotethat(I+M2(H))
−1=I−M2(H)andthat

(4.2.6) (1+|∇′ξH|
2)−1/2(I+M2(H))e3=nΓ forξ∈R

3
0

by(4.1.7).Inaddition,applyingΘ∗tothethirdequationof(4.1.2),wehave,by
Lemma4.2.1,

(4.2.7) Θ∗(S(v,π)nΓ)+(ρcgh−cσ∆
′
ξh)nΓ=−cσGκ(h)nΓ forξ∈R

3
0.
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Thusmultiplying(4.2.7)by(1+|∇′ξH|
2)1/2(I+M2(H))

−1fromtheleft-handside,

wesee,by(4.2.5)and(4.2.6),that

−cσGκ(h)e3−(ρcg−cσ∆
′
ξ)he3(4.2.8)

=(1+|∇′ξH|
2)1/2(I+M2(H))

−1Θ∗(S(v,π)nΓ)

=−̄πe3+µ(1+|∇
′
ξH|

2)1/2(I−M2(H))Dξ(̄v)nΓ

−
µ(1+|∇′ξH|

2)1/2(I−M2(H))

1+D3H

{
(∇ξH⊗D3̄v)+(∇ξH⊗D3̄v)

T
}
nΓ

=Sξ(̄v,̄π)e3+µDξ(̄v)((1+|∇
′
ξH|

2)1/2nΓ−e3)

−µM2(H)Dξ(̄v)(1+|∇
′
ξH|

2)1/2nΓ

−
µ(I−M2(H))

1+D3H

{
(∇ξH⊗D3̄v)+(∇ξH⊗D3̄v)

T
}
(1+|∇′ξH|

2)1/2nΓ

forξ∈R30.Finally,applyingΘ
∗tothefirstequationof(4.1.2)andmultiplying

theresultantformulabyI+M3(H)fromtheleft-handside,wehaveachieved,by
Lemma4.2.1,Lemma4.2.2,and(4.2.8),thefollowingequations:

(4.2.9)






∂t̄v−∆v̄+∇π̄=F(̄v,H) inR3−,t>0,

div̄v=divFd(̄v,H)=Fd(̄v,H) inR
3
−,t>0,

S(̄v,̄π)e3+(cg−cσ∆
′)he3=G(̄v,H) onR30,t>0,

∂th−v̄·e3=Gh(̄v,H) onR
3
0,t>0,

v̄|t=0=v̄0 inR3−,

h|t=0=h0 onR2,

wherewehavesetρ= µ=1withoutlossofgenerality, v̄0(ξ) = Θ
∗
0v0(x) =

v0(Θ0(ξ))withΘ0(ξ)=ξ+H0(ξ)forξ∈R
3
− and

(4.2.10) H0(ξ)=F
−1
y′[e

|y′|ξ3h0(y
′)](ξ′) (ξ3<0),

andalsotherightmembersaregivenby

F(̄v,H)=F1(̄v,H)+F2(̄v,H),F1(̄v,H)=(I+M3(H))
(∂tHD3̄v

1+D3H
−(̄v·∇)̄v

)

F2(̄v,H)=(−∂t̄v3+∆̄v3)∇H+(I+M3(H))
( 3∑

j=1

Fjj(H)̄v+
(̄v·∇H)D3̄v

1+D3H

)

G(̄v,H)=−σGκ(H)e3+D(̄v)(D1H,D2H,0)
T

−M2(H)D(̄v)(D1H,D2H,−1)
T

−
I−M2(H)

1+D3H

{
(∇H⊗D3̄v)+(∇H⊗D3̄v)

T
}
(D1H,D2H,−1)

T,

Fd(̄v,H)=−M1(H)̄v, Fd(̄v,H)=
∇H·D3̄v

1+D3H
, Gh(̄v,H)=−̄v

′·∇′H.

Herewehaveusedtheidentities:∇′h=∇′HandGκ(h)=Gκ(H)onR
3
0by(4.1.7)

inordertoderiveG(̄v,H)andGh(̄v,H).

Remark4.2.3.(1)Θ0isaC
2-diffeomorphismifh0∈B

3−1/p−1/q
q,p (R2)issuf-

ficientlysmallandtheassumption(4.1.4)holds.Infact,wehavethefollowing
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observation: First,settingΩL =R
2×(−L,0)forL>0,wehave,bythe

FouriermultipliertheoremofḦormander-Mikhlintype,

(4.2.11) ∥H0∥Lq(ΩL)≤C(q)

(∫0

−L

dξ3

)1/q

∥h0∥Lq(R2)≤C(q,L)∥h0∥Lq(R2)

withsomepositiveconstantC(q,L).Secondly,inthesamemannerasinRe-
mark4.1.2(3),itholds,by(4.2.11),that

∥H0∥W 2
q(ΩL)

≤C1∥h0∥W 2−1/q
q (R2)

, ∥H0∥W 3
q(ΩL)

≤C1∥h0∥W 3−1/q
q (R2)

,(4.2.12)

∥∇H0∥W 1
q(R

3
−)
≤C2∥h0∥W 2−1/q

q (R2)
,∥∇H0∥W 2

q(R
3
−)
≤C2∥h0∥W 3−1/q

q (R2)

withsomepositiveconstantC1=C1(q,L)andC2=C2(q).Thirdly,weobtain,
by(4.2.12)andtherealinterpolationtheorem,

∥H0∥W 3−1/p
q (ΩL)

≤C1(p,q,L)∥h0∥B3−1/p−1/qq,p (R2)
foreveryL>0,

∥∇H0∥W 2−1/p
q (R3−)

≤C2(p,q)∥h0∥B3−1/p−1/qq,p (R2)

which,combinedwithSobolev’sembeddingtheorem,furnishesthat

H0∈C
2(R3−), ∇H0∈BUC

1(R3−),

andbesides,

(4.2.13) ∥∇H0∥BUC1(R3−)≤M(p,q)∥h0∥B3−1/p−1/qq,p (R2)

withsomepositiveconstantM(p,q).ThusΘ0isaC
2-diffeomorphismfromR3−

toΩ0similarlytoRemark4.1.2(2),providedthath0satisfiesthesmallness
condition:M(p,q)∥h0∥B3−1/p−1/qq,p (R2)

≤1/2.

(2)Letexponentsp,qsatisfy(4.1.4)andr∈{q,q/2}.Thenthereexistsapositive
numberε0suchthatforanyH0satisfying∥∇H0∥BUC1(R3−)≤ε0,

(4.2.14) C(ε0)
−1∥v0∥B2(1−1/p)r,p (Ω0)

≤∥̄v0∥B2(1−1/p)r,p (R3−)
≤C(ε0)∥v0∥B2(1−1/p)r,p (Ω0)

withsomepositiveconstantC(ε0).Especially,by(4.2.13),if∥h0∥B3−1/p−1/qq,p (R2)

issufficientlysmall,then(4.2.14)holds.

Inthelastpartofthissection,weintroducenotationandseveralfunction
spaces,whichwillbeusedinthefollowingsections.Let1<p,q<∞,andthenthe
naturalnormassociatedwiththemaximalregularitytheoremof(4.2.9)and(4.1.3)
(cf.[SS12,Theorem1.4])isdefinedas

Mq,p(u,θ,h,∂th,H)=∥(∂tu,u,∇u,∇
2u,∇θ)∥Lp(R+,Lq(R3−))

+∥h∥
Lp(R+,W

3−1/q
q (R2))

+∥∂th∥Lp(R+,W2−1/qq (R2))

+∥∇H∥Lp(R+,W2q(R3−))+∥∇∂tH∥Lp(R+,W1q(R3−)).

Inaddition,letX beaBanachspaceanditsnorm∥·∥X. Then,fors>0and
1≤p≤∞,weset

Lsp(R+,X)={u∈Lp(R+,X)|∥u∥Lsp(R+,X)<∞},

∥u∥Lsp(R+,X)=∥(t+2)
su∥Lp(R+,X),

W1,sp (R+,X)={u∈W
1
p(R+,X)|∥u∥W 1,s

p (R+,X)
<∞},

∥u∥W 1,s
p (R+,X)

=∥∂t((t+2)
su)∥Lp(R+,X).
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Keyideas,intheproofofTheorem4.1.1,areasfollows:First,forthehighest
orderderivatives,weuseweightedLp-normsgivenby

Wq,p(u,H;δ1,δ2)

=∥(∂tu,∇
2u)∥

L
δ1
p (R+,Lq(R

3
−))
+∥(∇2∂tH,∇

3H)∥
L
δ2
p (R+,Lq(R

3
−))

withpositivenumbersδ1,δ2.Secondly,forthelowerorderterms,weuseweighted
L∞-normsgivenby

Wr,∞(u,h,∂th,H)=∥u∥Lm(q/2,r)∞ (R+,Lr(R3−))
+∥∇u∥

L
n(q/2,r)+1/8
∞ (R+,Lr(R3−))

+∥h∥
L
2/q−1/r
∞ (R+,Lr(R2))

+∥∂th∥Lm(q/2,r)∞ (R+,Lr(R2))

+∥∇H∥
L
m(q/2,r)+1/4
∞ (R+,W1r(R

3
−))
+∥∇∂tH∥Lm(q/2,r)+1/2∞ (R+,Lr(R3−))

,

wherem(q/2,r)andn(q/2,r)aredefinedasinRemark4.1.2(4).
Letexponentsp,qsatisfy(4.1.4),andthenweset

F1=F2=
∩

r∈{q,2}

Lp(R+,Lr(R
3
−))

3, Gh=
∩

r∈{q,2}

W2,1r,p(R
3
−×R+),

Fd1=
∩

r∈{q,2}

W1p(R+,Lr(R
3
−))

3, Fd2=
∩

r∈{q,2}

Lp(R+,W
1
r(R

3
−)),

G=
∩

r∈{q,2}

W1p(R+,W
−1
r (R

3
−))

3∩Lp(R+,W
1
r(R

3
−))

3,

andbesides,forδ>0andε>0

F1(δ,ε)=L
δ
p(R+,Lq(R

3
−))

3∩Lε∞(R+,Lq/2(R
3
−))

3,

F2(δ,ε)=L
δ
p(R+,Lq(R

3
−))

3∩Lεp(R+,Lq/2(R
3
−))

3,

Gh(δ,ε)=L
δ
p(R+,W

2
q(R

3
−))∩L

ε
p(R+,W

2
q/2(R

3
−)),

Fd1(δ,ε)=W
1,δ
p (R+,Lq(R

3
−))

3∩W1,εp (R+,Lq/2(R
3
−))

3,

Fd2(δ,ε)=L
δ
p(R+,W

1
q(R

3
−))∩L

ε
p(R+,W

1
q/2(R

3
−)),

G(δ,ε)=W1,δp (R+,W
−1
q (R

3
−))

3∩Lδp(R+,W
1
q(R

3
−))

3

∩W1,εp (R+,W
−1
q/2(R

3
−))

3∩Lεp(R+,W
1
q/2(R

3
−))

3.

Moreover,wedefineadditionalfunctionspacesas

A1=L
m(q/2,q)
∞ (R+,Lq(R

3
−))∩L

m(q/2,2)
∞ (R+,L2(R

3
−)),

A2=L
m(q/2,q)+1/2
∞ (R+,Lq(R

3
−))∩L

m(q/2,2)+1/2
∞ (R+,L2(R

3
−)),

A2=L
m(q/2,q)+1/2
∞ (R+,W

1
q(R

3
−))∩L

m(q/2,2)+1/2
∞ (R+,W

1
2(R

3
−)),

A3=L
m(q/2,q)+1/2
p (R+,W

1
q(R

3
−))∩L

m(q/2,2)+1/2
p (R+,W

1
2(R

3
−)).

Fortheinitialdata,weset

I1=B
2(1−1/p)
q,p (R3−)

3∩B
2(1−1/p)
q/2,p (R3−)

3,

I2=B
3−1/p−1/q
q,p (R2)∩B

3−1/p−1/2
2,p (R2)∩Lq/2(R

2).
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4.3.LineartheoryI

Inthissection,weconsiderthefollowinglinearsystem:

(4.3.1)






∂tu+u−∆u+∇θ=0 inR
3
+,t>0,

divu=0 inR3+,t>0,

S(u,θ)n=g onR30,t>0,

u|t=0=0 inR
3
+

forn=(0,0,−1)T,andfurthermore,

(4.3.2)






∂tu−∆u+∇θ=f1+f2 inR3+,t>0,

divu=0 inR3+,t>0,

S(u,θ)n+(cg−cσ∆
′)hn=0 onR30,t>0,

∂th−u·n=gh onR30,t>0,

u|t=0=0 inR3+,

h|t=0=0 inR30

withtheauxiliaryproblem:

(4.3.3)

{
∆H=0 inR3+,t≥0,

H=h onR30,t≥0.

Remark4.3.1.Althoughweconsider(4.3.1)-(4.3.3)inR3+tousesomeresults
obtainedin[SS08],[SS12],andChapter3,thecaseofR3−canbetreatedbyusing
asuitabletransformation.Inaddition,weusethesymbols:A,B,D(A,B),L(A,B),
andM(a)(a>0)definedas(1.2.1)withµ=1and(1.2.2)inthissection.

4.3.1. AnalysisofEquations(4.3.1).Westartwiththefollowingtheorem
toanalyzetheequations(4.3.1).

Theorem 4.3.2.Let1<p,q <∞ andg∈H
1,1/2
q,p,0(R

3
+×R)

3. Thenthe

equations(4.3.1)admitsauniquesolution(u,θ)with

u∈W2,1q,p,0(R+×R)
3, θ∈Lp,0(R,W

1
q(R

3
+)),

andalsothesolutionsatisfiestheestimate:

(4.3.4) ∥(∂tu,u,∇u,∇
2u,∇θ)∥Lp(R+,Lq(R3+))≤C(p,q)∥g∥H1,1/2q,p,0(R+×R)

withapositiveconstantC(p,q).Inaddition,thesolutionuisrepresentedas

u(x,t)=

∫t

0

[B(t−s)g(·,0,s)](x)ds (t>0)

byanoperatorB(τ)∈L(Lq(R
2)3,W1q(R

3
+)
3)satisfying

∥∇lB(τ)a∥Lq(R3+)≤C(q)τ
−1+l2 +

1
2qe−τ∥a∥Lq(R2) (τ>0,l=0,1)

foranya∈Lq(R
2)3andapositiveconstantC(q)independentofτanda.



4.3.LINEAR THEORYI 129

Theuniqueexistenceofsolutionsand(4.3.4)wereprovedby[SS08,Theorem

5.1]and[SS12,Theorem1.2].Ouraimhereistoshowtheremainders.Letf(ξ′,λ)
betheFourier-Laplacetransformoff(x′,t)definedonR2×R,thatis,

(4.3.5)f(ξ′,λ)=Fx′Lt[f](ξ
′,λ)=

∫

R2×R

e−(ix
′·ξ′+λt)f(x′,t)dx′dt (λ=γ+iτ),

andthenweobtainthefollowinglemma.

Lemma4.3.3.Let1<q<∞,0<ε<π/2,andf(x′,t)∈C∞0(R
2×R+).

Supposethatm(ξ′,λ)∈M−1,2,ε,0andset,forλ=γ+iτ(γ≥0),

I(x,t)=L−1λ F
−1
ξ′

[
m(ξ′,λ)e−Bx3f(ξ′,λ)

]
(x′,t) (x3>0),

J(x,t)=L−1λ F
−1
ξ′

[
m(ξ′,λ)AM(x3)f(ξ

′,λ)
]
(x′,t) (x3>0).

Then,foreveryt>0,thereexistoperatorsI(t),J(t)∈L(Lq(R
2),W1q(R

3
+))such

thatforanyg∈Lq(R
2)andl=0,1

∥(∇lI(t)g,∇lJ(t)g)∥Lq(R3+)≤C(q)t
−1+l2 +

1
2q∥g∥Lq(R2) (t>0)

withapositiveconstantC(q)independentoftandg,andbesides,

I(x,t)=

∫t

0

[I(t−s)f(·,s)](x)ds,J(x,t)=

∫t

0

[J(t−s)f(·,s)](x)ds(t>0).

Proof.Forg∈Lq(R
2),setting

[I(t)g](x)=F−1ξ′
[
L−1λ
[
m(ξ′,λ)e−Bx3

]
(t)g(ξ′)

]
(x′),

[J(t)g](x)=

∫1

0

F−1ξ′
[
L−1λ

[
m(ξ′,λ)x3Ae

−(Bθ+A(1−θ))x3
]
(t)g(ξ′)

]
(x′)dθ,

wesee,by(1.2.3)andPropositionC.1withs=−1andγ0=0,that

I(x,t)=

∫t

0

[I(t−s)f(·,s)](x)ds, J(x,t)=

∫t

0

[J(t−s)f(·,s)](x)ds.

Wefirstshowtherequiredestimatesof I(t)gbyapplyingProposition1.2.8
withX=R,L=0,n=1,andσ=1/2.Letλ=iτforτ∈R\{0},andthen

(4.3.6) Dα
′

ξ′L
−1
λ [m(ξ

′,λ)e−Bx3](t)=F−1τ [D
α′

ξ′(m(ξ
′,iτ)e−Bx3)](t)

foranyα′∈N20.Since,byLemma1.2.6,m∈M−1,2,ε,0,andLeibniz’srule,

|(τ∂τ)
lDα

′

ξ′(m(ξ
′,iτ)e−Bx3)|(4.3.7)

≤C(α′)(|τ|1/2+A)−1e−c(|τ|
1/2+A)x3A−|α

′|

≤C(α′)A−|α
′||τ|−1/2

forl=0,1withpositiveconstantsC(α′)andc,which,combinedwithProposition
1.2.8,furnishesthatfort∈R\{0}

|F−1τ [D
α′

ξ′(m(ξ
′,iτ)e−Bx3)](t)|≤C|t|−1/2A−|α

′|.
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Ontheotherhand,byusing(4.3.6)and(4.3.7)withl=0,wehave

|F−1τ [D
α′

ξ′(m(ξ
′,iτ)e−Bx3)](t)|≤C(α′)A−|α

′|

∫

R

|τ|−1/2e−b|τ|
1/2x3dτ

≤C(α′)A−|α
′|x−13 ,

which,combinedwiththeinequalityabove,furnishesthat

|F−1τ [D
α′

ξ′(m(ξ
′,iτ)e−Bx3)](t)|≤

C(α′)

|t|1/2+x3
A−|α

′|.

Thus,applyingFouriermultipliertheoremofḦolmander-Mikhlintypeto(4.3.6),
wehave

∥[I(t)g](·,x3)∥Lq(R2)≤
C(q)

|t|1/2+x3
∥g∥Lq(R2),

andtherefore∥I(t)g∥Lq(R3+)≤C(q)t
−1/(2q)∥g∥Lq(R2)fort>0withapositive

constantC(q).Analogously,wehave

∥∇[I(t)g](·,x3)∥Lq(R2)≤
C(q)

|t|+(x3)2
∥g∥Lq(R2) (t∈R\{0}),

whichfurnishesthattherequiredestimateof∇I(t)gholds.
Wenextshowtheestimateof J(t)g.Letλ=iτforτ∈R\{0},andthenby

Young’sinequality

∥[J(t)g](·,x3)∥Lq(R2)

≤

∫1

0

F−1τ

[
F−1ξ′

[
m(ξ′,iτ)x3Ae

−(Bθ+A(1−θ))x3
]
(·)
]
(t)

L1(R2)
dθ∥g∥Lq(R2).

Wethusobtain,bysetting X=Lq((0,∞),L1(R
2)),

∥J(t)g∥Lq(R3+)(4.3.8)

≤

∫1

0

F−1τ

(
F−1ξ′

[
m(ξ′,λ)x3Ae

−(Bθ+A(1−θ))x3
]
(·)
)
(t)

X
dθ∥g∥Lq(R2).

Tocontinuetheproof,weapplyProposition1.2.8withX=Lq((0,∞),L1(R
2)),

L=0,n=1,andσ=1/2−1/(2q)totheright-handsideoftheaforementioned
inequality. Forα′∈N20,l=0,1,and0<ε<1,wehave,byLemma1.2.6,
m∈M−1,2,ε,0,andLeibniz’srule,

Dα
′

ξ′

{
(τ∂τ)

l
(
x3Am(ξ

′,iτ)e−(Bθ+A(1−θ)x3)
)}

(4.3.9)

≤C(α′)
x3A

|τ|1/2+A
e−c(|τ|

1/2θ+A)x3A−|α
′|

≤C(α′)xε3|τ|
−1/2e−c|τ|

1/2θx3(x3A)
1−εe−cAx3Aε−|α

′|

≤C(α′)xε3|τ|
−1/2e−c|τ|

1/2θx3e−(c/2)Ax3Aε−|α
′|

forsomepositiveconstantsC(α′)andc,which,combinedwithProposition1.2.8
withX=R,L=2,n=2,andσ=ε,furnishesthat

F−1ξ′
[
(τ∂τ)

l
(
x3Am(ξ

′,iτ)e−(Bθ+A(1−θ)x3)
)]
(x′)

≤Cxε3|τ|
−1/2e−c|τ|

1/2θx3|x′|−(2+ε).
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Ontheotherhand,weuse(4.3.9)againwithα′=0,andthen

F−1ξ′
[
(τ∂τ)

l
(
x3Am(ξ

′,iτ)e−(Bθ+A(1−θ)x3)
)]
(x′)

≤Cxε3|τ|
−1/2e−c|τ|

1/2θx3

∫

R2
Aεe−(c/2)Ax3dξ′

≤Cxε3|τ|
−1/2e−c|τ|

1/2θx3(x3)
−(2+ε)

forl=0,1withapositiveconstantC. Wethusobtain

F−1ξ′
[
(τ∂τ)

l
(
x3Am(ξ

′,iτ)e−(Bθ+A(1−θ)x3)
)]
(x′)≤

Cxε3|τ|
−1/2e−c|τ|

1/2θx3

|x′|2+ε+(x3)2+ε
,

whichfurnishesthat

(τ∂τ)
lF−1ξ′

[
x3Am(ξ

′,λ)e−(Bθ+A(1−θ))x3
]

X
≤Cθ−

1
q|τ|−

1
2−

1
2q

forl=0,1withapositiveconstantC.ThenProposition1.2.8and(4.3.8)implies,
foranyt>0,that

∥J(t)g∥Lq(R3+)≤C

∫1

0

θ−
1
qdθt−

1
2+

1
2q∥g∥Lq(R2)≤Ct

−12+
1
2q∥g∥Lq(R2)

withsomepositiveconstantCindependentoftandg. Theestimateof∇J(t)g
canbeprovedanalogously,sothatwemayomittheproof.

Wenextconsidertheequations:





∂tv−∆v+∇π=0 inR
3
+,t>0,

divv=0 inR3+,t>0,

S(v,π)n=h onR30,t>0,

v|t=0=0 inR
3
+.

Leth∈H
1,1/2
q,p,1,0(R

3
+×R)for1<p,q<∞,andthentheequationsaboveadmits

auniquesolution(v,π)with

v∈W2,1q,p,1,0(R
3
+×R)

3, π∈Lp,1,0(R,W
1
q(R

3
+))

by[SS12,Theorem1.2].Furthermore,in[SS12,Section4],theexactformulaof
visgivenby

vj(x,t)=−

2∑

k=1

L−1λ F
−1
ξ′

[
2ξjξkB

AD(A,B)
AM(x3)hk(ξ

′,0,λ)

]

(x′,t)

+L−1λ F
−1
ξ′

[
2iξj(B

2−3AB+A2)

AD(A,B)
AM(x3)h3(ξ

′,0,λ)

]

(x′,t)

+
2∑

k=1

L−1λ F
−1
ξ′

[
ξjξk(3B−A)

BD(A,B)
e−Bx3hk(ξ

′,0,λ)

]

(x′,t)

−L−1λ F
−1
ξ′

[
2iξj(B−A)

D(A,B)
e−Bx3h3(ξ

′,0,λ)

]

(x′,t)

−L−1λ F
−1
ξ′

[
1

B
e−Bx3hj(ξ

′,0,λ)

]

(x′,t),
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v3(x,t)=−
2∑

k=1

L−1λ F
−1
ξ′

[
2iξkB

D(A,B)
AM(x3)hk(ξ

′,0,λ)

]

(x′,t)

+L−1λ F
−1
ξ′

[
B2+A2

D(A,B)
AM(x3)h3(ξ

′,0,λ)

]

(x′,t)

−
2∑

k=1

L−1λ F
−1
ξ′

[
iξk(B−A)

D(A,B)
e−Bx3hk(ξ

′,0,λ)

]

(x′,t)

−L−1λ F
−1
ξ′

[
A(B+A)

D(A,B)
e−Bx3h3(ξ

′,0,λ)

]

(x′,t)

forj=1,2,wherewehaveusedtherelation:e−Ax3 =e−Bx3−(B−A)M(x3).
Sincethesymbols:

ξjξkB

AD(A,B)
,
2iξj(B

2−3AB+A2)

AD(A,B)
,
ξjξk(3B−A)

BD(A,B)
,
2iξj(B−A)

D(A,B)
,
1

B

2iξkB

D(A,B)
,
B2+A2

D(A,B)
,
iξk(B−A)

D(A,B)
,
A(B+A)

D(A,B)
(j,k=1,2)

belongtoM−1,2,ε,0forany0<ε<π/2byLemma1.2.5andLemma1.2.6,it
followsfromLemma4.3.3thatthereexistsanoperator

C(τ)∈L(Lq(R
2)3,W1q(R

3
+)
3) (τ>0)

suchthatthesolutionvisrepresentedas

v(x,t)=

∫t

0

[C(t−s)h(·,0,s)](x)ds (t>0).

Inaddition,foranya∈Lq(R
2)3,wehave

(4.3.10) ∥∇lC(τ)a∥Lq(R3+)≤C(q)τ
−1+l2 +

1
2q∥a∥Lq(R2) (τ>0)

forl=0,1withsomepositiveconstantC(q).
ProofofTheorem4.3.2.Let(u,θ)bethesolutionto(4.3.1).Thenmultiplying

theequations(4.3.1)byetyieldsthat





∂t(e
tu)−∆(etu)+∇(etθ)=0 inR3+,t>0,

div(etu)=0 inR3+,t>0,

S(etu,etθ)n=etg onR30,t>0,

etu|t=0=0 inR3+.

Sinceetg∈H
1,1/2
q,p,1,0(R

3
+×R),weobtain,byusingC(τ)introducedabove,

etu(x,t)=

∫t

0

[C(t−s)(esg(·,0,s))](x)ds,

andtherefore

u(x,t)=

∫t

0

e−(t−s)[C(t−s)g(·,0,s)](x)ds.

SettingB(τ)=e−τC(τ)and(4.3.10)completestheproofofTheorem4.3.2.



4.3.LINEAR THEORYI 133

Theorem4.3.4.Letexponentsp,qsatisfy(4.1.4),andlet1<r≤q.Suppose

thatg∈H
1,1/2
r,p,0(R

3
+×R). Thentheequations(4.3.1)admitsauniquesolution

(u,θ)with

u∈W2,1r,p,0(R
3
+×R)

3, θ∈Lp,0(R,W
1
r(R

3
+)),

andalsothesolutionsatisfies

∥(∂tu,u,∇u,∇
2u,∇θ)∥Lp(R+,Lr(R3+))≤C∥g∥H1,1/2r,p,0(R

3
+×R)

forapositiveconstantC=C(p,r).Ifweadditionallyassumethat

g∈Lα(r)p (R+,W
1
r(R

3
+))

3, (t+2)β(r)g∈H
1,1/2
r,p,0(R

3
+×R)

3

fornon-negativenumbersα(r)andβ(r),thenthefollowingassertionshold.

(1)ThereexistsapositiveconstantC=C(p,r)suchthatforanyt>0

∥u(t)∥W 1
r(R

3
+)
≤C(t+2)−α(r)∥g∥

L
α(r)
p (R+,W1r(R

3
+))
.

(2)ThereexistsapositiveconstantC=C(p,r)suchthat

∥(∂tu,u,∇u,∇
2u,∇θ)∥

L
β(r)
p (R+,Lr(R3+))

≤C
(
∥g∥

L
α(r)
p (R+,W1r(R

3
+))
+∥(t+2)β(r)g∥

H
1,1/2
r,p,0(R

3
+×R)

)
,

providedthatp(1+α(r)−β(r))>1.

Proof.Theassertionsexceptforthelasttwoinequalitieswerealreadygiven
inTheorem4.3.2,sothatwehereshowtheinequalitiesonly.
Wefirstconsidertheestimatesof ∥∇lu(t)∥Lr(R3+)forl=0,1andt>0by

usingTheorem4.3.2. Wethenhave

u(x,t)=

(∫t/2

0

+

∫t

t/2

)

[B(t−s)g(·,0,s)](x)ds=:u1(x,t)+u2(x,t).

Concerningu1(x,t),itfollowsfromthetracetheoremthatforp
′=p/(p−1)

∥∇lu1(t)∥Lr(R3+)≤C

∫t/2

0

e−(t−s)(t−s)−
1+l
2 +

1
2r∥g(s)∥Lr(R30)ds

≤Ce−t/2t−
1+l
2 +

1
2r

(∫t/2

0

ds

)1/p′

∥g∥Lp(R+,W1r(R3+))

≤Ce−t/4∥g∥Lp(R+,W1r(R3+))

withsomepositiveconstantC=C(p,r),becauseby(4.1.4)

(4.3.11)
1

p′
−
1+l

2
+
1

2r
≥
1

p′
−1+

1

2q
=−
1

p
+
1

2q
>
2

q
−
1

2
>0.
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Ontheotherhand,wehave,bythetracetheoremand(4.3.11),

∥∇lu2(t)∥Lr(R3+)≤C

∫t

t/2

e−(t−s)(t−s)−
1+l
2 +

1
2r∥g(s)∥W 1

r(R
3
+)
ds

≤C(t+2)−α(r)
∫t

t/2

e−(t−s)(t−s)−
l+1
2 +

1
2r(s+2)α(r)∥g(s)∥W 1

r(R
3
+)
ds

≤C(t+2)−α(r)

×

(∫t

t/2

e−p
′(t−s)(t−s)−p

′(l+12 −
1
2r)ds

)1/p′

∥g∥
L
α(r)
p (R+,W1r(R

3
+))

≤C(t+2)−α(r)∥g∥
L
α(r)
p (R+,W1r(R

3
+))

withapositiveconstantC = C(p,r),which,combinedwiththeestimatesof
u1(x,t),completestherequiredinequalityin(1).
Next,weshallprovetheinequalityof(2).Since(u,θ)satisfiestheequations

(4.3.1),wesee,bysettingU=(t+2)β(r)uandΘ=(t+2)β(r)θ,that





∂tU+U−∆U+∇Θ=−β(r)(t+2)
−1+β(r)u inR3+,t>0,

divU=0 inR3+,t>0,

S(U,Θ)n=(t+2)β(r)g onR30,t>0,

U|t=0=0 inR3+.

Itthenfollowsfromp(1+α(r)−β(r))>1andtheestimateof(1)that

∥(t+2)−1+β(r)u∥Lp(R+,Lr(R3+))(4.3.12)

≤C∥(t+2)−(1+α(r)−β(r))∥Lp(R+)∥g∥Lα(r)p (R+,W1r(R
3
+))

≤C∥g∥
L
α(r)
p (R+,W1r(R

3
+))
,

sothatbyTheorem4.3.2

∥(∂tU,U,∇U,∇
2U,∇Θ)∥Lp(R+,Lr(R3+))(4.3.13)

≤C
(
∥g∥

L
α(r)
p (R+,W1r(R

3
+))
+∥(t+2)β(r)g∥

H
1,1/2
r,p,0(R

3
+×R)

)

withsomepositiveconstantC=C(p,r).Notingthat

(t+2)β(r)∂tu=∂tU−β(r)(t+2)
−1+β(r)u,

weobtain,by(4.3.12)and(4.3.13),

∥(t+2)β(r)∂tu∥Lp(R+,Lr(R3+))

≤C
(
∥g∥

L
α(r)
p (R+,W1r(R

3
+))
+∥(t+2)β(r)g∥

H
1,1/2
r,p,0(R

3
+×R)

)
,

which,combinedwith(4.3.13),completestheproofofthetheorem.

4.3.2. AnalysisofEquations(4.3.2)and(4.3.3).Wefirstremindthefol-
lowingproposition,whichwasprovedby[SS12,Theorem1.4]essentially.

Proposition4.3.5.Let1<p,q<∞. Thenthereexistsanumberγ0≥1
suchthatforevery

f∈Lp,γ0,0(R,Lq(R
3
+))

3, gh∈Lp,γ0,0(R,W
2
q(R

3
+)),
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theequations(4.3.2)and(4.3.3)admitauniquesolution(u,θ,h,H)with

u∈W2,1q,p,γ0,0(R
3
+×R)

3, θ∈Lp,γ0,0(R,W
1
q(R

3
+)),(4.3.14)

h∈W1p,γ0,0(R,W
2−1/q
q (R2))∩Lp,γ0,0(R,W

3−1/q
q (R2)),

H∈W1p,γ0,0(R,W
2
q(ΩL))∩Lp,γ0,0(R,W

3
q(ΩL)),

whereΩL=R
2×(0,L)forL>0,andbesides,

∇H∈Lp,γ0,0(R,W
2
q(R

3
+))

3, ∇∂tH∈Lp,γ0,0(R,W
1
q(R

3
+))

3.

Thesolution(u,θ,h,H)satisfiestheestimate:

∥e−γ0t(∂tu,u,∇u,∇
2u,∇θ)∥Lp(R+,Lq(R3+))(4.3.15)

+∥e−γ0t∂th∥Lp(R+,W2−1/qq (R2))
+∥e−γ0th∥

Lp(R+,W
3−1/q
q (R2))

+∥e−γ0t∇H∥Lp(R+,W2q(R3+))+∥e
−γ0t∇∂tH∥Lp(R+,W1q(R3+))

≤C(p,q,γ0)
(
∥e−γ0tf∥Lp(R+,Lq(R3+))+∥e

−γ0tgh∥Lp(R+,W2q(R3+))

)

forapositiveconstantC(p,q,γ0)dependingonlyonp,q,andγ0.Ifweassumethat

gh∈H
1/2
p,γ0,0

(R,W1q(R
3
+))additionally,thenforeveryL>0

(4.3.16) H∈H
3/2
p,γ0,0

(R,W1q(ΩL)), ∇∂tH∈H
1/2
p,γ0,0

(R,Lq(R
3
+))

3,

andfurthermore,

∥e−γ0tΛ1/2γ0 ∇∂tH∥Lp(R,Lq(R3+))≤C(p,q,γ0)
(
∥e−γ0tf∥Lp(R+,Lq(R3+))(4.3.17)

+∥e−γ0tgh∥Lp(R+,W2q(R3+))+∥e
−γ0tΛ1/2γ0 gh∥Lp(R,W1q(R3+))

)

withsomepositiveconstantC(p,q,γ0).

Remark4.3.6.(1)Let1<p,q<∞,andsupposethatf∈Lp,0(R,Lq(R
3
+))

3

andgh∈W
2,1
q,p,0(R

3
+×R). Then,byLemma1.3.5(3)andRemark1.3.6,we

seethat

∥e−γ0tΛ1/2γ0 gh∥Lp(R,W1q(R3+))≤C(p)∥e
−γ0tgh∥H1/2p,0(R,W

1
q(R

3
+))

≤C(p,q)∥e−γ0tgh∥W 2,1
q,p,0(R

3
+×R)

≤C(p,q,γ0)∥gh∥W 2,1
q,p(R

3
+×R+)

,

which,combinedwith(4.3.17),furnishesthat

∥e−γ0tΛ1/2γ0 ∇∂tH∥Lp(R,Lq(R3+))(4.3.18)

≤C(p,q,γ0)
(
∥f∥Lp(R+,Lq(R3+))+∥gh∥W 2,1

q,p(R
3
+×R+)

)
.

(2)Let2<p<∞ and1<q<∞,andsupposethatf∈Lp,0(R,Lq(R
3
+))

3and

gh∈W
2,1
q,p,0(R

3
+×R).ItthenfollowsfromLemma1.3.5(2)and(4.3.15)that

foreveryT>0

∥(u,∇H)∥BUC((0,T),W1q(R3+))≤C∥(u,∇H)∥W 2,1
q,p(R

3
+×(0,T))

≤Ceγ0T
(
∥e−γ0t(∂tu,∇∂tH)∥Lp((0,T),Lq(R3+))

+∥e−γ0t(u,∇H)∥Lp((0,T),W2q(R3+))

)

≤C
(
∥f∥Lp(R+,Lq(R3+))+∥gh∥Lp(R+,W2q(R3+))

)
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withsomepositiveconstantC=C(p,q,γ0,T). Additionally,weobtain,by
Lemma1.3.5(3),Remark1.3.6,and(4.3.18),

∥∇∂tH∥BUC((0,T),Lq(R3+))≤e
γ0T∥e−γ0t∇∂tH∥BUC((0,T),Lq(R3+))

≤C∥e−γ0t∇∂tH∥H1/2p ((0,T),Lq(R3+))
≤C∥e−γ0t∇∂tH∥H1/2p,0(R,Lq(R

3
+))

≤C∥e−γ0tΛ1/2γ0 ∇∂tH∥Lp(R,Lq(R3+))

≤C
(
∥f∥Lp(R+,Lq(R3+))+∥gh∥W 2,1

q,p(R
3
+×R+)

)

withsomepositiveconstantC=C(p,q,γ0,T).
(3)SinceitfollowsfromSobolevembeddingtheoremand[MS12,Proposition3.2]
withs=0,r=2,α=1,andβ=1thatforeveryL>0and0<σ<1

W1p,0(R,W
2
q(ΩL))∩Lp,0(R,W

3
q(ΩL))

→Wσp,0(R,W
3−σ
q (ΩL))→BUC(R+,W

3−σ(ΩL))

→BUC(R+,BUC
2(ΩL)),

providedthatσ>1/pand3−σ>2+3/q.By[MS12,Proposition2.10,3.2],
wesimilarlysee,foreveryL>0,that

H
3/2
p,0(R,W

1
q(ΩL))∩Lp,0(R,W

3
q(ΩL))

→H
(3/2)σ
p,0 (R,H3−2σq (ΩL))→BUC

1(R+,BUC
1(ΩL)),

if(3/2)σ>1+1/pand3−2σ>1+3/q. Wethusobtain,byusing(4.3.14)
and(4.3.16),

e−γ0tH∈BUC(R+,BUC
2(ΩL))∩BUC

1(R+,BUC
1(ΩL))

foreveryL>0undertheassumption(4.1.4).Thelastpropertyimpliesthat

H∈C(R+,C
2(R3+))∩C

1(R+,C
1(R3+)).

WeusethefunctionspacesgivenattheendofSection4.2below,andthenthe
followingtheoremholds.

Theorem4.3.7.Letexponentsp,qsatisfy(4.1.4).Supposethatε1>1and
ε2,ε3≥1,andthat0<δ1,δ2≤1satisfy

p(min{ε1,ε2,ε3}−δ1)>1, p

(

m
(q

2
,q
)
+
1

4
−δ1

)

>1,(4.3.19)

p(min{ε1,ε2,ε3}−δ2)>1, p
(
m
(q

2
,2
)
+1−δ2

)
>1.

Inaddition,wesetδ0=max{δ1,δ2},andlettherightmembersf1,f2,andghof
theequations(4.3.2)satisfytheconditionsasfollows:

(1)Letf1∈F1∩F1(δ0,ε1);

(2)Letf2∈F2∩F2(δ0,ε2);

(3)Letgh∈Gh∩Gh(δ0,ε3)∩A1∩A2.
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Thenthesolution(u,θ,h,H)obtainedinProposition4.3.5totheequations(4.3.2)
and(4.3.3)possessestheestimate:

∑

r∈{q,2}

(
Wr,∞(u,h,∂th,H)+Mr,p(u,θ,h,∂th,H)

)
+Wq,p(u,H;δ1,δ2)

≤C(p,q)
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A1∩A2

)

withsomepositiveconstantC(p,q).

Proof.Intheproof,weshallshowthefollowinginequality:
∑

r∈{q,2}

(
Wr,∞(u,h,0,H)+Mr,p(u,0,h,0,H)

)
+Wq,p(u,H;δ1,δ2)(4.3.20)

≤C(p,q)
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A1∩A2

)

withsomepositiveconstantC(p,q).Ifweobtain(4.3.20),thentherequiredesti-
mateofθand∂thfollowsfromthefactthatθandhsatisfytheequations(4.3.2).
Infact,itholds,bythetracetheorem,that

∥∇θ∥Lp(R+,Lr(R3+))≤∥(∂tu,∆u,f1,f2)∥Lp(R+,Lr(R3+)),

∥∂th∥Lp(R+,W2−1/rr (R2))
≤C∥(u,gh)∥Lp(R+,W2r(R3+)),

∥∂th∥Lm(q/2,r)∞ (R+,Lr(R2))
≤C∥(u,gh)∥Lm(q/2,r)∞ (R+,W1r(R

3
+))

forr∈{q,2},which,combinedwith(4.3.20),furnishestherequiredestimateof
Theorem4.3.7.
Toshowtherequireddecaypropertiesandweightedestimates,wefirstgivethe

exactformulasofthesolutiontotheequations(4.3.2).Let(̄w,̄p)bethesolution
tothefollowingresolventequations:






λ̄w−∆w̄+∇p̄=L[f](λ) inR3+

divw̄=0 inR3+,

S(̄w,̄p)n=0 onR30,

wherewehavesetf=f1+f2,and(̄v,̄π,̄h)thesolutiontothefollowingresolvent
equations:






λ̄v−∆v̄+∇π̄=0 inR3+,

div̄v=0 inR3+,

S(̄v,̄π)n+(cg−cσ∆
′)̄hn=0 onR30,

∂t̄h−v̄·n=L[gh](λ)+̄w·n onR30,

Wethenseethat

u=L−1λ [̄v+w̄](t), θ=L
−1
λ [̄ρ+̄π](t), h=L

−1
λ [̄h](t),

H=F−1ξ′[e
−|ξ′|x3Fx′[̄h](ξ

′,t)](x′) (x3>0)

solvetheequations(4.3.2)and(4.3.3)uniquely. Herew̄ =w1+w2,wherewi

(i=1,2)aregivenby(3.2.8)and(3.2.13),respectively,andalso(̄v,̄h)isthesame
functionas(v,h)of(3.4.2).By(3.4.6),setting,fora∈{0,∞},

va=va(x,t)=L
−1
λ F

−1
ξ′[φa(ξ

′)Fx′[̄v](ξ
′,x3,λ)](x

′,t),(4.3.21)
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ha=ha(x
′,t)=L−1λ F

−1
ξ′[φa(ξ

′)Fx′[̄h](ξ
′,λ)](x′,t),

Ha=Ha(x,t)=F
−1
ξ′[φa(ξ

′)e−|ξ
′|x3Fx′[h](ξ

′,t)](x′),

w=w(x,t)=L−1λ [̄w(x,λ)](t),

weseethat

u=v0+v∞ +w,h=h0+h∞, H=H0+H∞.

Inaddition,itfollowsfromPropositionC.2,(3.4.7),and(3.4.9)that

va(t)=

∫t

0

Sa(t−s)F(s)ds, w(t)=

∫t

0

R(t−s)f(s)ds(4.3.22)

ha(t)=

∫t

0

Ta(t−s)F(s)ds, Ha(t)=

∫t

0

E(Ta(t−s)F(s))ds

fora∈{0,∞},F=(f,gh)=(f1+f2,gh),andtheextensionoperatorEdefinedas
(3.1.3).ByPropositionC.2again,wealsohave,fora∈{0,∞},

∂tv0(t)=

∫t

0

∂tS0(t−s)F(s)ds,(4.3.23)

∂tHa(t)=

∫t

0

∂tE(Ta(t−s)F(s))ds+F
−1
ξ′[φa(ξ

′)e−|ξ
′|x3gh(ξ

′,0,t)](x′).

Remark4.3.8.Leta∈{0,∞},andthenHa(t)=H
1
a(t)+H

2
a(t)with

H1a(x,t)

=−
2∑

k=1

∫∞

0

L−1λ F
−1
ξ′

[
φa(ξ

′)iξk(B−A)

(B+A)L(A,B)
e−A(x3+y3)fk(ξ

′,y3,λ)

]

(x′,t)dy3

−

∫∞

0

L−1λ F
−1
ξ′

[
φa(ξ

′)A

L(A,B)
e−A(x3+y3)f3(ξ

′,y3,λ)

]

(x′,t)dy3

+
2∑

k=1

∫∞

0

L−1λ F
−1
ξ′

[
φa(ξ

′)2iξkAB

(B+A)L(A,B)
e−Ax3M(y3)fk(ξ

′,y3,λ)

]

(x′,t)dy3

+

∫∞

0

L−1λ F
−1
ξ′

[
φa(ξ

′)2A3

(B+A)L(A,B)
e−Ax3M(y3)f3(ξ

′,y3,λ)

]

(x′,t)dy3,

H2a(x,t)

=L−1λ F
−1
ξ′

[
φa(ξ

′)D(A,B)

(B+A)L(A,B)
e−Ax3gh(ξ

′,0,λ)

]

(x′,t),

wherefisdefinedas(4.3.5).Sinceλ=B2−A2and

λD(A,B)

(B+A)L(A,B)
=
(B−A)D(A,B)

L(A,B)
=1−

A(cg+cσA
2)

L(A,B)
,

weobtain

∂tH
2
a(x,t)=L

−1
λ F

−1
ξ′

[
φa(ξ

′)λD(A,B)

(B+A)L(A,B)
e−Ax3gh(ξ

′,0,λ)

]

(x′,t)(4.3.24)

=−L−1λ F
−1
ξ′

[
φa(ξ

′)A(cg+cσA
2)

L(A,B)
gh(ξ

′,0,λ)

]

(x′,t)

+F−1ξ′
[
φa(ξ

′)e−Ax3gh(ξ
′,0,t)

]
(x′).
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Notethatthelasttermof(4.3.24)didnotappearwhenweconsideredtheinitial
valueproblem(3.1.1),becausegwasindependentoftimetinthecaseof(3.1.1)
(seetheendofSection3.5and3.6). Wethusobtainthesecondidentityof(4.3.23)
byPropositionC.2and(4.3.24).

Weheresummarizepropertiesoftheoperatorsusedin(4.3.22)and(4.3.23).

Proposition4.3.9.Letexponentsp,qsatisfy(4.1.4),and2≤r≤q. Weset
F=(f,g),andsupposethat

f∈Lr(R
3
+)
3∩Ls(R

3
+)
3, g∈W2−1/rr (R2)∩Ls(R

2) (s=q/2).

Thenthefollowingassertionshold.

(1)Letk=1,2andl=0,1,2.ThenthereexistsapositiveconstantC=C(q,r)
suchthatforanyt≥1

∥∂tS0(t)F∥Lr(R3+)≤C(t+2)
−m(s,r)−14∥F∥Ls(R3+)3×Ls(R2),

∥S0(t)F∥Lr(R3+)≤C(t+2)
−m(s,r)∥F∥Ls(R3+)3×Ls(R2),

∥∇kS0(t)F∥Lr(R3+)≤C(t+2)
−n(s,r)−k8∥F∥Ls(R3+)3×Ls(R2),

∥∇l∂tE(T0(t)F)∥Lr(R3+)≤C(t+2)
−m(s,r)−l2∥F∥Ls(R3+)3×Ls(R2),

∥∇1+lE(T0(t)F)∥Lr(R3+)≤C(t+2)
−m(s,r)−14−

l
2∥F∥Ls(R3+)3×Ls(R2),

∥T0(t)F∥Lr(R2)≤C(t+2)
−(1s−

1
r)∥F∥Ls(R3+)3×Ls(R2).

Ontheotherhand,let0<t≤1,andthen

∥∂tS0(t)F∥Lr(R3+)+∥(S0(t)F,∂tE(T0(t)F),∇E(T0(t)F))∥W 2
r(R

3
+)

+∥T0(t)F∥Lr(R2)≤C(α,q,r)t
−α∥F∥Ls(R3+)3×Ls(R2)

foranyα>0withsomepositiveconstantC(α,q,r).
(2)Thereexistpositiveconstantsσ0andC=C(q,r)suchthatforanyt≥1

∥(S∞(t)F,∂tE(T∞(t)F),∇E(T∞(t)F))∥W 1
r(R

3
+)

+∥T∞(t)F∥Lr(R2)≤Ce
−σ0t∥F∥

Lr(R3+)
3×W

2−1/r
r (R2)

.

(3)Ifg∈W
2−1/s
s (R2)(s=q/2)additionally,thenthereexistpositiveconstants

σ0andC=C(q,r)suchthatforanyt>0

∥(S∞(t)F,∂tE(T∞(t)F),∇E(T∞(t)F))∥W 1
r(R

3
+)

+∥T∞(t)F∥Lr(R2)≤Ct
−32(

1
s−

1
r)−

1
2e−σ0t∥F∥

Ls(R3+)
3×W

2−1/s
s (R2)

.

(4)ThereexistsapositiveconstantC=C(q,r)suchthatforanyt>0

∥∇kR(t)f∥Lr(R3+)≤Ct
−32(

1
s−

1
r)−

k
2∥f∥Ls(R3+) (k=0,1).

Proof.Notingtheassumption(4.1.4),weobtaintheestimatesof(1)and(2)
byTheorem3.1.3directly.
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Weshowtheinequalityof(3). ByTheorem3.1.3(2),thereexistapositive
constantsδ0andC(q)suchthatforanyt>0

∥(S∞(t)F,∂tE(T∞(t)F),∇E(T∞(t)F))∥W 1
s(R

3
+)

(4.3.25)

≤C(q)t−1/2e−δ0t∥F∥
Ls(R3+)

3×W
2−1/s
s (R2)

,

∥(∇2S∞(t)F,∇
3E(T∞(t)F),∇

2∂tE(T∞(t)F))∥Ls(R3+)

≤C(q)t−1e−δ0t∥F∥
Ls(R3+)

3×W
2−1/s
s (R2)

.

Inaddition,wesee,bythetracetheorem,that

∥T∞(t)F∥W 1
s(R

2)=∥T∞(t)F∥Ls(R2)+∥∇
′E(T∞(t)F)∥Ls(R30)(4.3.26)

≤C(q)
(
∥T∞(t)F∥Ls(R2)+∥∇E(T∞(t)F)∥W 1

s(R
3
+)

)

≤C(q)t−
1
2e−δ0t∥F∥

Ls(R3+)
3×W

2−1/s

q/2
(R2)
.

Combining(4.3.25)and(4.3.26)withSobolev’sembeddingtheorem:

∥u∥Lr(R3+)≤C(q,r)∥u∥
1−3(1s−

1
r)

Ls(R3+)
∥∇u∥

3(1s−
1
r)

Ls(R3+)
,(4.3.27)

∥v∥Lr(R2)≤C(q,r)∥v∥
1−2(1s−

1
r)

Ls(R2)
∥∇v∥

2(1s−
1
r)

Ls(R2)
,

weobtain,foranyt>0,

∥(S∞(t)F,∂tE(T∞(t)F,∇E(T∞(t)F))∥Lr(R3+)

≤Ct−
1
2e−δ0t∥F∥

Ls(R3+)
3×W

2−1/s
s (R2)

≤Ct−
3
2(
2
q−

1
r)−

1
2e−(δ0/2)t∥F∥

Ls(R3+)
3×W

2−1/s
s (R2)

,

∥(∇S∞(t)F,∇∂tE(T∞(t)F,∇
2E(T∞(t)F))∥Lr(R3+)

≤Ct−
3
2(
1
s−

1
r)−

1
2e−δ0t∥F∥

Ls(R3+)
3×W

2−1/s
s (R2)

,

∥T∞(t)F∥Lr(R2)≤Ct
−32(

1
s−

1
r)−

1
2e−(δ0/2)t∥F∥

Ls(R3+)
3×W

2−1/s
s (R2)

withsomepositiveconstantC=C(q,r). Theinequalityof(4)isalsoprovedby
(4.3.27)andTheorem3.1.3(3),whichcompletestheproofoftheproposition.

Wesupposethat r∈{q,2}below,andalsosetε0=min{ε1,ε2,ε3}.

Step1 Wehereconsidertheestimatesof w.Itfollowsfrom[SS12,Theorem1.2]
thatforsomeγ0>0

∥e−γ0t(∂tw,w,∇w,∇
2w)∥Lp(R+,Lr(R3+))(4.3.28)

≤C∥e−γ0t(f1,f2)∥Lp(R+,Lr(R3+))≤C∥(f1,f2)∥F1×F2

withapositiveconstantC=C(p,q,γ0),andalsothat

(4.3.29) ∥(∂tw,∇
2w)∥Lp(R+,Lr(R3+))≤C∥f∥Lp(R+,Lr(R3+))≤C∥(f1,f2)∥F1×F2

withapositiveconstantC=C(p,q).Byusing(4.3.22),weset

w(t)=

(∫t/2

0

+

∫t

t/2

)

R(t−s)f(s)ds=:I1(t)+I2(t) (t>0).
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Then,forl=0,1andt>0,wesee,byProposition4.3.9(4),that

∥∇lI1(t)∥Lr(R3+)≤C

∫t/2

0

(t−s)−
3
2(
2
q−

1
r)−

l
2∥f(s)∥Lq/2(R3+)ds

≤Ct−
3
2(
2
q−

1
r)−

l
2

{∫t/2

0

(s+2)−ε1ds∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t/2

0

(s+2)−p
′ε2ds

)1/p′
∥f2∥Lε2p (R+,Lq/2(R3+))

}

≤Ct−
3
2(
2
q−

1
r)−

l
2

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)

)
,

∥∇lI2(t)∥Lr(R3+)≤C(t+2)
−ε0

∫t

t/2

(t−s)−
3
2(
2
q−

1
r)−

l
2

×
(
(s+2)ε1∥f1(s)∥Lq/2(R3+)+(s+2)

ε2∥f2(s)∥Lq/2(R3+)

)
ds

≤C(t+2)−ε0

{∫t

t/2

(t−s)−
3
2(
2
q−

1
r)−

l
2ds∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t

t/2

(t−s)−p
′{32(

2
q−

1
r)+

l
2}ds

)1/p′
∥f2∥Lε2p (R+,Lq/2(R3+))

}

≤C(t+2)−ε0+1−
3
2(
2
q−

1
r)−

l
2

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)

)

≤C(t+2)−
3
2(
2
q−

1
r)−

l
2

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)

)

withsomepositiveconstantC=C(p,q),whereby(4.1.4)

(4.3.30) p′
{
3

2

(
2

q
−
1

r

)

+
l

2

}

<p′
(
3

2q
+
1

2

)

<1

for1/p+1/p′=1. Wethusobtainfort≥1andl=0,1

(4.3.31) ∥∇lw(t)∥Lr(R3+)≤C(t+2)
−n(q2,r)−

l
2

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)

)
.

Ontheotherhand,byLemma1.3.5(2)and(4.3.28),

sup
0<t<2

∥w(t)∥W 1
r(R

3
+)
≤C∥w∥W 2,1

r,p(R
3
+×(0,2))

≤C∥(f1,f2)∥F1×F2,

which,combinedwith(4.3.31),furnishesthat
∑

r∈{q,2}

Wr,∞(w,0,0,0)≤
∑

r∈{q,2}

∑

l=0,1

∥∇lw∥
L
n(q/2,r)+l/2
∞ (R+,Lr(R3+))

(4.3.32)

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)

)
.

Finally,by(4.3.32)andtheassumption(4.1.4),

∥∇lw∥Lp(R+,Lr(R3+))≤∥(t+2)
−n(q/2,r)−l/2∥Lp(R+)∥∇

lw∥
L
n(q/2,r)+l/2
∞ (R+,Lr(R3+))

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)

)
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forl=0,1,weobtain

(4.3.33)
∑

r∈{q,2}

Mr,p(w,0,0,0,0)≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)

)
,

wherewehaveusedtheinequality(4.3.29).

Step2 Wehereconsidertheestimatesof v∞,h∞,andH∞.By(B.7),wehave
themaximalregularityproperty:

∥(∂tv∞,v∞,∇v∞,∇
2v∞)∥Lp(R+,Lr(R3+))(4.3.34)

+∥(∂tH∞)∥Lp(R+,W2r(R3+))+∥H∞∥Lp(R+,W3r(R3+))

≤C
(
∥f∥Lp(R+,Lr(R3+))+∥gh∥Lp(R+,W2−1/rr (R30))

)

withf=f1+f2,sothatweshowtheotherestimatesbelow.By(4.3.22),weset

v∞(t)=

(∫t/2

0

+

∫t

t/2

)

S∞(t−s)F(s)ds=:I1(t)+I2(t) (t>0),

h∞(t)=

(∫t/2

0

+

∫t

t/2

)

T∞(t−s)F(s)ds=:J1(t)+J2(t) (t>0).

ByProposition4.3.9(3),(4.3.30),andthetracetheorem,wehave,fort>0,

∥I1(t)∥W 1
r(R

3
+)
+∥∇E(J1(t))∥W 1

r(R
3
+)
+∥J1(t)∥Lr(R2)

≤Ce−(σ0/2)t

{∫t/2

0

(t−s)−n(
q
2,r)−

1
2(s+2)−ε1ds∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t/2

0

(t−s)−p
′(n(q2,r)+

1
2)(s+2)−p

′ε2ds
)1/p′

∥f2∥Lε2p (R+,Lq/2(R3+))

+
(∫t/2

0

(t−s)−p
′(n(q2,r)+

1
2)(s+2)−p

′ε3
)1/p′

∥gh∥Lε3p (R3+,W2q/2(R
3
+))

}

≤Ce−(σ0/4)t
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
,

∥I2(t)∥W 1
r(R

3
+)
+∥∇E(J2(t))∥W 1

r(R
3
+)
+∥J2(t)∥Lr(R2)

≤C(t+2)−ε0

{∫t

t/2

(t−s)−n(
q
2,r)−

1
2e−σ0(t−s)ds∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t

t/2

(t−s)−p
′(n(q2,r)+

1
2)e−p

′σ0(t−s)ds
)1/p′

∥f2∥Lε2p (R+,Lq/2(R3+))

+
(∫t

t/2

(t−s)−p
′(n(q2,r)+

1
2)e−p

′σ0(t−s)ds
)1/p′

∥gh∥Lε3p (R+,W2q/2(R
3
+))

}

≤C(t+2)−ε0
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
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forsomepositiveconstantC=C(p,q),whichfurnishesthat

(4.3.35) ∥(v∞,∇H∞)∥Lε0∞ (R+,W1r(R3+))+∥h∞∥L
ε0
∞ (R+,Lr(R2))

≤C
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
.

Wenextconsidertheestimatesof ∇∂tH∞.Asmentionedabove,weeasilysee
thatforeveryt>0

∇

∫t

0

∂tE(T∞(t−s)F(s))ds
Lr(R3+)

(4.3.36)

≤C(t+2)−ε0
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
.

Ontheotherhand,bytherelation:A2=−
∑2
j=1(iξj)

2,wehave

F−1ξ′[φa(ξ
′)e−Ax3gh(ξ

′,0,t)](x′)

=−
2∑

j=1

∫∞

0

F−1ξ′

[

φa(ξ
′)
iξj
A
e−Ax3Djgh(ξ

′,y3,t)

]

(x′)dy3

−

∫∞

0

F−1ξ′
[
φa(ξ

′)e−Ax3D3gh(ξ
′,y3,t)

]
(x′)dy3

fora∈{0,∞},sothatbyCorollaryB.3(1)

(4.3.37)∥∇F−1ξ′[φa(ξ
′)e−Ax3gh(ξ

′,0,t)](x′)∥Lr(RN+)≤C∥∇gh(t)∥Lr(RN+)(t>0)

withsomepositiveconstantC.By(4.3.36)and(4.3.37),wehave

∥∇∂tH∞∥Lm(q/2,r)+1/2∞ (R+,Lr(R3+))
(4.3.38)

≤C
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)∩A2

)

withsomepositiveconstantC,since0< m(q/2,r)+1/2< 1forr∈{q,2}.
Summingup(4.3.34),(4.3.35),and(4.3.38),wehaveobtained

∑

r∈{q,2}

(
Wr,∞(v∞,h∞,0,H∞)+Mr,p(v∞,0,h∞,0,H∞)

)
(4.3.39)

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)
.

Step3 Weconsidertheestimatesof v0,h0,andH0.Toshowtheestimates,we
hereintroducethefollowinglemma.

Lemma4.3.10.Letexponentsp,qsatisfy(4.1.4),and2≤r≤q.Letε1>1
andε2,ε3≥1.Supposethat

f1∈L
ε1
∞(R+,Lq/2(R

3
+)
3), f2∈L

ε2
p(R+,Lq/2(R

3
+)
3),

gh∈L
ε3
p(R+,W

2
q/2(R

3
+)).

Inaddition,letX=Lq/2(R
3
+)
3×W2q/2(R

3
+)and

S(t)∈L(X,Lr(R
3
+)
3), T(t)∈L(X,Lr(R

2)) (t>0)
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beoperatorssatisfying

∥S(t)G∥Lr(R3+)≤C(t+2)
−a∥G∥X,∥T(t)G∥Lr(R2)≤C(t+2)

−b∥G∥X

fort≥1andsome0<a,b<1withapositiveconstantCindependentoftimet
andG,while

∥S(t)G∥Lr(R3+)≤Ct
−α∥G∥X, ∥T(t)G∥Lr(R2)≤Ct

−β∥G∥X

for0<t<1andsomeα,β>0,whichsatisfyp′α<1andp′β<1withp′=
p/(p−1).Then,setting

G=∥f1∥Lε1∞ (R+,Lq/2(R3+))+∥f2∥L
ε2
p (R+,Lq/2(R

3
+))
+∥gh∥Lε3p (R+,W2q/2(R

3
+))
,

weseethatthefollowingassertionshold.

(1)LetF=(f,gh)withf=f1+f2.ThenthereexistsapositiveconstantC(p,r)
suchthatforanyt≥2

∫t

0

S(t−s)F(s)ds
Lr(R3+)

≤C(p,r)(t+2)−aG,

∫t

0

T(t−s)F(s)ds
Lr(R2)

≤C(p,r)(t+2)−bG.

(2)LetF=(f,gh)withf=f1+f2.Ifpa>1andpb>1,thenthereexistsa
positiveconstantC(p,r)suchthat

∫t

0

S(t−s)F(s)ds
Lp((2,∞),Lr(R3+))

≤C(p,r)G,

∫t

0

T(t−s)F(s)ds
Lp((2,∞),Lr(R2))

≤C(p,r)G.

Proof.Wehereprovethecaseof S(t)only.Lett≥2,andset

∫t

0

S(t−s)F(s)ds=

(∫t/2

0

+

∫t−1

t/2

+

∫t

t−1

)

S(t−s)F(s)ds

=:I1(t)+I2(t)+I3(t).

Settingε0=min{ε1,ε2,ε3},wehaveε0≥1,andthen

∥I1(t)∥Lr(R3+)≤C(t+2)
−a

{∫t/2

0

(s+2)−ε1ds∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t/2

0

(s+2)−p
′ε2ds

)1/p′
∥f2∥Lε2p (R+,Lq/2(R3+))

+
(∫t/2

0

(s+2)−p
′ε3ds

)1/p′
∥gh∥Lε3p (R+,W2q/2(R

3
+))

}

≤C(t+2)−aG,
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∥I2(t)∥Lr(R3+)≤C(t+2)
−ε0

{∫t−1

t/2

(t+2−s)−ads∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t−1

t/2

(t+2−s)−p
′ads
)1/p′

∥f2∥Lε2p (R+,Lq/2(R3+))

+
(∫t−1

t/2

(t+2−s)−p
′ads
)1/p′

∥gh∥Lε3p (R+,W2q/2(R
3
+))

}

≤C(t+2)−ε0+1−aG≤C(t+2)−aG,

∥I3(t)∥Lr(R3+)≤C(t+2)
−ε0

{∫t

t−1

(t−s)−αds∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t

t−1

(t−s)−p
′αds
)1/p′

∥f2∥Lε2p (R+,Lq/2(R3+))

+
(∫t

t−1

(t−s)−p
′αds
)1/p′

∥gh∥Lε3p (R+,W2q/2(R
3
+))

}

≤C(t+2)−ε0G.

WethusobtaintherequiredestimatesofS(t)in(1),sincea<1≤ε0.Then,taking
Lp-normwithrespecttotimetfortheinequalityobtainedaboveimpliesthatthe
inequalityofS(t)in(2)holds.

Bytheformulas(4.3.22),(4.3.23),Proposition4.3.9(1),andLemma4.3.10

sup
t≥2

(
(t+2)m(

q
2,r)∥v0(t)∥Lr(R3+)+(t+2)

n(q2,r)+
1
8∥∇v0(t)∥Lr(R3+)(4.3.40)

+(t+2)m(
q
2,r)+

1
4∥∇H0(t)∥W 1

r(R
3
+)
+(t+2)(

2
q−

1
r)∥h0(t)∥Lr(R2)

)

≤C
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)

withsomepositiveconstantC,andbesides,

∥(∂tv0,v0,∇v0,∇
2v0)∥Lp((2,∞),Lr(R3+))+∥∇H0∥Lp((2,∞),W2r(R3+))(4.3.41)

+∥h0∥Lp((2,∞),Lr(R2))

≤C
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
.

Ontheotherhand,notingv0=u−(v∞ +w)andh0=h−h∞,wehave,by
Remark4.3.6(2),(4.3.15),(4.3.32),and(4.3.39),

sup
0<t<3

(
∥v0(t)∥W 1

r(R
3
+)
+∥∇H0(t)∥W 1

r
+∥h0(t)∥Lr(R2)

)
(4.3.42)

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)
,

∥(∂tv0,v0,∇v0,∇
2v0)∥Lp((0,3),Lr(R3+))+∥∇H0∥Lp((0,3),W2r(R3+))

+∥h0∥Lp((0,3),Lr(R2))

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)

withsomepositiveconstantC.
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Hereweconsider∇∂tH0.ByProposition4.3.9(1)andLemma4.3.10,wehave,
foranyt≥2,

∇

∫t

0

∂tE(T0(t−s)F(s))ds
Lr(R3+)

(4.3.43)

≤C(t+2)−m(
q
2,r)−

1
2

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε1)+∥gh∥Gh(δ0,ε3)

)
,

∇

∫t

0

∂tE(T0(t−s)F(s))ds
Lp((2,∞),W1r(R

3
+))

≤C
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε1)+∥gh∥Gh(δ0,ε3)

)
,

which,combinedwith(4.3.37),furnishesthatfort≥2

∥∇∂tH0(t)∥Lr(R3+)(4.3.44)

≤C(t+2)−m(
q
2,r)−

1
2

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε1)+∥gh∥Gh(δ0,ε3)∩A2

)
,

∥∇∂tH0∥Lp((2,∞),W1r(R3+))

≤C
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε1)+∥gh∥Gh(δ0,ε3)∩A2

)
.

Ontheotherhand,byH0=H−H∞,Remark4.3.6(2),(4.3.15),and(4.3.39),

sup
0<t<3

∥∇∂tH0(t)∥Lr(R3+)(4.3.45)

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε1)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)
,

∥∇∂tH0∥Lp((0,3),W1r(R3+))

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε1)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)

withsomepositiveconstantC.
Summingup(4.3.40)-(4.3.42),(4.3.44),and(4.3.45),wehaveobtained

∑

r∈{q,2}

(Wr,∞(v0,h0,0,H0)+Mr,p(v0,0,h0,0,H0))(4.3.46)

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε1)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)
.

Step4 Wehereshowtheestimateof Wq,p(u,H;δ1,δ2).Bysetting

uδ=(t+2)δu,θδ=(t+2)δθ,zδ=(t+2)δh,andZδ=(t+2)δH

forδ>0andt>0intheequations(4.3.2)and(4.3.3),weseethat

(4.3.47)






∂tu
δ−∆uδ+∇θδ=fδ inR3+,t>0,

divuδ=0 inR3+,t>0,

S(uδ,θδ)n+(cg−cσ∆
′)zδn=0 onR30,t>0,

∂tz
δ−uδ·n=gδh onR30,t>0,

uδ|t=0=0 inR3+,

zδ|t=0=0 onR2,
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wherewehaveset

fδ=(t+2)δf1+(t+2)
δf2−δ(t+2)

−1+δu,

gδh=(t+2)
δgh−δ(t+2)

−1+δh,

andfurthermore,
{
∆Zδ=0 onR3+,t≥0,

Zδ=zδ onR30,t≥0.

LetFδ=(fδ,gδh)below.Inthesame mannerasin(4.3.22)and(4.3.23),we
decomposeuδandZδasfollows:

uδ=vδ0+v
δ
∞ +w

δ, Zδ=Zδ0+Z
δ
∞

with

vδa(t)=

∫t

0

Sa(t−s)F
δ(s)ds, wδ(t)=

∫t

0

R(t−s)Fδ(s)ds,

Zδa=

∫t

0

E(Ta(t−s)F
δ(s))ds (a∈{0,∞}),

andalso

∂tv
δ
0(t)=

∫t

0

∂tS0(t−s)F
δ(s)ds,

∂tZ
δ
a(t)=

∫t

0

∂tE(Ta(t−s)F
δ(s))ds+F−1ξ′

[
φa(ξ

′)e−Ax3gδh(ξ
′,0,t)

]
(x′).

Wefirstshowtherequiredestimatesof vδ∞,w
δ,andZδ∞.InStep1-Step3,by

combining(4.3.32),(4.3.33),(4.3.39),and(4.3.46),wehaveobtained

∑

r∈{q,2}

(
Wr,∞(u,h,0,H)+Mr,p(u,0,h,0,H)

)
(4.3.48)

≤C(p,q)
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F1∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)

withsomepositiveconstantC(p,q).Especially,(4.3.48)yieldsthat

∥fδ0∥Lp(R+,Lq(R3+))+∥g
δ0
h∥Lp(R+,W2−1/qq (R30))

≤C(p,q)
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F1∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)

withsomepositiveconstantC(p,q),sinceitfollowsfromtheassumption(4.1.4),
0<δ0≤1,andthetracetheoremthat

∥(t+2)−1+δ0u∥Lp(R+,Lq(R3+))

(4.3.49)

≤∥(t+2)−1+δ0−m(q/2,q)∥Lp(R+)∥u∥Lm(q/2,q)∞ (R+,Lq(R3+))

≤C∥u∥
L
m(q/2,q)
∞ (R+,Lq(R3+))

,
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∥(t+2)−1+δ0h∥
Lp(R+,W

2−1/q
q (R2))

≤C
(
∥(t+2)−1+δ0h∥Lp(R+,Lq(R2))+∥(t+2)

−1+δ0∇′H∥
Lp(R+,W

1−1/q
q (R30))

)

≤C
(
∥(t+2)−1+δ0−1/q∥Lp(R+)∥h∥L1/q∞ (R+,Lq(R2))

+∥(t+2)−1+δ0−m(q/2,q)−1/4∥Lp(R+)∥∇H∥Lm(q/2,q)+1/4∞ (R+,W1q(R
3
+))

)

≤C
(
∥h∥

L
1/q
∞ (R+,Lq(R2))

+∥∇H∥
L
m(q/2,q)+1/4
∞ (R+,W1q(R

3
+))

)

withsomepositiveconstantC=C(p,q). Wethusobtain,by(4.3.29)and(4.3.34)
withf=fδandgh=g

δ
hforδ∈{δ1,δ2},

∥(∂tv
δ1
∞,∂tw

δ1,∇2vδ1∞,∇
2wδ1)∥Lp(R+,Lq(R3+))(4.3.50)

≤C
(
∥fδ0∥Lp(R+,Lq(R3+))+∥g

δ0
h∥Lp(R+,W2−1/qq (R30))

)

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F1∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)
,

∥(∇2∂tZ
δ2
∞,∇

3Zδ2∞)∥Lp(R+,Lq(R3+))

≤C
(
∥fδ0∥Lp(R+,Lq(R3+))+∥g

δ0
h∥Lp(R+,W2−1/qq (R30))

)

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F1∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)
.

Secondly,weconsidertheestimatesof∂tv
δ1
0.Tothisend,weset

Fδ1=(t+2)
δ(f1+f2,gh), F

δ
2=−δ(t+2)

−1+δ(u,h) (δ>0,t>0).

Lett≥2,andthenwehave

∂tv
δ1
0(t)=

(∫t/2

0

+

∫t−1

t/2

+

∫t

t−1

)

∂tS0(t−s)
(
Fδ11(s)+F

δ1
2(s)

)
ds

=:I1(t)+I2(t)+I3(t)+J1(t)+J2(t)+J3(t).

ByProposition4.3.9(1),weseethat

∥I1(t)∥Lq(R3+)≤C(t+2)
−m(q2,q)−

1
4

{∫t/2

0

(s+2)−(ε1−δ1)ds∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t/2

0

(s+2)−(ε2−δ1)p
′

ds
)1/p′

∥f2∥Lε2p (R+,Lq/2(R3+))

+
(∫t/2

0

(s+2)−(ε3−δ1)p
′

ds
)1/p′

∥gh∥Lε3p (R+,W2q/2(R
3
+))

}

≤C(t+2)−m(
q
2,q)−

1
4

{
(t+2)1−(ε1−δ1)∥f1∥Lε1∞ (R+,Lq/2(R3+))

+(t+2)
1
p′
−(ε2−δ1)∥f2∥Lε2p (R+,Lq/2(R3+))

+(t+2)
1
p′
−(ε3−δ1)∥gh∥Lε3p (R+,W2q/2(R

3
+))

}

≤C(t+2)−m(
q
2,q)−

1
4+δ1

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
,
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∥I2(t)∥Lq(R3+)≤C(t+2)
−ε0+δ1

{∫t−1

t/2

(t+2−s)−m(
q
2,q)−

1
4ds∥f1∥Lε1∞ (R+,Lq/2(R3+))

+
(∫t−1

t/2

(t+2−s)−p
′(m(q2,q)+

1
4)ds
)1/p′

∥f2∥Lε2p (R+,Lq/2(R3+))

+
(∫t−1

t/2

(t+2−s)−p
′(m(q2,q)+

1
4)ds
)1/p′

∥gh∥Lε3p (R+,W2q/2(R
3
+))

}

≤C(t+2)−ε0+δ1+1−m(
q
2,q)−

1
4

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)

≤C(t+2)−m(
q
2,q)−

1
4+δ1

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
,

∥I3(t)∥Lq(R3+)≤C(t+2)
−ε0+δ1

(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
,

sinceε0=min{ε1,ε2,ε3}≥1,sothatwehave,bytheassumption(4.3.19),
(4.3.51)

3∑

i=1

∥Ii∥Lp((2,∞),Lq(R3+))≤C
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
.

ConcerningJi(t)(i=1,2,3),byProposition4.3.9(1)and(4.3.48),

∥J1(t)∥Lq(R3+)≤C(t+2)
−m(2,q)−14

∫t/2

0

(s+2)−1+δ1−m(q/2,2)ds

×
(
∥u∥

L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)

≤C(t+2)−m(2,q)−
1
4+δ1−m(

q
2,2)
(
∥u∥

L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)

=C(t+2)−m(
q
2,q)−

1
4+δ1

(
∥u∥

L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)
,

∥J2(t)∥Lq(R3+)≤C(t+2)
−1+δ1−m(

q
2,2)

∫t−1

t/2

(t+2−s)−m(2,q)−
1
4ds

×
(
∥u∥

L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)

≤C(t+2)−m(
q
2,q)−

1
4+δ1

(
∥u∥

L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)
,

∥J3(t)∥Lq(R3+)

≤C(t+2)−1+δ1−m(
q
2,2)
(
∥u∥

L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)
.

Sinceitholds,bytheassumptions(4.1.4)and(4.3.19),that

p

(

m
(q

2
,q
)
+
1

4
−δ1

)

>1, p
(
1−δ1+m

(q

2
,2
))
≥pm

(q

2
,2
)
>1,

wehave,by(4.3.48),

∥Ji∥Lp((2,∞),Lq(R3+))≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)

fori=1,2,3,which,combinedwith(4.3.50)and(4.3.51),furnishesthat

∥∂t((t+2)
δ1u)∥Lp((2,∞),Lq(R3+))

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)
.
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Notingthat
(t+2)δ1∂tu=∂t((t+2)

δ1u)−δ1(t+2)
−1+δ1u,

wehave,bythelastinequality,(4.3.48),and(4.3.49),

∥(t+2)δ1∂tu∥Lp((2,∞),Lq(R3+))

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)+∥gh∥Gh∩Gh(δ0,ε3)∩A2

)
,

whichcompletestherequiredweightedestimatesof∂tu.Analogously,wecanshow
theweightedestimatesof∇2u.
Wenextshowtheweightedestimateof ∇3H.Lett≥2,andthen

∇3Zδ20(t)=

(∫t/2

0

+

∫t−1

t/2

+

∫t

t−1

)

E{T0(t−s)(F
δ2
1(s)+F

δ2
2(s))}ds

=:I1(t)+I2(t)+I3(t)+J1(t)+J2(t)+J3(t).

Inthesamemannerasinthecaseof∂tv
δ1
0,wehave

∥I1(t)∥Lq(R3+)≤C(t+2)
−m(q/2,q)−5/4+δ2

×
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
,

∥I2(t)∥Lq(R3+)+∥I3(t)∥Lq(R3+)≤C(t+2)
−(ε0−δ2)

×
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

)
,

∥J1(t)∥Lq(R3+)≤C(t+2)
−m(q/2,q)−5/4+δ2

×
(
∥u∥

L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)
,

∥J2(t)∥Lq(R3+)+∥J3(t)∥Lq(R3+)≤C(t+2)
−1+δ2−m(2/q,2)

×
(
∥u∥

L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)
.

Notingtheassumption(4.3.19):

p(1−δ2+m(q/2,2))>1, p(ε0−δ2)>1,

wethusobtaintherequiredweightedestimateof∇3Hby(4.3.48)and(4.3.50).
Finally,weshowtheweightedestimateof∇2∂tH0.Now,by(4.3.37),wehave

∇2F−1ξ′
[
φ0(ξ

′)e−Ax3gδ2h(ξ
′,0,t)

]

Lp(R+,Lq(R3+))

≤C∥(t+2)δ2∇2gh∥Lp(R+,Lq(R3+))≤C∥gh∥Gh(δ0,ε3),

while

∇2
∫t

0

∂tE{T0(t−s)(F
δ2
1(s)+F

δ2
2(s))}ds

Lp((2,∞),Lq(R3+))

≤C
(
∥f1∥F1(δ0,ε1)+∥f2∥F2(δ0,ε2)+∥gh∥Gh(δ0,ε3)

+∥u∥
L
m(q/2,2)
∞ (R+,L2(R3+))

+∥h∥
L
m(q/2,2)
∞ (R+,L2(R2))

)

withsomepositiveconstantC=C(p,q)similarlytothecaseof∇3H. Wethus
obtaintheweightedestimateof∇2∂tH0bythelasttwoinequalitiestogetherwith
(4.3.48)and(4.3.50),whichcompletestheproofofthetheorem.
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4.4.LineartheoryII

Inthissection,weconsiderthefulllinearsystem:

(4.4.1)






∂tu−∆u+∇θ=f1+f2 inR3−,t>0,

divu=fd=divfd inR3−,t>0,

S(u,θ)e3+(cg−cσ∆
′)he3=g onR30,t>0,

∂th−u·e3=gh onR30,t>0,

u|t=0=u0 inR3− h|t=0=h0 onR2

withtheauxiliaryproblem:

(4.4.2)

{
∆H=0 inR3−,t≥0,

H=h onR30,t≥0.

Hereweset
[g]tan=g−(g·e3)e3,

andthenthemaintheoremconcerningtheequations(4.4.1)and(4.4.2)isstated
asfollows:

Theorem4.4.1.Letexponentsp,qsatisfy(4.1.4). Letε1>1andε2,ε3≥
1,andalso0<δ1,δ2≤1satisfytheassumption(4.3.19). Thenwesetδ0=
max{δ1,δ2},andalsosupposethattherightmembersoftheequations(4.4.1)satisfy
thefollowingconditions:

(1)Letf1∈F1∩F1(δ0,ε1);

(2)Letf2∈F2∩F2(δ0,ε2);

(3)Letgh∈Gh∩Gh(δ0,ε3)∩A1∩A2;

(4)Letfd∈Fd1∩Fd1(δ0,ε2)∩Fd1(δ0,ε3)∩A1;

(5)Letfd∈Fd2∩Fd2(δ0,ε2)∩Fd2(δ0,ε3)∩A2∩A3;

(6)Letg∈G∩G(δ0,ε2)∩G(δ0,ε3)∩A3;
(7)Letfdandgsatisfyadditionally

(fd,g)∈L
α(q)
p (R+,W

1
q(R

3
−))

4∩Lα(q/2)p (R+,W
1
q/2(R

3
−))

4

forpositivenumbersα(q)andα(q/2)satisfying

(4.4.3) p(1+α(q)−δ0)>1, p(1+α(q/2)−max{ε2,ε3})>1;

(8)Let(u0,h0)∈I1×I2andsatisfythecompatibilityconditions:

fd|t=0=divu0 inR3−, [g]tan|t=0=[D(u0)e3]tan onR
3
0.

Thenthereexistsauniquesolution(u,θ,h,H)totheequations(4.4.1)and(4.4.2),
andalsothesolutionsatisfiesthefollowingestimate:

∑

r∈{q,2}

(
Wr,∞(u,h,∂th,H)+Mr,p(u,θ,h,∂th,H)

)
+Wq,p(u,H;δ1,δ2)(4.4.4)

≤C
(
∥(u0,h0)∥I1×I2+∥f1∥F1∩F1(δ0,ε1)+∥f2∥F2∩F2(δ0,ε2)

+∥gh∥Gh∩Gh(δ0,ε3)∩A1∩A2+∥fd∥F1d∩Fd1(δ0,ε2)∩Fd1(δ0,ε3)∩A1

+∥fd∥Fd2∩Fd2(δ0,ε2)∩Fd2(δ0,ε3)∩A2∩A3+∥g∥G∩G(δ0,ε2)∩G(δ0,ε3)∩A3

+∥(fd,g)∥Lα(q)p (R+,W1q(R
3
−))∩L

α(q/2)
p (R+,W1q/2(R

3
−))

)
.
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Inaddition,

(4.4.5) H∈C1(R+,C
1(R3−))∩C(R+,C

2(R3−)).

Proof.Inthisproof,wesupposethatr∈{q,2}.

Step1 Wefirstconstructinitialflows. Let(V,Π,Y,Z)bethesolutiontothe
followingequations:






∂tV−∆V+∇Π=0 inR3−,t>0,

divV=0 inR3−,t>0,

S(V,Π)e3+(cg−cσ∆
′)Ye3=0 onR30,t>0,

∂tY−V·e3=0 onR30,t>0,

V|t=0=0 inR
3
−, Y|t=0=h0 onR2,

andbesides, {
∆Z=0 inR3−,t≥0,

Z=Y onR30,t≥0.

Ontheotherhand,letW bethesolutionto

(4.4.6)

{
∂tW +W −∆W =0 inR3,t>0,

W|t=0=u0 inR3,

whereu0isanextensionsuchthatu0|R3− =u0and

(4.4.7) ∥u0∥B2(1−1/p)s,p (R3)
≤C(p,q)∥u0∥B2(1−1/p)s,p (R3−)

fors∈{q,q/2}

(cf.[Tri83,Theorem2.9.2])withapositiveconstantC(p,q).

Remark4.4.2.Letexponentsp,qsatisfy(4.1.4),andq/2<s<q.Then,by
(4.4.7)and[Tri83,Theorem2.4.7]with

s0=s1=2

(

1−
1

p

)

,p0=
q

2
,p1=q,q0=q1=p,Θ=2−

q

s
,

weobtain

∥u0∥B2(1−1/p)s,p
≤C∥u0∥

1−Θ

B
2(1−1/p)

q/2,p
(R3)
∥u0∥

Θ

B
2(1−1/p)
q,p (R3)

≤C∥u0∥
1−Θ

B
2(1−1/p)

q/2,p
(R3−)
∥u0∥

Θ

B
2(1−1/p)
q,p (R3−)

≤C∥u0∥I1

withsomepositiveconstantC=C(p,q).

Secondly,weconsiderlocally-in-timeestimatesof(V,Π,Y,Z).ForeveryT>0,
inthesamemanneras[SS08,Theorem3.9],wehave,byProposition3.3.5,

(4.4.8) ∥V∥W 2,1
r,p(R

3
−×(0,T))

+∥∂tY∥Lp((0,T),W2−1/rr (R2))

+∥Y∥
Lp((0,T),W

3−1/r
r (R2))

≤C∥h0∥B3−1/p−1/rr,p (R2)
≤C∥h0∥I2

withsomepositiveconstantC=C(p,q,T).Inaddition,byRemark4.1.2(2),

∥∇∂tZ∥Lp((0,T),W1r(R3−))+∥∇Z∥Lp((0,T),W2r(R3−))(4.4.9)

≤C(p,q,T)
(
∥∂tY∥Lp((0,T),W2−1/rr (R2))

+∥Y∥
Lp((0,T),W

3−1/r
r (R2))

)

≤C(p,q,T)∥h0∥I2.
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ConcerningW,thefollowinglemmaholdsby(4.4.7)andRemark4.4.2.

Lemma4.4.3.Letexponentsp,qsatisfy(4.1.4),andq/2≤s≤q.LetW be
thesolutionobtainedabovetotheequations(4.4.6). Then,foranyα≥0,there
existsapositiveconstantC=C(p,q,s,α)suchthat

∥(∂tW,W,∇W,∇
2W)∥Lαp(R+,Ls(R3−))≤C∥u0∥I1,

∥(W,∇W)∥Lα∞ (R+,Ls(R3−))≤C∥u0∥I1.

ByProposition4.3.9,(4.4.8),(4.4.9),andLemma4.4.3,weobtain
∑

r∈{q,2}

(
Wr,∞(V+W,Y,0,Z)+Mr,p(V+W,0,Y,0,Z)

)
(4.4.10)

+Wq,p(V+W,Z;δ1,δ2)≤C(p,q)∥(u0,h0)∥I1×I2

withsomepositiveconstantC(p,q).

Step2 Wehereconsiderthedivergenceequations:

(4.4.11) divud=fd−divW =div(fd−W) inR
3
−,t>0.

Noting(fd−divW)|t=0=0inR
3
− bythecompatibilitycondition,weobtain,by

[SS12,Lemma4.1(2)],ud|t=0=0inR
3
− and

∥ud(t)∥Ls(R3−)≤C(q)
(
∥fd(t)∥Ls(R3−)+∥W(t)∥Ls(R3−)

)
,

∥∇ud(t)∥Ls(R3−),≤C(q)
(
∥fd(t)∥Ls(R3−)+∥∇W(t)∥Ls(R3−)

)
,

∥∇2ud(t)∥Ls(R3−)≤C(q)
(
∥∇fd(t)∥Ls(R3−)+∥∇

2W(t)∥Ls(R3−)

)
,

∥∂tud(t)∥Ls(R3−)≤C(q)
(
∥∂tfd(t)∥Ls(R3−)+∥∂tW(t)∥Ls(R3−)

)

foranyt>0andq/2≤s≤qwithsomepositiveC(q).ByusingLemma4.4.3,we
thusobtainthefollowinglemma.

Lemma4.4.4.Letexponentsp,qsatisfytheassumption(4.1.4),andq/2≤s≤
q.Letudisthesolutionobtainedabovetotheequations(4.4.11). Then,forany
α≥0,thereexistsapositiveconstantC=C(p,q,s,α)suchthat

∥(∂tud,ud,∇ud,∇
2ud)∥Lαp(R+,Ls(R3−))

≤C(∥(∂tfd,fd,fd,∇fd)∥Lαp(R+,Ls(R3−))+∥u0∥I1),

∥ud∥Lα∞ (R+,Ls(R3−))≤C(∥fd∥Lα∞ (R+,Ls(R3−))+∥u0∥I1),

∥∇ud∥Lα∞ (R+,Ls(R3−))≤C(∥fd∥Lα∞ (R+,Ls(R3−))+∥u0∥I1).

ItthenfollowsfromLemma4.4.4that

∑

r∈{q,2}

(
Wr,∞(ud,0,0,0)+Mr,p(ud,0,0,0,0)

)
+∥(∂tud,∇

2ud)∥Lδ1p (R+,Lq(R3+))

(4.4.12)

≤C(p,q)
(
∥fd∥Fd1∩Fd1(δ0,ε0)+∥fd∥Fd2∩Fd2(δ0,ε0)+∥u0∥I1

)

withapositiveconstantC=C(p,q).
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Step3 Byusing(V,Π,Y,Z),W,andudobtainedinStep1and2,weset

u=u+ud+V+W,θ=θ+Π,h=κ+Y, H=K+Z

intheequations(4.4.1)and(4.4.2),andthenwehave





∂tu−∆u+∇θ=f1+F inR3−,t>0,

divu=0 inR3−,t>0,

S(u,θ)e3+(cg−cσ∆
′)κe3=G onR30,t>0,

∂tκ−u·e3=Gh onR30,t>0,

u|t=0=0 inR
3
−, κ|t=0=0 onR

2,

wherewehaveset

F=f2+W −∂tud+∆ud

Gh=gh+(W +ud)·e3,G=g−D(W +ud)e3,

andbesides, {
∆K=0 inR3−,t≥0,

K=κ onR30,t≥0.

Let(v,π)and(w,ρ,κ,K)bethesolutionsto





∂tv+v−∆v+∇π=0 inR
3
−,t>0,

divv=0 inR3−,t>0,

S(v,π)e3=G onR30,t>0,

v|t=0=0 inR
3
−,

(4.4.13)






∂tw−∆w+∇ρ=f1+F+v inR3−,t>0,

divw=0 inR3−,t>0,

S(w,ρ)e3+(cg−cσ∆
′)κe3=0 onR30,t>0,

∂tκ−w·e3=Gh+v·e3 onR30,t>0,

w|t=0=0 inR
3
−, κ|t=0=0 onR2,

andthenu=v+wandπ=π+ρ.Consequently,thesolution(u,θ,h,H)ofthe
equationsof(4.4.1)and(4.4.2)havebeendecomposedinto

u=v+w+ud+V+W,

θ=π+ρ+Π,

h=κ+Y, H=K+Z.

Step4 Wehereestimatethesolution vtotheequations(4.4.13).

Lemma4.4.5.Letexponentsp,qsatisfythecondition(4.1.4),andr∈{q,2}.
Thenthesolutionvobtainedabovetotheequations(4.4.13)satisfiesthefollowing
properties.

(1)ThereexistsapositiveconstantCsuchthat

∥v∥
L
n(q/2,r)+1/8
∞ (R+,W1r(R

3
−))
≤C
(
∥(g,fd)∥A3+∥u0∥I1

)
,

∥v∥A1∩A2≤C
(
∥(g,fd)∥A3+∥u0∥I1

)
,
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∥v∥F2+∥v∥Gh≤C
(
∥g∥G+∥fd∥Fd1+∥fd∥Fd2+∥u0∥I1

)
.

(2)Letα(q)andα(q/2)bepositivenumberssatisfying

p(1+α(q)−δ0)>1, p(1+α(q/2)−max{ε2,ε3})>1.

ThenthereexistsapositiveconstantCsuchthat

∥v∥F2(δ0,ε2)≤C
(
∥(g,fd)∥Lα(q)p (R+,W1q(R

3
+))∩L

α(q/2)
p (R+,W1q/2(R

3
+))
+∥u0∥I1

+∥g∥G(δ0,ε2)+∥fd∥Fd1(δ0,ε2)+∥fd∥Fd2(δ0,ε2)

)
,

∥v∥Gh(δ0,ε3)≤C
(
∥(g,fd)∥Lα(q)p (R+,W1q(R

3
+))∩L

α(q/2)
p (R+,W1q/2(R

3
+))
+∥u0∥I1

+∥g∥G(δ0,ε3)+∥fd∥Fd1(δ0,ε3)+∥fd∥Fd2(δ0,ε3)

)
.

Proof.(1)ByTheorem4.3.4,Lemma4.4.3,andLemma4.4.4,wehave

∥v∥
L
n(q/2,r)+1/8
∞ (R+,W1r(R

3
−))
≤C∥G∥

L
n(q/2,r)+1/8
p (R+,W1r(R

3
−))

≤C
(
∥(g,fd)∥Ln(q/2,r)+1/8p (R+,W1r(R

3
−))
+∥u0∥I1

)

≤C
(
∥(g,fd)∥A3+∥u0∥I1

)
,

∥v∥F2+∥v∥Gh≤2∥v∥Gh≤C∥G∥H1,1/2q,p,0(R
3
−×R)∩H

1,1/2

q/2,p,0
(R3−×R)

≤C
(
∥g∥G+∥fd∥Fd1+∥fd∥Fd2+∥u0∥I1

)

forr∈{q,2}withsomepositiveconstantC,wherewehavealsousedLemma1.3.3.
Theseinequalitiesfurnishtherequiredinequalities.
(2)Inthesamemanneras(1),weseethattherequiredinequalitieshold.

Step5 Wehereconsidertheestimatesof w,κ,andK.ByusingLemma4.3.7,
wehave
∑

r∈{q,2}

(
Wr,∞(w,κ,0,K)+Mr,p(w,0,κ,0,K)

)
+Wq,p(w,K;δ1,δ2)

≤C
(
∥f1∥F1∩F1(δ0,ε1)+∥F+v∥F2∩F2(δ0,ε2)+∥Gh+v·e3∥Gh∩Gh(δ0,ε3)∩A1∩A2

)

withsomepositiveconstantC=C(p,q). Wethensee,byLemma4.4.4andLemma
4.4.5,that

∥F+v∥F2≤C
(
∥f2∥F2+∥fd∥F1d+∥fd∥Fd2+∥g∥G+∥u0∥I1

)
,

∥Gh+v·e3∥Gh≤C
(
∥gh∥Gh+∥fd∥F1d+∥fd∥Fd2+∥g∥G+∥u0∥I1

)

withsomepositiveconstantC.Inaddition,

∥F+v∥F2(δ0,ε2)≤C
(
∥(g,fd)∥Lα(q)p (R+,W1q(R

3
+))∩L

α(q/2)
p (R+,W1q/2(R

3
+))
+∥u0∥I1

+∥g∥G(δ0,ε2)+∥fd∥Fd1(δ0,ε2)+∥fd∥Fd2(δ0,ε2)

)
,

∥Gh+v·e3∥Gh(δ0,ε3)≤C
(
∥(g,fd)∥Lα(q)p (R+,W1q(R

3
+))∩L

α(q/2)
p (R+,W1q/2(R

3
+))

+∥u0∥I1+∥g∥G(δ0,ε3)+∥fd∥Fd1(δ0,ε3)+∥fd∥Fd2(δ0,ε3)

)
,
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andfurthermore,

∥Gh+v·e3∥A1∩A2≤C
(
∥gh∥A1∩A2+∥fd∥A1+∥fd∥A2+∥(g,fd)∥A3+∥u0∥I1

)
,

since∥ud∥A2≤C∥fd∥A2.Thusweobtaintherequiredestimate(4.4.4)withθ=0

and∂th=0by(4.4.10),(4.4.12),andLemma4.4.5. Fortheestimatesofθand
∂th,usethefirstandfourthequationsof(4.4.1).
Finally,weshow(4.4.5).Sincetheinitialflowisgivenbyananalyticsemi-group

(cf.Theorem3.1.1),Z∈C1(R+,W
2
q(ΩL))∩C(R+,W

3
q(ΩL))forΩL=R

2×(−L,0)
(L>0). Wethensee,bySobolev’sembeddingtheorem,that

Z∈C1(R+,C
1(R3−))∩C(R+,C

2(R3−)),

which,combinedwithRemark4.3.6(3),furnishes(4.4.5).Thiscompletestheproof
ofthetheorem.

4.5. Nonlinearproblem

Inthissection,wesolvethenonlinearproblem(4.2.9)with(4.1.3)byusingthe
contractionmappingtheorem. Weherewriteagainthesystem:

(4.5.1)






∂tu−∆u+∇θ=F(u,H) inR3−,t>0,

divu=Fd(u,H)=divFd(u,H) inR
3
−,t>0,

S(u,θ)e3+(cg−cσ∆
′)he3=G(u,H) onR30,t>0,

∂th−u·e3=Gh(u,H) onR30,t>0,

u|t=0=u0 inR3−,

h|t=0=h0 onR2,

andbesides,

(4.5.2)

{
∆H=0 inR3−,t≥0,

H=h onR30,t≥0,

wherethenonlineartermsontheright-handsidesof(4.5.1)aregiveninSection4.2.
Inordertousethecontractionmappingtheorem,forR>0,wesetthefollowing
functionspace:

(4.5.3) XR=
{
z=(u,θ,h,H)|∥z∥X =

∑

r∈{q,2}

(
Wr,∞(u,h,∂th,H)

+Mr,p(u,θ,h,∂th,H)
)
+Wq,p(u,H;1/2,3/4)<R

}
.

Then,reminding[u]tan=u−(u·e3)e3,weobtainthefollowingtheorem.

Theorem4.5.1.Letexponentsp,qsatisfy(4.1.4),andcg,cσ>0.Supposethat
(u0,h0)∈I1×I2andH0isgivenby(4.2.10).Thenthereexistpositiveconstantsε0
andδ0,dependingonlyonp,q,cg,andcσ,suchthattheequations(4.5.1)and(4.5.2)
admitsauniquesolution(u,θ,h,H)inXδ0 iftheinitialdata(u0,h0)satisfiesthe
smallnesscondition:∥(u0,h0)∥I1×I2<ε0andthecompatibilityconditions:

(4.5.4) divu0=Fd(u0,H0) inR
3
−, [D(u0)e3]tan=[G(u0,H0)]tan onR

3
0.

Remark4.5.2.ItholdsthatH∈C1(R+,C
1(R3−))∩C(R+,C

2(R3−))byThe-
orem4.4.1.
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Proof.Weprovethetheorembyusingthecontractionmappingtheoremand
Theorem4.4.1with

ε1=m
(q

2
,q
)
+n
(q

2
,q
)
+
1

8
=
2

q
+
3

8
,ε2=ε3=1,(4.5.5)

δ1=
1

2
,δ2=

3

4
, α(q)=0, α

(q

2

)
=
1

4
.

Thenwenoteasfollows:First,theassumption3<q<16/5impliesthatε1>1.
Secondly,wesee,by(4.1.4),that

(4.5.6) p>32, p

(

1+α(q)−
3

4

)

=p
(
1+α

(q

2

)
−1
)
=
p

4
>1.

Thirdly,byLemma1.3.5(1),(2),andtheassumption(4.1.4),wehave

∥(u,∇H)∥L∞ (R+,W1∞ (R3−))≤M∥z∥X,(4.5.7)

∥(u,∇H)∥L∞ (R+,W1q(R3−))≤M∥z∥X,

∥(u,∇H)∥L∞ (R+,W12(R3−))≤M∥z∥X

forsomepositiveconstantM,dependingonlyonpandq,andz=(u,θ,h,H)∈Xδ0
withδ0>0.
Fromnowon,touseTheorem4.4.1underthecondition(4.5.5),weshowthat

thereexistsapositivenumberδ0suchthatforz=(u,θ,h,H)∈Xδ0

F1(u,H)∈F1∩F1(3/4,2/q+3/8), F2(u,H)∈F2∩F2(3/4,1),(4.5.8)

Gh(u,H)∈Gh∩Gh(3/4,1)∩A1∩A2,

Fd(u,H)∈Fd1∩Fd1(3/4,1)∩A1,

Fd(u,H)∈Fd2∩Fd2(3/4,1)∩A2∩A3,

G(u,H)∈G∩G(3/4,1)∩A3,

(Fd(u,H),G(u,H))∈Lp(R+,W
1
q(R

3
−))

4∩L1/4p (R+,W
1
q/2(R

3
−))

4

withtheinequality:

∥F1(u,H)∥F1∩F1(3/4,2/q+3/8)+∥F2(u,H)∥F2∩F2(3/4,1)(4.5.9)

+∥Gh(u,H)∥Gh∩Gh(3/4,1)∩A1∩A2+∥Fd(u,H)∥Fd1∩Fd1(3/4,1)∩A1
+∥Fd(u,H)∥Fd2∩Fd2(3/4,1)∩A2∩A3+∥G(u,H)∥G∩G(3/4,1)∩A3
+∥(Fd(u,H),G(u,H))∥Lp(R+,W1q(R3−))4∩L

1/4
p (R+,W1q/2(R

3
−))

≤C(p,q)∥z∥2X

forapositiveconstantC(p,q).

CaseF1(u,H) By(4.5.7),itisclearthatforr∈{q,2}

∥(u·∇)u∥Lp(R+,Lr(R3−))≤∥u∥L∞ (R+,L∞ (R3−))∥∇u∥Lp(R+,Lr(R3−))(4.5.10)

≤C(p,q)∥z∥2X
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withsomepositiveconstantC(p,q),andbesides,bySobolev’sembeddingtheorem
andḦolder’sinequality

∥(u(t)·∇)u(t)∥Lq(R3−)≤∥u(t)∥L∞ (R3−)∥∇u(t)∥Lq(R3−)

≤C(q)∥u(t)∥W 1
q(R

3
−)
∥∇u(t)∥Lq(R3−)

≤C(q)(t+2)−(2/q+3/8)∥z∥2X,

∥(u(t)·∇)u(t)∥Lq/2(R3−)≤∥u(t)∥Lq(R3−)∥∇u(t)∥Lq(R3−)

≤(t+2)−(2/q+3/8)∥z∥2X

foreveryt>0.Then,notingthatp(2/q+3/8−3/4)>p/4>1bytheassumption:
3<q<16/5and(4.5.6),wehave

∥(u·∇)u∥
L
3/4
p (R+,Lq(R3−))

≤C(p,q)∥z∥2X,

∥(u·∇)u∥
L
2/q+3/8
∞ (R+,Lq/2(R

3
−))
≤C(p,q)∥z∥2X

forapositiveconstantC(p,q),which,combinedwith(4.5.10),furnishesthat

(4.5.11) ∥(u·∇)u∥F1∩F1(3/4,2/q+3/8)≤C(p,q)∥z∥
2
X.

Concerning∂tHD3u,weuseSobolev’sinequality(cf.[AF03,Theorem4.31]):

∥f∥L6(R3−)≤C∥∇f∥L2(R3−)

withapositiveconstantC. BySobolev’sinequality, Ḧolder’sinequality,and
Sobolev’sembeddingtheorem,wehave,foranyt>0,

∥∂tH(t)D3u(t)∥Lq(R3−)(4.5.12)

≤∥∂tH(t)∥L6(R3−)∥∇u(t)∥Lr(R3−) (1/6+1/r=1/q)

≤C∥∇∂tH(t)∥L2(R3−)∥∇u(t)∥W 1
q(R

3
−)

∥∂tH(t)D3u(t)∥L2(R3−)

≤∥∂tH(t)∥L6(R3−)∥∇u(t)∥L3(R3−)

≤C∥∇∂tH(t)∥L2(R3−)∥∇u(t)∥
α
L2(R3−)

∥∇u(t)∥1−α
Lq(R3−)

,

∥∂tH(t)D3u(t)∥Lq/2(R3−)

≤∥∂tH(t)∥L6(R3−)∥∇u(t)∥Ls(R3−) (1/6+1/s=2/q)

≤C∥∇∂tH(t)∥L2(R3−)∥∇u(t)∥
β
L2(R3−)

∥∇u(t)∥1−β
Lq(R3−)

,

wherewenotethat0<α,β<1and

(4.5.13) 3

(
1

q
−
1

r

)

=
1

2
<1,

1

3
=
α

2
+
1−α

q
,
1

s
=
β

2
+
1−β

q
.

By(4.5.7)and(4.5.12),weobtain

∥∂tHD3u∥Lp(R+,Lq(R3−))(4.5.14)

≤C∥∇∂tH∥L∞ (R+,L2(R3−))∥∇u∥Lp(R+,W1q(R3−))≤C∥z∥
2
X,

∥∂tHD3u∥Lp(R+,L2(R3−))

≤C∥∇∂tH∥Lp(R+,L2(R3−))∥∇u∥
α
L∞ (R+,L2(R3−))

∥∇u∥1−α
L∞ (R+,Lq(R3−))

≤C∥z∥2X
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withsomepositiveconstantC=C(p,q).Inaddition,itfollowsfrom(4.5.12)that
foranyt>0

∥∂tH(t)D3u(t)∥Lq(R3−)≤C(t+2)
−m(q/2,2)−1/2∥z∥X

×
(
(t+2)−n(q/2,q)−1/8∥z∥X+(t+2)

−1/2
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)}

)
,

∥∂tH(t)D3u(t)∥Lq/2(R3−)≤C(t+2)
−m(q/2,2)−1/2∥z∥X

×
(
(t+2)−n(q/2,2)−1/8∥z∥X

)β(
(t+2)−n(q/2,q)−1/8∥z∥X

)1−β

=C(t+2)−(2/q+3/8)∥z∥2X,

becausem(q/2,2)+1/2=2/qandby(4.5.13)

βn
(q

2
,2
)
+(1−β)n

(q

2
,q
)
=
3β

2

(
2

q
−
1

2

)

+
3(1−β)

2q

=
3

2q
−
3β

2

(
1

2
+
1

q
−
2

q

)

=
3

2q
−
3

2
·
6−q

3(q−2)
·
q−2

2q
=
1

4
.

Then,notingthatby(4.5.6)

p

(

m
(q

2
,2
)
+
1

2
+n
(q

2
,q
)
+
1

8
−
3

4

)

=p

(
7

2q
−
5

8

)

>p

(
7

8
−
5

8

)

=
p

4
>1,

m
(q

2
,2
)
+
1

2
+
1

2
−
3

4
=
2

q
−
1

4
>
2

4
−
1

4
>0

sinceq<16/5<4,weseethat

∥∂tHD3u∥L3/4p (R+,Lq(R3−))

≤C(p,q)∥z∥X

(
∥(t+2)−(m(q/2,2)+1/2+n(q/2,q)+1/8−3/4)∥Lp(R+)∥z∥X

+∥(t+2)−(m(q/2,2)+1/2+1/2−3/4)∥L∞ (R+)∥∇
2u∥

L
1/2
p (R+,Lq(R3−))

)

≤C(p,q)∥z∥2X,

∥∂tHD3u∥L2/q+3/8∞ (R+,Lq/2(R
3
−))
≤C(p,q)∥z∥2X,

which,combinedwith(4.5.14),furnishesthat

(4.5.15) ∥∂tHD3u∥F1∩F1(3/4,2/q+3/8)≤C(p,q)∥z∥
2
X.

Summingup(4.5.7),(4.5.11),and(4.5.15),wehave

∥F1(u,H)∥F1∩F1(3/4,2/q+3/8)

≤C(p,q)

(
∥∂tHD3u∥F1∩F1(3/4,2/q+3/8)

1−∥∇H∥L∞ (R+,L∞ (R3−))
+∥(u·∇)u∥F1∩F1(3/4,2/q+3/8)

)

≤C(p,q)

(
1

1−δ0M
+1

)

∥z∥2X.

Hereandhereafter,wesupposethatδ0satisfiesthecondition:δ0M<1/2,andthen
wecompletetherequiredestimateofF1(u,H)in(4.5.9)bythelastinequality.

CaseF2(u,H) By(4.5.7),itisclearthatforr∈{q,2}andj=1,2,3

(4.5.16) ∥(∂tu3∇H,∆u3∇H,Fjj(H)u,(u·∇H)D3u)∥Lp(R+,Lr(R3−))≤C∥z∥
2
X
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withsomepositiveconstantC=C(p,q),whereFjj(H)aregiveninLemma4.2.1.
Inaddition,itfollowsfromḦolder’sinequalityandSobolev’sembeddingtheorem
thatforanyt>0andj=1,2,3

∥∂tu3(t)∇H(t)∥Lq(R3−)≤∥∂tu(t)∥Lq(R3−)∥∇H(t)∥L∞ (R3−)

(4.5.17)

≤C(q)∥∂tu(t)∥Lq(R3−)∥∇H(t)∥W 1
q(R

3
−)

≤C(q)(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)1/2∥∂tu(t)∥Lq(R3−)

}
,

∥∆u3(t)∇H(t)∥Lq(R3−)

≤C(q)(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)

}
,

∥Fjj(H(t))u(t)∥Lq(R3−)

≤C(q)
(
∥∇u(t)∥L∞ (R3−)∥∇

2H(t)∥Lq(R3−)+∥∇
2u(t)∥Lq(R3−)∥∇H(t)∥L∞ (R3−)

)

≤C(q)
(
∥∇u(t)∥W 1

q(R
3
−)
∥∇2H(t)∥Lq(R3−)+∥∇

2u(t)∥Lq(R3−)∥∇H(t)∥W 1
q(R

3
−)

)

≤C(q)(t+2)−m(q/2,q)−1/4∥z∥X

(
(t+2)−n(q/2,q)−1/8∥z∥X

+(t+2)−1/2
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)

})
,

∥(u(t)·∇H(t))D3u(t)∥Lq(R3−)≤∥u(t)∥L∞ (R3−)∥∇H(t)∥L∞ (R3−)∥∇u(t)∥Lq(R3−)

≤C(q)∥u(t)∥W 1
q(R

3
−)
∥∇H(t)∥W 1

q(R
3
−)
∥∇u(t)∥Lq(R3−)

≤C(q)(t+2)−m(q/2,q)−m(q/2,q)−1/4−n(q/2,q)−1/8∥z∥2X.

Wethenobtain,for j=1,2,3,

∥∂tu3∇H∥L3/4p (R+,Lq(R3−))
(4.5.18)

≤C(p,q)∥(t+2)−m(q/2,q)∥L∞ (R+)∥z∥X∥∂tu∥L1/2p (R+,Lq(R3−))

≤C(p,q)∥z∥2X,

∥∆u3∇H∥L3/4p (R+,Lq(R3−))

≤C(p,q)∥(t+2)−m(q/2,q)∥L∞ (R+)∥z∥X∥∇
2u∥

L
1/2
p (R+,Lq(R3−))

≤C(p,q)∥z∥2X,

∥Fjj(H)u∥L3/4p (R+,Lq(R3−))

≤C(p,q)∥z∥X

(
∥(t+2)−(m(q/2,q)+1/4+n(q/2,q)+1/8−3/4)∥Lp(R+)∥z∥X

+∥(t+2)−m(q/2,q)∥L∞ (R+)∥∇
2u∥

L
1/2
p (R+,Lq(R3−))

)

≤C(p,q)∥z∥2X,

∥(u·∇H)D3u∥L3/4p (R+,Lq(R3−))

≤C(p,q)∥(t+2)−(m(q/2,q)+m(q/2,q)+1/4+n(q/2,q)+1/8−3/4)∥Lp(R+)∥z∥
2
X

≤C(p,q)∥z∥2X,
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becauseby(4.5.6)andtheassumption:3<q<16/5

p

(

m
(q

2
,q
)
+m

(q

2
,q
)
+
1

4
+n
(q

2
,q
)
+
1

8
−
3

4

)

>p

(

m
(q

2
,q
)
+
1

4
+n
(q

2
,q
)
+
1

8
−
3

4

)

=p

(
2

q
−
1

8

)

>
p

2
>1.

Analogouslyitholdsthatforj=1,2,3

(4.5.19) ∥(∂tu3∆H,∆u3∇H,Fjj(F)u,(u·∇H)D3u)∥L1p(R+,Lq/2(R3−))≤C∥z∥
2
X

withapositiveconstantC=C(p,q)byusingtheinequalities,whichareobtained
inasimilarwayto(4.5.17),asfollows:Foreveryt>0andj=1,2,3

∥∂tu3(t)∇H(t)∥Lq/2(R3−)

≤C(p,q)(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)1/2∥∂tu(t)∥Lq(R3−)

}
,

∥∆u3(t)∇H(t)∥Lq/2(R3−)

≤C(p,q)(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)

}
,

∥Fjj(H(t))u(t)∥Lq/2(R3−)

≤C(p,q)(t+2)−m(q/2,q)−1/4∥z∥X

(
(t+2)−n(q/2,q)−1/8∥z∥X

+(t+2)−1/2
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)

}
,

∥(u(t)·∇H(t))D3u(t)∥Lq/2(R3−)

≤C(p,q)(t+2)−m(q/2,q)−m(q/2,q)−1/4−n(q/2,q)−1/8∥z∥2X.

Herewenotethatm(q/2,q)+3/4−1=1/(2q)>0andby(4.5.6)

p

(

m
(q

2
,q
)
+m

(q

2
,q
)
+
1

4
+n
(q

2
,q
)
+
1

8
−1

)

>p

(

m
(q

2
,q
)
+
1

4
+n
(q

2
,q
)
+
1

8
−1

)

=p

(
2

q
−
3

8

)

>
p

4
>1

since3<q<16/5.Bycombining(4.5.7)with(4.5.16),(4.5.18),and(4.5.19),we
obtaintherequiredinequalityofF2(u,H)in(4.5.9).

CaseGh(u,H) By(4.5.7),itisclearthatforr∈{q,2}

∥u′·∇′H∥W 2,1
r,p(R

3
−×R+)

≤C(p,q)∥z∥2X(4.5.20)

withsomepositiveconstantC(p,q). Ontheotherhand,itfollowsfromḦolder’s
inequalityandSobolev’sembeddingtheoremthatforanyt>0

∥u′(t)·∇′H(t)∥W 2
q(R

3
−)
≤C(q)

(
∥u(t)∥Lq(R3−)∥∇H(t)∥L∞ (R3−)

+∥∇u(t)∥Lq(R3−)∥∇H(t)∥L∞ (R3−)+∥∇u(t)∥Lq(R3−)∥∇
2H(t)∥L∞ (R3−)

+∥∇2u(t)∥Lq(R3−)∥∇H(t)∥L∞ (R3−)+∥u(t)∥L∞ (R3−)∥∇
3H(t)∥Lq(R3−)

)

≤C(q)
(
∥u(t)∥W 1

q(R
3
−)
∥∇H(t)∥W 1

q(R
3
−)
+∥u(t)∥W 1

q(R
3
−)
∥∇3H(t)∥Lq(R3−)

+∥∇2u(t)∥Lq(R3−)∥∇H(t)∥W 1
q(R

3
−)

)
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≤C(q)
(
(t+2)−m(q/2,q)−m(q/2,q)−1/4∥z∥2X

+(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)

}

+(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)3/4∥∇3H(t)∥Lq(R3−)

})
,

andfurthermore,itsimilarlyholdsthatforanyt>0

∥u′(t)·∇′H(t)∥W 2
q/2
(R3−)

≤C(q)
(
(t+2)−m(q/2,q)−m(q/2,q)−1/4∥z∥2X

+(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)

}

+(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)3/4∥∇3H(t)∥Lq(R3−)

})
.

Then,notingthatby(4.5.6)andtheassumption:3<q<16/5

p

(

m
(q

2
,q
)
+m

(q

2
,q
)
+
1

4
−
3

4

)

=
p

q
>
5p

16
>1,

wehave

∥u′·∇′H∥
L
3/4
p (R+,W2q(R

3
−))

≤C(p,q)
(
∥(t+2)−(m(q/2,q)+m(q/2,q)+1/4−3/4)∥Lp(R+)∥z∥

2
X

+∥(t+2)−m(q/2,q)∥L∞ (R+)∥∇
2u∥

L
1/2
p (R+,Lq(R3−))

+∥(t+2)−m(q/2,q)∥L∞ (R+)∥∇
3H∥

L
3/4
p (R+,Lq(R3−))

)

≤C(p,q)∥z∥2X

withsomepositiveconstantC(p,q),andalsoitsimilarlyholdsthat

∥u′·∇′H∥L1p(R+,W2q/2(R
3
−))
≤C(p,q)∥z∥2X

sincem(q/2,q)+3/4−1=1/(2q)>0and

p

(

m
(q

2
,q
)
+m

(q

2
,q
)
+
1

4
−1

)

=p

(
1

q
−
1

4

)

>
p

16
>1

by(4.5.6)andtheassumption:3<q<16/5.Bycombiningtheinequalitiesabove
with(4.5.20),weobtaintherequiredestimateofGh(u,H)in(4.5.9).

CaseFd(u,H) By(4.5.7),itisclearthatforr∈{q,2}

∥M1(H)u∥W 1
p(R+,Lr(R

3
−))
≤∥∇H∥L∞ (R+,L∞ (R3−))∥u∥Lp(R+,Lr(R3−))(4.5.21)

+∥∂t∇H∥Lp(R+,Lr(R3−))∥u∥L∞ (R+,L∞ (R3−))

+∥∇H∥L∞ (R+,L∞ (R3−))∥∂tu∥Lp(R+,Lr(R3−))

≤C(p,q)∥z∥2X

withsomepositiveconstantC(p,q),whereM1(H)isdefinedas(4.2.4). Onthe
otherhand,itfollowsfromḦolder’sinequalityandSobolev’sembeddingtheorem
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thatforanyt>0

∥(∂tM1(H(t)))u∥Lq(R3−)≤∥∂t∇H(t)∥Lq(R3−)∥u(t)∥L∞ (R3−)

≤C(q)∥∂t∇H(t)∥Lq(R3−)∥u(t)∥W 1
q(R

3
−)

≤C(q)(t+2)−m(q/2,q)−1/2−m(q/2,q)∥z∥2X,

∥M1(H(t))∂tu(t)∥Lq(R3−)≤∥∇H(t)∥L∞ (R3−)∥∂tu(t)∥Lq(R3−)

≤C(q)∥∇H(t)∥W 1
q(R

3
−)
∥∂tu(t)∥Lq(R3−)

≤C(q)(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)1/2∥∂tu(t)∥Lq(R3−)

}
,

andfurthermore,

∥(∂tM1(H(t)))u(t)∥Lq/2(R3−)≤∥∂t∇H(t)∥Lq(R3−)∥u(t)∥Lq(R3−)

≤(t+2)−m(q/2,q)−1/2−m(q/2,q)∥z∥2X,

∥M1(H(t))∂tu(t)∥Lq/2(R3−)≤∥∇H(t)∥Lq(R3−)∥∂tu(t)∥Lq(R3−)

≤(t+2)−m(q/2,q)−3/4∥z∥X
{
(t+2)1/2∥∂tu(t)∥Lq(R3−)

}
.

Then,notingthatby(4.5.6)

p

(

m
(q

2
,q
)
+
1

2
+m

(q

2
,q
)
−
3

4

)

=p

(
1

q
+
1

4

)

>1,

wehave

∥(∂tM1(H))u∥L3/4p (R+,Lq(R3−))

≤C(p,q)∥(t+2)−(m(q/2,q)+1/2+m(q/2,q)−3/4)∥Lp(R+)∥z∥
2
X

≤C(p,q)∥z∥2X,

∥M1(H)∂tu∥L3/4p (R+,Lq(R3−))

≤C(p,q)∥(t+2)−m(q/2,q)∥L∞ (R+)∥z∥X∥∂tu∥L1/2p (R+,Lq(R3−))

≤C(p,q)∥z∥2X

withsomepositiveconstantC(p,q),andbesides,itsimilarlyholdsthat

∥(∂tM1(H))u∥L1p(R+,Lq/2(R3−))≤C(p,q)∥z∥
2
X,

∥M1(H)∂tu∥L1p(R+,Lq/2(R3−))≤C(p,q)∥z∥
2
X

sincem(q/2,q)+3/4−1=1/(2q)>0and

p

(

m
(q

2
,q
)
+
1

2
+m

(q

2
,q
)
−1

)

=
p

q
>
5p

16
>1

by(4.5.6)andtheassumption:3<q<16/5. Wethusobtain,byḦolder’sinequal-
ityand(4.5.7),

∥M1(H)u∥W 1,3/4
p (R+,Lq(R3−))

=∥∂t((t+2)
3/4M1(H)u)∥Lp(R+,Lq(R3−))(4.5.22)

≤C(p,q)
(
∥∇H∥L∞ (R+,L∞ (R3−))∥u∥Lp(R+,Lq(R3−))

+∥(∂tM1(H))u∥L3/4p (R+,Lq(R3−))
+∥M1(H)∂tu∥L3/4p (R+,Lq(R3−))

)

≤C(p,q)∥z∥2X,
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∥M1(H)u∥W 1,1
p (R+,Lq/2(R

3
−))
=∥∂t((t+2)M1(H)u)∥Lp(R+,Lq/2(R3−))

≤C(p,q)
(
∥∇H∥L∞ (R+,Lq(R3−))∥u∥Lp(R+,Lq(R3−))

+∥(∂tM1(H))u∥L1p(R+,Lq/2(R3−))+∥M1(H)∂tu∥L1p(R+,Lq/2(R3−))

)

≤C(p,q)∥z∥2X

withsomepositiveconstantC(p,q).Inaddition,itisclearthatby(4.5.7)and
Ḧolder’sinequality

∥M1(H(t))u(t)∥Lr(R3−)≤∥∇H(t)∥Lr(R3−)∥u(t)∥L∞ (R3−)

≤C(p,q)(t+2)−m(q/2,r)−1/4∥z∥2X

forr∈{q,2}andanyt>0,whichfurnishesthat∥M1(H)u∥A1 ≤C(p,q)∥z∥
2
X.

Bycombiningtheinequalitywith(4.5.21)and(4.5.22),weobtaintherequired
inequalityofFd(u,H)in(4.5.9).

CaseFd(u,H) By(4.5.7),itisclearthatforr∈{q,2}

(4.5.23) ∥Fd(u,H)∥Lp(R+,W1r(R3−))≤C(p,q)∥z∥
2
X

withsomepositiveconstantC(p,q).Ontheotherhand,itholdsthatforanyt>0

∥∇H(t)·D3u(t)∥W 1
q(R

3
−)
≤C(q)∥∇H(t)∥W 1

q(R
3
−)
∥∇u(t)∥W 1

q(R
3
−)

≤C(q)(t+2)−m(q/2,q)−1/4∥z∥X

×
(
(t+2)−n(q/2,q)−1/8∥z∥X+(t+2)

−1/2
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)

})

sinceW1q(R
3
−)isaBanachalgebra,andalsothatbyḦolder’sinequality

∥∇H(t)·D3u(t)∥W 1
q/2
(R3−)

≤C(q)∥∇H(t)∥W 1
q(R

3
−)
∥∇u(t)∥W 1

q(R
3
−)

≤C(q)(t+2)−m(q/2,q)−1/4∥z∥X

×
(
(t+2)−n(q/2,q)−1/8∥z∥X+(t+2)

−1/2
{
(t+2)1/2∥∇2u(t)∥Lq(R3−)

})
.

Then,notingthatm(q/2,q)+3/4−1=1/(2q)>0and

p

(

m
(q

2
,q
)
+
1

4
+n
(q

2
,q
)
+
1

8
−1

)

=p

(
2

q
−
3

8

)

>
p

4
>1

by(4.5.6)andtheassumption:3<q<16/5,wehave

∥∇H·D3u∥L1p(R+,W1q(R3−))+∥∇H·D3u∥L1p(R+,W1q/2(R
3
−))

(4.5.24)

≤C(p,q)∥z∥X

(
∥(t+2)−(m(q/2,q)+1/4+n(q/2,q)+1/8−1)∥Lp(R+)∥z∥X

+∥(t+2)−(m(q/2,q)+3/4−1)∥L∞ (R+)∥∇
2u∥

L
1/2
p (R+,Lq(R3−))

)

≤C(p,q)∥z∥2X

withsomepositiveconstantC(p,q).Inaddition,sinceforr∈{q,2}andanyt>0

∥∇H(t)·D3u(t)∥Lr(R3−)≤∥∇H(t)∥L∞ (R3−)∥∇u(t)∥Lr(r3−)

≤C(q)∥∇H(t)∥W 1
q(R

3
−)
∥∇u(t)∥Lr(r3−)

≤C(q)(t+2)−m(q/2,q)−1/4−n(q/2,r)−1/8∥z∥2X
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byḦolder’sinequalityandSobolev’sembeddingtheorem,whichfurnishesthat

(4.5.25) ∥∇H·D3u∥A2≤C(p,q)∥z∥
2
X,

wherewehaveused

m
(q

2
,q
)
+
1

4
+n
(q

2
,r
)
+
1

8
>m

(q

2
,r
)
+
1

2
.

ConcerningA3-norm,weshallcalculateasfollows:First,byḦolder’sinequality

∥∇H(t)·D3u(t)∥W 1
2(R

3
−)
≤∥∇H(t)∥L∞ (R3−)∥∇u(t)∥L2(R3−)

+∥∇2H(t)∥L∞ (R3−)∥∇u(t)∥L2(R3−)+∥∇H(t)∥L∞ (R3−)∥∇
2u(t)∥L2(R3−)

≤C(q)
(
∥∇H(t)∥W 2

q(R
3
−)
∥∇u(t)∥W 1

2(R
3
−)
+∥∇2H(t)∥W 1

q(R
3
−)
∥∇u(t)∥L2(R3−)

)

≤C(q)
(
(t+2)−m(q/2,q)−1/4−n(q/2,2)−1/8∥z∥2X

+(t+2)−m(q/2,q)−1/4∥z∥X∥∇
2u(t)∥L2(R3−)

+(t+2)−3/4−n(q/2,2)−1/8∥z∥X
{
(t+2)3/4∥∇H(t)∥Lq(R3−)

})

withsomepositiveconstantC(q),whichfurnishesthat

∥∇H·D3u∥Lm(q/2,2)+1/2p (R+,W12(R
3
−))

(4.5.26)

≤C(p,q)
(
∥(t+2)−(m(q/2,q)+1/4+n(q/2,2)+1/8−m(q/2,2)−1/2)∥Lp(R+)∥z∥

2
X

+∥(t+2)−(m(q/2,q)+1/4−m(q/2,2)−1/2)∥L∞ (R+)∥z∥X∥∇
2u∥Lp(R+,L2(R3−))

+∥(t+2)−(3/4+n(q/2,2)+1/8−m(q/2,2)−1/2)∥L∞ (R+)∥z∥X∥∇
3H∥

L
3/4
p (R+,Lq(R3−))

)

≤C(p,q)∥z∥2X,

sincebytheassumption:q<3<16/5and(4.5.6)

m
(q

2
,2
)
+
1

4
−m

(q

2
,2
)
−
1

2
=
1

2

(

1−
3

q

)

>0,

3

4
+n
(q

2
,2
)
+
1

8
−m

(q

2
,2
)
−
1

2
=
1

q
+
1

8
>0,

p

(

m
(q

2
,q
)
+
1

4
+n
(q

2
,2
)
+
1

8
−m

(q

2
,2
)
−
1

2

)

>p

(

m
(q

2
,q
)
+
1

4
+n
(q

2
,2
)
+
1

8
−n
(q

2
,2
)
−
1

2

)

=p

(
1

2q
+
1

8

)

>1.

Secondly,notingthat1−m(q/2,q)−1/2=1/4−1/(2q)>0byq>3,wehave

∥∇H·D3u∥A3=∥∇H·D3u∥Lm(q/2,q)+1/2p (R+,W1q(R
3
−))

(4.5.27)

+∥∇H·D3u∥Lm(q/2,2)+1/2p (R+,W12(R
3
−))

≤∥(t+2)1−m(q/2,q)−1/2∥L∞ (R+)∥∇H·D3u∥L1p(R+,W1q(R3−))

+∥∇H·D3u∥Lm(q/2,2)+1/2p (R+,W12(R
3
−))

≤C(p,q)∥z∥2X

byusing(4.5.24)and(4.5.26).
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Summingup,(4.5.7),(4.5.23),(4.5.24),(4.5.25),and(4.5.27),wehave

∥Fd(u,H)∥Fd2∩Fd2(3/4,1)∩A2∩A3

≤C(p,q)
1

1+D3H W 1
∞ (R

3
−)

∥∇H·D3u(t)∥Fd2∩Fd2(3/4,1)∩A2∩A3

≤C(p,q)∥z∥2X,

whichcompletestherequiredestimatesofFd(u,H)in(4.5.9).

CaseG(u,H) Inthesequel,wesupposethatf∈{u1,u2,u3,D1H,D2H,D3H},
andletgbeanyofthefollowingterms:

|∇′H|2

(1+
√
1+|∇′H|2)

√
1+|∇′H|2

,
DiHDjH

(1+|∇′H|2)3/2
, DiH, DiHDjH

fori,j=1,2,3.Thenwehavethelemmaasfollows.

Lemma4.5.3.Letfandgbeasmentionedabove,andexponentsp,qsatisfy
(4.1.4). Thenthereexistsapositivenumber0<r0<1suchthatforanyz=
(u,θ,h,H)∈Xr0thefollowingassertionshold.

(1)ThereexistsaC(p,q)>0,dependingonlyonpandq,suchthat

∥g∥L∞ (R+,W1∞ (R3−))≤C(p,q)∥z∥X,

∥g∥
L
m(q/2,q)+1/4
∞ (R+,W1q(R

3
−))
≤C(p,q)∥z∥X,

∥∇f∥
L
n(q/2,q)+1/8
∞ (R+,Lq(R3−))

≤C(p,q)∥z∥X.

(2)ThereexistsaC(p,q)>0,dependingonlyonpandq,suchthat

∥(t+2)1/2∂tf∥Lp(R+,Lq(R3−))≤C(p,q)∥z∥X,

∥(t+2)1/2∂tg∥Lp(R+,Lq(R3−))≤C(p,q)∥z∥X.

Itespeciallyholdsthat

∥∂t((t+2)
1/2f)∥Lp(R+,Lq(R3−))≤C(p,q)∥z∥X,

∥∂t((t+2)
1/2g)∥Lp(R+,Lq(R3−))≤C(p,q)∥z∥X,

∥∂t((t+2)
1/4g)∥Lp(R+,Lq(R3−))≤C(p,q)∥z∥X.

(3)ThereexistsaC(p,q)>0,dependingonlyonpandq,suchthat

∥(∇f)g∥L1p(R+,W1q(R3−))≤C(p,q)∥z∥
2
X,

∥(∇f)g∥L1p(R+,W1q/2(R
3
−))
≤C(p,q)∥z∥2X,

∥(∇f)g∥
L
m(q/2,2)+1/2
p (R+,W12(R

3
−))
≤C(p,q)∥z∥2X.

Proof.(1) Weusethefollowingexpansions:

1
√
1+x

=1−
x

2
+O(x2) as|x|→0,

1

1+
√
1+x

=
1

2
−
x

16
+O(x2) as|x|→0,

1

(1+x)3/2
=1−

3

2
x+O(x2) as|x|→0.
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Combiningtheexpansionsabovewith(4.5.7),weseethatthereexistpositivecon-
stantsCand0<r1<1suchthat

1
√
1+|∇′H|2

L∞ (R+,W1∞ (R
3
−))

≤C,(4.5.28)

1

1+
√
1+|∇′H|2

L∞ (R+,W1∞ (R
3
−))

≤C,

1

(1+|∇′H|2)3/2 L∞ (R+,W1∞ (R
3
−))

≤C

ifH(x,t)satisfies∥∇H∥L∞ (R+,W1∞ (R3−))≤r1. Wethentakeapositivenumber

0<r0<1insuchawaythatforz=(u,θ,h,H)∈Xr0

∥∇H∥L∞ (R+,W1∞ (R3−))≤M∥z∥X ≤Mr0≤r1,

wherewehaveused(4.5.7). Wethusobtain,byusing(4.5.7)again,

|∇′H|2

(1+
√
1+|∇′H|2)

√
1+|∇′H|2

L∞ (R+,W1∞ (R
3
−))

≤
1

1+
√
1+|∇′H|2

L∞ (R+,W1∞ (R
3
−))

1
√
1+|∇′H|2

L∞ (R+,W1∞ (R
3
−))

×∥∇H∥2L∞ (R+,W1∞ (R3−))

≤C(M∥z∥X)
2≤C(p,q)∥z∥X

foranyz=(u,θ,h,H)∈Xr0 withsomepositiveconstantC(p,q),andalsoit
similarlyholdsthatfori,j=1,2,3

(
DiHDjH

(1+|∇′H|2)3/2
,DiH,DiHDjH

)

L∞ (R+,W1∞ (R
3
−))

≤C(p,q)∥z∥X,

whichcompletesthefirstrequiredinequalityof(1).
Nextweshowthesecondrequiredinequality.Byusing(4.5.7)and(4.5.28),we

have,foranyt>0andz=(u,θ,h,H)∈Xr0,

|∇′H(t)|2

(1+
√
1+|∇′H(t)|2)

√
1+|∇′H(t)|2

W 1
q(R

3
−)

≤
1

1+
√
1+|∇′H|2

L∞ (R+,W1∞ (R
3
−))

1
√
1+|∇′H|2

L∞ (R+,W1∞ (R
3
−))

×∥∇H∥L∞ (R+,W1∞ (R3−))∥∇H(t)∥W 1
q(R

3
−)

≤C(M∥z∥X)(t+2)
−m(q/2,q)−1/4

{
(t+2)m(q/2,q)+1/4∥∇H(t)∥W 1

q(R
3
−)

}

≤C(p,q)(t+2)−m(q/2,q)−1/4∥z∥X



168 4. NAVIER-STOKESEQUATIONS WITH AFREESURFACE

withsomepositiveconstantC(p,q),whichfurnishesthat

|∇′H|2

(1+
√
1+|∇′H|2)

√
1+|∇′H|2

L
m(q/2,q)+1/4
∞ (R+,W1q(R

3
−))

≤C(p,q)∥z∥X.

Analogouslywehave
(

DiHDjH

(1+|∇′H|2)3/2
,DiH,DiHDjH

)

L
m(q/2,q)+1/4
∞ (R+,W1q(R

3
−))

≤C(p,q)∥z∥X

fori,j=1,2,3andz=(u,θ,h,H)∈Xr0,whichcompletesthesecondrequired
inequalityof(1). WeobtainthelastrequiredinequalitybythedefinitionofX-
norm,notingthatn(q/2,q)+1/8<m(q/2,q)+1/4undertheassumption(4.1.4).
(2)Bydirectcalculations,wecanshowtherequiredestimates,sothatwemayomit
theproofhere.
(3)SinceW1q(R

3
−)isaBanachalgebra,weobtain,byusingtheinequalitieswhich

areobtainedin(1),

∥(∇f(t))g(t)∥W 1
q(R

3
−)
≤C(q)∥∇f(t)∥W 1

q(R
3
−)
∥g(t)∥W 1

q(R
3
−)

≤C(q)(t+2)−m(q/2,q)−1/4∥g∥
L
m(q/2,q)+1/4
∞ (R+,W1q(R

3
−))

×
(
(t+2)−n(q/2,q)−1/8∥∇f∥

L
n(q/2,q)+1/8
∞ (R+,Lq(R3−))

+(t+2)1/2
{
(t+2)1/2∥∇2f(t)∥Lq(R3−)

})

≤C(q)(t+2)−m(q/2,q)−1/4∥z∥X

(
(t+2)−n(q/2,q)−1/8∥z∥X

+(t+2)1/2
{
(t+2)1/2∥∇2f(t)∥Lq(R3−)

})

foranyt>0,andalsoitsimilarlyholdsthatbyḦolder’sinequality

∥(∇f(t))g(t)∥W 1
q/2
(R3−)

≤C(q)(t+2)−m(q/2,q)−1/4∥z∥X

(
(t+2)−n(q/2,q)−1/8∥z∥X

+(t+2)1/2
{
(t+2)1/2∥∇2f(t)∥Lq(R3−)

})
.

Wethusobtain

∥(∇f)g∥L1p(R+,W1q(R3−))∩L1p(R+,W1q/2(R
3
−))
≤C(p,q)∥z∥2X.

Inaddition,weseethatbyḦolder’sinequality

∥(∇f(t))g(t)∥W 1
2(R

3
−)
≤∥∇f(t)∥L2(R3−)∥g(t)∥L∞ (R)−

+∥∇2f(t)∥L2(R3−)∥g(t)∥L∞ (R3−)+∥∇f(t)∥L∞ (R3−)∥∇g(t)∥L2(R3−)

≤C(q)
(
(t+2)−n(q/2,2)−1/8−m(q/2,q)−1/4∥z∥2X

+(t+2)−m(q/2,q)−1/4∥z∥X∥∇
2f(t)∥L2(R3−)

+(t+2)−n(q/2,q)−1/8−m(q/2,2)−1/4∥z∥2X

+(t+2)−m(q/2,2)−1/4−1/2∥z∥X
{
(t+2)1/2∥∇2f(t)∥Lq(R3−)

})
,
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whichfurnishesthat

∥(∇f)g∥
L
m(q/2,2)+1/2
p (R+,W12(R

3
−))
≤C(p,q)∥z∥2X.

Thiscompletestheproofofthelemma.

Byusing(1.3.1),Lemma1.3.2,(4.5.7),andLemma4.5.3,wehave

∥(Dif)g∥W 1
p(R+,W

−1
r (R3−))

=
∑

k=0,1

∥∂kt(1−∆)
−1/2ι((Dif)g)∥Lp(R+,Lr(R3−))

(4.5.29)

≤C(p,q)
(
∥Dif∥Lp(R+,Lr(R3−))∥g∥L∞ (R+,L∞ (R3−))

+∥∂tf∥Lp(R+,Lr(R3−))∥g∥L∞ (R+,L∞ (R3−))

+∥∂tf∥Lp(R+,Lr(R3−))∥Dig∥L∞ (R+,L∞ (R3−))

+∥Dif∥L∞ (R+,L∞ (R3−))∥∂tg∥Lp(R+,Lr(R3−))

)

≤C(p,q)∥z∥2X

forr∈{q,2}andi=1,2,3withapositiveconstantC(p,q),wherewehaveused
∥(1−∆)−1/2F∥Lq(R3)≤C(q)∥F∥Lq(R3)toobtainthesecondline. Ontheother
hand,itfollowsfromLemma4.5.3that

∥(∇f)g∥Lp(R+,W1q(R3−))∩Lp(R+,W12(R3−))

≤C(p,q)∥∇f∥Lp(R+,W1q(R3−))∩Lp(R+,W12(R3−))∥g∥L∞ (R+,W1∞ (R3−))

≤C(p,q)∥z∥2X,

which,combinedwith(4.5.29),furnishesthat∥G(u,H)∥G≤C(p,q)∥z∥
2
X.

NextweconsidertheestimateofG(3/4,1)andA3-norm.By(1.3.2),wehave

∥(Dif)g∥W 1,3/4
p (R+,W

−1
q (R3−))

=∥∂t(1−∆)
−1/2ι{(t+2)1/2(Dif)·(t+2)

1/4g}∥Lp(R+,Lq(R3−))

≤C(p,q)
(
∥∂t((t+2)

1/2f)∥Lp(R+,Lq(R3−))∥g∥L1/4∞ (R+,L∞ (R3−))

+∥∂t((t+2)
1/2f)∥Lp(R+,Lq(R3−))∥Dig∥L1/4∞ (R+,Lq(R3−))

+∥Dif∥L1/2∞ (R+,Lq(R3−))
∥∂t((t+2)

1/4g)∥Lp(R+,Lq(R3−))

)

≤C(p,q)∥z∥2X,

∥(Dif)g∥W 1,1
p (R+,W

−1
q/2
(R3−))

=∥∂t(1−∆)
−1/2ι{(t+2)1/2(Dif)·(t+2)

1/2g}∥Lp(R+,Lq/2(R3−))

≤C(p,q)
(
∥∂t((t+2)

1/2f)∥Lp(R+,Lq(R3−))∥g∥L1/2∞ (R+,L∞ (R3−))

+∥∂t((t+2)
1/2f)∥Lp(R+,Lq(R3−))∥Dig∥L1/2∞ (R+,Lq(R3−))

+∥Dif∥L1/2∞ (R+,Lq(R3−))
∥∂t((t+2)

1/2g)∥Lp(R+,Lq(R3−))

)

≤C(p,q)∥z∥2X
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fori=1,2,3withsomepositiveconstantC(p,q).Furthermore,inthesamemanner
asweobtain(4.5.24)and(4.5.27),itfollowsfromLemma4.5.3that

∥(∇f)g∥L1p(R+,W1q(R3−))∩L1p(R+,W1q/2(R
3
−))∩A3

≤C(p,q)∥z∥2X,

which,combinedwiththeabovetwoestimates,yieldsthat∥G(u,H)∥G(3/4,1)∩A3≤

C(p,q)∥z∥2X.ThiscompletestherequiredinequalityofG(u,H)in(4.5.9).

Hereweset

N(u,θ,h,H)=(F(u,H),Gh(u,H),Fd(u,H),Fd(u,H),G(u,H)),

andthen,asmentionedabove,thereexistsasufficientlysmallδ0>0suchthat
N:Xδ0→F×Gh×F

1
d×F

2
d×G.ItispossibletoconsiderthefollowingmapΦ:

Φ(z)=L−1(N(z),u0,h0) forz∈Xδ0,

whereListhelinearoperatorofthelefthandsideontheequations(4.5.1)and
(4.5.2).Fromnowon,weshowthatΦhasafixedpointinXδ0bytakingasmaller
δ0>0ifnecessary.
ByTheorem4.4.1and(4.5.9),thereexistsapositiveconstantM1(p,q),de-

pendingonlyonpandq,suchthat

∥Φ(z)∥X ≤M1(p,q)
(
∥(u0,h0)∥I1×I2+∥z∥

2
X

)
(4.5.30)

≤M1(p,q)(ε0+δ
2
0)<δ0

bychoosingthepositiveconstantsδ0andε0insuchawaythat

M1(p,q)δ0<
1

2
, M1(p,q)ε0<

δ0
2
.

Analogously,wehave,forz1,z2∈Xδ0,

∥Φ(z1)−Φ(z2)∥X ≤M2(p,q)δ0∥z1−z2∥X ≤
1

2
∥z1−z2∥X

bychoosingM2(p,q)δ0<1/2ifnecessary,which,combinedwith(4.5.30),furnishes
thatΦisacontractionmappingonXδ0.ByBanach’sfixedpointtheorem,wehave
auniquefixedpointz∗∈Xδ0 ofΦ.Thez

∗isasolutiontotheequations(4.5.1)
and(4.5.2).

ProofofTheorem4.1.1.NotethatthecompatibilityconditionsofTheorem
4.1.1aresatisfiedifandonlyif(4.5.4).ThemappingΘ0givenby

Θ0(ξ
′,ξN)=(ξ

′,ξN+H0(ξ
′)) for(ξ′,ξN)∈R

3
−

defines,forh0∈B
3−1/p−1/q
q,p (R2),aC2-diffeomorphismfromṘN ontoΩ0(cf.Sec-

tion4.2andRemark4.2.3(1)).Inaddition,bytheinequality(4.2.14),thesmallness
conditioninTheorem4.1.1impliesthesmallnessconditioninTheorem4.5.1.The-
orem4.5.1thenyieldsauniquesolution(u,θ,h,H)∈Xδ0oftheequations(4.5.1)
and(4.5.2).Finally,setting

(v,π)=(Θ∗u,Θ∗θ)=(u◦Θ
−1,θ◦Θ−1),

whereΘ∗isdefinedas(4.2.3),weobtainauniquesolution(v,π,h,H)oftheoriginal
problem(4.1.2)andtheauxiliaryproblem(4.1.3).Theproofiscomplete.
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CHAPTER5

Strongsolutionsfortwo-phasefreeboundary

problemsforaclassofnon-Newtonianfluids

5.1. Mainresults

AswasseeninChapter1,themotionofthetwoimmiscible,incompressible,
andviscousfluidsisgovernedbythesetofequations

(5.1.1)






ρ(∂tv+(v·∇)v)=DivT−ρcgeN,inΩ(t),t>0,

divv=0 inΩ(t),t>0,

−[[TnΓ]]=cσκΓnΓ onΓ(t),t>0,

[[v]]=0 onΓ(t),t>0,

∂th+v
′·∇′h−v·eN =0 onΓ(t),t>0,

v|t=0=v0 inΩ0,

h|t=0=h0 onRN−1.

Wefirstremindthenotationbeingin(5.1.1).Let v0=v0(x)andh0=h0(x
′)

begivenN-componentvectorandscalarfunctionsforx∈Ω0andx
′∈RN−1,

respectively,andalsoΩ0=Ω10∪Ω20with

Ωi0={(x
′,xN)∈R

N |x′∈RN−1,(−1)i(xN−h0(x
′))>0}

fori=1,2. Here,someviscousfluids,fluid1andfluid2,occupyΩ10andΩ20,
respectively. ThenΩi(t)denotetheregionsfulfilledwithfluidiattimet,and
besides,Ω(t)=Ω1(t)∪Ω2(t)and

Γ(t)={(x′,xN)∈R
N |x′∈RN−1,xN =h(t,x

′)} (t>0).

ThenormalfieldonΓ(t),pointingfromΩ1(t)intoΩ2(t),isdenotedbynΓ,and
alsoκΓisthemeancurvatureofΓ(t)withrespecttonΓ. Analogously,n0isthe
unitnormalfieldonΓ0=R

N\Ω0.
Theparameterscg≥0andcσ>0denotethegravitationalaccelerationand

thesurfacetensioncoefficient,respectively.Letρi>0bethedensitiesoffluidifor
i=1,2,andthenρ=ρ1χΩ1(t)+ρ2χΩ2(t).Inaddition,thequantity[[f]]=[[f]](x,t)
isthejumpofthequantityf,definedonΩ(t),acrossthefreeboundaryΓ(t)as

[[f]](x,t)=lim
ε→0+

{f(x+εnΓ,t)−f(x−εnΓ,t)} forx∈Γ(t).

Weherenotethatthestresstensor TisgivenbyT=−πI+τforsomeshear
stressτingeneral.Inthischapter,weconsidergeneralizedNewtonianfluids,asa
classofnon-Newtonianfluids,suchthattheshearstressτisgivenby

τ=τ1χΩ1(t)+τ2χΩ2(t), τi=2µi(|D(v)|
2)D(v)

forD(v)=(∇v+(∇v)T)/2andscalarfunctionsµ1,µ2:[0,∞)→R.
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Theproblemthenistofindthevelocityfieldv=(v1(x,t),...,vN(x,t))
Tofthe

fluids,thepressurefieldπ=π(x,t),andtheheightfunctionh=h(x′,t)satisfying
equations(5.1.1).
Inourmainresult,weshowthatsystem(5.1.1)admitsauniquestrongsolution

on(0,T)forarbitraryT>0,providedthattheviscosityfunctionsµ1,µ2satisfy
suitableconditionsandtheinitialdataaresufficientlysmallintheirnaturalnorms.
Moreprecisely,wehavethefollowingresult.

Theorem5.1.1.LetN+2<p<∞ andJ=(0,T)forsomeT>0.Suppose
thatρ1>0,ρ2>0,cg≥0,cσ>0,and

µi∈C
3([0,∞)), µi(0)>0 (i=1,2).

Thenthereexistsε0=ε0(p,T)>0suchthatforevery

(v0,h0)∈W
2−2/p
p (Ω0)

N×W3−2/pp (RN−1)

satisfyingthesmallnesscondition:

∥v0∥W 2−2/p
p (Ω0)

+∥h0∥W 3−2/p
p (RN−1)

<ε0

aswellasthecompatibilityconditions:

[[µ(|D(v0)|
2)D(v0)n0−

(
n0·µ(|D(v0)|

2)D(v0)n0
)
n0]]=0 onΓ0,

divv0=0 inΩ0, [[v0]]=0 onΓ0,

thesystem(5.1.1)admitsauniquesolution(v,π,h)withintheregularityclasses:

v∈H1p(J,Lp(Ω(·))∩Lp(J,H
2
p(Ω(·)))

N,

π∈Lp(J,W
1
p(Ω(·))),

h∈W2−1/(2p)p (J,Lp(R
N−1))∩H1p(J,W

2−1/p
p (RN−1))

∩W1/2−1/(2p)p (J,H2p(R
N−1))∩Lp(J,W

3−1/p
p (RN−1)).

Remark5.1.2.(1)Someremarksonnotationareinorderatthispoint.By
v∈H1p(J,Lp(Ω(·)))∩Lp(J,H

2
p(Ω(·)))

N,wemeanthat

Θ∗v=v◦Θ∈H1p(J,Lp(̇R
N))∩Lp(J,H

2
p(̇R

N))N,

whereΘandΘ∗aredefinedinthefollowingsectionby(5.2.2)and(5.2.3),
respectively.Theregularitystatementforπisunderstoodinthesameway.

(2)Theassumptionp>N+2impliesthat

h∈BUC(J,BUC2(RN−1)), ∂th∈BUC(J,BUC
1(RN−1)),

whichmeansthattheconditiononthefreeboundarycanbeunderstoodinthe
classicalsense.

(3)Typicalexamplesofviscosityfunctionsµsatisfyingourconditionsaregivenby

µ(s)=νs
d−2
2 withd=2,4,6,ord≥8,

µ(s)=ν(1+s
d−2
2 ) withd=2,4,6,ord≥8,

µ(s)=ν(1+s)
d−2
2 with1≤d<∞

forν>0. Formoreinformationanddetails,werefere.g.totheworksof
[DR05],[MNR01],and[PR01].Obviously,ifd=2,thenallviscosityfunc-
tionsabovecorrespondstotheNewtoniansituation.
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Letusremarkatthispointthattheoriginalpaperofthischapteris[HS15],and
thatourproofofTheorem5.1.1isinspiredbytheworkduetoPr̈ussandSimonett
in[PS10b]and[PS11].Itsstrategymaybedescribedasfollows:InSection5.2
wetransform(5.1.1)toaproblemonafixeddomain.InSection5.3, maximal
regularitypropertiesofthelinearizedproblemwillbeinvestigated,herebymaking
useoftheresults[PS10b],[PS11]duetoPr̈ussandSimonett.InSection5.4,

weintroducesomefunctionspaceF3(a)whichplaysanimportantroletocontrol
nonlineartermsarisingfromtheboundarycondition. Finally,inSection5.5,we
giveaproofofourmaintheorem.

5.2. Reductiontoafixeddomainproblem

Westartthissectionbycalculatingtheshearstress τ,thatis,bycalculating
explicitlyDiv{µd(|D(u)|

2)D(u)}ford=1,2. Wethenobtain

thei-thcomponentofDiv{µd(|D(u)|
2)D(u)}

=
1

2

N∑

j,k,l=1

{2̇µd(|D(u)|
2)Dij(u)Dkl(u)+µd(|D(u)|

2)δikδjl}(∂j∂kul+∂j∂luk),

where∂j=∂/∂xjandφ̇(s)=(∂φ/∂s)(s)forscalarfunctionsφ(s)definedon
[0,∞),andbesides,φ̈(s),

...
φ(s),...aredefinedsimilarly.Inviewofthiscalculation,

forvectorfunctionsuandv,settingAd(u)v=(Ad,1(u)v,...,Ad,N(u)v)
T such

that

Ad,i(u)v=−
N∑

j,k,l=1

Aj,k,ld,i (D(u))(∂j∂kvl+∂j∂lvk),

Aj,k,ld,i (D(u))=
1

2

(
2̇µd(|D(u)|

2)Dij(u)Dkl(u)+µd(|D(u)|
2)δikδjl

)

withd=1,2andi,j,k,l=1,...,N,weseethat

Ad(u)u=−Div{µd(|D(u)|
2)D(u)}, Ad(0)u=−µd(0)(∆u+∇divu).

Inaddition,weset

A(u)v=χΩ1(t)A1(u)v+χΩ2(t)A2(u)v, π=π+ρcgxN.

Thustheequations(5.1.1)mayberewrittenas

(5.2.1)






ρ(∂tv+v·∇v)−µ(0)∆v+∇π=−(A(v)−A(0))v inΩ(t),t>0,

divv=0 inΩ(t),t>0,

−[[TnΓ]]=σκΓnΓ+[[ρ]]cgh onΓ(t),t>0

[[v]]=0 onΓ(t),t>0,

∂th+v
′·∇′h−v·eN =0 onΓ(t),t>0,

v|t=0=v0 inΩ0,

h|t=0=h0 onRN−1,

whereT=−πI+τandµ(0)=χΩ1(t)µ1(0)+χΩ2(t)µ2(0).

Wenexttransformtheproblem(5.2.1)toaproblemonthefixeddomain ṘN.

Tothisend,wedefinethetransformationΘonṘN×JforJ=(0,T)withT>0
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asfollows:

Θ:ṘN×J∋(ξ′,ξN,τ)→(x
′,xN,t)∈

∪

s∈J

Ω(s)×{s}(5.2.2)

withx′=ξ′,xN =ξN+h(ξ
′,t),t=τ.

NotethatdetJΘ=1,whereJΘdenotestheJacobianmatrixofΘ.Set

u(ξ,τ)=Θ∗v(x,t):=v(Θ(ξ,τ)),(5.2.3)

θ(ξ,τ)=Θ∗π(x,t):=π(Θ(ξ,τ))

aswellas

(5.2.4) Θ∗f(ξ,τ):=f(Θ
−1(x,t)) forfdefinedonṘN×J,

whereΘ−1isgivenbyΘ−1(x,t)=(x′,xN−h(x
′,t),t).Thischangeofcoordinates

impliestherelations:

∂t=∂τ−(∂τh)DN,∂j=Dj−(Djh)DN,∂j∂k=DjDk−Fjk(h),(5.2.5)

Fjk(h):=(DjDkh)DN+(Djh)DNDk+(Dkh)DjDN−(Djh)(Dkh)D
2
N

forj,k=1,...,N,∂τ=∂/∂τ,andDj=∂/∂ξj,becauseDNh=0.Inasimilar
wayto(5.2.5),wehave

Dx(v)=Eξ(u,h):=Dξ(u)−Eξ(u,h),(5.2.6)

Eξ(u,h):=(DNu)

[
∇′ξh

0

]T
+

[
∇′ξh

0

]

(DNu)
T,

wheresubscriptsxandξdenotetheircoordinates.Following[PS10b,Section2]
weseethat

κΓ=
N−1∑

j=1

Dj




∇′ξ′h(t,ξ

′)
√
1+|∇′ξ′h(t,ξ

′)|2



=∆′ξ′h−Gκ(h),

Gκ(h):=
|∇′ξ′h|

2∆′ξ′h(
1+
√
1+|∇′ξ′h|

2
)√
1+|∇′ξ′h|

2
+

N−1∑

j,k=1

(Djh)(Dkh)(DjDkh)
(
1+|∇′ξ′h|

2
)3/2 .

Hencetheequations(5.2.1)arereducedtothefollowingprobleminṘN:

(5.2.7)






ρ∂τu−µ(0)∆u+∇θ=F(u,θ,h) inṘN,t>0,

divu=Fd(u,h) inṘN,t>0,

−[[µ(0)(DNuj+DjuN)]]=Gj(u,[[θ]],h) onR
N
0,t>0,

[[θ]]−2[[µ(0)DNuN]]−([[ρ]]cg+σ∆
′)h=GN(u,h) onRN0,t>0,

[[u]]=0 onRN0,t>0,

∂τh−u·eN =Gh(u,h) onRN0,t>0,

u|τ=0=u0 onṘN,

h|τ=0=h0 onRN−1
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forj=1,...,N−1andF=(F1,...,FN)
T. Here,forj=1,...,N−1and

i=1,...,N,therightmembersof(5.2.7)aregivenby

Fi(u,θ,h)=ρ{(∂τh)DNui−(u·∇)ui+(u
′·∇′h)DNui}

−µ(0)

N∑

j=1

Fjj(h)ui+(Dih)DNθ+Ai(u,h),

Gj(u,[[θ]],h)=cσGκ(h)Djh−{([[ρ]]cg+σ∆
′)h}Djh+[[θ]]Djh+Bj(u,h),

GN(u,h)=−cσGκ(h)+BN(u,h),

Fd(u,h)=(DNu
′)·∇′h=DN(u

′·∇′h),

Gh(u,h)=−u
′·∇′h,

whereAi(u,h),Bj(u,h)andBN(u,h)aredefinedas

Ai(u,h)=
N∑

j,k,l=1

(
Aj,k,li (E(u,h))−Aj,k,li (0)

)
(DjDkul+DjDluk)

−
N∑

j,k,l=1

(
Aj,k,li (E(u,h))−Aj,k,li (0)

)
(Fjk(h)ul+Fjl(h)uk),

Bj(u,h)=−[[µ(|E(u,h)|
2)DNuN]]Djh

+[[{µ(|E(u,h)|2)−µ(0)}(DNuj+DjuN)]]

−
N−1∑

k=1

[[µ(|E(u,h)|2)(Djuk+Dkuj)]]Dkh

+
N−1∑

k=1

[[µ(|E(u,h)|2)(DNujDkh+DNukDjh)]]Dkh,

BN(u,h)=2[[{µ(|E(u,h)|
2)−µ(0)}DNuN]]+[[µ(|E(u,h)|

2)DNuN]]|∇
′h|2

−
N−1∑

k=1

[[µ(|E(u,h)|2)(DNuk+DkuN)]]Dkh

with

Aj,k,li (E(u,h))=χRN−A
j,k,l
i,1 (E(u,h))+χRN+A

j,k,l
i,2 (E(u,h)).

Inparticular,wenotethat

µ(|E(u,h)|2)=χRN−µ1(|E(u,h)|
2)+χRN+µ2(|E(u,h)|

2),

ρ=χRN−ρ1+χRN+ρ2, µ(0)=χRN−µ1(0)+χRN+µ2(0).

Finally,inordertosimplifyournotation,weset

G(u,[[θ]],h)=(G1(u,[[θ]],h),...,GN−1(u,[[θ]],h),GN(u,h))
T

A(u,h)=(A1(u,h),...,AN(u,h))
T,

B(u,h)=(B1(u,h),...,BN(u,h))
T.
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5.3.Linearizedproblem

Thesetofequations(5.2.7)leadstothefollowinglinearproblemwhoseoptimal
regularitypropertieswillbeofcentralimportancebelow.

(5.3.1)






ρ∂tu−ν∆u+∇θ=f inṘN,

divu=fd inṘN,

−[[ν(DNuj+DjuN)]]=gj onRN0,

[[θ]]−2[[µDNuN]]−([[ρ]]cg+cσ∆
′)h=gN onRN0,

[[u]]=0 onRN0,

∂th−u·eN =gh onRN0,

u|t=0=u0 inṘN,

h|t=0=h0 onRN−1

forj=1,...,N−1,andsetg=(g1,...,gN)
T.Here,

ρ=ρ1χRN− +ρ2χRN+, ν=ν1χRN− +ν2χRN+

withρi>0andνi>0fori=1,2.
ThefollowingresultduetoPr̈ussandSimonettcharacterizesthesetofdata

ontheright-handsidesof(5.3.1)toobtainsolutionsof(5.3.1)inthe maximal
regularityspace(cf.[PS10b,Theorem5.1],[PS11,Theorem3.1]).

Proposition5.3.1.Let1<p<∞,p̸=3/2,3,anda>0,andsetJ=(0,a).
Supposethatfori=1,2

ρi>0,νi>0,cg≥0andcσ>0.

Thentheequations(5.3.1)admitsauniquesolution(u,θ,h)withtheregularity

u∈(H1p(J,Lp(̇R
N))∩Lp(J,H

2
p(̇R

N)))N,

θ∈Lp(J,W
1
p(̇R

N)),

[[θ]]∈W1/2−1/(2p)p (J,Lp(R
N−1))∩Lp(J,W

1−1/p
p (RN−1)),

h∈W2−1/(2p)p (J,Lp(R
N−1))∩H1p(J,W

2−1/(2p)
p (RN−1))∩Lp(J,W

3−1/p
p (RN−1))

ifandonlyifthedata(f,fd,g,gh,u0,h0)satisfythefollowingregularityandcom-
patibilityconditions:

f∈Lp(J,Lp(̇R
N))N,

fd∈H
1
p(J,W

−1
p (R

N))∩Lp(J,H
1
p(̇R

N)),

g∈(W1/2−1/(2p)p (J,Lp(R
N−1))∩Lp(J,W

1−1/p
p (RN−1)))N,

gh∈W
1−1/(2p)
p (J,Lp(R

N−1))∩Lp(J,W
2−1/p
p (RN−1)),

u0∈W
2−2/p
p (̇RN)N,h0∈W

3−2/p
p (RN−1),

divu0=fd(0)inṘ
N,[[u0]]=0onR

N−1ifp>3/2,

−[[ν(DNu0j+Dju0N)]]=gj(0)onR
N−1ifp>3

forallj=1,...,N−1. Moreover,thesolutionmap[(f,fd,g,gh,u0,h0)→(u,θ,h)]
iscontinuousbetweenthecorrespondingspaces.
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5.4. Propertiesoffunctionspacesinvolved

Inordertoderiveestimatesforthenonlinearmappingsoccurringontheright-
handsidesof(5.2.7),wefirststudyembeddingpropertiesofthefunctionsspaces
involved.Fora>0,letJ=(0,a)andset

E1(a)={u∈(H
1
p(J,Lp(̇R

N))∩Lp(J,H
2
p(̇R

N)))N |[[u]]=0},

E2(a)=Lp(J,W
1
p(̇R

N)),

E3(a)=W
1/2−1/(2p)
p (J,Lp(R

N−1))∩Lp(J,W
1−1/p
p (RN−1)),

E4(a)=W
2−1/(2p)
p (J,Lp(R

N−1))∩H1p(J,W
2−1/p
p (RN−1))

∩W1/2−1/(2p)p (J,H2p(R
N−1))∩Lp(J,W

3−1/p
p (RN−1))

aswellas

F1(a)=Lp(J,Lp(̇R
N))N,

F2(a)=H
1
p(J,W

−1
p (R

N))∩Lp(J,H
1
p(̇R

N)),

F3(a)=(W
1/2−1/(2p)
p (J,Lp(R

N−1))∩Lp(J,W
1−1/p
p (RN−1)))N,

F4(a)=W
1−1/(2p)
p (J,Lp(R

N−1))∩Lp(J,W
2−1/p
p (RN−1)).

Wethenhavethefollowingresult(cf.[PS10b,Lemma6.1]and[MS12,Proposi-
tion3.2]).

Lemma5.4.1.LetN+2<p<∞,a>0,andJ=(0,a).Thenthefollowing
propertieshold.

(1)E3(a)andF4(a)aremultiplicationalgebras.

(2)E1(a)→ (BUC(J,BUC
1(̇RN))∩BUC(J,BUC(RN)))N,andalsoE1(a)→

H
1/2
p (J,H1p(̇R

N))N.

(3)E3(a)→BUC(J,BUC(R
N−1)).

(4)E4(a)→BUC
1(J,BUC1(RN−1))∩BUC(J,BUC2(RN−1)).

(5)W
2−1/(2p)
p (J,Lp(R

N−1))∩H1p(J,W
2−1/p
p (RN−1))∩Lp(J,W

3−1/p
p (RN−1))→

E4(a).

Acrucialpointofourproofisthetreatmentofviscosityfunctionsµ.Tothis

end,weintroduce,fora>0,thefunctionspaceF3(a)as

F3(a)={g∈BUC(J,BUC(R
N−1))|

∥g∥F3(a)=∥g∥BUC(J,BUC(RN−1))+|g|F3(a)<∞},

where|g|F3(a)=|g|F3(a),1+|g|F3(a),2with

|g|F3(a),1=
(∫

J

∫

J

∥g(t)−g(s)∥p
Lp(RN−1)

|t−s|
1
2+

p
2

dtds
)1/p

and

|g|F3(a),2=
(∫

J

∫

RN−1

∫

RN−1

|g(x′,t)−g(y′,t)|p

|x′−y′|N−2+p
dx′dy′dt

)1/p
.

Wethenobtainthefollowingresult.

Lemma5.4.2.LetN+2<p<∞,a>0,andJ=(0,a).Thenthefollowing
propertiesholdtrue.
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(1)F3(a)andF3(a)aremultiplicationalgebras.Inaddition,

F3(a)→BUC(J,BUC(R
N−1))N,F3(a)→BUC(J,BUC(R

N−1)).

(2)Ifφ∈BUC1(R)andg∈F3(a),then

∥φ(g)∥F3(a)≤∥φ∥BUC(R)+∥̇φ∥BUC(R)|g|F3(a).

(3)ThereexistsapositiveconstantCsuchthatforf∈F3(a)andg∈F3(a)

∥fg∥F3(a)≤C∥f∥F3(a)∥g∥F3(a).

Proof.(1)ThepropertiesforF3(a)isessentiallygiveninLemma5.4.1(1)and

(3).TheembeddingF3(a)→BUC(J,BUC(R
N−1))followsfromthedefinitionof

F3(a). WehereonlyshowthatF3(a)isamultiplicationalgebra.Forf,g∈F3(a),
itfollowsthat

∥fg∥BUC(J,BUC(RN−1))≤∥f∥BUC(J,BUC(RN−1))∥g∥BUC(J,BUC(RN−1))

≤∥f∥F3(a)∥g∥F3(a).

Considering|·|F3(a),1,weseethat

|fg|F3(a),1≤∥f∥BUC(J,BUC(RN−1))

(∫

J

∫

J

∥g(t)−g(s)∥p
Lp(RN−1)

|t−s|
1
2+

p
2

dtds

)1/p

+∥g∥BUC(J,BUC(RN−1))

(∫

J

∫

J

∥f(t)−f(s)∥p
Lp(RN−1)

|t−s|
1
2+

p
2

dtds

)1/p

≤∥f∥F3(a)|g|F3(a),1+∥g∥F3(a)|f|F3(a),1.

Similarly,|fg|F3(a),2≤∥f∥F3(a)|g|F3(a),2+∥g∥F3(a)|f|F3(a),2.Theseyield

∥fg∥F3(a)≤C∥f∥F3(a)∥g∥F3(a)

forsomepositiveconstantC,whichimpliesthatF3(a)isamultiplicationalgebra.
(2)Bythemeanvaluetheorem,

|φ(g)|F3(a)=

(∫

J

∫

J

∥φ(g(t))−φ(g(s))∥p
Lp(RN−1)

|t−s|
1
2+

p
2

dtds

)1/p

+

(∫

J

∫

RN−1

∫

RN−1

|φ(g(x′,t))−φ(g(y′,t))|p

|x′−y′|N−2+p
dx′dy′dt

)1/p

≤∥φ̇∥BUC(R)






(∫

J

∫

J

∥g(t)−g(s)∥p
Lp(RN−1)

|t−s|
1
2+

p
2

dtds

)1/p

+

(∫

J

∫

RN−1

∫

RN−1

|g(x′,t)−g(y′,t)|p

|x′−y′|N−2+p
dx′dy′dt

)1/p
}

≤∥φ̇∥BUC(R)|g|F3(a),

whichfurnishesthattherequiredinequalityholds.
(3)Itobviouslyholdsthat

∥fg∥Lp(J,Lp(RN−1))≤∥f∥Lp(J,Lp(RN−1))∥g∥BUC(J,BUC(RN−1))

≤∥f∥F3(a)∥g∥F3(a).
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Ontheotherhand,wesee,bycalculationssimilarto(1),thatthereexistsa
constantC>0suchthatfori=1,2

|fg|F3(a),i≤∥f∥BUC(J,BUC(RN−1))|g|F3(a),i+∥g∥BUC(J,BUC(RN−1))|f|F3(a),i

≤C∥f∥F3(a)∥g∥F3(a),

which,combinedwiththeinequalityabove,completestheproof.

WenextrecallbasicpropertiesoffunctionswhichareFŕechetdifferentiable.
LetXandYbeBanachspacesandU⊂Xbeopen. WethendenotetheFŕechet
derivativeofadifferentiablemappingΦ:U→ YbyDΦ:U→L(X,Y),andits
evaluationofu∈Uandv∈Xby[DΦ(u)]v∈Y. Moreover,amappingΦ:U→Y
iscalledcontinuouslyFŕechetdifferentiableifandonlyifΦisFŕechetdifferentiable
onUanditsFŕechetderivativeDΦiscontinuousonU.Thesetofsuchcontinuously
FŕechetdifferentiablemappingsfromUtoYisdenotedbyC1(U,Y).
Inthesequel,wewill makeuseofthechainandproductruleforFŕechet

differentiablefunctions. LetZbeafurtherBanachspaceandsupposethatthe
mappingsf:U→Yandg:Y→ZarecontinuouslyFŕechetdifferentiable.Then
thecompositionF=g◦f:U→ZisalsocontinuouslyFŕechetdifferentiable,and
itsevaluationofx∈Uandx̄∈Xisgivenby

[DF(x)]̄x=[Dg(f(x))][Df(x)]̄x.

Fortheproductrule,supposethatthereexistsaconstantM>0suchthatfor
everyy∈Yandz∈Z

∥yz∥Y≤M∥y∥Y∥z∥Z,

andalsothatf:U→ Yandg:U→ ZarecontinuouslyFŕechetdifferentiable.
SetF(x)=f(x)g(x)forx∈U. ThenF:U→ YisalsocontinuouslyFŕechet
differentiableanditsevaluationofx∈Uandx̄∈Xisgivenby

[DF(x)]̄x=g(x)[Df(x)]̄x+f(x)[Dg(x)]̄x.

Wenowdefinethesolutionspace E(a)andthedataspaceF(a)fora>0by

E(a)={(u,θ,π,h)∈E1(a)×E2(a)×E3(a)×E4(a)|[[θ]]=π},

F(a)=F1(a)×F2(a)×F3(a)×F4(a).

ThespacesE(a)andF(a)areendowedwiththeirnaturalnorms,thatis,

∥(u,θ,π,h)∥E(a)=∥u∥E1(a)+∥θ∥E2(a)+∥π∥E3(a)+∥h∥E4(a),

∥(f,fd,g,gh)∥F(a)=∥f∥F1(a)+∥fd∥F2(a)+∥g∥F3(a)+∥gh∥F4(a).

Finally,weconsiderfor(u,θ,π,h)∈E(a)thenonlinearmappingNwhichis
definedas

(5.4.1) N(u,θ,π,h)=(F(u,θ,h),Fd(u,h),G(u,π,h),Gh(u,h)),

wherethetermsontheright-handsidearedefinedasinSection5.2.Forfunctions
u=(u1,...,uN)

TdefinedonṘN,weset

u1=(u11,...,u
1
N), u

1
j=χRN−uj,(5.4.2)

u2=(u21,...,u
2
N), u

2
j=χRN+uj.

RecallingthedefinitionofE(u,h)andE(u,h)in(5.2.6),wegive,inthefollow-
inglemmaanditscorollary,assertionsontheFŕechetdfferentiabilityofcertain
functionsoccurringinthenonlinearmappingN.
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Lemma5.4.3.LetN+2<p<∞,a>0,andJ=(0,a).Thenthefollowing
assertionshold.

(1)Forφ∈BUC1(R),themapping

φ:BUC(J,BUC(̇RN))→BUC(J,BUC(̇RN))

iscontinuouslyFŕechetdifferentiable.
(2)Forψ∈BUC3(R),themapping

ψ:F3(a)→F3(a)

iscontinuouslyFŕechetdifferentiable.
(3)Letφ∈BUC1(R)andset,byusing(5.4.2),

Φd(u,h)=φ(|E(ud,h)|2) ford=1,2.

ThenΦd:E1(a)×E4(a)→ BUC(J,BUC(̇R
N))iscontinuouslyFŕechetdif-

ferentiable.
(4)Letψ∈BUC3(R)andset,byusing(5.4.2),

Ψd(u,h)=ψ(|γ0E(u
d,h)|2) ford=1,2,

whereγ0denotesthetracetoR
N
0.ThenΨ

d:E1(a)×E4(a)→F3(a)iscontin-
uouslyFŕechetdifferentiable.

Proof.(1) WefirstshowthatthemappingφisFŕechetdifferentiable.Tothis

end,letf,f̄∈Z=BUC(J,BUC(̇RN)).Then

φ(f+f̄)−φ(f)−φ̇(f)̄f=

∫1

0

(̇φ(f+θ̄f)−φ̇(f))dθ̄f,

whichimplies

∥φ(f+f̄)−φ(f)−φ̇(f)̄f∥Z/∥̄f∥Z≤

∫1

0

∥̇φ(f+θ̄f)−φ̇(f)∥Zdθ.

Sincėφ∈BUC(R),thetermontheright-handsideabovetendsto0as∥̄f∥Z→0.
Thus,[Dφ(f)]̄f=̇φ(f)̄f.
Next,weshallshowthecontinuityoftheFŕechetderivativeatf0∈Z. For

h∈Z,wehave

∥Dφ(f0+h)−Dφ(f0)∥L(Z) = sup
∥f∥Z=1

∥[Dφ(f0+h)]f−[Dφ(f0)]f∥Z

= sup
∥̄f∥Z=1

∥̇φ(f0+h)f−φ̇(f0)f∥Z

≤ ∥φ̇(f0+h)−φ̇(f0)∥Z,

whichtendsto0as∥h∥Z→0,sinceφ̇∈BUC(R).

(2)Forf,f̄∈F3(a),weobtain

ψ(f+f̄)−ψ(f)−ψ̇(f)̄f=

∫1

0

(1−θ)̈ψ(f+θ̄f)̄f̄fdθ.

ByLemma5.4.2(1)and(2),

∥̈ψ(f+θ̄f)̄f∥F3(a)≤C{∥̈ψ∥BUC(R)+∥
...
ψ∥BUC(R)|f+θ̄f|F3(a)}∥̄f∥

2
F3(a)

≤C(1+∥f∥F3(a)+θ∥̄f∥F3(a))∥̄f∥
2
F3(a)
,

whichimpliesthat[Dψ(f)]̄f=ψ̇(f)̄f.
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Next,leth∈F3(a)toshowthecontinuityoftheFŕechetderivativeatf0∈

F3(a).Then

∥Dψ(f0+h)−Dψ(f0)∥L(F3(a))= sup
∥f∥F3(a)

=1

∥[Dψ(f0+h)]f−[Dψ(f0)]f∥F3(a)

≤C∥̇ψ(f0+h)−ψ̇(f0)∥F3(a)

byLemma5.4.2(1). Ontheotherhand,Taylor’sformulaandLemma5.4.2(1)
yieldthat

∥̇ψ(f0+h)−ψ̇(f0)∥F3(a)≤C

∫1

0

∥̈ψ(f0+θh)∥F3(a)dθ∥h∥F3(a),

whichtendsto0as∥h∥F3(a)→0.Thiscompletestheproof.

(3)ByLemma5.4.1(2)and(4),themappings

(u,h)→E(ud,h):E1(a)×E4(a)→Z
N×N(5.4.3)

aswellasx→|x|2:ZN×N →Z,

whereZ=BUC(J,BUC(̇RN)),arecontinuouslyFŕechetdifferentiableford=1,2.
Thechainrulethusyieldsthatford=1,2

E1(a)×E4(a)→Z:(u,h)→|E(u
d,h)|2

isalsocontinuouslyFŕechetdifferentiable.Applyingtheassertion(1)ofthislemma
andthechainruleagainimpliesthatΦd:E1(a)×E4(a)→ZiscontinuouslyFŕechet
differentiableford=1,2.
(4)Notethat,for(u,h)∈E1(a)×E4(a)andi,j=1,...,N,wehave

(5.4.4) ∥(γ0Diu
d
j,Dih,DiDjh)∥F3(a)+∥(γ0Diu

d,∇h,Di∇h)∥F3(a)

≤C(a,p)∥(u,h)∥E1(a)×E4(a)

ford=1,2withsomepositiveconstantC(a,p).Infact,Lemma5.4.1(2)and
[MS12,Theorem4.5]fors=1/2,m=1,andµ=1yieldthat

∥γ0Diu
d
j∥F3(a)+∥γ0Diu

d∥F3(a)≤∥γ0Diu
d
j∥BUC(J,BUC(RN−1))+∥γ0Diu

d∥F3(a)

≤C(a,p)(∥Diu
d
j∥BUC(J,BUC(RN+))+∥Diu

d∥
H
1/2
p (J,Lp(RN+))∩Lp(J,H

1
p(R

N
+))
)

≤C(a,p)∥u∥E1(a),

whichfurnishestherequiredpropertiesofuin(5.4.4).Concerningh,thedesired
propertiesfollowfromthedefinitionofE4(a)andLemma5.4.1(4).By(5.4.4)and
Lemma5.4.2(1),themappings

(u,h)→γ0E(u
d,h):E1(a)×E4(a)→F3(a)

N×N,

x→|x|2:F3(a)
N×N →F3(a)

arecontinuouslyFŕechetdifferentiable.Thus,bythechainrule,

(u,h)→|γ0E(u
d,h)|2:E1(a)×E4(a)→F3(a)

isalsocontinuouslyFŕechetdifferentiable.Togetherwiththeassertion(2)ofthis
lemma,thechainruleyieldstherequiredproperty.

Corollary5.4.4.LetN+2<p<∞,a>0,andJ=(0,a). Thenthe
followingassertionshold.
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(1)Letφ∈BUC1(R),i,j,k,l,m,q,r=1,...,N,andd=1,2.Byusing(5.2.5)
and(5.4.2),weset

Φdijklmqr(u,h)=φ(|E(u
d,h)|2)Eij(u

d,h)Ekl(u
d,h)DmDqu

d
r,

Λdijklpqr(u,h)=φ(|E(u
d,h)|2)Eij(u

d,h)Ekl(u
d,h)Fmq(h)u

d
r,

Φdijk(u,h)=(φ(|E(u
d,h)|2)−φ(0))DiDju

d
k,

Λdijk(u,h)=(φ(|E(u
d,h)|2)−φ(0))Fij(h)u

d
k.

Thenthemappings

Φdijklmqr,Λ
d
ijklmqr,Φ

d
ijk,Λ

d
ijk:E1(a)×E4(a)→Lp(J,Lp(̇R

N))

arecontinuouslyFŕechetdifferentiable. Moreover,theirvaluesandtheirFŕechet
derivativesat(u,h)=(0,0)vanish.

(2)Letψ∈BUC3(R),i,j,k=1,...,N,andd=1,2.Byusing(5.4.2),weset

Ψdi(u,h)={ψ(|γ0E(u
d,h)|2)−ψ(0)}γ0Diu

d,

Θdij(u,h)=ψ(|γ0E(u
d,h)|2)(γ0Diu

d)Djh,

Ξdijk(u,h)=ψ(|γ0E(u
d,h)|2)(γ0Diu

d)DjhDkh.

Thenthemappings

Ψdi,Θ
d
ij,Ξ

d
ijk:E1(a)×E4(a)→F3(a)

arecontinuouslyFŕechtdifferentiable.Inaddition,theirvaluesandFŕechet
derivativesat(u,h)=(0,0)vanish.

Proof.(1)WeonlyprovethecaseofΦdijklmqrhere.Theothercasesmaythen

beprovedsimilarly.By(5.4.3),Lemma5.4.3(3),andtheproductrule,

(u,h)→φ(|E(ud,h)|2)Eij(u
d,h)Ekl(u

d,h):E1(a)×E4(a)→BUC(J,BUC(̇R
N))

iscontinuouslyFŕechetdifferentiable. Moreover,

u→DmDqu
d
r:E1(a)→Lp(J,Lp(̇R

N))

iscontinuouslyFŕechetdifferentiable,which,combinedwiththeaboveassertion
andtheproductrulewithX =E1(a)×E4(a),Y =Lp(J,Lp(̇R

N)),andZ=

BUC(J,BUC(̇RN)),furnishesthatΦdijklmqr:E1(a)×E1(a)→ Lp(J,Lp(̇R
N))is

continuouslyFŕechetdifferentiable.Inaddition,itisclearthatΦdijklmqr(0,0)=0

andDΦdijklmqr(0,0)=0.

(2) WeonlyconsiderthecaseofΨdihere.Since

(5.4.5) u→γ0Diu
d:E1(a)→F3(a)orF3(a)

iscontinuouslyFŕechetdifferentiable,itfollowsfrom(5.4.4)that

u→ψ(0)γ0Diu
d:E1(a)→F3(a)

isalsocontinuouslyFŕechetdifferentiable. Ontheotherhand,byLemma5.4.3
(4),(5.4.5),andtheproductruleappliedtoX=E1(a)×E4(a),Y=F3(a),and

Z=F3(a),themapping

(u,h)→ψ(|γ0E(u
d,h)|2)γ0Diu

d:E1(a)×E4(a)→F3(a)
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iscontinuouslyFŕechetdifferentiable. Finally,itclearlyholdsthatΨdi(0,0)=0,
andalsothat,thankstotheproductrule,

DΨdi(u,h)

=γ0Diu
d[D(ψ(|γ0E(u

d,h)|2)−ψ(0))]+(ψ(|γ0E(u
d,h)|2)−ψ(0))[D(γ0Diu

d)],

whichfurnishesthatDΨdi(0,0)=0.Theproofiscomplete.

5.5. Nonlinearproblem

Westartthissectionbyexaminingpropertiesofthenonlinear mapping N
definedas(5.4.1).

Lemma5.5.1.LetN+2<p<∞,a>0,andr>0.Supposethatµd∈
C3([0,∞))ford=1,2,andalsothatρ1>0,ρ2>0,cg≥0,andcσ>0.Then
therehold

N∈C1(BE(a)(r),F(a)),N(0)=0,andDN(0)=0.

Proof.Weheretreatindetailtheterms A(u,h)andB(u,h),whicharede-
finedasinSection5.2.Theremainingtermswereinvestigatedin[PS10b,Propo-
sition6.2]and[PS11,Proposition4.1].

CaseA(u,h) Let(u,θ,π,h)∈BE(a)(r)andrecall,fori=1,...,N,thatAi(u,h)
isgivenby

Ai(u,h)=

N∑

j,k,l=1

(Aj,k,li (E(u,h))−Aj,k,li (0))(DjDkul+DjDluk)

+
N∑

j,k,l=1

(Aj,k,li (E(u,h))−Aj,k,li (0))(Fjk(h)ul+Fjl(h)uk),

whereFjk(h)aredefinedasin(5.2.5),andalsoA
j,k,l
i (E(u,h))asinSection5.2by

Aj,k,li (E(u,h))=χRN−A
j,k,l
1,i(E(u,h))+χRN+A

j,k,l
2,i(E(u,h)),

Aj,k,ld,i (E(u,h))=
1

2

(
2̇µd(|E(u,h)|

2)Eij(u,h)Ekl(u,h)+µd(|E(u,h)|
2)δikδjl

)

withd=1,2.Usingthenotationintroducedin(5.4.2),weseethatAj,k,li (E(u,h))
mayberepresentedas

Aj,k,li (E(u,h))

=
1

2

2∑

d=1

(
2̇µd(|E(u

d,h)|2)Eij(u
d,h)Ekl(u

d,h)+µd(|E(u
d,h)|2)δikδjl

)
,
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andthus

Ai(u,h)=

2∑

d=1

N∑

j,k,l=1

µ̇d(|E(u
d,h)|2)Eij(u

d,h)Ekl(u
d,h)(DjDku

d
l+DjDlu

d
k)

+
1

2

2∑

d=1

N∑

j,k,l=1

(µd(|E(u
d,h)|2)−µd(0))δikδjl(DjDku

d
l+DjDlu

d
k)

+

2∑

d=1

N∑

j,k,l=1

µ̇d(|E(u
d,h)|2)Eij(u

d,h)Ekl(u
d,h)(Fjk(h)u

d
l+Fjl(h)u

d
k)

+
1

2

2∑

d=1

N∑

j,k,l=1

(µd(|E(u
d,h)|2)−µd(0))δikδjl(Fjk(h)u

d
l+Fjl(h)u

d
k)

fori=1,...,N.ByCorollary5.4.4(1),

A∈C1(BE(a)(r),F1(a)),A(0,0)=0,andDA(0,0)=0.

CaseB(u,h) Let(u,θ,π,h)∈BE(a)(r).ByLemma5.4.1(2)and(4),eachterm
beinginB(u,h)iscontinuouswithrespecttothespacevariablex.Inparticular,
thisfurnishesthat

γ0µ̇d(|E(u
d,h)|2))=̇µd(|γ0E(u

d,h)|2)),γ0{(DNu
d
N)(∂jh)}=(γ0DNu

d
N)(γ0Djh).

Thus,B(u,h)=(B1(u,h),...,BN(u,h))
Tmayberewrittenas

Bj(u,h)=−
2∑

d=1

(−1)dµd(|γ0E(u
d,h)|2)(γ0DNu

d
N)Djh

+
2∑

d=1

(−1)d
(
µd(|γ0E(u

d,h)|2)−µd(0)
)(
γ0DNu

d
j+γ0Dju

d
N

)

−
2∑

d=1

N−1∑

k=1

(−1)dµd(|γ0E(u
d,h)|2)

(
γ0Dju

d
k+γ0Dku

d
j

)
∂kh

+

2∑

d=1

N−1∑

k=1

(−1)dµd(|γ0E(u
d,h)|2)

(
Dkhγ0DNu

d
j+Djhγ0DNu

d
k

)
Dkh,

BN(u,h)=2

2∑

d=1

(−1)d
(
µd(|γ0E(u

d,h)|2)−µd(0)
)
γ0DNu

d
N

+

2∑

d=1

N−1∑

k=1

(−1)dµd(|γ0E(u
d,h)|2)(Dkh)

2γ0DNu
d
N

−
2∑

d=1

N−1∑

k=1

(−1)dµd(|γ0E(u
d,h)|2)

(
γ0DNu

d
k+γ0Dku

d
N

)
Dkh.

TheserepresentationandCorollary5.4.4(2)combinedyieldthat

B∈C1(BE(a)(r),F3(a)),B(0,0)=0,andDB(0,0)=0,

whichcompletestheproofofthelemma.
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Finally,wereturntothenonlinearproblem(5.2.7). Wedefinethefunction
spaceIofinitialdataby

I=W2−2/pp (̇RN)N×W3−2/pp (RN−1),

andalsodefine,forz∈E(a)and(u0,h0)∈I,themappingΦby

Φ(z)=L−1(N(z),u0,h0).

HerethelinearoperatorLisgivenbytheleft-handsideofthelinearproblem(5.3.1)
withν=µ(0). ObservethattheinvertiblilityofLisguaranteedbyProposition
5.3.1,becauseµi(0)>0fori=1,2andN(z)∈F(a)forz∈E(a)byLemma5.5.1.

Thefollowingresultshowsthattheproblem(5.2.7)onthefixeddomainṘN admits
auniquestrongsolution,providedthattheinitialdatau0,h0aresufficientlysmall
intheircorrespondingnorms.

Proposition5.5.2.LetN+2<p<∞ anda>0.Supposethatρ1>0,ρ2>
0,cg≥0,andcσ>0,andalsothat

µi(0)>0, µi∈C
3([0,∞)) (i=1,2).

Thenthereexistpositiveconstantsε0andδ0,whichdependonaandp,suchthat
theequations(5.2.7)admitsauniquesolution(u,θ,h)inBE(a)(δ0),providedthat
theinitialdata(u0,h0)∈Isatisfiesthecompatibilityconditions:

[[µ(|E(u0,h0)|
2)E(u0,h0)n0−{n0·µ(|E(u0,h0)|

2)E(u0,h0)n0}n0]]=0 onR
N
0,

(5.5.1)

[[θ0]]=[[n0·µ(|E(u0,h0)|
2)E(u0,h0)n0]]+([[ρ]]cg+cσ∆

′)h0−cσGκ(h0) onR
N
0,

divu0=Fd(u0,h0) inṘ
N, [[u0]]=0 onR

N
0

aswellasthesmallnesscondition:∥(u0,h0)∥I<ε0.

Remark5.5.3.Thecompatibilityconditions(5.5.1)areequivalentto

−[[µ(0)(∂Nuj+∂juN)]]=Gj(u0,[[θ0]],h0) onR
N
0,

[[θ0]]−2[[µ(0)∂Nu0N]]−([[ρ]]γa+σ∆
′)h0=GN(u0,h0) onR

N
0,

divu0=Fd(u0,h0) inṘ
N, [[u0]]=0 onR

N
0,

wherej=1,...,N−1andG=(G1,...,GN)
TdefinedasinSection5.2.

Proof.ObservethatDN iscontinuousandDN(0)=0byLemma5.5.1.
Thuswemaychooseδ0>0smallenoughsuchthat

sup
z∈BE(a)(2δ0)

∥DN(z)∥L(BE(a)(r),F(a))≤
1

2∥L−1∥L(F(a)×I,E(a))
,

wherer>0isasufficientlylargenumber.
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Forz∈BE(a)(δ0),themeanvaluetheoremimpliesthat

∥Φ(z)∥E(a)

≤∥L−1∥L(F(a)×I,E(a))
(
∥N(z)∥F(a)+∥(u0,h0)∥I

)

=∥L−1∥L(F(a)×I,E(a))
(
∥N(z)−N(0)∥F(a)+∥(u0,h0)∥I

)

≤∥L−1∥L(F(a)×I,E(a))

{(

sup
z̄∈BE(a)(δ0)

∥DN(̄z)∥L(BE(a)(r),F(a))

)

∥z∥E(a)+ε0

}

<
δ0
2
+ε0∥L

−1∥L(F(a)×I,E(a)).

Choosingε0insuchawaythat0<ε0<δ0/(2∥L
−1∥L(F(a)×I,E(a))),weobtain

∥Φ(z)∥E(a)<δ0.Hence,ΦisamappingfromBE(a)(δ0)intoitself.

Letz1,z2∈BE(a)(δ0).NotingthatΦ(z1)−Φ(z2)=L
−1(N(z1)−N(z2),0,0),

weobtain,bythemeanvaluetheorem,

∥Φ(z1)−Φ(z2)∥E(a)

≤∥L−1∥L(F(a)×I,E(a))∥N(z1)−N(z2)∥F(a)

≤∥L−1∥L(F(a)×I,E(a))

(

sup
z̄∈BE(a)(2δ0)

∥DN(̄z)∥L(BE(a)(r),F(a)))

)

∥z1−z2∥E(a)

≤
1

2
∥z1−z2∥E(a),

whichfurnishesthatΦisacontractionmappingonBE(a)(δ0).Bythecontraction
principle,weobtainauniquesolutionoftheequations(5.2.7)inBE(a)(δ0)

ProofofTheorem5.1.1.NotethatthecompatibilityconditionsofTheorem

5.1.1aresatisfiedifandonlyif(5.5.1)holds.Forh0∈W
3−2/p
p (RN−1),themapping

Θh0givenby

Θh0(ξ
′,ξN)=(ξ

′,ξN+h0(ξ
′))for(ξ′,ξN)∈Ṙ

N

definesaC2-diffeomorphism,fromṘN ontoΩ0,withtheinverseΘ
−1
h0
(x′,xN)=

(x′,xN−h0(x
′)).ThusthereexistsapositiveconstantC(h0)suchthat

C(h0)
−1∥v0∥W 2−2/p

p (Ω0)
≤∥u0∥W 2−2/p

p (̇RN)
≤C(h0)∥v0∥W 2−2/p

p (Ω0)
.

HencethesmallnessconditioninTheorem5.1.1impliesthesmallnesscondition
inProposition5.5.2. Proposition5.5.2thenyieldsauniquesolution(u,θ,h)∈
BE(a)(δ0)oftheequations(5.2.7).Finally,setting

(v,π)=(Θ∗u,Θ∗θ)=(u◦Θ
−1,θ◦Θ−1),

whereΘ∗isdefinedas(5.2.4),weobtainauniquesolution(v,π,h)oftheorig-
inalproblem(5.1.1)withtheregularitiesstatedinTheorem5.1.1. Theproofis
complete.



Appendix

A

OuraimhereistoshowLemma2.6.2andLemma2.6.3.Byusing(2.4.16),we

seethatLk,2ℓ(k=1,2,3,4,ℓ=1,2),definedas(2.4.14),aregivenby

L1,2=2B{−(A+Be
−2Aδ)−(B2−2AB−A2)e−AδM(δ)(A.1)

+A(B2−A2)M(δ)2},

L1,4=2B{−(B+Ae
−2Aδ)e−Aδ−(B2+A2+2A(B−A)e−2Aδ)M(δ)

−A(B−A)2e−AδM(δ)2},

L2,2=−(B
2+A2)−(B2+2AB−A2)e−2Aδ

−2(B2(B+A)−A2(B−A))e−AδM(δ)

−(B2−A2)(B2+A2)M(δ)2,

L2,4=(B
2+2AB−A2+(B2+A2)e−2Aδ)e−Aδ

+2(−2BA2+(B−A)(B2+A2)e−2Aδ)M(δ)

+(B−A)2(B2+A2)e−AδM(δ)2,

L3,2=(D1(−A,B)−D2(A,B)e
−2Aδ)e−Aδ

−2(2AB(B2+A2)+(B−A)D2(A,B)e
−2Aδ)M(δ)

−(B−A)2D2(A,B)e
−AδM(δ)2,

L3,4=D2(A,B)−D1(−A,B)e
−2Aδ

−2(B4−2AB3+2A2B2+2A3B+A4)e−AδM(δ)

−(B2−A2)D2(−A,B)M(δ)
2,

L4,2=B{−(D3(A,B)+D2(A,B)e
−2Aδ)e−Aδ

+2(2A2(B2+A2)−(B−A)D2(A,B)e
−2Aδ)M(δ)

−(B−A)2D2(A,B)e
−AδM(δ)2},

L4,4=B{−D2(A,B)−D3(A,B)e
−2Aδ−2(B4+4A3B−A4)e−AδM(δ)

−(B2−A2)D2(−A,B)M(δ)
2}.

Concerning(2.4.16)and(A.1),wehavethefollowinglemmabyLemma1.2.5,
Lemma1.2.6,andthefactthatAM(δ)andBM(δ)belongtoM0,2,ε,γ0.

LemmaA.1.Let0<ε<π/2andγ0>0.Thenitholdsthat

L1,2,L1,4,L2,2,L2,4∈M1,2,ε,γ0,

189
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L3,2,L3,4,L1,2,L1,4,L2,2,L2,4∈M2,2,ε,γ0,

L4,2,L4,4,L3,2,L3,4∈M3,2,ε,γ0,

L4,2,L4,4∈M4,2,ε,γ0.

ToestimatedetLfrombelow,weintroducethefollowingfunctions:

ℓ2(ξ
′,λ)=(1+2D2+5D4)(1+e−2Aδ)(1+e−2Bδ)−(16D2+16D4)e−Aδe−Bδ

−(D+6D3+D5)(1−e−2Aδ)(1−e−2Bδ),

ℓ3(ξ
′,λ)=(1+5D−1+6D−2+2D−3+D−4+D−5)A2M(δ)2

+2(1−D−1+3D−2+D−3)e−Aδe−Bδ

−(1−3D−1−D−2−D−3)(1+e−2Aδe−2Bδ),

wherewehavesetD=AB−1.Thenwehavetherelation:

detL=(B−A)−2ℓ1(ξ
′,λ)=(B−A)−2B5ℓ2(ξ

′,λ)=A3ℓ3(ξ
′,λ),

whereℓ1(ξ
′,λ)isdefinedas(2.4.12).Thefollowinglemmawasprovedin[Abe04,

Section3].

LemmaA.2.Let0<ε<π/2and(ξ′,λ)∈RN−1×Σε.

(1)Letα>0and|λ|≥α.Thenthereexistpositiveconstantsσ1=σ1(ε,µ,δ,α)
andδ1=δ1(ε,µ,δ,α)suchthatthereholdstheestimate:

|ℓ1(ξ
′,λ)|≥δ1(|λ|

1/2+A)5

providedthat|ξ′|≤σ1,whereσ1issufficientlysmall.
(2)Letβ>0and|ξ′|≥β.Thenthereexistpositiveconstantsσ2=σ2(ε,µ,δ,β)
andδ2=δ2(ε,µ)suchthatthereholdstheestimate:

|ℓ2(ξ
′,λ)|≥δ2

providedthat(ξ′,λ)satisfiesthecondition:|ξ′|2≤σ2|λ|.Inparticular,σ2is
sufficientlysmall.

(3)Letγ>0and|ξ′|2≥γ|λ|.Thenthereexistpositiveconstantsσ3=σ3(ε,µ,δ,γ)
andδ3=δ3(ε,µ)suchthatthereholdstheestimate:

|ℓ3(ξ
′,λ)|≥δ3

providedthat|ξ′|≥σ3,whereσ3issufficientlylarge.

CorrespondingtoLemmaA.2,weconstitutethecut-offfunctionsζj(ξ
′,λ)(j=

1,2,3,4)showedin(2.6.1)asfollows:Letγ0>0.First,inLemmaA.2(1),wetake
α=γ0,thenapositivenumberσ1=σ1(ε,µ,δ,γ0)exists. Next,inLemmaA.2
(2),wetakeβ=σ1/4,thenapositivenumberσ2=σ2(ε,µ,δ,σ1)exists.Finally,
inLemmaA.2(3),wetakeγ=σ2/2,thenapositivenumberσ3=σ3(ε,µ,δ,σ2)
exists. Bysuchpositivenumbersσ1,σ2,andσ3,wedefinethecut-offfunctions
ζj(ξ

′,λ)(j=1,2,3,4)as(2.6.1).

LemmaA.3.Let0<ε<π/2andγ0>0.Thenthefollowingassertionshold.

(1)Letζj(ξ
′,λ)(j=1,2,3,4)begivenby(2.6.1).Thenζj(ξ

′,λ)belongtoM0,2,ε,γ0.

(2)Letℓ=0,1,α′∈NN−10 ,ands≥0.Thenwehave,onsuppζ4,

|Dα
′

ξ′{(τ∂τ)
ℓA−s}|≤C(|λ|1/2+A)−sA−|α

′|,|Dα
′

ξ′{(τ∂τ)
ℓD−1}|≤CA−|α

′|
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withsomepositiveconstantC = C(α′,ε,µ,γ0,δ)Moreover, ζ4(ξ
′,λ)A−s∈

M−r,2,ε,γ0forany0≤r≤s.
(3)Itholdsthat

ζ1(ξ
′,λ)ℓ1(ξ

′,λ)−1∈M−5,2,ε,γ0,

ζ2(ξ
′,λ)ℓ2(ξ

′,λ)−1∈M0,2,ε,γ0,

ζ4(ξ
′,λ)ℓ3(ξ

′,λ)−1∈M0,2,ε,γ0.

RemarkA.4.Wenotethatsuppζ3iscompactinR
N−1×C,andalsothat

|detL|>0onsuppζ3byLemma2.4.1.Bythisfact,weseethat,inLemma2.6.2
andLemma2.6.3,thetermsmultipliedbyζ3(ξ

′,λ)satisfytherequiredproperties.

Proof.(1) Wefirstconsiderζ1(ξ
′,λ).Notingthat

suppζ1⊂{ξ
′∈RN−1||ξ′|/σ1≤3/4},ζ1(ξ

′,λ)=ζ(ξ′/σ1),

wehave,foranymulti-indexα′∈NN−10 ,

Dα
′

ξ′ζ1(ξ
′,λ)≤σ

−|α′|
1 (Dα

′

ξ′ζ)

(
ξ′

σ1

)

≤

(
|ξ′|

σ1

)|α′|
{

sup
ξ′∈RN−1

|(Dα
′

ξ′ζ)(ξ
′)|

}

|ξ′|−|α
′|≤C(α′)|ξ′|−|α

′|

withsomepositiveconstantC(α′). Wethereforeobtain|Dα
′

ξ′{(τ∂τ)
ℓζ1(ξ

′,λ)}|≤

C(α′)|ξ′|−|α
′|forℓ=0,1.Inparticular,ζ1(ξ

′,λ)belongstoM0,2,ε,γ0.
Nextweshowthatζ2(ξ

′,λ)∈M0,2,ε,γ0. ByLeibniz’srule,wehave,forany

multi-indexα′∈NN−10 ,

Dα
′

ξ′ζ2(ξ
′,λ)=Dα

′

ξ′

[{
1−ζ

(ξ′

σ1

)}
ζ
( ξ′

(σ2λ)1/2
)]

(A.2)

=
{
1−ζ

(ξ′

σ1

)}
(Dα

′

ξ′ζ)
( ξ′

(σ2λ)1/2

)( 1

(σ2λ)1/2

)|α′|

−
∑

β′≤α′

|β′|̸=0

(
α′

β′

)
(
Dβ

′

ξ′ζ
)(ξ′

σ1

)(
Dα

′−β′

ξ′ ζ
)( ξ′

(σ2λ)1/2

)(1

σ1

)|β′|( 1

(σ2λ)1/2

)|α′|−|β′|
.

Sinceitholdsthat

suppζ

(
ξ′

σ1

)

⊂

{

ξ′∈RN−1|
|ξ′|

σ1
≤
3

4

}

,

suppζ

(
ξ′

(σ2λ)1/2

)

⊂

{

ξ′∈RN−1|
|ξ′|

(σ2|λ|)1/2
≤
3

4

}

,

wehave|Dα
′

ξ′ζ2(ξ
′,λ)|≤C(α′)|ξ′|−|α

′|foranymulti-indexα′∈NN−10 withsome

positiveconstantC(α′)by(A.2). Wealsohave|Dα
′

ξ′{τ∂τζ2(ξ
′,λ)}|≤C(α′)|ξ′|−|α

′|

similarly,notingthat

τ∂τ

{
ζ
( ξ′

(σ2λ)1/2

)}
=−

N−1∑

j=1

(Djζ)
( ξ′

(σ2λ)1/2

)( iξjτ

2σ
1/2
2 λ

3/2

)
.
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Summingupthelasttwoinequalities,weseethatζ2(ξ
′,λ)belongstoM0,2,ε,γ0.

Analogouslyitholdsthatζ3(ξ
′,λ)andζ4(ξ

′,λ)belongtoM0,2,ε,γ0.
(2) Wefirstnotethat

(A.3) |λ|1/2/A≤(2/σ2)
1/2, A≥σ3 onsuppζ4.

ByLeibniz’sruleand(A.3),wehave,onsuppζ4

(A.4) |Dα
′

ξ′{(τ∂τ)
ℓA−s}|≤CA−s−|α

′|≤C(|λ|1/2+A)−sA−|α
′|

forℓ=0,1,anymulti-indexα′∈NN0,andanys≥0withsomepositiveconstant
C=C(α′,s,σ2),whichimpliesthatthefirstrequiredinequalityholds.
Secondly,sinceD−1= A−1B =(λ/(µAB))+(A/B),wehavethesecond

requiredinequalityby(A.4)andLeibniz’srule.Thelastproperty:ζ4(ξ
′,λ)A−s∈

M−r,2,ε,γ0(0≤r≤s)followsfrom(A.3)and(A.4).
(3) Wefirstproveζ1(ξ

′,λ)ℓ1(ξ
′,λ)−1∈M−5,2,ε,γ0.ByLemma1.2.5,Lemma1.2.6,

andD ∈M0,2,ε,γ0,itholdsthatℓ2(ξ
′,λ)∈M0,2,ε,γ0. Thus,sinceℓ1(ξ

′,λ) =
B5ℓ2(ξ

′,λ),wehave

(A.5) ℓ1(ξ
′,λ)∈M5,2,ε,γ0

byusingLemma1.2.5. Theproperty(A.5),combinedwithLeibniz’srule,Bell’s
formula,LemmaA.2(1),andA.3(1),yieldsthat

(A.6) |Dα
′

ξ′{((τ∂τ)
ℓζ1(ξ

′,λ))ℓ1(ξ
′,λ)−s}|≤C(|λ|1/2+A)−5sA−|α

′|

forℓ=0,1,s>0,andanymulti-indexα′∈NN−10 withsomepositiveconstant
C=C(α′,s,ε,γ0,µ,δ).Inaddition,since

τ∂τ{ζ1(ξ
′,λ)ℓ1(ξ

′,λ)−1}

={τ∂τζ1(ξ
′,λ)}ℓ1(ξ

′,λ)−1−ζ1(ξ
′,λ)ℓ1(ξ

′,λ)−2τ∂τℓ1(ξ
′,λ),

weobtain,by(A.5),(A.6),andLeibniz’srule,

|Dα
′

ξ′{τ∂τ(ζ1(ξ
′,λ)ℓ1(ξ

′,λ)−1)}|≤C(|λ|1/2+A)−5A−|α
′|,

which,combinedwith(A.6)forℓ=0ands=1,furnishesthat

|Dα
′

ξ′{(τ∂τ)
m(ζ1(ξ

′,λ)ℓ1(ξ
′,λ)−1)}|≤C(|λ|1/2+A)−5A−|α

′|

form=0,1.Thisestimateimpliesthatζ1(ξ
′,λ)ℓ1(ξ

′,λ)−1belongstoM−5,2,ε,γ0.
Analogouslywehave

ζ2(ξ
′,λ)ℓ2(ξ

′,λ)−1∈M0,2,ε,γ0, ζ4(ξ
′,λ)ℓ3(ξ

′,λ)−1∈M0,2,ε,γ0,

whereweuseLemmaA.3(2)toshowthesecondproperty.

Wehereseethat

(A.7) ζj(ξ
′,λ)(detL)−1∈M−3,2,ε,γ0 (j=1,2,4)
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bycombiningLemma1.2.5,Lemma1.2.6,andLemmaA.3(2)and(3)withthe
formulas:

ζ1(ξ
′,λ)

detL
=
ζ1(ξ

′,λ)(B−A)2

ℓ1(ξ′,λ)
,

ζ2(ξ
′,λ)

detL
=
ζ2(ξ

′,λ)(B−A)2

B5ℓ2(ξ′,λ)
,

ζ4(ξ
′,λ)

detL
=
ζ1(ξ

′,λ)

A3ℓ3(ξ′,λ)
.

Thus,usingLemmaA.1andLemma1.2.5,wehaveLemma2.6.2.
FinallyweshowLemma2.6.3.ByLemma1.2.5,LemmaA.1,and(A.7),wesee

thatζj(ξ
′,λ)L4,2ℓ/detL∈M1,2,ε,γ0andζj(ξ

′,λ)L4,2ℓ/detL∈M0,2,ε,γ0forj=1,2,4
andℓ=1,2,andalsothatζj(ξ

′,λ)A−1L4,2ℓ−1/detL∈M0,2,ε,γ0byusing(2.4.16).
Sinceitholdsthat

ζj(ξ
′,λ)

λdetL
=
ζj(ξ

′,λ)(B−A)

µ(B+A)ℓ1(ξ′,λ)
=

ζj(ξ
′,λ)(B−A)

µ(B+A)B5ℓ2(ξ′,λ)
,

wehave,byLemmaA.3(3),ζj(λ,ξ
′)/(λdetL)∈M−5,2,ε,γ0forj=1,2.Thisfact,

combinedwithLemmaA.1,completestheproofofLemma2.6.3.

B

Wehereintroducesomelemmas,usedinChapter3andChapter4,toshow
resolventestimatesandmaximalregularityproperties.Tothisend,weset

[K0(λ)f](x)=

∫∞

0

F−1ξ′
[
k0(ξ

′,λ)e−B(xN+yN)f(ξ′,yN)
]
(x′)dyN,(B.1)

[K1(λ)f](x)=

∫∞

0

F−1ξ′
[
k1(ξ

′,λ)Ae−A(xN+yN)f(ξ′,yN)
]
(x′)dyN,

[K2(λ)f](x)=

∫∞

0

F−1ξ′
[
k2(ξ

′,λ)A2e−AxNM(yN)f(ξ
′,yN)

]
(x′)dyN,

[K3(λ)f](x)=

∫∞

0

F−1ξ′
[
k3(ξ

′,λ)Ae−B(xN+yN)f(ξ′,yN)
]
(x′)dyN,

[K4(λ)f](x)=

∫∞

0

F−1ξ′
[
k4(ξ

′,λ)A2e−BxNM(yN)f(ξ
′,yN)

]
(x′)dyN,

[K5(λ)f](x)=

∫∞

0

F−1ξ′
[
k5(ξ

′,λ)Aλ1/2e−BxNM(yN)f(ξ
′,yN)

]
(x′)dyN,

[K6(λ)f](x)=

∫∞

0

F−1ξ′
[
k6(ξ

′,λ)A2M(xN)e
−ByNf(ξ′,yN)

]
(x′)dyN,

[K7(λ)f](x)=

∫∞

0

F−1ξ′
[
k7(ξ

′,λ)Aλ1/2M(xN)e
−ByNf(ξ′,yN)

]
(x′)dyN,

[K8(λ)f](x)=

∫∞

0

F−1ξ′
[
k8(ξ

′,λ)A2M(xN+yN)f(ξ
′,yN)

]
(x′)dyN,

[K9(λ)f](x)=

∫∞

0

F−1ξ′
[
k9(ξ

′,λ)A3M(xN)M(yN)f(ξ
′,yN)

]
(x′)dyN,

[K10(λ)f](x)=

∫∞

0

F−1ξ′
[
k10(ξ

′,λ)AλM(xN)M(yN)f(ξ
′,yN)

]
(x′)dyN
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withmultiplierski(ξ
′,λ)(i=0,1,...,10),wherethesymbols:A,B,M(a)(a>0),

andf(ξ′,yN)aredefinedas(1.2.1)withµ=1,(1.2.2),and(1.2.4).Thenwehave
thefollowinglemma.

LemmaB.1.Let0<ε<π/2,1<q<∞,andγ0≥0. Wehereusethe
operatorsKi(λ)(i=0,1,...,10),definedas(B.1),forλ∈Σε,γ0.Supposethat

k0(ξ
′,λ)=λ1/2k0(ξ

′,λ),k0(ξ
′,λ)∈M0,1,ε,γ0,

ki(ξ
′,λ)∈M0,2,ε,γ0 (i=1,...,10).

Then,forl=0,1andi=0,1,...,10,thesets:

{(τ∂τ)
lKi(λ)|λ=γ+iτ∈Σε,γ0}

areR-boundedfamilies,inL(Lq(R
N
+)),whoseR-boundsdonotexceedsomepositive

constantC(N,q,ε,γ0).

Proof.ThecaseofKi(λ)fori=0,1,3,8wasalreadyprovedby[SS12,
Lemma5.4],sothatweonlyshowtherequiredpropertyforK10(λ)hereina
similarwaytotheproofof[SS12,Lemma5.4].
Settingk10,λ(x

′,xN,yN)=F
−1
ξ′[k10(ξ

′,λ)AλM(xN)M(yN)](x
′),weseethat

[K10(λ)f](x)=

∫

RN+

k10,λ(x
′−y′,xN,yN)f(y)dy.

Fromnowon,weprovethatthereexistsapositiveconstantM =M(N,ε,γ0)
suchthatforλ∈Σε,γ0,x

′∈RN−1\{0},andxN,yN >0

|k10,λ(x
′,xN,yN)|≤

M

{|x′|2+(xN+yN)2}N/2
,(B.2)

|τ∂τk10,λ(x
′,xN,yN)|≤

M

{|x′|2+(xN+yN)2}N/2
.

Bytheassumptionofk10(ξ
′,λ),Leibniz’srule,andLemma1.2.6,wehave

(B.3) |Dα
′

ξ′{k10(ξ
′,λ)AλM(xN)M(yN)}|≤CA

1−|α′|e−cA(xN+yN)

foranymulti-indexα′∈NN−10 withpositiveconstantsc=c(ε),C=C(ε,γ0,α
′).

Inaddition,since

τ∂τ{Aλk10(ξ
′,λ)M(xN)M(yN)}

=A(iτ)k10(ξ
′,λ)M(xN)M(yN)+Aλ(τ∂τk10(ξ

′,λ))M(xN)M(yN)

+Aλk10(ξ
′,λ)(τ∂τM(xN))M(yN)+Aλk10(ξ

′,λ)M(xN)(τ∂τM(yN)),

wehave,inthesamemanneras(B.3),

(B.4) |Dα
′

ξ′τ∂τ{k10(ξ
′,λ)AλM(xN)M(yN)}|≤CA

1−|α′|e−cA(xN+yN).

Fromviewpointof(B.3)and(B.4),weapplyProposition1.2.8withn=N−1,
L=N−1,andσ=1toobtain

(B.5) |k10,λ(x
′,xN,yN)|≤C|x

′|−N, |τ∂τk10,λ(x
′,xN,yN)|≤C|x

′|−N

withsomepositiveconstantC=C(N,ε,γ0)independentofxN,yN,andλ.
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Ontheotherhand,using(B.3)and(B.4)withα′=0,wehave,bydirect
calculations,

|k10,λ(x
′,xN,yN)|≤C

∫

RN−1
|ξ′|e−c|ξ

′|(xN+yN)dξ′≤C(xN+yN)
−N,

|τ∂τk10,λ(x
′,xN,yN)|≤C(xN+yN)

−N

forxN,yN >0withsomepositiveconstantC=C(N,ε,γ0),which,combinedwith
(B.5),furnishesthat(B.2)holds.
Hereweset

[L0f](x)=

∫

RN+

l0(x
′−y′,xN,yN)f(y)dy,

l0(x
′,xN,yN)=

M

{|x′|2+(xN+yN)2}N/2
,

whereM isthesameconstantasin(B.2). WethenseethatL0∈L(Lq(R
N
+))by

thefollowingsteps:First,byYoung’sinequality,wehave

∥[L0f](·,xN)∥Lq(RN−1)

≤

∫∞

0

∥l0(·,xN,yN)∥L1(RN−1)∥f(·,yN)∥Lq(RN−1)dyN

≤C

∫∞

0

∥f(·,yN)∥Lq(RN−1)

xN+yN
dyN

withsomepositiveconstantC=C(N,ε,γ0).Second,takingLq-normafterthe
thechangeofvariable:yN =xNsinthelastinequality,weseethatforg(t)=
∥f(·,t)∥Lq(RN−1)

∥L0f∥Lq(RN+)≤C

∫∞

0

∥g(·s)∥Lq(0,∞)

1+s
ds

≤C∥g∥Lq(0,∞)

∫∞

0

ds

(1+s)s1/q
≤C∥f∥Lq(RN+)

withapositiveconstantC=C(N,q,ε,γ0),whichfurnishesthatL0∈L(Lq(R
N
+)).

Thus,byusingProposition1.2.4,weobtain

RL(Lq(Ω))({(τ∂τ)
lK10(λ)|λ=γ+iτ∈Σε,γ0})≤C(N,q,ε,γ0)

forl=0,1withsomepositiveconstantC(N,q,ε,γ0).

Aswasseenin[SS12,Lemma5.6],wehavethefollowinglemmabyusing
LemmaB.1.

LemmaB.2.Let0<ε<π/2,1<q<∞,andγ0≥0. Wehereusethe
operatorsKi(λ)(i=0,1,...,10),definedas(B.1),forλ∈Σε,γ0.Supposethat

k0(ξ
′,λ)∈M−1,1,ε,γ0, ki(ξ

′,λ)∈M−2,2,ε,γ0 (i=1,...,10).

Then,forl=0,1,i=0,1,...,10,andj,k=1,...,N,thesets:

{(τ∂τ)
l(λKi(λ))|λ=γ+iτ∈Σε,γ0},

{(τ∂τ)
l(γKi(λ))|λ=γ+iτ∈Σε,γ0},

{(τ∂τ)
l(λ1/2DjKi(λ))|λ=γ+iτ∈Σε,γ0},
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{(τ∂τ)
l(DjDkKi(λ))|λ=γ+iτ∈Σε,γ0}

areR-boundedfamilies,inL(Lq(R
N
+)),whoseR-bounddonotexceedsomepositive

constantC(N,q,ε,γ0).

CorollaryB.3.Let0<ε<π/2,1<q<∞,andγ0≥0. Wehereusethe
operatorsKi(λ)(i=0,1,...,10),definedas(B.1),forλ∈Σε,γ0.

(1)Supposethatforeverymulti-indexα′∈NN−10 thereexistsapositiveconstant
C=C(α′,γ0)suchthatforany(ξ

′,λ)∈(RN−1\{0})×Σε,γ0

|Dα
′

ξ′ki(ξ
′,λ)|≤CA−|α

′| (i=1,...,10).

ThenthereexistsapositiveconstantC=C(α′,γ0)suchthatforanyλ∈Σε,γ0
andf∈Lq(R

N
+)

∥Ki(λ)f∥Lq(R3−)≤C∥f∥Lq(R3−) (i=1,...,10).

(2)Supposethatforeverymulti-indexα′∈NN−10 thereexistsapositiveconstant
C=C(α′,γ0)suchthatforany(ξ

′,λ)∈(RN−1\{0})×Σε,γ0

|Dα
′

ξ′k0(ξ
′,λ)|≤C(|λ|1/2+A)−1−|α

′|,

|Dα
′

ξ′ki(ξ
′,λ)|≤C(|λ|1/2+A)−2A−|α

′| (i=1,...,10).

ThenthereexistsapositiveconstantC=C(N,q,ε,γ0)suchthatforanyλ∈
Σε,γ0,i=0,1...,10,andf∈Lq(R

N
+)

∥(λKi(λ)f,λ
1/2∇Ki(λ)f,∇

2Ki(λ)f)∥Lq(RN+)≤C∥f∥Lq(RN+).

Proof.ItfollowsfromLemmaB.1,B.2,andthedefinitionofR-boundedness
(seeDefinition1.2.1).

Fromnowon,weshallshowmaximalregularitypropertiesofthehighfrequency
partsv∞,H∞ definedas(4.3.21). Tothisend,forj=1,...,N−1andJ=
1,...,N,wehereintroducetheoperatorsS1J(λ),S

2
j(λ),S

2
N(λ),T

1(λ),andT2(λ)
givenby

S1J(λ)f

=
N∑

K=1

∫∞

0

F−1ξ′

[
φ∞V

BB
JK(ξ

′,λ)(cg+cσA
2)

AL(A,B)
Ae−B(xN+yN)fK(yN)

]

dyN

+

N∑

K=1

∫∞

0

F−1ξ′

[
φ∞λ

1
2VBMJK(ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
Aλ

1
2e−BxNM(yN)fK(yN)

]

dyN

+

N∑

K=1

∫∞

0

F−1ξ′

[
φ∞V

BM
JK(ξ

′,λ)(cg+cσA
2)

B2L(A,B)
A2e−BxNM(yN)fK(yN)

]

dyN

+
N∑

K=1

∫∞

0

F−1ξ′

[
φ∞λ

1
2VM BJK(ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
Aλ

1
2M(xN)e

−ByNfK(yN)

]

dy3

+
N∑

K=1

∫∞

0

F−1ξ′

[
φ∞V

M B
JK(ξ

′,λ)(cg+cσA
2)

B2L(A,B)
A2M(xN)e

−ByNfK(yN)

]

dyN



B 197

+
N∑

K=1

∫∞

0

F−1ξ′

[
φ∞V

M M
JK (ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
AλM(xN)M(yN)fK(yN)

]

dyN

+

N∑

K=1

∫∞

0

F−1ξ′

[
φ∞V

M M
JK (ξ

′,λ)(cg+cσA
2)

AB2L(A,B)
A3M(xN)M(yN)fK(yN)

]

dyN,

S2j(λ)∇
2g

=−

∫∞

0

F−1ξ′

[
φ∞iξj(cg+cσA

2)

A2L(A,B)
Ae−B(xN+yN)∆′g(yN)

]

dyN

+

N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞ξjξk(B−A)(cg+cσA

2)

A3(B+A)L(A,B)
Ae−B(xN+yN)DkDNg(yN)

]

dyN

−

∫∞

0

F−1ξ′

[
φ∞iξj(B

2+A2)(cg+cσA
2)

A3(B+A)L(A,B)
A2M(xN+yN)∆′g(yN)

]

dyN

−
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞ξjξk(B

2+A2)(cg+cσA
2)

A4(B+A)L(A,B)
A2M(xN+yN)DkDNg(yN)

]

dyN,

S2N(λ)∇
2g

=−

∫∞

0

F−1ξ′

[
φ∞(B−A)(cg+cσA

2)

A(B+A)L(A,B)
Ae−B(xN+yN)∆′g(yN)

]

dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξk(cg+cσA

2)

A2L(A,B)
Ae−B(xN+yN)DkDNg(yN)

]

dyN

+

∫∞

0

F−1ξ′

[
φ∞(B

2+A2)(cg+cσA
2)

A2(B+A)L(A,B)
A2M(xN+yN)∆′g(yN)

]

(x′)dy3

−

N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξk(B

2+A2)(cg+cσA
2)

A3(B+A)L(A,B)
A2M(xN+yN)DkDNg(yN)

]

dyN,

T1(λ)f

=−
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξk(B−A)

A(B+A)L(A,B)
Ae−A(xN+yN)fk(yN)

]

dyN

−

∫∞

0

F−1ξ′

[
φ∞
L(A,B)

Ae−A(xN+yN)fN(yN)

]

dyN

+
N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞2iξkB

A(B+A)L(A,B)
A2e−AxNM(yN)fk(yN)

]

dyN

+

∫∞

0

F−1ξ′

[
φ∞2A

(B+A)L(A,B)
A2e−AxNM(yN)fN(yN)

]

dyN,

T2(λ)∇2g

=−

∫∞

0

F−1ξ′

[
φ∞D(A,B)

A2(B+A)L(A,B)
Ae−A(xN+yN)∆′g(yN)

]

dyN

+

N−1∑

k=1

∫∞

0

F−1ξ′

[
φ∞iξkD(A,B)

A3(B+A)L(A,B)
Ae−A(xN+yN)DkDNg(yN)

]

dyN
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wherewehavesetφ∞ =φ∞(ξ
′),definedas(3.4.6),and

f(yN)=f(ξ
′,yN), F

−1
ξ′[g]=F

−1
ξ′[g](x

′).

Then,setting

S1(λ)f=(S11(λ)f,...,S
1
N(λ)f)

T,S2(λ)∇2g=(S21(λ)∇
2g,...,S2N(λ)∇

2g)T,

weseethat

v∞ =L
−1
λ [S

1(λ)L[f](λ)](t)+L−1λ [S
2(λ)L[∇2gh](λ)](t),

H∞ =L
−1
λ [T

1(λ)L[f](λ)](t)+L−1λ [T
2(λ)L[∇2gh](λ)](t).

Nowwehavethefollowinglemma.

LemmaB.4.Letα′∈NN−10 andl=0,1.Thenthereexistsapositiveconstant
C(α′)suchthatforanyξ′∈RN−1\{0}andλ=iτforτ∈R\{0}

|(τ∂τ)
lDα

′

ξ′{φ∞(ξ
′)L(A,B)−1}|

≤C(α′){|λ|(|λ|1/2+A)2+A(cg+cσA
2)}A−|α

′|,

whereφ∞(ξ
′)isgivenby(3.4.6).

Proof.Letψ∈C∞0(R),0≤ψ≤1,and

ψ(τ)=






1 (|τ|≤
1

3
),

0 (|τ|≥
2

3
).

Weonlyconsiderthecaseof l=0here.ByLemma1.2.6(2)andLemma3.6.2
(3),thereexistsapositivenumberτ∞ suchthatbysetting

ψ0(τ)=ψ(τ/τ∞), ψ∞(τ)=1−ψ(τ/τ∞),

weseethat

|Dα
′

ξ′{φ∞(ξ
′)ψ0(τ)L(A,B)

−1}|≤C(α′)A−3−|α
′|,(B.6)

|Dα
′

ξ′{φ∞(ξ
′)ψ∞(τ)L(A,B)

−1}|

≤C(α′){|λ|(|λ|1/2+A)2+A(cg+cσA
2)}

foranymulti-indexα′∈NN−10 withsomepositiveconstantC(α′). Moreover,since

|λ|(|λ|1/2+A)2|Dα
′

ξ′{φ∞(ξ
′)ψ0(τ)L(A,B)

−1}|

≤A3|Dα
′

ξ′{φ∞(ξ
′)ψ0(τ)L(A,B)

−1}|≤C(α′)A−|α
′|,

itholdsthat

|Dα
′

ξ′{φ∞(ξ
′)ψ0(τ)L(A,B)

−1}|

≤C(α′){|λ|(|λ|1/2+A)2+A(cg+cσA
2)},

which,combinedwiththesecondinequalityof(B.6),completestheproofofthe
lemma.

ByusingLemma1.2.6,LemmaB.1,andLemmaB.4,weseethatthefollowing
lemmaholds.
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LemmaB.5.Let1<q <∞. ThenthereexistsapositiveconstantM =
M(N,q)suchthatforl=0,1andi=1,2

RL(Lq(RN+)N
i,Lq(RN+)

N)({(τ∂τ)
l(λSi(λ))|λ=iτ,τ∈R\{0}})≤M,

RL(Lq(RN+)N
i,W2q(R

N
+)
N)({(τ∂τ)

lSi(λ)|λ=iτ,τ∈R\{0}})≤M,

RL(Lq(RN+)N
i,W2q(R

N
+))
({(τ∂τ)

l(λTi(λ))|λ=iτ,τ∈R\{0}})≤M,

RL(Lq(RN+)N
i,W3q(R

N
+))
({(τ∂τ)

lTi(λ)|λ=iτ,τ∈R\{0}})≤M.

Let1<p,q<∞.Then,bycombiningLemmaB.5with Weis’operatorvalued
Fouriermultipliertheorem,weobtain

∥(∂tv∞,v∞,∇v∞,∇
2v∞)∥Lp(R+,Lq(R3+))(B.7)

+∥(∂tH∞)∥Lp((0,∞),W2q(R3+))+∥H∞∥Lp(R+,W3q(R3+))

≤C(p,q)
(
∥f∥Lp(R+,Lq(R3+))+∥gh∥Lp(R+,W2−1/qq (R30))

)

forsomepositiveconstantC(p,q).

C

WehereintroducesomepropertiesoftheFourier-Laplacetransform. Tothis
end,wefirstdefineaclassofmultipliers.Forsomeγ0≥0,set

C+,γ0={λ∈C\{0}|Reλ≥γ0}.

Letm(ξ′,λ)befunctionsdefinedon(RN−1\{0})×C+,γ0,andsupposethatm(ξ
′,λ)

isC∞ andholomorphicwithrespecttoξ′andλ,respectively.Inaddition,there
exists∈RandapositiveconstantC(s,γ0)suchthatforany(ξ

′,λ)∈(RN−1\
{0})×C+,γ0

|m(ξ′,λ)|≤C(s,γ0)(|λ|
1/2+A)s.

Wethendenotethesetofallsuchfunctionsdefinedon(RN−1\{0})×C+,γ0 by
Ls,γ0.Now,wehavethefollowingproposition.

PropositionC.1.Letf(x′,t)∈C∞0(R
N−1×R+),andsupposethatm(ξ

′,λ)∈
Ls,γ0 forsomes>−max{N−1,2}andγ0≥0. Wehereusethesymbolsdefined
asin(1.2.1),(1.2.3),(1.2.4),and(4.3.5).Inaddition,forxN >0andλ=γ+iτ
(γ≥γ0),weset

I(x,t)=L−1λ F
−1
ξ′

[
m(ξ′,λ)e−BxNf(ξ′,λ)

]
(x′,t),

J(x,t)=L−1λ F
−1
ξ′

[
m(ξ′,λ)M(xN)f(ξ

′,λ)
]
(x′,t).

Itthenholdsthatfort>0andλ=γ+iτ(γ≥γ0)

I(x,t)=

∫t

0

F−1ξ′
[
L−1λ
[
m(ξ′,λ)e−BxN

]
(t−s)f(ξ′,s)

]
(x′)ds,

J(x,t)

=−xN

∫t

0

∫1

0

F−1ξ′
[
L−1λ
[
m(ξ′,λ)e−(Bθ+A(1−θ))xN

]
(t−s)f(ξ′,s)

]
(x′)dθds.
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Proof.NotingthatthereexistsapositiveconstantC,independentofγand
τ,suchthat

C−1(γ1/2+|τ|1/2)≤|λ|1/2≤C(γ1/2+|τ|1/2),

wehave,byLemma1.2.6,

(C.1) |m(ξ′,λ)e−BxN|≤C(γ1/2+|τ|1/2+A)se−C(γ
1/2+|τ|1/2+A)xN

foranys,τ∈R,ξ′∈RN−1,andxN >0withsomepositiveconstantCin-
dependentofγ,τ,ξ′,andxN.Ifs≥0,thenitisclearthatm(ξ

′,λ)e−BxN ∈

L1(R
N−1
ξ′ ×Rτ)by(C.1),wheresubscriptsξ

′andτdenotetheirvariables.Inthe

caseof−max{(N−1),2}<s<0,wehave,by(C.1)andγ≥γ0≥0,

|m(ξ′,λ)e−BxN|≤






C|τ|−|s|/2e−C(γ
1/2+|τ|1/2+A)xN (N=2),

CA−|s|e−C(γ
1/2+|τ|1/2+A)xN (N≥3)

withsomepositiveconstantCindependentofγ,τ,ξ′,andxN,sothatitholdsthat
m(ξ′,λ)e−BxN ∈L1(R

N−1
ξ′ ×Rτ).Theintegrabilityofm(ξ

′,λ)e−BxN andFubini’s
theoremimpliesthat

I(x,t)=F−1ξ′
[(
L−1λ
[
m(ξ′,λ)e−BxN

]
∗f(ξ′,·)

)
(t)
]
(x′).

Ontheotherhand,sincef(x′,t)=0fort<0andL−1λ
[
m(ξ′,λ)e−BxN

]
(t)=0

fort<0byCauchy’sintegraltheorem,

(
L−1λ
[
m(ξ′,λ)e−BxN

]
∗f(ξ′,·)

)
(t)=

∫t

0

L−1λ
[
m(ξ′,λ)e−BxN

]
(t−s)f(ξ′,s)ds.

Wethusobtaintherequiredformulaof I(x,t).ConcerningJ(x,t),wehave

J(x,t)=−xN

∫1

0

L−1λ F
−1
ξ′

[
m(ξ′,λ)e−(Bθ+A(1−θ))xNf(ξ′,λ)

]
(x′,t)dθ

byusing(1.2.3),whichfurnishestherequiredformalofJ(x,t)inthesamemanner
asinI(x,t).

WenextshowanotherconvolutionformulaofFourier-Laplacetransforminthe
followingproposition.

PropositionC.2.Let0<ε <π/2,γ0 > 0,ands <0. Supposethat
m(ξ′,λ)∈Ms,2,ε,γ0. Wehereusethesymbolsdefinedasin(1.2.1),(1.2.3),(1.2.4),
and(4.3.5).Thenthefollowingassertionshold.

(1)Letf(x,t)beafunctioninC∞0(R
N
+×R+),andsupposethatforxN ≥0and

λ=γ+iτ(γ≥γ0)

K1(x,t)=

∫∞

0

L−1λ F
−1
ξ′

[
m(ξ′,λ)e−A(xN+yN)f(ξ′,yN,λ)

]
(x′,t)dyN,

K2(x,t)=

∫∞

0

L−1λ F
−1
ξ′

[
m(ξ′,λ)e−AxNM(yN)f(ξ

′,yN,λ)
]
(x′,t)dyN,

K3(x,t)=

∫∞

0

L−1λ F
−1
ξ′

[
m(ξ′,λ)e−B(xN+yN)f(ξ′,yN,λ)

]
(x′,t)dyN,

K4(x,t)=

∫∞

0

L−1λ F
−1
ξ′

[
m(ξ′,λ)e−BxNM(yN)f(ξ

′,yN,λ)
]
(x′,t)dyN,
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K5(x,t)=

∫∞

0

L−1λ F
−1
ξ′

[
m(ξ′,λ)M(xN)e

−ByNf(ξ′,yN,λ)
]
(x′,t)dyN,

K6(x,t)=

∫∞

0

L−1λ F
−1
ξ′

[
m(ξ′,λ)M(xN)M(yN)f(ξ

′,yN,λ)
]
(x′,t)dyN.

Thenthereexistsδ0≥γ0suchthatforanyε≤ε
′<π/2and

Γ(δ0,ε
′)={λ∈C|λ=δ0+se

±i(π−ε′),s:0→∞},

wehave,fort>0,

K1(x,t)=

∫t

0

(∫∞

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)e−A(xN+yN)dλ

×f(ξ′,yN,s)
]
(x′)dyN

)
ds,

K2(x,t)=

∫t

0

(∫∞

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)e−AxNM(yN)dλ

×f(ξ′,yN,s)
]
(x′)dyN

)
ds,

K3(x,t)=

∫t

0

(∫∞

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)e−B(xN+yN)dλ

×f(ξ′,yN,s)
]
(x′)dyN

)
ds,

K4(x,t)=

∫t

0

(∫∞

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)e−BxNM(yN)dλ

×f(ξ′,yN,s)
]
(x′)dyN

)
ds,

K5(x,t)=

∫t

0

(∫∞

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)M(xN)e
−ByN dλ

×f(ξ′,yN,s)
]
(x′)dyN

)
ds,

K6(x,t)=

∫t

0

(∫∞

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)M(xN)M(yN)dλ

×f(ξ′,yN,s)
]
(x′)dyN

)
ds.

(2)Letg(x′,t)beafunctioninC∞0(R
N−1×R+),andsupposethatforxN ≥0

andλ=γ+iτ(γ≥γ0)

L1(x,t)=L
−1
λ F

−1
ξ′

[
m(ξ′,λ)e−AxNg(ξ′,λ)

]
(x′,t),

L2(x,t)=L
−1
λ F

−1
ξ′

[
m(ξ′,λ)e−BxNg(ξ′,λ)

]
(x′,t),

L3(x,t)=L
−1
λ F

−1
ξ′ [m(ξ

′,λ)M(xN)g(ξ
′,λ)](x′,t).

Thenthereexistsδ0≥γ0suchthatforanyε≤ε
′<π/2and

Γ(δ0,ε
′)={λ∈C|λ=δ0+se

±i(π−ε′),s:0→∞},

wehave,fort>0,

L1(x,t)=

∫t

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)e−AxN dλg(ξ′,s)
]
(x′)ds,
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L2(x,t)=

∫t

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)e−BxN dλg(ξ′,s)
]
(x′)ds,

L3(x,t)=

∫t

0

F−1ξ′
[∫

Γ(δ0,ε′)

eλ(t−s)m(ξ′,λ)M(xN)dλg(ξ
′,s)
]
(x′)ds.

Proof.Wehereconsider K1(x,t)only,sincetheotherscanbeprovedanalo-
gously.Itholdsthatforλ=γ+iτ(γ≥γ0)
(C.2)

K1(x,t)=

∫∞

0

F−1ξ′
[(
L−1λ

[
m(ξ′,λ)e−A(xN+yN)

]
∗f(ξ′,yN,·)

)
(t)
]
(x′)dyN,

whereweseeL−1λ
[
m(ξ′,λ)e−A(xN+yN)

]
(t)asthedistribution,andthesymbol∗

denotesthestandardconvolution.Notingm(ξ′,γ+iτ)∈Lp(Rτ),wherethesub-
scriptτdenotesitsvariable,forasufficientlylargep≥1sincem(ξ′,λ)∈Ms,2,ε,γ0
(s<0),wehave,by[KS07,Proposition3.40],

L−1λ [m(ξ
′,λ)e−A(xN+yN)](t)=lim

R→∞

1

2π

∫γ+Ri

γ−Ri

eλtm(ξ′,λ)e−A(xN+yN)dλ.

Inaddition,wehave,byCauchy’sintegraltheoremandchoosingδ0=(2γ0)/sinε,

1

2π

∫γ+iR

γ−iR

eλtm(ξ′,λ)e−A(xN+yN)dλ

=
1

2π

∫

Γ(δ0,ε′;R)

eλtm(ξ′,λ)e−A(xN+yN)dλ (R>0)

withΓ(δ0,ε
′;R)={λ∈C|λ=δ0+se

±i(π−ε′),s:0→ R}(ε≤ε′<π/2).By
thelasttwoidentitiescombined,weobtain

(C.3) L−1λ

[
m(ξ′,λ)e−A(xN+yN)

]
(t)=

1

2π

∫

Γ(δ0,ε′)

eλtm(ξ′,λ)e−A(xN+yN)dλ.

Sincef(ξ′,yN,t)=0fort<0and

1

2π

∫

Γ(δ0,ε′)

eλtm(ξ′,λ)e−A(xN+yN)dλ=0 (t<0)

byCauchy’sintegraltheorem,itfollowsfrom(C.2)and(C.3)thattherequired
formulaholds.
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