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Chapter 1

Introduction

Problems and settings

We study the following free boundary problems for nonlinear diffusion equations:

— dAu = f(u), t>0, x€Qt),
Bu =0, t>0, x € dNt), (11)
v=—uVu-n, t>0, v €(t), '

Q(0) = Qo, u(0,7) = up(z), =€ Qy,

where d, p, hg are positive constants, {2y is a bounded and radially symmetric domain
in RY and uy is a radially symmetric function satisfying uy, € C? (ﬁo), ug > 0 in
and the same boundary condition at 02y as that of u for ¢ > 0. Moreover Q(t) is also
an N-dimensional radially symmetric domain with N > 1 whose moving boundary
OQ(t) consists of (N — 1)-dimensional sets I'(t) = {z € RY| |z| = h(t)} and Ty in

N(0Q(t) := T(t) UTqy, L(t) NTae = 0). In the third equation in (1.1), v denotes
the outward normal velocity of free boundary I'(¢) and n denotes an outward normal
vector against I'(¢). In the second condition in (1.1), B represents a boundary operator
which, together with Q(t), is defined as follows:

(1-a) N =1 and Q(t) has a fixed boundary (I'gz # ) We set

Au = Uy, Q)= (0,h(t)), Qo =(0,hg), ho>0.
Then we find I'(¢) = {h(t)}, I'ax = {0}, and v=—pVu-n (t > 0, x € I'(¢)) implies
h'(t) = —pug(t, h(t)) for ¢ > 0.
Moreover we define Bu =0 (t > 0, x € 092(t)) by one of the following conditions:
u(t,0) =0, u(t,h(t)) =
ua(t,0) = 0, ult, h(t))
(1-b) N =1 and (¢) has no fixed boundaries (I'gz, = ()) We put

for ¢ >0; (1.2)
for t > 0.

Au = Uz, Q(t) - (g(t)ah(t))v QO = (907h0)7 go < 0< h07
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Then we see I'(t) = {h(t),g(t)}, and v =—pVu-n (t > 0, x € T'(t)) becomes

B (t) = —pug(t, h(t)) for t >0,
g (t) = —pug(t, g(t)) for t > 0.

We denote Bu =0 (t > 0, = € 0€Q(t)) by
u(t,g(t)) =0, u(t,h(t))=0 for t>0.

In the case of N > 2, we assume that Q(t) is radially symmetric and denote u =
u(t,r) with r = |z| (x € RY). We consider the following two cases:

(N-a) N > 2 and €(¢) has a fixed boundary (', # 00) We set

Au =ty + ((N=1)/r)u,, Q1) ={zecR"|R<|z|<h(t)}, R>0,
Qo= {r eRY| R < |z| < ho}, ho>R.

Here z € Q(t) means r = |z| € (R, h(t)) and x € 9Q(t) does r = |x| = R, h(t). Then
we find ['(t) = {|z| = h(t)}, T'ax = {|z| = R}, and v = —puVu-n (t > 0, z € I'(t))
implies

h'(t) = —pu,(t, h(t)) for t>0.

Moreover we define Bu =0 (t > 0, x € 092(t)) by one of the following conditions

u(t,R) =0, wu(t,h(t))=0 for t>0;
uy(t,R) =0, wu(t,h(t)) =0 for t >0

if R > 0. On the other hand if R = 0, then we set Bu =0 (t > 0, = € 092(t)) by
ur(t,0) =0, u(t,h(t))=0 for ¢t>0.

(N-b) N > 2 and Q(t) has no fixed boundaries (I's, = ()) We put

A=t + (N = 1) /r)ur, Q) = {z € RY| g(t) < |z| < h(t)},
Qo ={z e RY| gy < |z| < ho}, 0< go< ho,

Here x € Q(t) means r = |z| € (g(t),h(t)) and x € 9Q(t) does r = |z| = g(t), h(t).
Then we find I'(t) = {|z| = h(t),|z| = g(t)}, and v = —puVu-n (t > 0, z € I'(¥))
implies

R (t) = —pu,(t, h(t)) for t >0,
g'(t) = —pu,.(t,g(t)) for ¢>0.

We define Bu =0 (t > 0, z € 9§(t)) by

u(t,g(t)) =0, u(t,h(t)) =0 for t>0.



Problem (1.1) is gifted with some backgrounds of both mathematics and natural
phenomenon. From a mathematical view-point, (1.1) is called a free boundary problem,
where we seek for positive solutions wu(t, z) together with the moving interface I'(t)
between Q(t) = {x € RY| u(t,z) > 0} and {x € RY| u(t,x) = 0}. The problem
consists of four parts: a nonlinear reaction-diffusion equation, boundary conditions,
a one-phase Stefan condition and initial conditions. Until now a nonlinear reaction-
diffusion equation of the form:

uy —dAu = f(u), t>0, v €Q (1.4)

with a fixed domain Q C R, has been studied by a lot of researchers. In (1.4), the
unknown function u is determined by the effect of diffusion dAu with a diffusive coef-
ficient d > 0 and nonlinear interaction f(u) in fixed domain 2. The problem has been
studied as one of the most important equations to reveal nonlinear phenomena because
it is a simple extension of heat equation u; = dAu, and it also creates rich nonlinear
phenomena (cf. Smoller [61], Cantrell-Cosner [10] and Henry [35]). Differently from
(1.4), the equation in (1.1) is defined in a domain part of whose boundary is moving
as time passes, and its behavior is determined by so called Stefan condition

v =—uVu-n.

In a modeling of natural phenomena, problem (1.1) has been also studied since J.
Stefan started his work concerning (1.1) in 1889. He modeled the melting of ice to
water by (1.1) with f(u) = 0, where u represents temperature of water and I'(¢) is an
interface of ice and water at ¢t > 0. This model is now called the Stefan problem, and
the existence, uniqueness and asymptotic behaviors of solutions for the Stefan problem
have been investigated in detail (cf. Rubinstein [57], Friedman [25], Meirmanov [50],
Gupta [32] and Nogi-Yamaguchi [54]). In addition, problem (1.1) can be used to model
various phenomena. For example, we can observe a blow-up phenomenon for (1.1) in
a case where f(u) = u? for p > 1. Indeed it was first observed by Fujita [27] that the
solution w of (1.4) with f(u) = u? (p > 1) with initial data can blow up as t — co. By
virtue of a comparison principle, we find that the solution of free boundary problem
(1.1) can also blow up as t — co. Moreover all the time global solution have to decay as
t — oco. Such interesting phenomena were shown in e.g. Aiki [1], Ghidouche-Souplet-
Tarzia [28], Souplet [63], Zhang-Lin [68] (see also the references therein). In this thesis,
we discuss (1.1) where the nonlinearity basically satisfies

feCt0,00), f(0)=f(1)=0, f(u)<0 for u>1

which includes monostable/logistic nonlinearity (e.g. f(u) = u(1 — u)), bistable non-
linearity (e.g. wu(u — ¢)(1 — u) for 0 < ¢ < 1) and polystable nonlinearity (e.g.
flu) = w(u —ay) - (u—a,)(l —u) for 0 < oy < --- < a,, < 1). These nonlin-
earities are usually used in study of population dynamics in mathematical ecology and
they imply population growth or competition among species. As we have seen above,
problem (1.1) has many variations and it can be seen as one of the most important
and interesting problem in pure and applied mathematics.
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Mathematical models for the spread of species

The spread of species is one of the most important problem in mathematical ecology.
The species here include new or native animals or plants; non-native or disease infected
ones; and ones which have a bad influence on humans or ecosystems. There are lots
of works concerning the invasion ecology (cf. e.g. Lockwood-Hoopes-Marchetti [48]
and Shigesada-Kawasaki [59]). For example, Skellam showed in his work [60] constant
(linear) spreading speed of muskrat which had been introduced to Europe in 1905 (see
Figure 1).

VArea

lli ) 4 4

I | T m
1910 1920 1930

Figurel. Spread of muskrat (reference to Skellam [60, p 200 (Fig.1, Fig.2)])

To model the linear spread speed, traveling wave solutions have been used so far. Con-
sider the Fisher-KPP equation (cf. Fisher [24] and Kolmogorov-Petrovsky-Piskunov
42))

up — dug, = u(a —bu), t>0, x€R, (1.5)

where a,b are positive constants and u represents population density. We seek for a
solution of (1.5) of the form: u(t,z) = w(x — ct), where ¢ is a constant representing
spread speed. Then we find a unique positive solution (traveling wave solution) of
(1.5) with lim,_, o u(t, ) = a/b, lim,_, s u(t,z) = 0 for all t > 0, if |¢| > 2v/ad (see
Figure 2). This result implies that the whole region must be occupied at a linear speed
by the wave of the population with a front x = ¢t as t — oc.

u=ua/b

speed ¢

ct x
Figure 2. Traveling wave solutions for (1.5)

It is known that there are spreads of nonlinear speed in invasion phenomena (cf. Hast-
ings et al. [34]). For these processes, the traveling wave solutions have also greatly
helped us to understand the spatial spread of invasive species.

We consider another model for the spread of species, using a free boundary with
a Stefan condition. In population dynamics, a free boundary problem with a kind of



11

Stefan conditions was studied by Mimura-Yamada-Yotsutani [51, 52, 53] and Lin [45]
for two-species models. Also for a single species case, a new model was proposed by
Du-Lin [18] in 2010. The model is described as a free boundary problem:

up — dig, = u(a — bu), t>0, 0 <z <h(t),
u.(t,0) =0, u(t,h(t)) =0, t>0, (16)
R (t) = —pus(t, h(t)), t>0, ‘

h(0) = ho, u(0,2) = ug(x), 0 <z < hy,

where d, u, a, b and hg are positive constants, g is a smooth function. In (1.6),
u = u(t, x) means a population density in time ¢ and location x, and moving boundary
x = h(t) denotes a spreading front of one-dimensional habitat (0, h(t)). A characteristic
point of solutions for (1.6), compared with (1.5), is that the spreading front is precisely
described as a free boundary (see Figure 3).

A u(t,x) : density
ug(t, h(t))

—

habitat h(t) x
Figure 3. The solution (u(t,z), h(t)) of free boundary problem (1.6)

Moreover the behavior of the free boundary is determined by Stefan condition h'(t) =
—pug(t, h(t)), which ecologically means that the speed of the propagation front is pro-
portional to the population pressure at the spreading front. To consider the validness
of the introduction of the Stefan condition to this ecological problem, it may be better
to go back to Skellam’s investigation. It has been proved in [18] that, for any solution
of (1.6), the free boundary have to satisty limy o, h(t)/t = ko for some constant kg > 0.
This result is suited to the situation observed by Skellam that the propagation front
spreads at a constant speed. We can refer to Bunting-Du-Krakowski [6] and Lin [45]
for more numerical and theoretical information. We can also find the development of
spreading speed analysis in Chapter 4. In [18], they also showed the existence and
uniqueness of solutions for (1.6) and proved a remarkable result on the asymptotic
behaviors of solutions as t — oo. We still have other approaches to model the spread
of species, for which we can refer to e.g. [48].

Spreading and vanishing

It is characteristic of free boundary model (1.1) that the asymptotic behaviors of so-
lutions as ¢ — oo are divided into two cases called spreading (propagation) and
vanishing (extinction). This phenomenon was first observed in (1.6) by Du-Lin
[18]. They proved that any solution (u(t,z), h(t)) of (1.6) satisfies one of the following
properties as t — 00:
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(i) Spreading: lim; o A(t) = 0o, limy_,o u(t, x) = a/b locally uniformly in [0, co);

(ii) Vanishing: limy oo h(t) < (7/2)\/d/a, limy_,o ||u(t, )| con@) = 0,

where spreading means the species succeed to spread to the whole region and get a
constant spatial distribution there, while vanishing implies the habitat of the species
must stay in a bounded interval and the population density converges uniformly to 0
in large time. They call this phenomenon spreading-vanishing dichotomy. Since
the work of Du-Lin [18], such dichotomy results have been studied by many researchers
from various aspects. It has turned out that such a dichotomy phenomenon still holds
true in any dimension, for various boundary conditions at fixed boundary and various
nonlinearities. However the behaviors of solutions as t — oo are quite different from
each factor. The dichotomy result obtained by [18] was extended to a multi-dimensional
radially symmetric problem for a monostable equation in Du-Guo [14], and Kaneko-
Yamada [39] have first discussed the problem with different boundary condition and
more general nonlinearity including monostable and bistable ones. We now have un-
derstood more detailed results focusing on various nonlinear terms by Du-Lou [20],
Kaneko-Oeda-Yamada [38] and Liu-Lou [46, 47]; a sharp estimate of spreading speed
and an asymptotic profile of solutions by Du-Matsuzawa-Zhou [22, 23]; a spreading
speed analysis by Du-Liang [17]; multi-dimensional radially symmetric problems with
various nonlinearities and boundary conditions by Kaneko [36]; a multi-dimensional
problem in a general domain by Du-Guo [15] and Du-Matano-Wang [21].

In this thesis we will further prove a general dichotomy theorem which allows,
as in (1.1), more general polystable nonlinearity, various boundary conditions and any
spatial dimension. The theorem shows, for any solution of (1.1) where the nonlinear
function satisfies

fecioo), F0)=f(1)=0, fw) <0 for u>1, f(0)£0, (L7)
either (i) or (ii) holds true as t — oo:
(i) Spreading: lim; o Q(t) = RN \ By, liminf, o [Ju(t,)|lc@w) > 0;

(ii) Vanishing: lim; . Q(¢) is a bounded set in RN \ Bg, limy;_ [lu(t, -)||c@) = 0.
Moreover |[u(t,-)||cw@) = O(e™?*) for some 3 > 0 as t — oo,

where R is a non-negative constant defined in (1.1), constant 3 depends on f’(0), Bg
is a multi-dimensional ball centered in RY with radius R and lim; .., Q(t) = RY \ Bg
means limy .., Q(t) D M for any subset M in R \ Bg. Although spreading leaves a
possibility of classifying the behavior of w in more detail, it is easily understood from
this dichotomy theorem whether the species can spread and survive or not. For the
proof, we need to reveal an underlying principle to determine spreading and vanishing.

Criteria for spreading and vanishing

It is very important to give criteria for spreading and vanishing; that is, for any given
initial data (ug, ho) and arbitrary given coefficients in the problem, we need to consider
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weather the species will actually spread or vanish in large time. It also corresponds to
giving sufficient conditions of solutions for spreading or vanishing as t — co. Generally
speaking, we can show that, as ¢ — oo, spreading occurs if initial data uy and the radius
of €y are sufficiently large, while vanishing occurs if both uy and the radius of €2y are
small enough. One of important ways to give a criterion for spreading or vanishing is
to introduce a new parameter ¢ > 0 and a sample function ¢ which belongs to the
same class of functions as ug. Then we consider the solution of (1.1) where f satisfies
(1.7), and vary the parameter to determine a threshold number ¢* > 0 depending on
¢ and the radius of €2y such that

o if uy > "¢ in )y, then spreading occurs;
o if uy < 0*¢ in )y, then vanishing occurs;

e if uy = 0*¢ in g, then vanishing occurs for f’(0) > 0, while spreading occurs for
1(0) <0.

A similar criterion has been discussed by [20] in one dimension. Moreover, besides this
criterion, we can give another criterion and observe different behaviors of solutions from
each sign of f/(0). If f is of (1.7) with f’(0) > 0, then we can vary the speed parameter
p in the Stefan condition. We find that there exists a threshold radius |z| = Ry,
depending on d, R and f’(0), which separates spreading and vanishing. In other words,
when vanishing occurs, outer free boundary h(t) must satisfy limy; . h(t) < R}y, and
spreading always occur if hy > R},. Hence it is suggested that, even if hy < R}, the
free boundary can go across the radius for sufficiently large p, and thus the species
necessarily spread to the whole region as ¢ — oco. In fact there exists a threshold
number p* < oo depending on uy and the radius of €2y such that

e if > p*, then spreading occurs;

e if y < p*, then vanishing occurs.
This result is not true to the case where f satisfies (1.7) with f’(0) < 0 because of an
Allee effect. However we may find a threshold (transition) phenomenon if uy = o*¢

in . In fact this phenomenon has been observed in several papers for N = 1 and
bistable nonlinearity (see Remark 2.6).

Main purpose

The main purpose of this paper is to show the following:
e the existence and uniqueness of solutions for (1.1) (well-posedness of the model)

e spreading and vanishing for the asymptotic behaviors of solutions as ¢ — oo
(eventual habitat and spatial distribution)



14 CHAPTER 1. INTRODUCTION

The existence and uniqueness of global solutions and the continuous dependence on
parameters are essential to study ecological models. We will reveal an underlying prin-
ciple to determine spreading or vanishing, and then we can prove the general dichotomy
theorem, give criteria for spreading or vanishing, and show a decay rate of solutions
when vanishing occurs as t — oc.

Our main methods of analysis are (strong) maximum principles for parabolic and
elliptic equations, comparison principles, monotone methods, construction of upper and
lower solutions, an energy method, a zero number argument, and some ODE methods
including Sturm’s comparison theorem.

Related free boundary models

We will here briefly introduce papers about related free boundary problems; a model in
time-periodic environment by Du-Guo-Peng [16] and one in heterogeneous environment
by Zhou-Xiao [70]; a free boundary problem for advection-diffusion equations by Gu-
Lin-Lou [29, 30] and Kaneko-Matsuzawa [37]; a free boundary problem with another
Stefan-like condition by Cai [7] and Cai-Lou-Zhou [8]; a free boundary model for a
prey-predator system by Wang [66] and Zhao-Wang [69], and one for a competition
system by Guo-Wu [31], Du-Lin [19] and Wang-Zhang [67]; a free boundary model for
seasonal succession by Peng-Zhao [55]. There are interesting applications for a SIR
model by Kim-Lin-Zhang [40] and Kim-Lin-Zhu [41], and also for information diffusion
by Lei-Lin-Wang [44]. Although we could not cover all papers and preprints concerning
these models in the thesis, we may find them from the above papers and references
therein.

The rest of the thesis is organized as follows; in Chapter 2 we study free boundary
problems (1.1) in the case of (1-a); in Chapter 3 we discuss the multi-dimensional
problems for (N-a) and (N-b); in Chapter 4 we consider the spreading speed of the
propagation front for the problem with (1-b).



Chapter 2

A free boundary problem in one
dimension

2.1 Problem

In this chapter we study the following free boundary problem:

uy — duge = f(u), t>0, 0 <z < h(t),
u(t,0) =0 (resp. u,(t,0) =0), t>0,
(FBP) u(t,h(t)) =0, t>0,
W(t) = a1, b)), 10,
h(0) = ho, u(0,2) = u(z), 0 <2 < h,

where u, d and hg are positive constants, and initial function ug satisfies
ug € C?[0, hg), uo > 0in (0, ho), ue(0) = ug(hg) = 0 (resp. uy(0) = ug(ho) = 0). (2.1)

Throughout sections 2.2 - 2.4, we discuss problem (FBP) for nonlinear reaction-diffusion
equations with a nonlinear function f = f(u) belonging to the following space:

Sy :={f:][0,00) = R] fis locally Lipschitz continuous, f(0) =0, f(u) < 0foru > 1},

where f is called locally Lipschitz continuous if and only if, for any bounded set
K C [0,00), there exists a positive constant L such that

[f(x) = f(y)| < Lz —y[ for =,y € K. (2.2)

We again recall that v = u(¢, ) represents the population density of a species whose
habitat is an interval (0, h(t)) (see Figure 4). At the fixed boundary = = 0, u(¢,0) =0
is called the Dirichlet boundary condition which implies that a region (—oc, 0]
is a hostile environment for the species, while u,(¢,0) = 0 is called the Neumann
boundary condition which means that the species cannot enter the region.

15
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u(t, x) : density
uq(t, h(t))

—

habitat h(t) x

Figure 4. The solution of (FBP) with the Dirichlet boundary condition at x = 0.
The main purpose of this chapter is to show
e the existence and uniqueness of solutions for (FBP) (well-posedness of the model)
e the large time behaviors of solutions
e give a criterion for spreading or vanishing

Moreover we will find that the asymptotic behaviors of solutions for (FBP) as t — oo
are closely related to an elliptic boundary-value problem in the bounded domai

dge + flg) =0, 0<z<l,
q(z) >0, O<zx<l, (2.3)

q(0) = ¢q(1) = 0 (resp. ¢.(0) = q(1) = 0)
and an elliptic problem in a half interval:

dvg, + f(v) =0, x>0,
v(x) >0, x>0, (2.4)
v(0) = 0 (resp. v,(0) = 0).

We denote Q(t) = (0, h(t)) and D(t) = Uy s {5} X Q(s) (see figure 1). The main
results and their proofs in this chapter are based on works [39] and [38].

t
x = h(t)
u(t. 0) — ut, h(t)) =0
(ug(£,0) = 0) ) up — dug, = f(u)
~
h/(t> - _,uua:(ta h(t))
0 uo() ho .

Figure 5. the domain of (FBP)
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2.2 Existence and uniqueness of solutions

In this section we prove there exists a unique global solution for (FBP) and the solution
depends continuously on initial data and coefficients in the equation. For this purpose
we show the local existence and uniqueness of solutions and a priori estimates for u(¢, )
and h/(t) that is essential to extend the local solution globally in time.

The main theorems are given as follows.

Theorem 2.1. Let (ug, ho) satisfy (2.1) and let f € Sy. For any given constant o €
(0,1), there exists a positive number T such that (FBP) has a unique solution

(+a)

(u,h) € {C =

(D)) N 524 (D(T))} x ¢ 0,7,

where T is depending on ho, o and ||ug||c2(0n)-

Theorem 2.2. Problem (FBP) has a unique classical solution (u,h) and there exist
positive constants Cy, Cy depending on ||ug||c(o,00) and ||wol|c1(0,00) TeSPectively such that

0 <u(t,x) <Cy for (t,z) €| J{t} x Qt), 0<W(t) <pCy fort>0.

>0

Theorem 2.3. The solution of (FBP) depends continuously on initial data (ug, hy),
coefficients d, p and nonlinearity f in the equation.

We prove Theorems 2.1 —2.3 in the following.

Proof of Theorem 2.1. We prove this theorem in the same way as [11], [18] and [45]
and especially follow the argument in [18]. The difference is that we deal with general
nonlinearity f(u) in the equation. We divide the proof into three steps.

Step1. Change the variable from free boundary to fired boundary.

~ Let ¢(y) be a C*°[0, 0o)-function satisfying

ho

6 17 |y - h0| <,

Wl <7 )= i
0 O, ’y — hg’ > ?

Using this function, we change the variable by

(t,z) — (t,y); = =y) =y +C(y)(h(t) — ho).

The transformation means, if |y — hg| > ho/2, then x = y, while if |y — ho| < ho/4, then
x =y + h(t) — hg, and it especially changes the free boundary = = h(t) to the fixed
line y = hy. Moreover z = ¢(y) is monotone increasing with respect to y € [0, 00) as

long as
h
h(t) — hol < (2.5)
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because ¢'(y) = 1+ ('(y)(h(t) — hg) > 1/4. Hence the above transformation is a
diffeomorphism from [0, c0) onto [0, c0). We calculate

o~ TT Ol h(D) —hg) - VALY
Py k)~ ho)
o2 = T4 )t —hop DY)
1 Oy (y) -
iy~ Y

uy = wy — W (E)C(t, y)wy, u, = A, y)w,,
Uzy = A(t, y)wy, + B(t, y)w,.
Therefore (FBP) is equivalent to

wy — dA(t, y)wy, — (dB(t,y) + K (t)C(t,y))w, = f(w), t>0,0<y < ho,
w(t,0) =0 (resp. wy(t,0) = 0), t>0,

2.6
w(t, ho) = 0, >0, (2.6)
w(0,y) = uo(y), 0 <y < ho
and
h'(t) = —pw,(t, ho) for t >0, h(0) = h, (2.7)

where A(t,y), B(t,y) and C(t,y) are smooth functions for (t,y) € [0, 00) x [0, ho]. For
0 <T < ho/(8(1+ Hy)), we define

Dip = {w € C(Qr) [ w(0,y) = uo(y), [[w —=uollc@r) <1},
Dor = {h S 01[07T] | h(O) = h07 h/(O) = HOa ||h, - HOHC[O,T] < ]-}7

where Qr = [0,T] x [0, ho] and Hy := —pug(hy). Then D = Dy X Dyr is metric space
with the metric

d((wi, h1), (wa, ha)) = w1 = walc(@r + 177 = hallepn-
Also, by [|h1 — hallcpr) < T||hy — hb||cpo,r for all hy, he € Dop, we have

[h(t) — hol < TR (t)]
< T(1+ H,y)
< ho/8,

and hence the transformation (¢, z) — (¢,y) is valid by (2.5).
Step 2. Define a mapping F: D — C(Qr) x C0,T].
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To construct the solution for the problem (2.6), we will use the contraction mapping
theorem. For any (w, h) € D, consider the following linear partial differential equation
with time dependent coefficients:

wy, — dA(t,y)w,, — (dB(t,y) + K (t)C(t,y))w, = f(w), 0<t<T, 0<y < ho,
w(t,0) =0 (resp. w,(t,0) = 0), 0<t<T,

w(t, hg) =0, 0<t<T,

w(0,y) = uo(y), 0 <y < ho,

where d, hg, A(t,y), B(t,y) and C(t,y) are the same as those in (2.6). It is well known
that, by the LP-estimate for parabolic equations, the problem admits a unique solution
w € W,*(Qr) for any p > 1 with

[@llwp20r) < Collluollwziong + [1f (w)llLri@r))- (2.8)

for some constant Cy > 0 (cf. [43]). In addition we can easily choose Cy = Cy(hy) > 0
to satisfy

[[wollwzo.n0) < Chlluollczgo,n)- (2.9)

For large p, Sobolev’s embedding theorem (cf. [43]) shows W € €2 1*%(Q7) and there
exists Cy = Cy(a) > 0 such that

HE”CHTD‘J-‘-DL(QT) S C2||w||W;}’2(QT)' (210)

Therefore it follows from (2.8) — (2.10) that

<C, (2.11)

15 110 g <

where C' > 0 is a constant depending on hg, o and |[ug||c2(,h)-
We next define

h(t) = ho — u/ot Wy (s, ho) ds.
Then it follows that
B (t) = —pwm, (t, ho), h(0) = ho, I (0) = Hy. (2.12)
Hence h € C'[0, 7] and it holds from (2.11) and (2.12) that

Hh/Hc%[o,T] < pC.

We now define the mapping F : D — C(Qr) x C*[0,T] by F(w, h) = (w, h). Then,
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F maps D into itself. Indeed
w — - w ta —w 07
7= wallewar) =, max, - [(ty) ~w(0,)|

1+«
2

< max {
te [O,T], ye [O»hO}

< max { [w(t,y) —w(s,y)| } e

< T
t,s€[0,T], y€[0,ho], t#s |t _ s|Ta

t“Ta}

1+
= ||lw a Tz
Il it 0, T

1+a

<CT 2.

Moreover,
" —H, = B(t) -1
I ollco,m fé%&?ﬂ (2)

(0)|

[ (t) — 7 (s)]
T

|t —s]2

N]le)

< max

t,s€[0,T], t#s

— a
|h HC%[Q,T]T2

< puCT>.
Setting T < min{C~2/(+) (4 C)~2/2} | we see
1@ — wollcw@r < 1, IR = hollopr < 1.
Hence, recalling (2.12) and w(0,y) = uo(y), we find F(w,h) = (w, h) € D.

Step 3. F' is a contraction mapping and there exists a unique solution for (FBP).

For any (w;, h;) € D (i = 1,2), we set (w;, h;) = F(w;,h;) (i = 1,2) and U =
wy — wy. Then U = U(t,y) satisfies

Ut - dA,Q(ta y)Uyy o (dBQ(tay) + hIQ(t)CZ(tay))Uy = g(tay)a 0<t< T> 0< y < h0>

U(t,0) =0 (resp. Uy(t,0) =0), 0<t<T,
U(t, hy) =0, 0<t<T,
U(Ovy) - 07 0 S Yy S h07

where A;(t,y), Bi(t,y), Ci(t,y) (i = 1,2) is generated by h;(t), and g(t,y) = d(A1(t,y)—
As(t,y))(Wr)yy + d(Bi(t,y) — Ba(t,y)) W)y + (h(8)Ci(t,y) — hy(t)Calt, y)) (W), +
f(wy) — f(ws). Using the LP-estimate for parabolic equations, we find that

12~ Tl (@) = 10wz oy < Collolirian (2.13)

Moreover, by the direct calculations, the right hand side of (2.13) is estimated as
follows:

[d(Ar — Az)(W1)yyl| e
|d(Br — Ba2)(w1)y|| e
[(RCy = hyCo) (W) || e
[ f(w1) — f(ws)]| s

or) < Di|lhy = hal|cio
or) < Dallhy = hallcpm,
Qr) < Dsllha = hallcp, + Dallhy — Bollcpom,
or) < Dsllwr — wallc@n.

— = = =
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where Dy, D,, D3, D4 and Dj are positive constants depending on hg. Thus, there
exists Dg = Dg(hg) such that

9llzr@r) < De(llwr — walle@qr) + 1h1 — hallerjor)- (2.14)

It follows from (2.13) and (2.14) that

[W1 = Wellyy12g,) < CoDs(|[w1 — wallcr + [Py — hallerpm)-

Hence, for large p, Sobolev’s embedding theorem shows
o1 = Wall 132 110 g, < Dlwr = wille@r + 1he = hallcrom), (2.15)
where the constant D depends on hg and a. On the other hand

— -/ a7 0.
I = Ralos o < #lTry = Baylosogq (216)

< plwr = Woll prge rva g -

In addition, referring to the estimate in Step 2, we get

le - EQHC(QT) < le - w2|’CH‘T“,1+a(QT)TT7 (2 17)
— —/ -/ -/ o ’
[hy — h2||C[0,T} < |7y — h2||c%[o,T]T2'

14+«

By using (2.17) and T2 < T2 for small T, we obtain

|F (wr, hy) — F(ws, hy)|| = d((w, hy), (W, hs))

o o — —
@1 — Wallc@ry + A1 = hallcom

feq _ _ -/ -/
It follows from (2.15) and (2.16) that

|F(wy, hy) — F(wa, ha)|| < T2D(p + 1)(|Jwr — wallc@qe) + 11 — hallorjon)
< T2D(p+ 1)(|Jwy — walle@r + (14 TR, — Byllcpm)
<272 D(p + 1)([Jwr — wallci@r + 1K) — Byllcpm).

Finally we will choose

TST*:min{l, <m>i, (MC’)_%, C'_l%a, L)}a

and then

| F (w1, k1) — F'(wa, ho)|| < = ([lwr — walle@r) + 1Ry — hallerjo.r)-

N | —
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Therefore, the contraction mapping theorem shows that a fixed point (w*, h*) uniquely
exists and (w*, h*) is the unique solution of (2.6) and (2.7) which belongs to

14+«

w* € C2 M Qr), h*e CE(0,T).
Due to f(w*) € C2%(Qr), the Schauder estimate shows
w* € C122H((0,T] x [0, hy)).

Since (FBP) is equivalent to problem (2.6) and (2.7), we find that there is a unique
classical solution of (FBP) for 0 <t <T. O

Proof of Theorem 2.2. We first show a priori estimates of v and h in D(T) for any
given T > 0. By the strong maximum principle (cf. Protter and Weinberger [56],
Smoller [61]) we find

u(t,z) >0 for (t,x) € D(T) and wu,(t,h(t)) <0 for te (0,7]. (2.18)
Define € := max{||uollcm,), 1} and let @ = u(t) be the solution of an initial value
problem:

du

o = f@. t>0,

We can easily find u(t) < €4 for t > 0 and we get from the comparison theorem (cf.

Protter and Weinberger [56], Smoller [61]) that u(t,z) <u(t) in D(T). Hence we have
0 <u(t,z) <C) for (t,z)e D(T).

By (2.18) we can see h/(t) = —pu,(t,h(t)) > 0 for 0 <t < T. and it remains to show
the boundedness of h'(t). We set

w(t,z) = —CyM*(x — h(t))(z — h(t) +2/M),
Dy = {(t,z) € R* | h(t) = 1/M <z < h(t) for 0 <t < T}

to compare w with v in Dy;, where

M = max{\/N/(2dC1), |lupllo@,)/Ci}, N = max f(u). (2.19)

0<u<Ch
Direct calculations show

wy =20, MK (t){1 — M(h(t) — )} > 0,
Wyr = —201M2

for (t,x) € Dy, and hence

wy — dwgy > 2dCYM?  in Dyy.
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Setting U = w — u and , we see from (2.19) that

> u(2dC M? — N)
>0
for (t,z) € Dy. Moreover U(t, h(t)) = w(t, h(t)) — u(t, h(t)) = 0 and

U(t,h(t) — MY = w(t,h(t) = M) —u(t,h(t) — M)
= Cy —u(t,h(t) — M)
> 0.

Finally we compare the initial function. Note that in [hg — 1/M, hy
U)(O,.%) = ClMZ(hO — l’)(iC — ho + Q/M) > ClM(hO — l’)

wo() = / ub()dy < Il (ho — 7).

ho
Hence we find from (2.19) that
w(0,z) = CyM (ho — =) = ||ugll @y (ho — ) = uo(z)
for hg — 1/M < x < hg. Thus, using the maximum principle, we can show
w(t,z) —u(t,z) =U(t,z) >0 in Dy,
Noting that w(t, h(t)) = u(t, h(t)) = 0 that u, (¢, h(t)) > w.(t, h(t)) = —2C1 M, we get
W(E) = —puua(t, h(#)) < — (£, h(t) < p(2C1 M) =: uCs

for0<t<T.

By Theorem 2.1, there is a unique solution for 0 < ¢t < T for some T < co. We
next prove the unique solution is extended globally in time (cf. [18]). Let [0, T},4.) be
the maximal existence time in which the unique solution exists. To prove T,,,x = o0,
we assume 7T,,,, < 0o. By the above a priori estimates we find

0<u(t,z) <Ci, ho < h(t) < ho+ pColma

for 0 <t < Thae, 0 < x < h(t), where C; and Cy are independent of T,,,,. For
any 0y € (0, Tnae) and any M > T,,,., using the parabolic estimates and Sobolev’s
embedding theorem, we have

[u(t, Mlez@m) < Cs forall t € [, Tras),

where C'5 only depends on ¢y, M, C; and C5. Hence we can get a time interval 7 > 0
which is independent of t € [0, Trnae). Then, applying Theorem 2.1, we can extend
the solution with initial data at ¢ = Ty,0 — 7/2 uniquely to t = Tyuw — 7/2 + 7 =
Tonaz + 7/2 > Thnaw. However this result contradicts the definition of 7},,,, and thus
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Trnae = 00. The proof is complete. O

Proof of Theorem 2.3. Let (u,, h.) be the solution of

() — de(te)pw = fe(ue), t>0, 0<az<ht),
ue(t,0) =0 (resp. (ue).(t,0) =0), t >0,
ue(t, he(t)) =0, t>0,
he(t) = —pe(ue)o (L, h(1)), t>0,
L e(0) = (ho)e, ue(0,2) = (ug)c(z), 0 <z < (ho)e,
where d., p., (ho)e are positive constants, f. € Sy and (ug). satisfies (2.1) with hyg

replaced by (hg)., at least one of which is different from d, p, ho, f and ug. Moreover
assume that as e — 0

de = d, pe—p, (ho)e = ho, fe(u) — f(u) forall u>0,

(u@%%) — up(x) in C%().

By Theorem 2.2, we find for any a € (0,1)
u. € CH*(D,), he € CTT(0, 00),

where D = Upcscoo{s} X (0, he(s)). Using the Ascoli-Arzela’s theorem, we can choose a
sub-sequence {€'} and some function u* € C*?(D) (where D = Uycs<oo{s} X (0, h(s)))
and some function h* € C''(0, 00) such that along the sub-sequence

i flue —uw*flerzpy =0, lim [lhe = 1|1 (0,00) = 0.

Noting the uniqueness of solutions (u, h) of (FBP), we get u* = w and h* = h, and
thus along any sequence

llil(l) ||u€ — u||C1,2(D€) = 0, lli% ||h6 — hHCl(O,oo) = 0.

The proof is complete. |

2.3 Energy identity and comparison principle

To discuss the asymptotic behaviors of solutions for (FBP) we prepare, in this section,
an energy identity and a comparison principle.

Lemma 2.1. Let (u, h) be any solution of (FBP) and define F(u) = [ f( . Then
the following identity holds true:

d d t
et M / ool Moy s+ 55 [ 1) ds

d
— 5”“6”[{2(90) +/ F(u(t,z)) dx —/ F(uo(m)) dzx.
Q) Qo
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Lemma 2.2. For any given T > 0, let h € C'[0,T] and @ € C(D,(T)) N C2(Dy(T))
satisfy

Uy — dug, > f(u), (t,x) € Di(T),
u(t,0) >0 (resp. u,(t,0) <0), te(0,T],
u(t, h(t)) =0, t € (0,7,
B (t) > — g (t, h(t), t e (0,7,

(s))). Moreover

where d and p are positive constants and Dy(T) = Ugc,op({s} % (0,h
h(0) and ug(z) <

0
let (u, h) be the solution of (FBP) with initial data (ug(x), ho). If hg <
u(0,x) in [0, ho|, then it holds that

h(t) < h(t) in [0,T) and u(t,z) <u(t,z) in Uo<s<r({s} x (0, A(s))).

Lemma 2.3. For any given T > 0, let h € C'[0,T] and u € C(Dy(T)) N C2(Dy(T))
satisfy

duxm < f(g)7 ( ) S D2<T)7
u(t,0) <0 (resp. u,(t,0) = 0), te€(0,T],
u(t, h(t)) =0, € (0,77,
ﬁ/(t) S _;u@:c(tah(t))? (07 T]a
where d and p are positive constants and Dy(T') = Uo<s<T({5} x(0,h(s))). Moreover let

(u, h) be the solution of (FBP) with initial data (ug(x), ho). If h(0) < hy and u(0,x) <
up(z) in [0, h(0)], then it holds that

L) <h(t) in [0,T] and wu(t,z) <u(t,r) in Uscser({s}t x (0,h(s))).

Definition 2.1. The couple of functions (@,k) in Lemma 2.2 is called an upper
(super-) solution of (FBP) for 0 < ¢ < 7. In a similar way we can denote a lower
(sub-) solution of (FBP) for 0 <t <7 by (u,h) as in Lemma 2.3.

Lemma 2.4. For any given T > 0, let (u,,, h,,) (i = 1,2) satisfy

(um)t_d(um)m :f(um)7 0<t<T, O0<x< hm(t),
Up (t, O) =0 (T@Sp. (uui)a:(ta O) = O), 0<t<T,
Uy, (T, 1y, (1)) = 0, 0<t<T,
h;h(t) = _:ui(uui)x(ta h,ui (t)), 0<t< T,

where d is positive constant. If py < po, hy, (0) < hy,,(0), and w,, (0,2) < u,,(0,z) in
[0, 2y (0)], then

h#l (t) S hlt2 <t> i [O’T] and Upy (t,[L’) S Upiy (t,ZL‘) i UOSSST({S} X (Ov hul (S))>
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Proof of Lemma 2.1. Consider the following identity.
d(d d

dt{ ||uz(t, )||L2 ))} = §ux(t,h(t))2h'(t) —I—d/ﬂ(t) U (t, ) ug(t, ) de. (2.20)

Using the Stefan condition we find in (2.20)

d d

—ug(t, h(t))*H (t) = ——h/(t

Gt ROV (2) = 55H ()"

We differentiate u(t, h(t)) = 0 with respect to ¢ to get
wg(t, h(6)I (t) + ue(t, h(t)) = 0.

Then, for the second term in the right-hand side of (2.20), integration by parts and
the above identity lead to

z=h(t)
d/ Uz (t, ) g (t, ) do = d um(t,m)ut(t,x)}
Q(t)

—d Upa\U, T)UL(T, T dx

/Q@ (1, )l 2)

= du,(t, h(t))u(t, h(t)) + /Q(t) ug(t, 7)(—dug,(t, ) d

= —du,(t, h(t))*H (t) + /Q(t) w(t, ) (f (u(t, ) — w(t,x)) do
— 0P+ [ w ) (f(ule.0) = () do

where we have used u;(t,0) = 0 (or u,(t,0) = 0 for the Neumann problem). It follows
that

d(d d
St Mo = =530 = e, Moy / o ) da
d .,
= _2_,u2h () = Nluelt, ) 7200 + o F dz.
Hence integrating this identity over [0, t], we get the conclusion. O

Proof of Lemma 2.2. We basically follow the argument of [18] to prove this lemma.
Let (ue, he) be any solution of

(ue)r — d(ue)ze = flue), 0<t<T, 0<zx<h(t),
us(t,0) =0 (resp. (ue).(t,0) =0), 0<t<T,

u(t, h-(t)) =0, 0<t<T,

he(t) = —p(1 =€) (ue)a(t, he(t)), 0<t<T,

he(0) = (1 — €)hg, u(0,z) = ug(hoz/h-(0)), 0 <z < h.(0),

where ¢ is so small that u.(0,2) < (0, z) for 0 <z < h.(0). We can apply the strong
maximum principle to show

us(t,z) >0 in D.(T), (ue).(t,h(t)) <0 for 0<t<T, (2.21)
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where D (T') := Uy<,<r({5} x (0, h(s))). Moreover, by the continuous dependence on
parameters, we see that

. o . 1 . o
lim h.(t) = h(t) in C[0,T], ll_r}(l) Jue(t, ) — w(t, )l oz =0

e—0

We will prove
he(t) < h(t) in [0,7] and wu.(t,z) <u(t,r) in D.(T) (2.22)
because, by taking € — 0 in (2.22), we obtain
h(t) < h(t) in [0,7] and wu(t,z) <u(t,x) in D(T).
Since h.(0) < h(0), we have h.(t) < h(t) for small ¢t > 0, and we may assume
ho(t) <h(t) in [0,¢%), ho(t*) =h(t*) and RL(t*) > B (t*) (2.23)

for some t* € (0,7T). Let w(t,z) = ek (u(t,x) — u.(t,x)). Then, by (2.2), direct calcu-
lations show that

> kw — sgn(u — u.)e" (@ — u.)L
> (k— Le™)w in D.(T),

where sgn(u) = 1 if w > 0, sgn(u) = 0 if v = 0 and sgn(u) = —1 if v < 0. Taking
suitably large k, we see that w; — dw,, > 0 in D.(T). Note that w(¢,0) > 0 (resp.
w,(t,0) > 0), w(t,he(t)) > 0 for 0 < t < t* and w(0,z) = w(0,2) — u(0,z) > 0 in
[0,h.(0)]. Therefore, by the maximum principle, we find that w(¢,z) > 0 in D(T).
Since h.(t*) = h(t*) and w(t*, ho(t*)) = e (@(t*, h(t*)) — u(t*, he(t*))) = 0, we find
wy(t*, he(t*)) < 0. Hence, taking account of (2.21), we see that

-/

W) = h(t") > —pe™  w, (1, he (87) — ep(ue)o (t, he(t7)) > 0

This contradicts (2.23), and consequently h.(t) < h(t) in [0,7]. Finally we use the
maximum principle again in D.(T) to get u.(t,z) < u(t,z) and (2.22). This completes
the proof. H

We omit the proof of Lemma 2.3 because it is almost same as that of Lemma 2.2.

Proof of Lemma 2.4. Since h,,(t) = —p2(tu,)(t, My (1)) = —pa (U, )2 (t, by (), the
solution (u,,,h,,) is an upper solution of (FBP) with p = p1. Hence, using Lemma
2.2, we get the conclusion. O



28 CHAPTER 2. A FREE BOUNDARY PROBLEM IN ONE DIMENSION

2.4 Properties of spreading and vanishing

In this section we show the underlying principle to determine the asymptotic behaviors
of solutions as t — oco. Let (u, h) be any solution of (FBP). Since the free boundary is
strictly increasing by Theorem 2.2, there exists a limit which satisfies

lim h(t) =00 or lim A(t) < co.

t—o00 t—o00

In each case, the behavior of u as t — oo is different which is called spreading or
vanishing.
The following theorem gives a property of vanishing.

Theorem 2.4. If lim;_,. h(t) < oo, then limy_,« |[u(t, -)||cow) = 0.
On the other hand, a property of spreading is given by the following theorem.

Theorem 2.5. Let (u, h) be the solution of (FBP) with initial data (g,1), where l > 0
and q(z) satisfies the differential inequity:

dge + f(q) >0, 0<z<l,
qg>0, O<uz<l,
q(0) = 0 (resp. q.(0) = 0), ¢(I) = 0.

Then the following (1) — (iii) hold true:
(1) limy_yo0 h(t) = 00; that is limy_,. Q(t) = (0, 00),
(ii) u(t,z) is non-decreasing with respect to t > 0 in Q(t),

(i) lmyoo u(t, ) = v*(x) uniformly in any compact subset of [0,00), where v* is a
mainimal positive solution of

{dvm—kf(v) =0, 0<uz<oo,
v(0) =0 (resp. v,(0) = 0)

satisfying v*(x) > q(x) in [0,1].
Remark 2.1. In Theorem 2.5 the boundary condition of the initial function, q(0) =
0.

0 (resp. ¢.(0) = 0), q(I) = 0, may be replaced by q(0) < 0 (resp. ¢.(0) > 0), q(I)
In other words q(r) is regarded as a lower solution for (2.3).

We have the following property on spreading from Theorem 2.5.

Corollary 2.1. Suppose that functions q(x) and v*(x) and positive number are defined
as in Theorem 2.5. If ho > 1 and ug(x) > q(z) in [0,1], then

lim Q(t) = (0,00) and litminfu(t,:v) >v*(x) for 0 <z < o0.

t—o00 —00
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Proof. Let (w(t,x),y(t)) be a solution of (FBP) with initial data (¢, ). Then it follows
from Lemma 2.2 that

h(t) > y(t) fort >0 and u(t,x) > w(t,z) for t >0, 0 <z < y(t).

Taking ¢ — oo in the above inequality, we get the conclusion because Theorem 2.5
shows limy_, y(t) = oo and limy_, w(t, z) = v*(x). O

Before giving the proof of Theorem 2.4, we prepare two important lemmas.

Lemma 2.5. Assume lim; o, h(t) < oco. If v(t,y) is defined by v(t,y) = u(t, h(t)y),
then {v(t,y)| t > 1} is relatively compact in C'[0, 1].

Proof. We use the energy estimate. Note that

sup F(u(t,r)) < max F(u) =:C5 < o0.
t>0, 0<z<h(t) (ult, ) 0<usCh ()

Since he := limy o h(t) < 00, it follows from Lemma 2.1 that for every ¢t > 0

d t
S iy + [ s Mo ds

t (2.24)
d N3
+2_,u2 i h'(s)” ds < Cy + Csheo,
where Co = (d/2)||ug| 720 — foho F(ug(x)) dx. The inequality gives
sup ||ug (£, -) || 20 < 0o (2.25)
>0
By the definition of v = v(t, y), we calculate
TR (- M)
Uy h(t), Uy h(t)Qa Ut Ut+“y h(t) )
and v satisfies the following problem:
v = a(t)vy, +b(t,y)v, + f(v), t>0, 0<y<l,
v(t,0) =0 (resp. vy(t,0) =0), t >0, (2.26)
ot 1) = 0, t>0,
v(0,y) = vo(y) := uo(hoy), O0<y<l1,

where a(t) = d/h(t)? and b(t,y) = I/ (t)y/h(t). We treat (2.26) as an evolution equation
in L?(0,1). Let A be a closed linear operator in L?(0, 1) with domain D(A) = H?(0,1)N
H}(0,1) (resp. D(A) = H*(0,1)) and

Av = —v,, for ve D(A).
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For each t € [0, 00), define A(t) by
A(t)v = a(t)Av  for v e D(A).
By Theorem 2.2, we find 0 < h/(t) < puCsy for all t > 0, and hence

I(A() = A(s))A0) I = I(a(t) — a(s)a(0) ™' < =—=5—

It is well known that —A(t) is a sectorial operator generating an analytic semi-group
in L?(0,1). Hence, making use of general theory of evolution equations (see Friedman
[25], Henry [35] or Tanabe [65]), we can construct evolution operators {U(t, s)}o<s<t
satisfying

|A“U(t, s)|| = M(a)(t —s)™ 0<s<t<

for each 0 < o < 2, where || - || is the operator norm in L?(0,1) and M(«) is a positive
number depending only on « (see also Mimura, Yamada and Yotsutani [51, Lemma
4.2]). Using the evolution operators, we can represent the solution v(t) of (2.26) as

v(t) =U(t,7)v(7) +/ Ult,s)g(s) ds, (2.27)

where g(t,y) = b(t, y)v,(t,y)+ f(v(t,y)) and b(t,y) = 1'(t)y/h(t) is uniformly bounded
in [0,00) x [0,1]. Moreover, by the a priori estimate and (2.25),

my = sup [|g(t, )|l z2(0,1)
t>0
pCs
< —
< T Suplley(Bllzzon + max [ (v)
S ,uCghoo

$up vz (t) || £2(0,1) +  max | f(v)] < oo.

ho
We operate v in (2.27) by A* for a € (0,1) to get

A%(t) = A°U(t, T)v(T) —l—/ A°U(t,s)g(s) ds.

Then we can show from the above estimate and sup,~ [[v(t)|[z2(0,1) < C1 (where C1 is
defined in Theorem 2.2)

t
1A% (0)] L200) < IAUE D - (P20 + [ AU )] - [l9(8)l] 20,1y ds
t

< M(a)(t—71)"%C) + M(a)/ (t—s)"%my ds

T

< M@){Cit -+ -yt

fort > 7> 0. For any t > 1, taking 7 > 0 such that t — 7 = 1, we have

m
A% (t)]|L2(0,1) < M(Oz){Cl + 1 }

11—«
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This estimate implies that {v(¢)| ¢ > 1} is uniformly bounded in D(A%). Then we
employ the following embedding result; the inclusion

D(A%) c C'0,1]

is continuous and compact for 3/4 < a < 1 (see Henry [35, Theorems 1.4.8 and 1.6.1]).
Hence the proof is complete. O

Lemma 2.6. Assume lim_,o h(t) < oco. Then both N (t) and ||u(t)||L2q)) are uni-
formly continuous with respect to t € [1,00).

Proof. Define v(t,y) = u(t, h(t)y). Since hoo = limy_,o h(t) < 0, we can use the same
argument in Lemma 2.5 to find that the inclusion D(A®) C C'[0,1] is continuous for
3/4 < a < 1. Following the arguments used in the proof of [51, Theorem 4.3], we can
derive

14 (0(t) — () liom < M)t — 1), t2721

forany 0 < o < 1 and any 6 € (0, 1—«), where M; (6, «) is a positive number depending
on ¢ and «. Hence

t — v,(t,y) is uniformly Hélder continuous in C|0, 1]-norm. (2.28)

This fact, in particular, implies that

I

t— N (t) = _W

v, (t, 1) is uniformly Holder continuous. (2.29)

We next prove the uniform continuity of ¢ —— ||u¢(t)||r2(@)), using the theory
of evolution equations (see Tanabe [65]). Recall that v is expressed as (2.27) and
that ¢t — g(t,y) = (K (t)y/h(t))v,(t,y) + f(v(t,y)) is uniformly Hélder continuous
in C0, 1]-norm by (2.28) and (2.29). Hence we can use fundamental estimates for
{U(t,s)} to derive

t > v;(t, -) is uniformly continuous in L*(0,1). (2.30)
Noting from the transformation that
()l 220y = ()2 [[ve(t) — b(t, -)vy ()] 20,0

where b(t,y) = h/(t)y/h(t), we get the conclusion due to (2.28) — (2.30). O
Proof of Theorem 2.4. We make use of the energy identity to show the convergence

as t — oo. Employing (2.24) in the proof of Lemma 2.1 (this is possible because
hoo := limy_,o, h(t) < 00), we have

/0 {Hut(t7 ')H%Q(Q(t)) + h/(t)g} dt < Cs,
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where C5 is some positive constant. Since both |[u;(t)|| 2wy and A'(t) are uniformly
continuous for ¢ > 1 (Lemma 2.6), the inequality enables us to prove

tlg& |w(t, )| 2@y =0 and  lim A'(t) = 0. (2.31)

t—o00

We introduce a new function v(¢,y) by v(t,y) = u(t, h(t)y). As in Lemma 2.5, the
function satisfies (2.26), for convenience, which is denoted by

v = a(t)vy, +0(t,y)v, + f(v), t>0, 0<y <1,
v(t,0) =0 (resp. v,(t,0) =0), t >0,

(t, 1) = 0, t>0,

v(0,y) = vo(y) := uo(hoy), 0<y<l,

where a(t) = d/h(t)* and b(t,y) = I/ (t)y/h(t). Also, since {v(t,y)| t > 1} is relatively
compact in C'[0,1] (Lemma 2.5), we are able to choose a sequence of {t,} / oo and
a nonnegative function 0(y) to satisfy

lim v(t,,y) = 0(y) in C'0,1] (2.32)

n—o0

Observing

W (t)y
h(t)

Ut(t7 QT) = 'Ut(t7 y) - Uy(ta y) = Ut(ta y) - b(t> y)Uy(t, y)

and (2.31), we find ||v¢(t,)|| 20,1y — 0 and g(tn,y) — 0 as n — co. Hence ¥ satisfies

d
h_zﬁyy + f(TA}) =0 for 0< y < 1 (233)
in the L?(0,1)-sense with ©(0) = 0 (resp. 9,(0) = 0) and 9(1) = 0, and it also holds in
the classical sense by the elliptic regularity. Note that

!

W (ty) = —puy(tn, h(ty)) = _mvy

(tn, 1).

Letting n — oo in the above relation, we get 0 = —pu0,(1)/hs by (2.31) and (2.32).
Hence 0,(1) = 0. It can be seen that v satisfies a second-order differential equation
(2.33) with 9(1) = 0,(1) = 0, and thus v = 0 from the uniqueness of solutions. Hence

tim [u(t, ey = lim foft, lcios = 0.
The proof is complete. [l
Proof of Theorem 2.5. We will prove (ii) by the comparison principle (Lemmas 2.2

and 2.3) and the uniqueness of solutions. To clarify the dependence of solution (u, h) for
(FBP) on initial data (g, 1) we write, in this paragraph, u(t, x; ¢, 1) and h(t; ¢, () instead
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of u(t,z) and h(t), respectively. Since (u(t,z),h(t)) = (¢(z),l) is a lower solution of
(FBP), Lemma 2.3 shows that for any 7 > 0

h(7;q,0) > 1 and u(r,z;q,l) > q(x) in [0,]] (2.34)
We now compare the solution with initial data (u(7,z;q,l), h(7;¢,1)) to the solution
with (¢(x),[). Then, by virtue of (2.34), the comparison principle gives, for every t > 0,
h(t; u(T; g, 1), h(73 4, 1)) = h(t;q,1)
and
u(t,z;u(r;q,0), h(T;q,1)) > u(t,xz;q,0) in [0, h(t; q,1)]. (2.35)
By the uniqueness of solutions for (FBP), we find
u(t, z;u(r; q,0), h(7;¢,1)) = u(t + 7,25 ,1)
for any t,7 > 0. Hence (2.35) becomes
u(t+7,2;q,0) > u(t,z;q,1) in [0,h(t;q,1)]

for any ¢,7 > 0. Thus u(t,z;¢,1) > 0 for 0 < x < h(t;q,1), t > 0.

We can easily show (i) using the property of vanishing and (ii). If we assume
limy o0 A(t) < 0o, then Theorem 2.4 implies limy . ||u(t, -)|lcw) = 0. By part (ii),
however, the function u(¢, z) is non-decreasing in ¢ > 0 for 0 < x < h(t), which allows
us to get

ligglfu(t,x) > q(z) >0 in (0,1).

This is a contradiction, and hence the free boundary h(t) must satisfy lim; o, h(t) = oo,
that is lim; . Q(t) = (0, 00).

Finally we prove the result (iii) on the convergence of solutions as t — oo. Noting
that u(t,z) is non-decreasing with respect to ¢ for each x € (0,h(t)) and uniformly
bounded, we find a nonnegative function v(x) which satisfies

tlim u(t,z) = v(x) for every z >0 (2.36)
—00

and moreover 0(x) = limy_,o u(t, ) > q(z) in [0,]. We will show that 0(z) is a solution
of the stationary problem. We multiply the equation by any function ¢ € C§°(0, c0)
and integrate it in (¢,¢+ J) x (0,00) with any 6 > 0 to have

/;M /OOO (s, x)p(x) deds = al/tH(S /OOO u(s, 1) ps () duds

o | stuts.aota) dods

(Here the integral makes sense because ¢ has a compact support in (0,00)). By
Lebesgue’s dominated convergence theorem and the monotone convergence result (2.36),
it holds that

lim tt+5 /OOO (s, x)p(x) deds = lim {/000 u(t+ 9, z)p(x) doe — /000 u(t, z)p(x) d:v}

t—o00 t—o0

=0.
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Similarly we find

t+6 00 00
lim / : / (S, )Py (x) dxds = 5/ () ppe () dz,
t 0 0

t—o00

t+0 0o oo
lim t /o flu(s,z))p(x) deds = 5/0 f(o(x))p(x) de.

t—o00

Hence 0 satisfies
AUz, (x) + f(0(z)) =0 for 0 <z <oo, 0(0)=0 (resp. 0,(0) =0)

in the weak sense, and hence it holds true in the classical sense by the elliptic regularity.
Here it should be noted that ¢ satisfies © > ¢ in [0,1]. We can also show that v = v*;
0 is actually a minimal positive solution satisfying 0 > ¢ in [0,[]. Indeed let v is any
positive solution of (2.4) satisfying v(z) > ¢(z) for 0 < x < [. Then by the comparison
principle we get u(t,z) < v(z) for t > 0, 0 < = < h(t). Letting ¢ — oo in this
inequality, we deduce

0(x) = lim u(t,z) <wv(z) for 0 <z < 0.

t—o00

Since v is an arbitrary function satisfying v(z) > ¢(z) for 0 <z <[, we obtain v = v*.
Noting that v* is smooth (in particular, continuous) in [0, c0) and « is monotone in ¢,
we find from Dini’s theorem that

tlim u(t,z) = v*(x) uniformly in any compact subset of [0, c0).
—00

Hence we complete the proof. O

2.5 General dichotomy theorem

Using the properties of spreading and vanishing constructed in the preceding section,
we can get the dichotomy theorem for a certain class of nonlinear functions.

Theorem 2.6. Let (u,h) be any solution of (FBP). Suppose that f satisfies
feCt0,00), f(0)=f(1)=0, f(u) <0 for u>1, f(0)#0. (2.37)
Then either (i) or (ii) holds true ast — oo :
(i) Spreading: lim;_,o Q(t) = (0,00), liminf, o ||u(t,-)||c@e) > 0;

(ii) Vanishing: limy_,o Q(t) is a bounded set in (0,00), limy o [|u(t, -)|lc@e) = 0.

Remark 2.2. A general dichotomy theorem in multi-dimensions is shown in Theorem
3.0. In section 3.5, we can also get criteria for spreading and vanishing if f satisfies

(2.37).
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To prove Theorem 2.6, we need two propositions.

Proposition 2.1. Let (u, h) be any solution of (FBP). Suppose that f satisfies (2.37)
and f'(0) > 0. If limy_, h(t) = 0o, then liminf, . ||u(t,-)|lc@w) > 0.

Proof. Let g(z) be an eigenfunction for the first eigenvalue A; () of the problem

dges + Mg =0, 0<z<l,
q(0) = q(1) = 0 (resp. ¢.(0) = ¢(I) = 0),

where [ > hg is a large positive number so that f/(0) > A;(l). It is actually possible
for any given f/(0) > 0 because A;(l) is continuous and monotone decreasing with
respect to [, Ay (1) > 0 for all [ > 0 and lim;, ., A1(l) = 0. By the assumption there
is some T > 0 such that A(T) = [, and moreover we can choose small € > 0 to satisfy
eq(x) <wu(T,z)in (0,1). Since f'(0) > Ai(l), choosing ¢ sufficiently small if necessary,
we find that ¢ := eq satisfy

$(0) = o(l) = 0 (resp. ¢2(0) = o(1) = 0).

Consider the solution (w(t,z), s(t)) with initial data (¢,7). Then by Lemma 2.3 we
deduce

{d¢m+f(¢) >0, O<z<l,
0

s(t) <h({t+T) for t>0 and w(t,z) <wu(t+T,z) for t >0, 0 <z < s(t).

Moreover, using Theorem 2.5, we find lim; ., s(t) = oo and lim;_, w(t,z) = v(x)
uniformly in any compact set of [0,00), where v is a unique solution of (2.4), and
consequently it follows that

liminfu(t,z) > lim w(t,z) = v(xz) >0 in (0,00).

t—o00 t—o00

In particular liminf, . ||u(t, )||co@)) = liminf, . u(t, z) > 0. O

Proposition 2.2. Let (u, h) be any solution of (FBP). Suppose that f satisfies (2.37)
and f'(0) < 0. If liminf, o [|u(t,-)||cu) = 0, then limy_, ||u(t, )|c@w) = 0 and

Proof. By the assumption of f there is some o € (0,1] such that f(u) < 0 for
u € (0,0). Moreover, since f(0) =0, we can set f(u) = ug(u) and g satisfies

g(u) <0 uwel00).

We will construct an upper solution (v(¢,x), s(t)) for (FBP). Define

v(t,x) = oe”* cos ( ik

25(t)> and s(t) = so(1+0(1 — e )
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for positive constants a, 0 and so. Then we find §'(t) = aspde " > 0. By direct
calculations we have

at

for t > 0 and 0 < z < s(t). Hence it follows that

vy — dvge — f(v) > ge* cos <%){ —a+ % — g(v)}.

Since 0 < v < g, we see that —g(v) > min{—g(v); 0 < v < o} = m; > 0. Then,
taking a < my, we deduce

s - 4s3(1+ )2

+mq >0,
and consequently it holds that

vy — dvg, — f(0) >0 for ¢t >0, 0<x<s(t). (2.38)
Moreover we can easily find

v(t,0) >0 and v(t,s(t)) =0 for t >0. (2.39)

Next, choosing § > muo/(2as?), we obtain

s'(t) — (—pve(t, s(t))) = asede " — me‘”‘t
THO\ —at 2.40
> —
= %0 (5 2045%)6 (2:40)
>0

for t > 0. Finally we will check the initial condition. By the assumption that
liminf oo |Ju(t, )|l ce) = 0, there is some T > 0 such that u(7*,z) < o/2 for
0 <z < h(T*). Choosing large s satistying so > 3h(7%)/2 (> hy), we get

T*
w(T* z) < % = acosg < o cos (Wh( )> for 0 <z <h(T).

250

w(T™, x) < ocos (Wh(T*)> < o cos <;T—x> =v(0,2) for 0<az<h(T"). (2.41)

S0
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It follows from (2.38) — (2.41) and the comparison principle (Lemma 2.2) that
u(t+ T, x) <wv(t,x) and h(t+T") <s(t) for t>0,0<z<h(t).
Thus

lim A(t) < Tim s(t) = so(1+6), T Ju(t, lewm) < Jim [[o(t, )| =0,

t—o00 t—o00

and we complete the proof. O

Proof of Theorem 2.6. Since h(t) is strictly increasing, we find that Q(t) = (0, h(t))
becomes a bounded set in (0,00) or (0,00) as ¢ — oco. In the former case Theorem
2.4 implies limy_,o [|[u(t, -)||c@) = 0. In the latter case we discuss the problem for
each case of f'(0) > 0 and f’(0) < 0, and we obtain liminf, .. [[u(t,-)||c@w) > 0 by
Propositions 2.1 and 2.2. O

2.6 Spreading and vanishing for logistic equations

We have already shown the general dichotomy result of spreading and vanishing in
Theorem 2.6. In this section, putting a more restrictive condition on f, we will show
more detailed asymptotic behaviors of solutions. To be more precise we assume that

f € CH0,00), f(0)=f(1) =0, f(0)>0, f'(1) <0, f(u)>0(0<u<l),
fu) <0 (u>1), f(u)/u is decreasing with respect to u € [0, 1].

We call Case (A) (or a monostable/logistic case) when the nonlinear function
satisfies the above condition. In section 3.6 we will consider more general polystable
nonlinearity satisfying (2.37) and f’(0) > 0, and generalize main theorems of this
section.

2.6.1 Main theorems

The following theorem is a dichotomy result for Case (A).

Theorem 2.7. Let (u,h) be any solution of (FBP). Then, either spreading (i) or
vanishing (i) holds true:

(1) limyeo Q) = (0,00) and limy . u(t, z) = v*(x) uniformly in any compact subset
of [0,00), where v* is a unique positive solution of (2.4);

(i) lime oo () C (0, RY) and limy_,o ||u(t,-)||cey) = 0, where RY = m/d/f'(0)
(resp. (w/2)\/d/f'(0)). Moreover ||[u(t,-)||cw) = O(e™) for some B > 0 as
t — o0.
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Remark 2.3. The number R} in Theorem 2.7 is determined by f'(0) = A\ (RY), where
A1 (1) is the least eigenvalue of

—dpre = Mo, 0<x <,
>0, 0<x<l,

¢(0) = (1) =0 (resp. ¢(0) = ¢(l) = 0)

for 1 > 0. Indeed it is well known that A\i(l) is continuous and decreasing with respect
to | and that it satisfies limy_,o A1(l) = 400 and lim;_,, o, A1 (1) = 0. Thus, there exists
a unique positive number R} such that f'(0) = A\ (R}) and f'(0) > A (l) forl > R;.

Remark 2.4. When we put the Neumann boundary condition at x = 0 (u,(t,0) = 0)
in (FBP), we find v*(z) = 1. Putting the Dirichlet boundary condition, we see that
vi(x) > 0in [0,00) and lim, . v*(z) = 1.

In the following theorems we use the number R} given in Theorem 2.7.
Theorem 2.8. Let (u, h) be any solution of (FBP) and the following results hold true:
(i) Suppose ho > R;. Then spreading occurs.
(ii) Suppose hy < R}.

(a) If initial function ug is small enough to satisfy ug(x) < w(z) in Qo for a
positive function w defined in €y, then vanishing occurs.

(b) If initial data satisfies
_
Vi/d+1

ho d, . Ry
(resp. /0 up(z) dx > /;(Rl —ho), ho > P ES) 1):

ho d
/ zug(z) dor > —((R})* — h3), ho >
0 24

then spreading occurs.

We find from Theorem 2.8 that spreading always occurs when initial habitat is large
(Qo = (0,ho) D (0, R;]). On the other hand if the habitat is small enough to satisfy
Qo C (0, R;), then there still exist two possibilities. In that case initial population
density ug or the Stefan coefficient p determines the asymptotic behaviors of solutions.

Theorem 2.9. Suppose hy < Ri. Let ¢ € C?*(Q) N C(Qy) be any function which
satisfies ¢(0) = ¢(ho) = 0 (resp. ¢.(0) = ¢(hg) = 0). Then there exists a number
o* = (¢, hy) € (0,00] such that spreading occurs if uy > o*¢ in Qy and vanishing
occurs if ug < o*¢ in €.

Theorem 2.10. Suppose hy < Rf. Then there exists some number p* = pu*(ug, hy) €
[0,00) such that spreading occurs for p > p*, while vanishing occurs for p < p*.
Moreover, if f(u) < f'(0)u for uw >0, then p* € (0, 00).
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2.6.2 Preliminaries

In this subsection we prepare some results on the fixed boundary problems and some
key propositions to prove the main theorems. We first consider the following problem:

up = dug, + f(u) t>0 0<z<l,

u(t,0) =0 (resp. u,(t,0) =0), ¢>0, (2.42)
u(t,l) =0, t >0,

u(0,z) = (), 0<z<l,

where [ is a positive number and ¢ is a nonnegative continuous function and ¢ # 0.
It is well known that any solution u(t,z) of (2.42) converges to a positive solution
of the corresponding stationary problem as ¢ — oo (see e.g. Brunovsky-Chow [5],
Hale-Massatt [33] or Matano [49]):

dge + f(@) =0, 0<z<I,
q(0) = 0 (resp. ¢2(0) = 0), (2.43)
q(l) = 0.

To be more precise, we have the following result.

Proposition 2.3. Let u = u(t, x) be any solution of (2.42) and R} = w+/d/f'(0) (resp.
(m/2)\/d/f'(0)).

(i) Ifl < Ry, then ¢ = 0 is a unique solution of (2.43) and lim; . u(t,x) = 0
uniformly in [0,1];

(ii) Ifl > R;, then (2.43) has a unique positive solution ¢ = q(x) and lim;_,o u(t, z) =
q(z) uniformly in [0,1].

For the proof, see Cantrell and Cosner [10, Corollary 3.4]. The number Rj is often
called “minimal patch size” in the sense that the population establishes themselves as
time tends to infinity if the length of their habitat is larger than R;. Theorem 2.7 also
implies that this patch size has an important role in the free boundary problem.

We next prepare two key propositions for solutions (u, h) of (FBP).

Proposition 2.4. Iflim, . h(t) < 0o, then lim; o, h(t) < R}

Proof. Assume that there exists 7" > 0 such that [ := h(7") > R} and consider the
solution w(t, x) of problem (2.42) with initial data satisfying ¢(z) = w(T, x). Then the
standard comparison problem shows

uw(t+T,x) >w(t,z) for t >0, 0<ax<I.

Note that, by Proposition 2.3, the function w(t) converges to the solution ¢; of (2.43)
as t — o0o. Then we find

liminfu(t,z) > q(xz) >0 for 0 <z <,

t—o00
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However this fact gives an contradiction because any solution of (FBP) with the prop-
erty limy_,o h(t) < oo must satisfy lim;_,o ||u(t, -)||c)) = 0 by Theorem 2.4. Hence
lim; . A(t) < R} and the proof is complete. O

Proposition 2.5. If limy o h(t) = 0o, then u(t) converges to v* as t — oo uniformly
in any compact subset of [0, 00), where v*(x) is a unique positive solution of (2.4).

Proof. Since lim;_,o, h(t) = oo, for any given positive number | > R} we can take
T > 0 such that h(T) = [. Then, as in the proof of Proposition 2.1, we obtain

o ST _ . > 0. '
hggclglfu(t,x) > tlggo w(t,x) =v*(x) for >0 (2.44)
Here we note that w(t) converges to v* uniformly in any compact subset of [0, 00)
because of Dini’s theorem and the non-decreasing of w(t) by Theorem 2.5.
We next consider the solution u(t, ) of

uy — dug, = f(u), t>0, >0,
u(t,0) =0 (resp. u,(t,0) =0), t>0,
(0, z) = max{1, [[uol|ceao) } x > 0.

It follows from ug(x) < u(0,z) for x > 0 that the standard comparison principle (see
Protter and Weinberger [56] or Smoller [61]) shows

u(t,z) <u(t,xz) for t>0, 0 <z <h(t). (2.45)

Moreover, because v = M := max{l, ||uo|/c(y)} is regarded as an upper solution of
(2.4), the function @ is monotone decreasing with respect to ¢ and u(t) converges to
v*(x) as t — oo uniformly in any compact subset of [0, 00) (see Sattinger [58] or Smoller
[61]). Hence, letting ¢t — oo in (2.45), we obtain

limsup u(t, z) < tlim u(t,z) =v"(z) for 0 <z < 0. (2.46)
t—o00 —00

From (2.44), (2.46) and the uniform convergence of w and @ to v*, we find that u(t, z)

converges to v*(z), as t — oo, uniformly in any compact subset of [0, 00), and the proof

is complete. O]

2.6.3 Proofs of main theorems

Proof of Theorem 2.7. We can apply Theorem 2.6 to this case. Moreover Proposition
2.5 shows if Q(t) = (0,00), then u(t, z) converges to v*(z) as t — oo uniformly in any
compact subset of (0, c0), while Proposition 2.4 implies if €2(¢) is bounded for all ¢ > 0,
then it is included by the interval (0, R}). When lim, . ||u(t, -)|lc(ow) = 0, there is
some T' > 0 such that u(7), x) is sufficiently small. Then, as in the proof of part (ii-a)
in Theorem 2.8, we can prove

u(t, z) < goe P sin <7Ts(t)/yx + fy) (resp. u(t,z) < ege™ cos (237Et)$>>
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for t > T, 0 <x < h(t), where s(t) = so(1 4+ 0(1 — e™*")) and s, €, @, 3, v and § are
suitable constants. This implies ||u(t,-)||c@w) = O(e™"") as t — oo, and we complete
the proof. O

Proof of Theorem 2.8. (i) We remark that, when vanishing occurs, the free boundary
must satisfy lim; ,o, h(t) < R} by Theorem 2.7. Since hg > R} and h(t) is strictly
increasing with respect to ¢, we find limy; o h(t) > R;. Hence Theorem 2.7 implies
lim;_,, h(t) = oo and spreading occurs.

(ii-a) We first discuss the case R} = m/d/f'(0) (where we put the Dirichlet boundary
condition at z = 0 in (FBP)). Define

s(t) = so(1+0(1 —e ) and v(t,z) = goe ' sin (Ws(t)fyx + ’y),

where sg € [ho, R}), 7 € (0,7/2), and «, 3, § and ¢y are positive constants. We will
prove that (v(t,z),s(t)) is an upper solution of (FBP) by choosing suitable positive
numbers. Since sy < m/d/f'(0), we have dr?/s3 — f'(0) > 0 and there exist small
positive constants v and ¢ such that

d(m —v)?

2T o7 F(0) > 26 (2.47)

For such o > 0, we can choose small g9 > 0 to satisfy
f() < (f(0)+0)v for 0<wv < e,.

Then direct calculation gives
- () ()
Vy = Eg€ s(t) cos s(t) T+7),

o () o (e )
(V. gpe s(t) sSin s(t) xr+),

=t (St ) (G ()
§ S

Hence we get

vy — dvg, — fv) > { — B+ d(z(—;f — f(0) - 5}506*“ sin (WS&)V:E + 7)
St (r—vy)x 4 T —
_ dSTilgoe o ( S<t>7x i 7) (2.48)
> { - B+ —3(2)(?1:—?)2 — f(0) — 5}806_ﬁt sin (Wsé)fyx + 7)

S —)e
s(t)?

Eoe_m CoS (W T+ ’y).
s(t)
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By (2.47), we can take § < ¢ to obtain

d(W—V)Q /
_5+m—f(0)—62—5+6>0.
Hence o )2
™="7 / : T
U grrap O oy (e ) >0 249

fort >0, 0 <x < s(t). If the second term in the right-hand side of (2.48) is negative,
then we can immediately obtain v, — dv,, — f(v) > 0. However we actually find

— >0 for t>0, 0<2<X,:=(1m—2v)s(t)/{2(r —
COS(W W:HV) >0 for >0, 0<z <Xy :=(7—27)s(t)/{2(r — )},
s(t) <0 for t>0, X; <z <s(l).

For t > 0,0 <z < X, because of 0 < §'(t) < spad, it holds that

"(t)(m — — —7)X
_ SO : T (ﬂ 7x+v> 5 _Soad(m 27) ! cosn
S<t) S(t) S(t> (2'50)
ad(m — 27)
> ———————~Ccosvy
2
and
sin (Ws(t)vx + 7) > siny. (2.51)
Choosing the constant « satisfying
2 tan y d(m —7)?

aga*::m{—ﬁ—l—m—f@)—é}.

we can deduce from (2.48) — (2.51) that v; — dv,, — f(v) > 0fort > 0and 0 <z < X;.
Hence

VU — dvge — f(v) >0 for t>0, 0<xz<s(t). (2.52)
We will next check
() — (—puat, s(5)) > 0. (2.53)
Indeed we observe
G d P

s'(t) — (—pvg(t, s(t))) = spade " — go€”

s(t)

> {80&5 B Mem—mt}e-ag
S0

If necessary, we will choose again small a and small gy such that

2
sgad

0 <o <min{a", B}, &< —"—
tns e =)
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to get (3.32). Note that for ¢ > 0
u(t,0) =0 < ggeP'siny = v(t,0) and wv(t,s(t)) =0 (2.54)

and we can choose ug small to satisfy

T

up(z) < w(z) :=v(0,2) = gpsin ( T+ ’y) in Q, (2.55)

S0
then it follows from (2.52) — (2.55) that Lemma 2.2 shows
h(t) <s(t) for t>0 and wu(t,z) <ov(t,x) for t>0, 0<z <h(t).

Hence limy o A(t) < limy,o s(t) = so(1 4+ ) < oo and vanishing occurs by Theorem
2.7. Moreover |lu(t,-)|lcw@m) = O(e™?") as t — .

We finally remark on the case of the Neumann boundary condition at x = 0 (that
is R} = (7/2)\/d/ f'(0)). Replacing v(t, ) in the Dirichlet problem to

vi(t, ) = g0 cos (

@)

x Y
2s(t)

we get the conclusion more easily in an almost same way.

(ii-b) We consider a Stefan problem for the heat equation:

;

wy — dwg, = 0, t>0,0<z<y(t),

w(t,0) =0, (resp. w,(t,0) =0), t>0,

w(t,y(t)) =0, t>0, (2.56)
Y'(t) = —pw.(t, y(t)), t >0,

L y(0) = ho, w(0,2) = ug(x), 0 <z <y,

where d, p, ho and ug are same as those of (FBP). It is well known that problem (2.56)
has a unique classical solution globally in time. Define

2 ho 1/2 ho
Y* = <hg + 7”/ zug(x) da:) (resp. ho + %/ up () daz).
0 0

Then we will show lim; . () = Y*. Indeed by the Green’s theorem

/ V(dwey — wy) — w(dvg, + vy) dadt = / d(vw, —wv,) dt + wv dx
Dy (t) 0Dy (t)

for any smooth function v = v(t,x), where Dy(t) = Ujc,<,({s} x (0,y(s))). We set
v = —x (resp. v = 1) in the above identity to get

/ d(—zw, +w) dt — 2w de =0 (resp. / dw, dt +w dv = 0).
aD, (t) aDy (1)
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Using (2.56), we deduce from the direct calculations

o, [ y(t)
y(t)? = (Y*)? - 7”/ zw(t,z) dz (resp. yit) =YY" — g/ w(t, ) dac)
0 0

(cf. Nogi and Yamaguchi [54], Cannon and Denson [9]). Note that y(t) < Y* fort >0
and [Jw(t,-)||coye) — 0 as t — oo, and hence foy(t) zw(t,r) dr and foy(t)w(t,x) dx
converge to 0 as t — oco. Thus lim;, y(t) = Y™

We assume ||ugl/cy) < 1. Then 0 < w(t,z) < 1fort > 0,0 < x < y(t), and
hence f(w(t,z)) > 0 fort > 0, 0 < x < y(t). Since w; — dwye, = 0 < f(w), the
solution (w(t,x),y(t)) is regarded as a lower solution of (FBP). Hence Lemma 2.3
shows h(t) > y(t) for t > 0. By the assumption, letting ¢ — oo in the above inequality
implies

2p [0 1/2
lim A(t) > lim y(t) = Y" = <h§ + 7”/ zug(z) d:c> > R}
0

t—00 t—o00

" (2.57)
(resp. lim A(t) > lim y(t) = Y* = ho + ﬁ/ up(x) dx > RT)
t—00 t—o00 0

d

Thus we can conclude from Theorem 2.7 that spreading occurs for the solution. We
finally consider any solution of (FBP) with an initial function larger than wuy(z). Then
Lemma 2.3 shows spreading occurs as t — oco. Hence the proof is complete. 0

Proof of Theorem 2.9. Define

o* = inf{ p | For any o > p, spreading occurs for the solution with initial data (c¢, hg)}.
We recall by part (ii) of Theorem 2.8 that vanishing occurs for small u. Hence we find
o* € (0,00]. By the definition of ¢* and the dichotomy theorem (Theorem 2.7), for
any o < o, we can choose a number 7 € [0, 0*| such that the solution (u,(¢,z), h(t))
of (FBP) with initial data (7¢, hg) satisfies the property of vanishing as ¢ — oco. In
other words

lim 7o (t) = 0 and - lim fJu- (2, -)[[eqy) = 0.

By the comparison principle, we see that h,(t) < h.(t) for t > 0 and u,(t,z) < u.(t,x)
fort >0, 0 <z < hy(t) if o < 7 because of ¢ < 7¢. Hence h,(t) is finite and u, (¢, x)
also converges to 0 as t — oco. Hence vanishing occurs for all o < o*.

We will show that the solution (uq«(t, ), hy«(t)) satisfies the property of vanishing.
Otherwise there is some constant 7" > 0 satisfying h(7) > Rj. By the continuous
dependence of solutions on initial data, we can take small 6 > 0 such that h,(T") > R}
for any o € [0* — 6,0" 4 ¢]. Using this fact and part (i) of Theorem 2.8, we find that
spreading occurs for the solution (ug,«_s(t,z), hy«_s(t)) of (FBP) as t — oo. This is a
contradiction to the definition of o*. Hence Theorem 2.7 implies that vanishing occurs
for 0 = o™.

Thus, if initial data satisfies ug < 0*¢, then the comparison theorem shows

h(t) < hy«(t) for t >0, u(t,r) <uy«(t,x) for t >0, 0 <x < h(t),
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and vanishing occurs. On the other hand, if uy > 0*¢, then spreading occurs because
of the definition of ¢* and the comparison principle. We complete the proof. 0

Proof of Theorem 2.10. We first show that spreading occurs for large . By same
way as the proof of part (ii-b) of Theorem 2.8, if y is large enough to satisfy

d .
~ 2th0 rup(x) d:z:(( . h0>)

o Ry)? — hg) (resp- > —
0

uo(x) dz
instead of choosing large ug, then (2.57) also holds true. Hence Theorem 2.7 implies
spreading for the solution.

We next show a threshold number on . Define

p* = 1inf{p > 0 | vanishing occurs for any p > p}.

Since spreading occurs for large p, we find that p* is finite. For any p > p*, there is
some gy € [p*, p| such that spreading occurs for a solution (u,,, h,,) of (FBP) with
p = pq. Taking any gy < po, we can compare (uu,, hy,) with (u,,, h,, ) by Theorem
2.4 and find that spreading occurs for 1 = po. Thus spreading occurs for all p > p*.
We finally show vanishing occurs for = p*. Otherwise there is some 7" > 0 such that
h,«(T") > Rj. By the continuous dependence of solutions on p, we also find h, (1) > R}
for p € [p* — a, u* + a] with some small a > 0. This result, together with part (i) of
Theorem 2.8, implies that spreading occurs for such p. This is a contradiction to the
definition on p*. Hence vanishing occurs for p < p*.

Assuming that f(u) < f'(0)u for u > 0, we find that vanishing occurs for small p.
Indeed define s(t) and v(¢, x) (resp. v1(t, x)) as in the the proof of Theorem 2.8, where
So € [ho, RY), v € (0,7/2), and «, 3, § and M are positive constants. We choose «, 3,
~v and d in the same way as the proof of Theorem 2.8. Moreover taking

- stad
H= 2 —0)

Y _
Ho”ﬂ S* = min sin(ﬁ 7$+7>:

M >
’ - S 7 0<z<ho S0

we can show that (v, s) is an upper solution of (FBP) (Here we need the condition
f(u) < f(0)u for u > 0 to get vy — dvg, — f(v) > 0). Hence it holds that
h(t) < s(t) for t >0, u(t,z) <ov(t,z) for t >0, 0 <z < h(t).

Since limy_,o0 h(t) < limy_yoo s(t) = so(1 4+ ) < 00, vanishing occurs by Theorem 2.7.
We complete the proof. O

2.7 Spreading and vanishing for bistable equations

We consider in this section the case where the nonlinear function is bistable. Here we
call Case (B) (or a bistable case) when f satisfies

[ e C0,00), £(0) = £(e) = F(1) =0, F(0) <0, f(c") >0, f(1) <0,
flu) <0 (0<u<c, u>1), flu)>0(c"<u<1)and / f(u) du > 0.
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In Section 3.7 we will consider more general polystable nonlinearity satisfying (2.37)
and f'(0) < 0, and generalize some theorems of this section.

2.7.1 Main theorems

Let (u,h) be any solution of (FBP). A dichotomy theorem in Case (B) is given in
Theorem 2.6. We recall, as t — oo, either spreading

lim Q(t) = (0,00) and  liminf{|u(t, -) || e > 0

t—o0

or vanishing

lim €(¢) is a bounded set in (0,00) and tlim lu(t, )|lc@w) =0
—00

t—o00

occurs. Also we find more detailed behaviors of solutions.
Theorem 2.11. The following results hold true:

(i) Letl> 0 be a large number such that (2.3) has a solution q(x) in [0,1]. If hg > 1,
up(z) > q(x) in [0,1], then spreading occurs and

liminfu(t,z) > v*(z) in [0,00),

t—00

where v*(x) is a minimal positive solution of (2.4).

(i) If [Juollc(e) < c*, then vanishing occurs. Moreover, when vanishing occurs, for
any € > 0 there exist positive numbers 1. and C, such that

u(t,z) < Coe” W =0T for ¢ > T, 0 <z < h(t),

where k* = —f'(0) > 0.

Remark 2.5. [t is well known that (2.3) have at least one positive solutions in [0, ]
if 1 > 0 is sufficiently large. Moreover, when f has a special form: u(u — ¢)(1 — u)
for 0 < ¢ < 1/2, we have the precise structure of solutions (see Smoller [61, Theorem
24.13] or Smoller and Wasserman [62]); There exists a positive number L such that

o Ifl < L, then (2.3) has a unique trivial solution q = 0;
e [fl =1L, then (2.3) has a unique positive solution q(z);

e If1 > L, then (2.3) has two positive solutions qi(x) and qo(x) which satisfy
@1 (x) < go(zx) in (0,1).

Also, in part (i) of Theorem (2.11), we get the uniform convergence of limy_,o, u(t, x) =
v*(x) in any compact subset of [0,00) where v* is a unique solution of (2.4).

We can give a criterion for spreading and vanishing.
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Theorem 2.12. Let ¢ € C%(Qy)NC(Qo) be any function which satisfies p(0) = ¢(hg) =
0 (resp. ¢.(0) = ¢(hg) = 0). Then there exists a number o* = *(p, hy) € (0, 00] with
the following properties:

e spreading occurs if ug > o*¢ in Qy. Moreover there exists a positive number
o > o* such that if ug > o™ ¢ in Qq, then liminf, . u(t,z) > v*(z) in [0, c0),
where v*(x) is a minimal positive solution of (2.4).

o vanishing occurs if ug < o*¢ in .

Moreover if hg is sufficiently large, then o* < o™ < 0.

Remark 2.6. Concerning a more complete classification of the behavior of u, we can
refer to recent papers of Du-Lou [20] and Liu-Lou [47]. In [20], they have considered a
related free boundary problem whose results are applicable to (FBP) with homogeneous
Neumann boundary condition at x = 0 (u.(t,0) = 0). They classify the spreading
liminfy o [[u(t, ) |lcey > 0 into two cases; if ug > o*¢, then the solution converges
locally uniformly to a stationary solution of (2.4), and if uy = o*¢, then transition
occurs in the following sense:

lim |u(t,z) — V(x)| =0 locally uniformly in [0, co), (2.58)

t—o00

where V' is a unique solution of

Vz(0) =0,
lim, ,4., V(z) = 0.

Moreover, in [47], they have studied (FBP) with Robin boundary condition at x = 0
(au,(t,0) — (1 —a)u(t,0) = 0 for any a € [0, 1)), and, furthermore, they have found the
transition-phenomenon: if ug = o*¢, then

lim [Ju(t, ) = V(- + ()| L= 0.n) = 0

t—o00

for some continuous function y(t). They also investigate the behavior of y(t). In case
of the Dirichlet boundary condition, they obtain lim,_,., y(t) = +oo.

Remark 2.7. In Theorem 2.12, it is also important whether o* is finite or not, if
ho < L. It is proved in [20] and [47] that o* < oo when f has other conditions.
Moreover, for special kind of f, spreading cannot occur (0* = 00) even if uq is large.

2.7.2 Proofs of main theorems

We will prove the main theorem in the following.
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Proof of Theorem 2.11. (i) Let (u,h) be a solution of (FBP) with initial data
(q(z),1). Then Corollary 2.1 shows lim;_,», h(t) = oo and

liminf u(t,z) > lim u(t,z) = v*(x) for = > 0.

t—o00 t—o00

(ii) Let w = w(t) be the solution of

dw
E_f(w% t>0>

w(0) = [[uoloa < ¢

(2.59)

Then, since f(w) < 0 for 0 < w < ¢* and f(0) = 0, the function w(t) is decreasing and
lim; ., w(t) = 0. Noting that

u(t,0) =0 <w(t) and wu(t,h(t)) =0<w(t) for ¢>0.
we find from the standard comparison principle that
u(t,z) <w(t) for t>0,0<xz<h(t). (2.60)

Hence limy o [|u(t, ) |loe) < limi o w(t) = 0. Thus we conclude from Proposition
2.2 that lim;_, h(t) < co and vanishing occurs.

We will next show some decay properties of solutions. Using the mean-value theo-
rem, one can get f(w) = f'(w)w for some 6 € [0, 1]. Since f’ is continuous in [0, c0)
and limy_,., w(t) = 0, for any small € > 0, there is a positive number 7. such that

flw(t)) < (f(0) +e)w(t) for t>T..

Hence for ¢ > T. the solution of (2.59) has a linear estimate dw/dt < (f'(0) + ¢)w,
which implies
w(t) < w(T)e F =0T for ¢ > T, (2.61)

with £* = —f’(0) > 0. Thus it follows from (2.60) and (2.61) that
u(t,z) < wt) < w(T)e F =T = ¢ g~ —2)(-T2)

for t > T, and 0 < x < h(t).

Finally we remark that, when vanishing occurs, there exist some 7" > 0 such that
the solution satisfies ||u(T)-)||c(r) < ¢*. Then we can use the same argument to the
case of [|ugl|c(,) < ¢, which enables us to obtain the same decay estimate and the
proof is complete. O

Proof of Theorem 2.12. We consider the solution of (FBP) with initial data (o¢, hg)
for a parameter o > 0. Define ¢* := inf{ p > 0; spreading occurs for any o > p}. Us-
ing Theorem 2.11, we can show o* € (0, oo] and prove that spreading occurs if ug > c*¢
and vanishing occurs if ug < 0*¢ as in the proof of Theorem 2.9. Moreover, in the
spreading case, we also define o** :=inf{ p > 0; liminf; ,, u(t,z) > v*(z) in [0, 00)}.
If wy is so large that there exists a number T' € (0, oo] with A(T") > [ and (T, z) > q(x)
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where ¢ is a positive solution of (2.3) for large [ > 0, then part (i) of Theorem 2.11
implies liminf; ,., u(t,z) > v*(z) in [0,00). This result, together with the compar-
ison principle, shows ¢ € [0* 00]. In particular, if hy > [, then we can choose
0** < oo such that the solution of (FBP) with initial function ug > ¢ in (0, 1) satisfies
liminf;, , u(t,x) > v*(z) in [0, o).

We remark that spreading occurs for uy = 0*¢. Otherwise, vanishing occurs and
we can choose some T > 0 such that u,« (T, x) < ¢*/2 for the solution of (FBP) with
initial data (c*¢, ho). We continue to use such a notation. Then there exists small
number 0 > 0 such that

uy (T, x) < % for any o € [0" — 6,0" 4 0]

by the continuous dependence of solutions on initial data. Hence Theorem 2.11 implies
the solution u,+«_s(¢, ) must vanish as ¢ — oo. This is a contradiction to the definition
of 0*. Hence we get the conclusion by the dichotomy result (Theorem 2.6). O






Chapter 3

A free boundary problem in
multi-dimensions

3.1 Problem

In this chapter we study problem (1.1) in multi-dimensions with radially symmetric
settings. Through sections 3.1-3.8, we discuss the case where €)(t) has a fixed boundary.
The problem is given in the following:

uy — dAu = f(u), t>0, R<r<h(t),
P) Bu =0, t>0, r=R, h(t),
h/(t) = _,uur(ta h(t))’ t> 07

h(0) = ho, u(0,7) =up(r), R <r <h(t),

where d, p and hg are positive constants, R is a non-negative constant, r = |z| (z €
RY N > 2) and Au = u, + (N — 1)/r)u,. Moreover, concerning the boundary
condition, Bu = 0 for t > 0, r = R, h(t) means

u(t,R) =0, u(t h(t)) =0, t>0; (3.1)
or u(t,R)=0, u(t,h(t))=0, t>0

if R > 0in (P), and

u-(t,0) =0, u(t,h(t))=0, t>0 (3.3)
if R=0in (P). We basically assume that the nonlinear function f is in
Sg:={f:]0,00) = R| fis locally Lipschitz continuous, f(0) =0, f(u) < 0foru > 1},
Moreover initial function ug is assumed to satisfy

Uy € CQ[R, ho], Ug > 0 in (R, ho), Ug(ho) = O,

3.4
and the same boundary condition as that of u for t > 0 at r = R. (34)

o1
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From the view of mathematical ecology, as stated in Introduction, u = u(t,r) is a
population density of non-native species whose habitat is

Q(t) ={z € RY| R < |z| < h(t)},

where we assume, for simplicity, the distribution of the species and their habitat are
radially symmetric. The habitat is a multi-dimensional annulus and the inner boundary
r = R is fixed, while the outer boundary r = h(t) is moving depending on time, which
implies that the outer free boundary is a propagation front of the species. We put
three different types of boundary conditions (3.1) — (3.3) in (P); (3.1) implies that an
inner ball By := {z € RY| |z| < R} is a hostile environment for the species and they
cannot survive in this region; (3.2) means By is a barrier and they cannot enter the
region; (3.3) does no hostile environment and no barrier inside the spreading front.

u(t,r) : density

R habitat h(t) r
Figure 6. The solution (u, h) for problem (P) with (3.1)
The main purpose in this chapter is to study
e the existence and uniqueness of solutions for (P) (well-posedness for the model)
e spreading and vanishing in multi-dimensions as ¢t — oo.

It is possible to extend the results in one dimension to this multi-dimensional case.
In other words we get a general dichotomy theorem for spreading and vanishing, and
show a close relation to an elliptic problem in annulus

dAq+ f(q) =0, R<r<l,
g>0, R<r<l, (3.5)
q(R) = q(l) =0 (resp. ¢.(RR) = q(l) = 0)

for some [ > 0 and an elliptic problem in an exterior domain in R¥

dAv + f(v) =0, R<r < oo,
v>0, R<r<oo, (3.6)
v(R) =0 (resp. v.(R) =0).

Moreover we will present criteria for spreading and vanishing in (P), where the nonlinear
function satisfies (1.7) with f’(0) > 0 or f/(0) < 0. Hence the results which will be
proved in this chapter are more general than those in the one-dimensional case.
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For the proof, we need lots of techniques to handle the multi-dimensional problem.
For example, we have to construct upper and lower solutions more precisely, and also
the existence and uniqueness of solutions for (3.5) and (3.6) is not so trivial. For this

reason we will show some results and remarks, which partly supports our main results.
We denote, by (P1), (P2) or (P3), problem (P) with conditions (3.1), (3.2), or (3.3)
respectively, and we also represent

D(t) = |J (s} x (B, h(s)), D=[J({t} x (RA())).

0<s<t t>0

We remark that the main results and their proofs in this chapter are based on the
author’s work [36].

3.2 Existence and uniqueness of solutions

In this section we will show the global existence and uniqueness of solutions and con-
tinuous dependence of the solutions on initial data, coefficients and the nonlinearity in

(P).

The following theorem means a local existence and uniqueness of classical solutions.

Theorem 3.1. Suppose that initial data satisfies (3.4) and f € Sy. For any given
constant a € (0,1), there exists a positive number T such that (P) has a unique solution

(1, h) € {0751 (DT)) N OV 324(D(T))} x €50, 7],
where T is depending on R, hg, o and |[ug||c2(rne-

We show an a priori estimate of solutions. This estimate also helps us to find that
the local solutions are extended uniquely to all ¢ > 0.

Theorem 3.2. Problem (P) has a unique classical solution (u,h) such that
0<u(t,r) <Cp for (t,r)e D, 0<h'(t) <uCy for t>0,
where positive constants Cy and Cy depend on |[ug||c(rne) and ||uol|c1(r,ne), Tespectively.
The following theorem is a property of the continuous dependence of parameters.
Theorem 3.3. The solution of (P) depends continuously on initial data (ug, hg), coef-
ficients d, p and nonlinearity f in (P).
We show the proofs of these theorems in the following.

Proof of Theorem 3.1. We can prove this theorem in an almost same way as Theorem
2.1 in one dimension or by some modifications of the proof in Du-Guo [14, Theorem
4.1]. OJ
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Proof of Theorem 3.2. We first prove the a priori estimate in [0, T'] for some constant
T > 0. Using the strong maximum principle (cf. Protter-Weinberger [56] or Cantrell-
Cosner [10]), we can see

u(t,r) >0, wu.(t,h(t)) <0 for 0<t<T, R<r <h(t). (3.7)

Define Cy := max{||uo||c(rn,, 1} and let @ = %(t) be the solution of

du _
a :f<'U/), t>07

Then, since ug(z) < u(0) = Cy in [R, ho|, the comparison principle (cf. [56] or Smoller
[61]) shows
u(t,r) <u(t) for 0 <t<T, R<r <h(t).

By the condition of f € Sy, w(t) is decreasing with respect to ¢ as long as u(t) > 1,
and @ satisfies u(t) < C for all ¢ > 0. Hence we have

u(t,r) < sup a(t) < O
0<t<T

Combining this result with (3.7), we get the a priori estimate for u(¢, 7).
We will next show 0 < h/(t) < uCy for 0 < t < T with some Cy > 0. By (3.7), one
can easily get h'(t) = —pu,(t, h(t)) > 0 for 0 <t <T. Set

w(t,r) = —CyM2(r — h(t))(r — h(t) + 2/M),

Dy ={(t,r) €R* | 0<t <T, h(t)—1/M < r < h(t)},
where
M = max{1/(ho = R), ||ufllcian/Cr, VL/(2dC1)}, L= max f(u).

0<u<Cy

It should be noted that R < hg—1/M < h(t)—1/M fort > 0 because of M > (hg—R) ™.
It follows from direct calculations that

w, = =201 M{1 — M(h(t) —r)} <0 in Dy,
Wy = —20, M?,

Hence
w; — dAw — f(w) > 2dCyM?* — L >0 in Dyy.

We observe

w(t, h(t)) = 0, w(t,h(t) —1/M) = Cy > u(t, h(t) — 1/M)
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for 0 <t < T. Noting from the definition of M that
w(0,7) = CyM?(hg — 7)(r — ho + 2/M) > CyM(hg — 1) > (ho — 7)||ug|lota.n,)

wo(r) = / dy()dy < (ho— )l ctne

ho
for ho — 1/M <1 < hy, we get w(0,7) < uo(r) in Dy;. Hence the comparison principle
presents
w(t,r) > u(t,r) in Dy.
This inequality together with w(t, h(t)) = u(t, h(t)) = 0 enables us to get

up(t, h(t)) > w,.(t,h(t)) = —2C1 M for 0<t<T,

and thus
h'(t) = —pu(t, h(t)) < u(2C1M) =: uCy  for 0 <t <T.

Since we have the local existence and the a priori estimate, we can prove the global
existence of solutions for (P) in the standard manner (cf. the proof of Theorem 2.2 or
[14]). Let [0, T}5qz) be the maximal existence time in which the unique solution exists.
We assume T, < 00 to get a contradiction. For any dg € (0, T)0,) and any M > T4z,
using the a priori estimate, the parabolic estimates and Sobolev’s embedding theorem,
we have

||u(t, ')HCQ[R,h(t)] < Cg for all t e [607Tmaa:)7

where the constant C3 only depends on dy, M, C; and Cy (C; and Cy are also in-
dependent of T,,,). Hence we can get a time interval 7 > 0 which is independent
of t € [0o, Thnaz)- Applying the local existence result of Theorem 3.1, we can extend
the solution with initial data at t = Ty,4, — 7/2 uniquely to t = Tup — 7/2 4+ 7 =
Tonaz + 7/2 > Thnar. However this result contradicts the definition of 7},,,, and thus
we obtain T,,,, = co. We complete the proof. O

Proof of Theorem 3.3. Consider the solution (u,, h.) of

(ue)y — deAue = fe(ue), t>0, Re<r <h(t),
Bu, = 0, t>0, r=R., h(t),
he(t) = —pe(ue) (¢, h(1)), t>0,

he(o) (hO)Ea ue(O,r) = (UO)E(T)’ R.<r< (hO)a

where d., R, fte, (ho). are positive constants, f. € Sy and (ug). satisfies (3.4) with hg
replaced by (hg).. Moreover at least one of them is different from d, R, u, ho, f and
up in (P), respectively. Assume that as € — 0

de—d, Re— R, pe—p, (ho)e— ho, fe(u)— f(u) forall u>0,

(uO)e((};):—_%(ho)e + ((ZK%RE) — up(r) in C*(R, hy).

Then, as in the proof of Theorem 2.3, the compactness argument implies

11_1)1(1) ||u€ — UHCL?(DE) = 0, ll_r)r(l) Hhe — thl(O,oo) = O,

where D, = Upcs<oo{s} X (Re, he(s)). Hence we complete the proof. O



56 CHAPTER 3. A FREE BOUNDARY PROBLEM IN MULTI-DIMENSIONS

3.3 Energy identity and comparison principle

We will prepare an energy identity and comparison results which help us to study the
asymptotic behaviors of solutions as ¢t — oo.

Proposition 3.1. The following identity holds true for any solution (u,h) of (P):

d [ t h(s)
—/ N, (t,r)? d7"+/ {/ NV (s, r)? dr}ds
2 Jr 0 R

d ' N—=1p//.\3 d ho N—-1,1/ 2
+2_,u2 i h(s)™"h'(s) dSIE ; " ug(r)® dr

4 / " N Bt ) dr / " N (o (r) dr

R R
where F(u) = /0 f(s) ds.

We define (@, h) in the following comparison principle as an upper (super) solu-
tion of (P) for 0 <t <T.

Lemma 3.1. For any given T > 0, let h € C'[0,T] and u € C(Dy(T)) N CY?*(Dy(T))
satisfy

uy — dAu > f(a), (t,r) € D(T),
u(t,R) >0 (resp. u.(t,R) <0), te(0,7T],
u(t, h(t)) =0, t € (0,77,
R (t) > =, (t, h(t)), t € (0,1,

where d, p and R are positive constants (resp. R is a non-negative constant) and
Di(T) = Upcser{s} x (R, h(s))). Moreover let (u,h) be the solution of (P) with
indtial data (uo(r), ho). If ho < h(0) and ue(r) < u(0,7) in [R, ho), then it holds that

h(t) < h(t) in [0,T] and wu(t,r) <u(t,r) in Uogng({s} X (R, h(s))).

The function (u, ) in the following comparison principle is called an lower (sub)
solution of (P) for 0 <t <T.

Lemma 3.2. For any given T > 0, let h € C'[0,T] and u € C(Dy(T)) N CY2(Dy(T))

satisfy
u, — dAu < f(u), (t,r) € Do(T),
u(t, R) <0 (resp. w,(t, B) > 0), ¢ € (0,7],
u(t, h(t)) = 0, te (0,7,
I'(t) < —pu,(t, h(t)), t € (0,77,

where d, p and R are positive constants (resp. R is a non-negative constant) and
Dy(T) = Upcser({s} x (R, h(s))). Moreover let (u,h) be the solution of (P) with
initial data (uo(r),ho). If (R <) h(0) < ho and u(0,7) < ug(r) in [R,h(0)], then it
holds that
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h(t) < h(t) in [0,T] and wu(t,r) <u(t,r) in Uogng({S} X (R, h(s))).

We will also prepare a variant of the above comparison principles.

Lemma 3.3. For any given T > 0, let (u,,, h,,) (i = 1,2) satisfy

((uy,)e — dAu,, = f(u,), 0<t<T, R<r<h,(t),
wy, (t, R) = 0 (resp. (uy,).(t,R) =0), 0<t<T,

uy, (T, (1) =0, 0<t<T,

Ry, () = —piug, )r (2, hy, (1), 0<t<T,
\hm(o) = ha, uM(U,T) = uo(r), R <r < hy,

where d, hy and R are positive constants (resp. R is a non-negative constant) and ug
satisfies (3.4). If py < ug, then

h#l (t) S hu2 (t) i [OvT} and Upy (t”r) S Upy (t,?“) i UOSSST({S} X (R’ hm (S)))

In the following, we will prove Proposition 3.1 and Lemmas 3.1-3.3.

Proof of Proposition 3.1. We start with the following calculation.

h(t)
%{g /R PN (1, r)? dr ) = gh(t)NluT(t, h(t))?H (1) .

h(t)
+ d/ N, (t, ) (L, ) dr.
R

We calculate the right-hand side of (3.8). By the Stefan condition A'(t) = —pu,.(t, h(t)),
it holds for the first term that

d

R0 0, ()N (1) = o

Q—MQh(t)Nflh’(t)?&

We next integrate the second term by parts to get

h(t)
d/ N (t, ) u (1) dr
R

r=h(t) h(t)
- d[rN_lur(t,r)ut(t,r)} LT d/ (r™N Y, (8, 7)) e (t, 1) dr
r= R
h(t)
= dh(t)N " u, (¢, h(2))us(t, h(t)) — d/ (r™N Y, (8, 7)) e (t, ) dr,
R
where we have used w(t, R) = 0 in (P1) or u,(¢,R) = 0 in (P2) and (P3). Observe
that

(8, h(E)R(E) + (t, h(t)) = O
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by differentiation of u(t, h(t)) = 0 with respect to t. We also represent the diffusion

equation as
TN_lut(t, r) — d(rN_lu,,(t, ), = TN_lf(u).

Hence it follows from the above relations that
h(t)
d/ N, (t, ) (L, ) dr

R
p (o) (o)
=~ LNy - / PNt )2 dr + / PNV (1) F(u(t, 7)) dr.

12 R R

Substituting these to the right-hand side of (3.8), we have

dd /Rh“)rw—lurg,r) dr} — Ly ey

dt 242
h(t) h(t) (3.9)
—/ Nl dr—i—/ (u(t,r)) dr,
R R
where F(u) = [, f(s) ds. Noting from F(u(t, h(t))) = F(0) = 0 that

h(t) ) d [
/ rN_laF(u(t,r)) dr = % PN E (u(t, ) dr — h(t)NTUF (u(t, h(t)))R(t)
R
d h(t)
=2 N E(u(t, r)) dr,
we obtain
d d/h(t) v /h(t) N1
B r t,r)° dr — F dr
ils ), e [ ) i}

d h(t)
— —Q—h( YN (1)? —/ Nl (t,r)? dr.
2

We finally integrate this identity over [0, t] to get the conclusion.

Proof of Lemma 3.1. This theorem is proved with a slight modification of the proof
of Lemma 2.2 (see also [14, Lemma 3.2]). The argument basically follows [18, Lemma

3.5]. Consider the following problem
(ue)y — dAu. = f(ue), 0<t<T, R<r<ht),
Bu, =0, 0<t<T, r=R, h(t),

he(t) = —p(1 — &) (ue)r (b, he(t), 0 <t <T,
he(0) = (1 — e)hg, u(0,7) = ao(r), R <r < h(0),

where
. o r—R he(0) —r
iio(r) := “(’(hs(()) R )= RR>’
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and ¢ is a sufficiently small positive constant such that ag(r) < @w(0,7) for R < r <
h-(0). Then we find that the above problem has a unique global solution (u.,h.) by
Theorem 3.2. Using the strong maximum principle, we have

us(t,r) >0 in D(T), (ue).(t,he(t)) <0 for 0 <t <T, (3.10)
where D (T) = Uyc,er({s} X (R, he(s))). Since h.(0) < h(0), we have h.(t) < h(t)
for small £ > 0, and we may assume that for some t* € (0,7)

he(t) < h(t) in [0,t%), ho(t*) =h(t*) and RL(t*) > B (t). (3.11)

Then we can show by the maximum principle that u(t,r) > u-(t,r) in D.(T) (see e.g.
the proof of Lemma 2.2). Since h.(t*) = h(t*) and u(t*, h(t*)) = u(t*, he(t*)) = 0, we
deduce u, (t*, h(t*)) — (u.).(t*, he(t*)) < 0. Hence it follows from (3.10) that
() = BL(T) > = (17, he(87)) + o1 = £) (ue), (£, 2 (1))
= = (8", he(t7)) — (ue)r (T, he(t7)} — epa(ue)p (87, he(t7))
> 0.
This contradicts the assumption of (3.11), and thus we obtain h.(t) < h(t) in [0, T].

<
Moreover we use the maximum principle to get u.(t,7) < u(t,r) in D.(T) . Noting
from Theorem 3.3 that

. o . 1 . . . o
lli% he(t) = h(t) in C°[0,T], lg% Jus(t, ) — ult, )Hc(DE(T)) =0,
we are able to prove, by taking € — 0 in the above inequality,
h(t) < h(t) in [0,T] and wu(t,r) <u(t,r) in D(T).

The proof is complete. O

We can prove Lemma 3.2 in the same way as Lemma 3.1. Hence we omit the proof
of Lemma 3.2.

Proof of Lemma 3.3. Since I, (t) = —pa(wu,)r(t, by (1) = —pa () (t, hy,(2)) in
[0, T because of py < po, we can regard (uy,(t,7), h,,(t)) as an upper solution of (P)
with @ = pp. Hence we apply Lemma 3.1 to get the conclusion. 0J

3.4 Properties of spreading and vanishing

In this section we will discuss the asymptotic behaviors of solutions for (P) as t — oc.
Since the free boundary h(t) is strictly increasing for all ¢ > 0 (Theorem 3.2), we get
its limit which is allowed to be infinity. Hence it holds that

lim h(t) = oo or lim A(t) < oco.

t—r00 t—r00

The asymptotic behavior of u(t,r) is different from each of the above cases. We will
characterize this phenomenon as spreading and vanishing.
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3.4.1 Main theorems

We will show main theorems of this section. The following theorem means a property
of vanishing.

Theorem 3.4. If limy_,o h(t) < oo, then limy_o ||u(t, )||c(rnw) = 0.

We will show a property of spreading as follows.

Theorem 3.5. Let (u, h) be the solution of (P1) (resp. (P2) or (P3)) with initial data
(q(r),1), where the function q(r) and the number | > R satisfy

dAq+ f(q) >0, R<r<l,
q(r) >0, R<r<l, (3.12)
q(R) =0 (resp. ¢.(R)=0), q(l)=0.

Then the following properties hold true:
(i) limy o h(t) = 00; that is limy o Q(t) = RY \ Bg,
(i) wue(t,r) is non-decreasing with respect to t > 0 for R < r < h(t),

(ill) limy_yoo u(t,r) = v*(r): uniformly for r in any compact subset of [R,c0), where
v*(r) is a minimal positive solution of

{dAv—i—f(v) =0, R<r<oo,
v(R) =0 (resp. v,(R)=0)

satisfying v*(r) > q(r) in [R,].

Remark 3.1. In Theorem 3.5, problem (3.12) may be replaced by (3.5). In particular,
the solution of (3.5) always satisfies (3.12).

The following property on spreading is an immediate consequence of Theorem 3.5.

Corollary 3.1. Suppose that q(r), v*(r) and l > R are defined as in Theorem 3.5. If
ho > 1 and ug(r) > q(r) in [R, 1], then

ltlim Q) =RY\ Br and li{ninfu(t,r) >v*(r) for R<r < o0.
—00 —00

Remark 3.2. In Corollary 3.1, assumption “ug(r) > q(r) in [R,1]” may be replaced
by “wug(r) is an upper solution of (3.5)”.
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3.4.2 Proofs of main theorems

We prepare two lemmas.

Lemma 3.4. Let (u, h) be any solution of (P). Assume limy_,o h(t) < co. If v(t,y) is
defined by v(t,y) = u(t, (h(t) — R)y + R), then {v(t,-)| t > 1} is relatively compact in
o, 1.

Lemma 3.5. Let (u,h) be any solution of (P). Assume lim;_,o, h(t) < co. Then both
R (t) and U(t) = fh(t)

R rN =ty (t,7)2dr are uniformly continuous with respect to t €
[1,00).

The proofs are basically similar to those in one-dimensional case (see Lemmas 2.5 and
2.6), and we omit details here.

We will prove the main theorems in the following.

Proof of Theorem 3.4. We may assume that (u, h) is a solution of (P1) because,
in the other cases, one can also get the conclusion in the same way. Let U(t) :=

f}’%’(t) rN =Yy (t, r)2dr. We will first prove

lim A'(t) =0 and lim U(t) = 0. (3.13)

t—o00 t—o00

Indeed, since we see from Theorem 3.2

sup F(u(t,r)) < max F(u)=:C5 < oo,
R<r<h(t), >0 (u(t,7)) 0<u<Ch (u) 3

it follows from the energy identity (Proposition 3.1) and assumption h, := lim; . h(t) <
oo that

d [ho t d t
d / PNl (8, r)? dr + / Us)ds + 5 | ()" 'H(s)° ds
2 R 0 2[1/2 0
hY — RN
< Ch+ C’3OOT =: Cy

for all t > 0, where Cy := gfgo rN =Yg (r)? dr — f;o N F(ug(r)) dr. Hence it holds
that

h(t) 00
sup/ rN (L, r)? dr < Cy, / U(s) ds < Cy
0

t>0 JR

and

dho / T ds < =L [ ()N (s) ds < ©
21 Jo — 27 Jo -

Since Lemma 3.5 means that A/(t) and U(t) are uniformly continuous with respect to
t, it follows from the above estimates that h'(t) — 0 and U'(t) — 0 as t — oco. Hence
we have (3.13).
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We now change variable by r = (h(t) — R)y + R with
v(t,y) == ult, (h(t) = R)y + R).

One can check that v satisfies the following problem:

v = a(t)vy, + b(t, y)v, + f(v), t>0,0<y<l,
v(t,0) =0, v(t,1) =0, t >0, (3.14)
U(O7y) = UO(?/) = UO((h’U - R)y + R)7 0 S ) S 17
where
d h(t N —1)d
. ey — O (N - 1)

M) =R (h(t) - Ry + R(h(t) — R)’

By Lemma 3.4, there exist a sequence {t,} " oo and a non-negative function v(y)
such that

li_I>n v(ty,y) = o(y) in C*0,1]. (3.15)
Note that
R (t,)y
ut(tna T) - Ut(tna y) - h(t<>—zRvy(tm y)7
" i (3.16)
h,tn - - rtnahtn = T 7N B tnalv
() = =t ) = = 1)
and we also recall from (3.13) that
h(t)
lim A/(t) =0 and lim U(t) = lim N (t, r)2dr = 0.
t—r00 t—o0

t—o00 R

Then, using (3.16), we have v;(t,,) — 0 in L?(0,1) as n — oo. Hence it is possible
from (3.13), (3.14) and (3.15) to show in the standard manner that, as n — oo, ¥
satisfies

d (N —1)d

(he — R hw — Ry + R(hw — R)

for 0 <y < 1 with 9(0) = 0(1) = 0. Moreover we also get 0 = —uv,(1)/(he — R), and
hence 0,(1) = 0. Thus v satisfies second-order differential equation (3.17) with initial

condition (1) = 9,(1) = 0. Using the uniqueness of solutions, we obtain ¢ = 0. This
implies that

U, + f(0) =0 (3.17)

B flu(t, )lle@rne) = lim [lu(t,)lloe) = 0.
The proof is complete. O
Proof of Theorem 3.5. The proof is similar to the one dimensional case (see the proof

of Theorem 2.5). We apply the comparison principle for the free boundary problem
to prove (ii). Let u(t,r) = ¢q(r) and h(t) = [. Then we can regard (u,h) as a lower
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solution of (P) because u satisfies the equation of (P) with the boundary conditions
and it holds that

W(t) =0 < —pg (1) = —pu, (¢, h(t)).
Hence it follows from Lemma 3.1 that

h(t) > h(r) =1 and wu(r,r) >u(r,r)=q(r) in [R,] (3.18)

for all 7 > 0. In this paragraph, to clarify the dependence of solution (u,h) for
(P) on initial data (q,[), we write u(t,7;q,l) and h(t;q,l) instead of u(t,r) and h(t),
respectively. We will compare (u(t,r;u(r,7;q,1),h(7;q,1)), h(t;u(r,7;9,1),h(T;4,1)))
with (u(t,r;q,1), h(t;q,1)) by Lemma 3.1. It follows from (3.18) that for every ¢t > 0

h(t;u(T;q,1), h(75q,1)) > h(t;q,1),
u(t,r;u(r;q,0), h(T;,1)) > u(t,r;q,l) in [R,h(t;q,1)].
Here, noting the uniqueness of solutions of (P), we find that
h(t;u(r; q,1), h(75q,1)) = h(t + 73 4,1),
u(t, ryu(r;q,1), h(T3q,1)) = u(t +7,734,1).
Hence it follows that

u(t+7,7r;q,0) > u(t,r;q,0) forany t,7 >0 and R <r < h(t;q,l).

Thus w(t,r;¢,1) > 0 for t > 0 and R < r < h(t; q,1).
We will next prove (i). By virtue of (ii), we find

li{n infu(t,r) >q(r) >0 for R<r <l (3.19)
—00
If we assume limy; ., h(t) < oo, then we deduce from Theorem 3.4 that

i fu(t, )lograw) = 0-

This is a contradiction to (3.19). Hence the free boundary must satisfy lim; . h(t) =
oo and limy_,o, Q(t) = RN \ Bg.

Finally we will prove (iii). Since wu(t, ) is nondecreasing with respect to t for r > R
and uniformly bounded by Theorem 3.2, there exists a nonnegative function o(r) such
that

lim u(t,r) = 0(r) for every r > R with o(r) > q(r) in [R,I]. (3.20)

t—o00

We will show that © = v* in [R, 00). Multiplying the equation of (P) by any function
¢ € C§°(R, 00) and integrating it over (t,t+ ) x (R, 00) for any positive number 4, we

find that
t+0 poo t+6 oo
/+ / w(s,m)o(r) drds = d/+ / w(8,7)bpr (1) drds

t+6 t+6
—(N—-1) / / (s,7) dd+/ /f s,7))o(r) drds.
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We calculate the above identity in detail. Using Lebesgue’s dominated convergence
theorem and (3.20) , we see

t+9
lim / u(s,m)o(r) drds

:}E?o{/R u(t + 6,7)é(r )dr—/:u(tjr)aﬁ(r) dr}

= 0.
Similarly it holds that

t+0
lim / / S T (brr dT’dS = 5/ ¢rr T,
t—o00
t+0
lim / (s,7) o(r) drds :5/ 17(7‘) ¢(T ) dr,
t—00 r r R r r
t+5 0o
i [ [ pats.o) ards = [ fatron) d
—00 R

Hence © satisfies

Ad(r) + f(o(r)) =
in the sense of distribution with o(R) = 0 for (P1) or 9,(R) = 0 for (P2) and (P3). By

the standard manner, 0 satisfies (3.6) in a classical sense with 0(r) > ¢(r) for r € [R,
,

1].
We will show that © is equal to the minimal solution v* of (3.6) satisfying v*(r) >

q(r) in [R,l]. Let v(r) be any positive solution of (3.6) satisfying v(r) > ¢(r) in R,

J
We find from the standard comparison principle that u(¢,r) < v(r) for ¢ > 0 and
R <r < h(t). Therefore

o(r) = tlggo u(t,r) <w(r) forevery r> R.

Since v is arbitrary solution of (3.6), this inequality implies v = v* in [R,00). We
conclude from the monotone convergence of (3.20) and Dini’s theorem that

tlim u(t,r) = v*(r) uniformly for r in any compact subset of [R, c0).
—00

The proof is complete. O

Proof of Corollary 3.1.  Let (u,h) be a solution of (P) with initial data (q,).
By the assumption that hg > [ and wuo(r) > ¢(r) in [R,!], the comparison principle
(Lemma 3.1) shows
h(t) > h(t) and wu(t,r) > u(t,r)
for t > 0 and R <r < h(t). Note from Proposition 3.5 that
lim h(t) = oo and tlim u(t,r) =v*(r) for R <r < oo.
—00

t—o00

Hence, taking ¢t — oo in the above inequalities, we see that

lim A(t) = co and litrn infu(t,r) > v*(r) for R<r < oo.
—00

t—o00

This completes the proof. O
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3.5 General dichotomy theorem

In this section, we will prove a general dichotomy theorem and a criterion for spreading
and vanishing of solutions (u, k) for (P) in multi-dimensions.
The following theorem shows a general dichotomy.

Theorem 3.6. Suppose that f satisfies
feCt0,00), f(0)=f(1)=0, f(u) <0 for u>1, f'(0)#0. (3.21)
Then any solution (u,h) of (P) satisfies either (i) or (ii) ast — oo :
(i) Spreading: lim; o Q(t) = RN \ Bg, liminf, o [Ju(t,)|lcirnw) > 0;

(ii) Vanishing: limy_,oo Q(t) is a bounded set in RN\ Br, limy_ ||u(t,)|lc(rnw) = 0.
Moreover |[u(t, )| c(rn@y) = O(e™P*) ast — oo for a positive constant
B depending on f'(0).

We can also give a criterion for spreading and vanishing.

Theorem 3.7. Let ¢ be a function in C*(R, hy) N C[R, hy| which satisfies the same
boundary condition as u. Then there exists a number c* > 0 depending on ¢, hy and
R such that the following criterion holds true:

o [fug>o*p in (R, hy), then spreading occurs;
o [fuyg<o*¢pin (R, hy), then vanishing occurs,
o [fuy =0 in (R, hy), then vanishing occurs for f'(0) > 0, while spreading occurs

for f'(0) < 0.

We can prove Theorem 3.7, combining Theorems 3.10 and 3.14. Hence we omit the
proof of Theorem 3.7. To prove Theorem 3.6, we need two key propositions.

Proposition 3.2. Suppose that f satisfies (3.21) and f'(0) > 0. If lim; o h(t) = oo,
then liminf, . u(t,7) > 0 in (R,0).
Proof. Consider the eigenvalue problem:

dAq+ X qg=0, R<r<l,
q(R) = q(l) = 0 (resp. ¢,(R) = q(I) = 0)

for I > R. By the Sturm-Liouville theory, there exist the first eigenvalue A;(l) and
the corresponding eigenfunction ¢(r) of the problem. Since A;(l) is continuous and
monotone decreasing with respect to I, A\;({) > 0 for all I > 0 and lim;_, - A () =0,
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we can take [ > hg large enough to satisfy f'(0) > A;({) for given f’(0) > 0. Choosing
¢ sufficiently small, we can show that ¢ := eq satisfies

{dA¢+f(¢) >0, R<r<l,
O(R) = ¢(l) = 0 (resp. ¢.(R) = ¢(I) = 0).

Let (w(t,r),s(t)) be the solution of (P) with initial data (¢,[). By lim;_, h(t) = oo,
there exists some 7" > 0 such that hA(T") = [, and also, if necessary, we can choose small
e > 0 so that ¢(r) = eq(r) < u(T,r) in (R,[). Hence we apply Lemma 3.2 to get

s(t) <h(t+T) for t >0 and w(t,r) <wu(t+T,r) for t>0, R<r <s(t).

Noting from Theorem 3.5 that lim; .., $(t) = oo and limy_,, w(t, ) = v*(r) uniformly
in any compact set of [R, c0) where v* is a minimal solution of (3.6), we deduce

- > 1 _ :
htn_1>g>1fu(t,7”) > tliglo w(t,r) =v"(r) >0 in (R, 00). (3.22)
The proof is complete. O

Proposition 3.3. Suppose f satisfies (3.21) and f'(0) < 0. Ifliminf, o ||u(t, )| c(rnw)
=0, then limy_,o ||u(t, )|l crn@) = 0 and limy_o h(t) < oco.

Proof. Let f(v) = vg(v) and define ¢* = inf{c > 0; f(c) = 0}. Since f'(0) < 0, we
see g(v) <0 for 0 < v < ¢*. Take 0 < ¢; < ¢*. Then, by the assumption, there exists
a positive number 7™ such that

w(T* 1) < \/gcl for R<r<h(T). (3.23)

We fix such 7™ > 0 and set

(0 = sal1+800 =), ot = e con (70T,

where «, sg and 0 are chosen as follows:
0<a<mg, mp:=min{—g); 0<v<c} >0,

* T (3.24)
> T") -2 = Saso(so — R)
so > max{3h(T™) R, ho} and & > 2a050(s9 — R)

We will prove that (v, s) is an upper solution of (P). Indeed direct calculations give

4 b (st = 1)

- sin | ——— ),
2(s(t) — R) 2(s(t) — R)

v, = C1€
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Hence we get
n(r—R) )
2(s(t) — R)
fort > 0, R < r < s(t). Note from 0 < v < ¢ fort > 0, R < r < s(t) that
—g(v) > mq > 0. Then it follows that

v, <0 and v > —acie ™ cos(

vy — dAv — f(v
> cre” cos <H>{ —a+ WER)Q - g(v)}
> cre”™ cos (%){ ERAPTENG ig) “RP ml}'

Since av < my by (3.24), we find

—a + md +mq >0
A(so(14+0)—R)2 '

Thus it holds that
vy —dAv — f(v) >0 for t>0, R<r <s(t). (3.25)

Using (3.24), we can also get

s'(t) — (—pv.(t, s(t))) = aspde " — meat
THCY —at
> aso{5 . m}e (3.26)

>0

for t > 0. We next compare u(t +7*) with v(¢,r) at t = 0. We recall (3.23) and note
from (3.24) that
m(h(T") — R)

0
< 25— R)

s
< —.
-6

Then it follows that

\/gcl
2

w(h(T*) — R))

ulT™m) < 2(so — R)

T
:clcosg Sclcos<

and

for R < r < h(T*). Hence we obtain

w(T*,r) <wv(0,r) for R<r <h(T%). (3.27)
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We finally check the boundary conditions in the following:

u(t +T*R)=0<cie*=0(t,R) for (P1),
u(t+T1T",R) =v,.(t,R) =0 for (P2) and (P3), (3.28)
ult+ T, h(t+T")) =v(t s(t) =0

for t > 0.
From (3.25) — (3.28), the comparison principle for upper solutions (Lemma 3.1)
shows

h(t +T%) <s(t) for t>0, u(t+T"r)<wv(tr) for t >0, R<r <h({t+T").
Thus we obtain

lim h(t) < tlim s(t) = so(1+9),

t—o00

. _ <1 ' _ 0
I fju(t, orney < lim [[o(t,)lomnm =0
We complete the proof. O

Proof of Theorem 3.6. Since the free boundary is strictly increasing, we find that it
satisfies limy o, h(t) < 0o or limy o h(t) = co. If limy o A(t) < oo, then lim, ., Q(t)
is a bounded set in R \ Bp and we deduce limy o ||u(t,-)||c(rae) = 0 by Theo-
rem 3.4. On the other hand, if limy .o h(t) = oo, then lim; .., Q(t) = RY \ Bx.
For the behavior of u as t — o0, we need to discuss each case of f/(0) > 0 and
1/(0) < 0. In the former case, Propositions 3.2 implies lim inf; ., u(t,r) > 0 in (R, 00),
which leads to liminf, .o ||u(,-)||c(rn@) > 0. In the latter case we get the same
inequality by Proposition 3.3. When vanishing occurs, we can prove decay estimate
u(t, ) ernew) = O(e™?") for some 8 > 0 as ¢ — oo. The proof of this estimate is
divided into two cases: f’(0) > 0 and f'(0) < 0. For each case, we can prove the decay
rate by Theorems 3.8 and 3.12, respectively. We complete the proof. 0

3.6 Spreading and vanishing for Case f'(0) >0

We discuss free boundary problem (P) under the assumption that
f satisfies (3.21) and f’(0) > 0.

We will give a more precise dichotomy theorem in this case and give some sufficient
conditions and criteria for spreading and vanishing. As we have seen in Section 3.1,
the results in this section are applicable to general polystable (in particular, monos-
table/logistic) nonlinearities.
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3.6.1 Main theorems
A dichotomy theorem is given in the following:

Theorem 3.8. Let (u, h) be any solution of (P) and let Br be a multi-dimensional ball
with radius R. Suppose that f satisfies (3.21) and f'(0) > 0. Then either spreading (i)
or vanishing (ii) holds true:

(i) lim; oo Q(t) = RV \ Bg and liminf, o u(t,r) > v*(r) in [R, 00), where v*(r) is a
minimal positive solution of (3.6). Moreover if f(u)/u is strictly decreasing with
respect to u € [0, 1], then limy_,o u(t, ) = v*(r) uniformly in any compact subset
of [R, 00);

(ii) limy oo Q(t) C Bry, \ Br and limy,o [[u(t, *)[|c(rn@)) = 0 with a positive number
Ry = Ry(d, R, ['(0)). Moreover |[u(t,)|lc(rnw) = O(e™?) for some B> 0 as
t — o0.

Remark 3.3. The number Ry in Theorem 3.8 is determined by f'(0) = M\ (d, R, Ry ),
where, for (P1) (resp. (P2) or (P3)), Ai(d, R,1) is the least eigenvalue of

—dAp = ¢, R<r<l,
»>0, R<r<l, (3.29)
O(R) = o) =0 (resp. ¢(R) = o(l) = 0)

with | > R. Indeed it is well known that A\ (d, R,1) is continuous and decreasing with
respect to 1, and satisfies limy_, gy A\ (d, R,1) = +o00 and lim_, ;. \1(d, R,1) = 0. Thus,
for given d, R and f, there exists a unique positive number Ry = Ry (d, R, f'(0)) such
that

f(0)=X\(d,R,Ry) and f'(0) > \i(d,R,1) for | > Ry. (3.30)

In the case of N = 1, R* is given explicitly by w+/d/ f'(0)+R for (P1) or (7/2)\/d/f'(0)
+R for (P2) and (P3).

Remark 3.4. In Theorem 3.8, if the nonlinear term is logistic, f(u) = u(a — bu) for
a,b >0, then f(u)/u is strictly decreasing for u > 0 and we get the convergence of u
as t — oo. In particular, v*(r) = a/b for (P2) and (P3). When f(u) is logistic with
inhomogeneous coefficients, Du-Guo [14] have obtained a similar dichotomy result for

(P3).

Proposition 3.4. The function Ry = Ry(d, R,«) with o = f'(0) in Theorem 3.8 is
monotone increasing with respect to d and R, and monotone decreasing with respect to
a. Moreover, for fized numbers d and R, lim, .. Ry = R and lim,_,0 Ry = 0.

This proposition implies that, as the hostile environment (barrier) becomes larger, the
threshold radius between spreading and vanishing gets larger.

Some sufficient conditions are given in the following theorem.
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Theorem 3.9. Let (u, h) be any solution of (P) and define a* = inf{a > 0; f(a) = 0}.

(i) Suppose that hy > Rjy; then spreading occurs. If initial function ug also satis-
fies |Juollc(rne) < a* and f(u)/u is decreasing with respect to u € [0,a*], then
limy o0 u(t, ) = v*(r) uniformly in any compact subset of [R,o0), where v* is a
minimal solution of (3.6).

(ii) Suppose that hy < Rjy. If initial function ug is small enough to satisfy 0 <
uo(r) < w(r) in [R, ho| for a positive function w defined in [R, ho|, then vanishing
occurs. Moreover |[u(t, )| c(rnw) = O(e™?) for some >0 ast — oo.

Consider the solution of (P1) (resp. (P2) or (P3)) with initial data (ug, hg). We
can find a sharp threshold on initial data which separates spreading and vanishing.

Theorem 3.10. Suppose that hy < Ry . Let ¢ € C*(R, ho) N C[R, ho| be any function
which satisfies ¢(R) = ¢(hg) = 0 (resp. ¢.(R) = ¢(hg) = 0). Then there exists a
number o* = o*(¢, hy) € (0,00] such that spreading occurs if ug > o*¢ in (R, hy) and
vanishing occurs if ug < o*¢ in (R, hy).

We can also give another criterion, focusing on the speed parameter.

Theorem 3.11. Suppose that hy < Ry. Then there exists some number p* = p*(ug, ho)
€ [0,00) such that spreading occurs for p > p*, while vanishing occurs for p < p*.
Moreover, if f(u) < f'(0)u for uw >0, then p* € (0, 00).

3.6.2 Proofs of main theorems

We prepare for the proof of the main theorems.
Proposition 3.5. If lim; o, h(t) < 0o, then lim; . h(t) < RY.

Proof. We assume lim;_,, h(t) > R} to get a contradiction. By the assumption, there
exists a constant 7' > 0 such that | := h(T) > R}, and we find that f'(0) > \(]),
where A;(l) is the least eigenvalue of (3.29). As in the proof of Proposition 3.2, we
deduce

litrgglfu(t,r) >v*(r) >0 in (R,00),

where v* is a minimal solution of (3.6). This contradicts the fact of Theorem 3.4 that
limy oo [|u(t, )|l c(rny = 0 if limy o0 h(t) < co. Thus the free boundary must satisfy
limy 0 h(t) < RY. 0

We now prove the main theorems.

Proof of Theorem 3.8. Since the free boundary is strictly increasing, it must satisfy
limy oo h(t) = oo or limy_,o h(t) < co. In the former case, we have lim; ., Q(t) =
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R\ Bg and liminf, ,o u(t,7) > v*(r) for R < r < oo by Proposition 3.2. In the latter
case, we find from Theorem 3.4 and Proposition 3.5 that lim; . Q(t) C Bpy, \ Br
and limy o [Ju(t,-)||crne) = 0. When vanishing occurs, there exists some 7' > 0
such that u(T,r) < w(r) in [R, hg| for a positive function w. Then we can prove
w(t, ) erne) = O(e™) for some > 0 as t — oo (see Theorem 3.9).

In the case of spreading, if we further assume f(u)/u is decreasing with respect to
u € [0, 1], then (3.6) has a unique solution (see Section 3.8). Then we find the unique
convergence of solutions as t — oo for any initial data. Indeed one can construct a
suitable upper solution for (P1) (resp. (P2) or (P3)). Let w(t, ) be the solution of

u, — dAu = f(u), t>0, R<r< oo,
u(t, R) =0 (resp. u,(t, R) = 0), t>0,
u(0,7) = M = max{1, [|[uo|lc(rhe}, R <r <oo.

Noting that v = M is regarded as an upper solution of (3.6), we find from the monotone
method and the uniqueness of solutions for (3.6) that @(t, -) is decreasing and converges
to v*(r) uniformly for r in any compact subset of [R,00) as t — oo (cf. Sattinger
[58]). It also follows from the standard comparison principle that w(t,r) < u(t,r) for
R <r < oo. Hence letting ¢ — oo in this inequality shows

limsup u(t,r) < tlim u(t,r) =v*(r) for R<r < 0.

t—00 —00

Thus, combining the above inequality and (3.22), we conclude that lim; . u(t,r) =
v*(r) uniformly for r in any compact subset of [R, 00). We complete the proof. OJ

Proof of Proposition 3.4. Consider the least eigenvalue \;(d, R, () of (3.29). One
can represent it as

nf{df’; N1, (r)? dr
fll% rN=1g(r)2 dr

By the representation, A\;(d, R,[) is monotone increasing with respect to d. We recall
that Ry (d, R, «) is determined by (3.30). Hence we find that R} (d, R, ) is monotone
increasing with respect to d.

Next we will show that R%(d, R, «) is monotone increasing with respect to R. We
assume Ry (d, Ry, o) > Ry/(d, Ry, ) if Ry < Ry to get a contradiction. Since A\ (d, R, 1)
is monotone decreasing with respect to [, we get

6 € Hy(R,1) (resp. & € H'(R,), 6,(R) = 6(1) = 0) }.

o = /\1(d, RQ, R?V(d, RQ, Oé)) > >\1<d, RQ, R*N(d7 Rl, Oé))
On the other hand, we have
/\1(d, R, R;V(d, Ry, Oé)) > /\1(d, Ry, R?V(d, Ry, Oé)) =«

because \i(d, R,[) is monotone increasing with respect to R. This result gives us a
contradiction. Hence Ry (d, Ry, ) < Ry (d, Ra, ).
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Finally, note that \i(d, R,l) is decreasing with respect to I, lim; g, A\i(d, R.l) =
+00, limy 00 A1(d, R.I) = 0 and | = R} is a point of the intersection between A (d, R, )
and a. Then we get Ry (d, R, a1) > Ry (d, R, as) if a; < g, and moreover R}, satisfies

lim Ry =R and lim Ry = oc.
a—+00 a—0

We complete the proof. O

Proof of Theorem 3.9. (i) Since hg > R} and the free boundary is strictly increasing,
it must satisfy h(t) > Ry for all t > 0, and lim;_, A(t) > R}. Hence the dichotomy
theorem (Theorem 3.8) implies liny_,, h(t) = 0o and spreading occurs. Next let w(t, r)
be the solution of

uy — dAu = f(u), t>0 R<r< oo,
u(t,R) =0 (resp. u.(t,R) =0), ¢>0,
u(0,7r) = a*, R<r<oo

for (P1) (resp. (P2) or (P3)). If |Juollc(rn,) < a*, then the standard comparison
principle shows u(t,r) < a(t,r) for t > 0, R < r < h(t). Moreover the assumption of
ho > R} implies that the solution satisfies the property of spreading, and in particular
lim; . h(t) = oco. Note that the solution v of (3.6) satisfying v(r) < a* in [R, 00) is
unique, that is v = v*, under the assumption that f(u)/u is decreasing in u € [0, a*]
(See Section 3.8). Hence we obtain

limsupu(t,r) < lim a(t,r) = v*(r) in [R,o0).
t—o00 t—ro0

As in the proof of Proposition 3.2, we get

liminf u(t,r) > v*(r) in [R,o0).

t—o00

Thus we can prove that u(t,r) converges to v*(r) uniformly for r in any compact set
of [R,00) as t — oc.

(ii)) We will construct an upper solution for (P1) (resp. (P2) or (P3)). Let A\i(vy) be
the least eigenvalue and let ¢(y;~y) be the corresponding eigenfunction for

—dAyp =My, >0, 7<y<so,
©(7) = @(s0) =0 (resp. p,(7) = ¢(s0) = 0),

where Ay = ¢, + (N — 1)p,/y, so € [ho, Ry), 7 € (0,R) for (P1) and (P2), and
v = 0 for (P3). Define

5(1) = so(1 4901 7)) and oft, ) = oo 77
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with positive constants «, 3, ¢ and eq. If v(¢,7) and s(t) satisfy

vy — dAv > f(v), 0<t<T, R<r<s(t), (3.31)
v(t,R) >0 (resp. v.(t, R) <0), 0<t<T, (3.32)
v(t, s(t)) =0, 0<t<T, (3.33)
s'(t) > —po,(t, s(t)), 0<t<T (3.34)

and ug is sufficiently small, then we can regard (v, s) as an upper solution of (P). We
choose «, 3, 7, ¢ and ¢y in the following way. Since sy < R}, we get f'(0) < A (R).
Hence there exists some small § > 0 satisfying

AM(R)
(149)2

— f'(0) > 24.

By the continuous dependence of A;(7) on v, we choose 7 sufficiently close to R and,
if necessary, take small ¢ again such that

M(y)
(14 6)?

R
— f(0) > 25 < — 3.35
F0)2 2, 7 < (3.35)
(The second condition on 7 is not necessary when we consider v = 0 in (P3)). In what
follows, we simply denote A\; and ¢((so/s(t))r) in place of Ai(7y) and ¢((so/s(t))r;7),
respectively. Taking 5 < §, we see from (3.35) that

A
(14 9)?
Here we note that § depends on f’(0) by (3.35); so does 8. Remark that o((so/s(t))r) >

t

0 for t >0, R <r < s(t) because v < (so/s(t))r < so for t > 0, R < r < s(t) by the
second inequality in (3.35). By using these numbers, we take « satisfying

m:=—0+ — f'(0) =6 > 0. (3.36)

0 < a <min{a*, B}, (3.37)
where 7 R
m
o= ——, L= (—),M: sol-
o' Ssol P 1135 ||SDyHC[% o]
Moreover there exists a constant ¢y > 0 such that
adSg
0<eg<—F—, f(v) <(f(0)+d)v for 0<v <ep. (3.38)
p(—py(s0))

We will first show (3.31). Direct calculation gives
— e Pt ﬂ) (3_0 )
Ur = Soe <5(t) 2\s@)' )
_ st 50)? S0
Uy €o€ <S(t)> Wyy<s<t)7“>a

o= () e ()
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Then we have

vy — dAv — f(v)
— coe{ - W(%Q _ (Si’éij;’")%(%r) - dAgo(%r) - w(%r) (7/(0) +8)}
Note that y = (so/s(t))r and
o) = o) O ) )
= () (e (Gm)

= 115)2“”<32)7">'

Hence we obtain

o= g2 o () - (L0 o

where m is given in (3.36). Since ¢(y) has only one critical point in (v, sq) for (P1)
(no critical point in (v, s¢) for (P2) and (P3)), we find that

Spy<%7’) <0 for t>0 and R <r <s(t) (3.40)

for (P2) and (P3), while

>0 for t >0, r€[R R,
s
%(%r) —0 for t>0, r=R, (3.41)
<0 for t>0, re(Rys(t)

for (P1), where R; > 0 is a positive number depending on ¢ (recalling that 7 is suf-
ficiently close to R). When (3.40) holds, the second term in the right-hand side of
(3.39) is nonnegative. This result together with m > 0 enables us to get (3.31). When
(3.41) holds, we can similarly show the inequality for (¢,7) € (0,00) X [Ry, s(t)]. For
(t,7) € (0,00) X [R, R;), we see

s'(t)sor ads?

st)? —  s(t)

s'(t) < adsy and — > —adsg.

Hence it follows from (3.37) that

v — dAv — f(v) > goe Pt [mgp(%r) — oaSsm@(%r)]

> coe P (mL — adsoM)
>0
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for t > 0, R <r < R;. We thus obtain (3.31).
We can easily check boundary conditions (3.32) and (3.33) as follows:

u(t,R) =0 <w(t,R) for (P1),
ur(t,R) =0 >v.(t,R) for (P2) and (P3),
v(t,s(t)) =0

for ¢ > 0. We will next show (3.34). By calculation, it holds that

S (1) = (=gt (1)) = adsge—ot + HE0Pu50) g

s(t)
> {a530 — sou(—goy(s()))e(o‘_ﬁ)t}e_o‘t.
Using (3.38), we deduce

s'(t) — (—pvn(t, s(t))) > u(—gpy(so)){% _ go}efat >0

for t > 0. Thus (3.31) — (3.34) holds true.
Finally, taking initial function ug so small that

ug(r) < v(0,7) = gop(r) =t w(r) in [R, ho,
we can apply Lemma 3.1 to show
u(t,r) <wo(t,r) and h(t) <s(t) for t >0, R<r <h(t).

Therefore u(t,r) < eoll¢llcp,se " for t > 0, R < r < h(t) and limy o h(t)
lim; 0 $(t) = s0(1 4 6). Hence we conclude that vanishing occurs as t — oo.

RVA

Proof of Theorem 3.10. Theorem 3.9 has an important role in the proof. Let
(uy, he) be the solution of (P) with initial data (o¢, ko) and define

*

o :=inf{ p > 0 | spreading occurs for any o > p}.

By the definition, spreading occurs for all solutions with ¢ > ¢* as t — oo. Since
part (ii) of Theorem 3.9 shows that vanishing occurs for small initial data, we find
o* > 0. By the definition of ¢* and Theorem 3.8, for any ¢ < ¢*, there exists a
number 7 € [o,0") such that the solution (u.(t,7),h.(t)) of (P) satisfies the property
of vanishing as t — oo. Noting that o¢ < 7¢ in (R, hy), we deduce from Lemma 3.1
that

ho(t) < h.(t) and wu,(t,r) <wu,(t,r) for t >0, R<r < hy(t).

Hence, by letting ¢ — oo in the above inequality, we get

lim h,(t) < oo and lim ||u,(,-)||(rn, ) = 0.
t—ro0 t—o0
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This result implies that vanishing occurs for all solutions with ¢ < ¢* as t — oo.
Moreover, using Lemma 3.1, we can easily show that, as ¢ — oo, spreading occurs if
uy > o*¢ in (R, hy), while vanishing occurs if uy < 0*¢ in (R, hy).

We will show that vanishing occurs when uy = o*¢. If 0¥ = oo, then there is
nothing to prove. Hence we may assume that ¢* < oo in the rest of the proof. Assume
that spreading occurs for the solution as ¢ — oo, and then we can take a constant
T > 0 such that h(T") > R} . By the continuous dependence of solutions on initial data
(Theorem 3.3), there exists so small 6 > 0 that

ho(T) > Ry forany o € [0 — §,0" + 9].

In particular, by virtue of part (i) of Theorem 3.9, the solution (u«_s(t,7), ho«—s(t)) of
(P) satisfies the property of spreading as ¢ — oo. This result contradicts the definition
of o*. Hence, by Theorem 3.8, vanishing occurs when uy = 0*¢ ast — oo. We complete
the proof. O

Proof of Theorem 3.11. We can prove this theorem with suitable modification of
the proof of Theorem 2.10 in one dimension. Hence we omit details here. O

3.7 Spreading and vanishing for Case f/(0) <0

In this section we discuss multi-dimensional free boundary problem (P) where
the nonlinear function satisfies (3.21) and f/(0) < 0.

We show a dichotomy theorem and a criterion for spreading and vanishing.

3.7.1 Main theorems

A dichotomy theorem is given in the following:

Theorem 3.12. Let (u,h) be any solution of (P). Then any solution of (P) satisfies
either spreading (i) or vanishing (ii) as t — oo :

(i) limy oo Q) = RY\ Br and liminf; . ||u(t, MNlernw) > 0;
(i) limy e Q(t) is a bounded set in RN \ Bg and lim; o ||u(t, Newnwy = 0. In
addition, ||[u(t,")||c(rnw) = O(e™) for any k € (0,—f'(0)) as t — co.

Define ¢* := inf{c > 0; f(c) =0} € (0,1] and suppose that the nonlinear function
also satisfies

/Olf(u) du > 0.

Then we will also show some sufficient conditions for spreading or vanishing.

Theorem 3.13. Let (u,h) be any solution of (P). The following results hold true:
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(i) If ho > 1 and ug(r) > q(r) in [R,l] for a positive solution q(r) of (3.5) with a
sufficiently large constant | > R, then spreading occurs and

ligninfu(t,r) >v*(r) for R<r<oo,
—00
where v*(r) is a minimal positive solution of (3.6) satisfying v*(r) > q(r) in [R,1].

(ii) If [Juollc(rpe) < ¢, then vanishing occurs. Moreover |[u(t,-)|lc(rnw) = O(e™*)
for any k € (0,—f'(0)) as t — oc.

Remark 3.5. In part (i) of Theorem 3.13, assumption “uo(r) > q(r) in [R,I] for a
positive solution q(r) of (3.5) 7 may be replaced by “ ug(r) is an upper solution of
(3.5)7.

Consider the solution of (P1) (resp. (P2) or (P3)) with initial data (ug, ho). We
can give a criterion for spreading and vanishing, focusing on initial data.

Theorem 3.14. Let ¢ € C*(R, ho) N C[R, ho] be any function which satisfies p(R) =
¢(ho) = 0 (resp. ¢.(R) = ¢(hg) = 0). Then there exists a number o* = o*(¢p, hy) €
(0, oo] with the following properties:

e spreading occurs if ug > o*¢ in (R, hy). Moreover there exists a positive number
o™ > o* such that if ug > 0™ ¢ in (R, hy), then iminf, . u(t,r) > v*(r) in
[R, 00), where v*(x) is a minimal positive solution of (3.6).

e vanishing occurs if ug < o*¢ in (R, ho).

Moreover if hy is sufficiently large, then o* < o™ < o0.

In Theorem 3.14, we remark that, differently from the case of f(0) > 0, spreading
occurs if uy = o*¢.

Remark 3.6. In Theorems 3.12 and 3.14, when spreading occurs, the large time be-
haviors of u(t,r) might be divided into some cases. For example, we consider problem
(P) with a bistable nonlinearity:

feCt0,00), f(u)<0 for O<u<c, u>1, f(u)>0 for ¢ <u<]l,
1
F0) = £e) = F1) =0, 0 <0, F()>0. F1)<0 and [ f(u) du>0
0
If ug > 0™ ¢, then for (P1)
tlim u(t,r) = v*(r) uniformly for r in any compact subset of [R, 00),
—00
where v* is a positive solution of (3.6), or
1tlim u(t,r) =1 wuniformly for r in any compact subset of [R, c0)
—00

for (P2) or (P3). On the other hand, if ug = o*¢, then transition phenomena as in
one-dimensional case might occur. For the proof, we need more precise information on
solutions for (3.5) and (3.6). We may also require additional assumptions on f.
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3.7.2 Proofs of main theorems

We give the proofs of the main theorems.

Proof of Theorem 3.12. We can apply Theorem 3.6 to this case, and we get
this dichotomy theorem. When vanishing occurs, there exists a constant 7' > 0
such that u(T,r) < ¢* in [R,h(T')]. As in the proof of Theorem 3.13, we can show
u(t, ) ernw) = O(e ™) for any k € (0, —f'(0)) as t — oo. O

Proof of Theorem 3.13. (i) Note that elliptic problem (3.5) has at least two positive
solutions ¢; (i = 1, 2) for sufficiently large | > R (see Section 3.8). Let (u(t,r), h(t)) be
a solution of (P) with initial data (¢;(r),l). Since hg > [ and uo(r) > ¢;(r) in [R, 1], it
follows from Corollary 3.1 that

liminfu(t,r) > lim u(t,r) = v (r) for R <r < oo,
t—00 t—00

where vf (i = 1,2) is a minimal positive solutions of (3.6) satisfying v} (r) > ¢;(r) in
(R,1).

(i) We can prove this property in the same way as the one-dimensional case. Let
w = w(t) be the solution of

dw

— = t>0

o f(w), > 0,
c

w(0) = c1 € [[|luollcrng, €)-
Then w(t) is regarded as an upper solution for (P), and
u(t,r) <w(t) for t >0, R<r <h(t). (3.42)

Since f(w) < 0 for 0 < w < ¢* and f(0) = 0, the function w(t) is decreasing and
satisfies limy o w(t) = 0. Hence limy o [[u(t, )| crne) < limyow(t) = 0. Thus it
follows from Proposition 3.3 that lim, ., h(t) < oo and vanishing occurs as t — oc.
We will next show a decay estimate of vanishing. Noting that f’(w) is continuous
in [0, 00) and lim;_,o, w(t) = 0, for any small € > 0, one can choose a positive number
T, such that
flw(@)) < (f(0) + e)w(t) for t >T..

Then w(t) satisfies

C;—‘; < (F(0) + 2w for t>T..

Hence we have
w(t) < w(Ty)e *F =T for > T,

with £* = —f’(0) > 0. Using (3.42) and the above estimate, we get

u(t,r) < w(t) < w(To)e T = O em (a1
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for t > T, R < r < h(t). Hence |[u(t,")|lc(rnw) = Oe™*) for any k € (0, —f"(0)) as
t — o0o. We complete the proof. O

Proof of Theorem 3.14. For solutions of (P) with initial data (o¢, hg), define

*

o* :=inf{ p > 0 | spreading occurs for any o > p}.

In the same way as the proof of Theorem 3.10, we can prove by Theorem 3.13 that
o* € (0,00] and, as t — oo, spreading occurs if ug > 0*¢ in (R, hy), while vanishing
occurs if ug < 0*¢ in (R, ho). As in the proof of Theorem 2.12, we can show another
threshold number o** for the case of spreading.

We assume that vanishing occurs for ug = 0*¢ as t — oo. Then there exists a
constant 7" > 0 such that u(7T,r) < ¢*/2. By the continuous dependence of solutions
on initial data (Theorem 3.3), we can choose a number 6 > 0 such that, for ¢ €
[0* —0,0% + 0], u satisfies

*

u(T,r) < % for R <r < h(t).

By part (ii) of Theorem 3.13, such a solution satisfies the property of vanishing as
t — oo. This result contradicts the definition of ¢*. Hence the dichotomy theorem
(Theorem 3.12) implies that spreading occurs when uy = 0*¢ as t — oo. We complete
the proof. O

3.8 Semilinear elliptic equations

In this section we will show some results and remarks on semilinear elliptic equations
in an annulus or an exterior domain in RY, where the nonlinear function satisfies one
of the following conditions:

(3.21) with f(0) >0 (3.43)

and
(3.21) with £(0) <0 and / £(s) ds > 0. (3.44)
0

The results in this section partly support main theorems.

3.8.1 Semilinear elliptic equations in annulus

We consider semilinear elliptic equations in an annulus given by

dAg+ f(q) =0, R<r<l,
(3.5) ¢€¢q>0, R<r<l,
q(R) = q(l) =0 (resp. ¢,(R) = ¢(l) = 0)

for some [ > R. We have the following results.
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Theorem 3.15. Suppose that [ satisfies (3.43). Then problem (3.5) have at least one
positive solutions if | is sufficiently large.

Proof. We will first construct an lower solution for (3.5). Let ¢ be an eigenfunction
corresponding to the first eigenvalue \; for the problem:

dAp +Mp=0, R<r<l,
p(R) = ¢(l) = 0 (resp. or(R) = (1) = 0)
for [ > R. Consider a function ¢ := ¢ for a constant ¢ > 0. As in the proof of

Proposition 3.2, choosing sufficiently large [ > R and sufficiently small ¢, we find that
¢ satisfies

dAG+ f(¢) >0, R<r<l,
d(R) = ¢(I) = 0 (resp. ¢,(R) = (1) = 0),

and ¢ is a lower solution of (3.5). Next, we can easily see that & = 1 is an upper
solution for (3.5). Hence, by the monotone method (see Sattinger [58]), we can show
that there exists at least one positive solution ¢ satisfying

o(r) <q(r)<®(r) in R<r<l.

We complete the proof. O

Theorem 3.16. Suppose that [ satisfies (3.44). Then there exists a sufficiently large
number I* > 0 such that, for every | > 1*, (3.5) has at least two positive and radially
symmetric solutions q; and qo satisfying

I(q1) <0 < I(g2),
where
I(q) = g/ rN . (r)? dr +/ TN (q(r)) dr
with F(q) = — [ f(s) ds.

We omit the proof of Theorem 3.16 here.

Remark 3.7. The existence of positive solutions has been also shown by Stakgold-
Payne [64] for a monostable nonlinearity and by Clément-Sweers [12] for a bistable
nonlinearity. In the above theorem we have given the results on existence of solutions
of (3.5), where f satisfies more general nonlinearity.
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3.8.2 Semilinear elliptic equations in exterior domain

We consider semilinear elliptic equations in an exterior domain in R given by

dAv+ f(v) =0, R<r < oo,
(36) ¢v>0, R<r<oo,
v(R) =0 (resp. v.(R) =0).

We have the following theorem on the existence of solutions.

Theorem 3.17. Suppose that f satisifies (3.43) or (3.44). Then there exist at least
one positive solutions for (3.6).

Proof. The proof is derived immediately from the existence of positive solution of
(3.5) by using Theorem 3.5. Hence the proof is complete from Theorems 3.15 and 3.16.
OJ

Let a* := inf{a > 0 | f(a) = 0}. Then we can show that a solution of (3.6)
satisfying 0 < v < a* is unique if f satisfies (3.43) and another condition.

Theorem 3.18. Suppose that f satisfies (3.43) and that f(u)/u is decreasing with
respect to u € [0,a*]. Then a solution v(r) of (3.6) satisfying 0 < v < a* in (R, 00) is
unique. Moreover the solution satisfies v.(r) > 0 for all v > R and lim,_,, v(r) = a*
with v.(r) = o(1/r¥=1) as r — oo under the Dirichlet boundary condition at r = R,
while v(r) = a* under the Neumann boundary condition at r = R.

We prepare the following propositions.

Proposition 3.6. Suppose that [ satisfies (3.43) and that f(u)/u is decreasing with
respect to u € [0,a*]. Let v € C*(R,00) be any positive solution of (3.6) under the
Dirichlet boundary condition at v = R and let v satisfy 0 < v < a* in (R,00). Then
ve(r) >0 for all ¥ > R and lim, o v(r) = a* with v.(r) = o(1/r¥=1) as r — .

Proof. We basically follow the proof of [36, Proposition 10]. We will first prove
lim, ,v(r) = a*. Assume lim, ,, v(r) # a* to get a contradiction. Let P(r) :=
dr¥ "1, (r). Since 0 < v(r) < a* for R <r < oo, we see f(v(r)) >0 for R <r < co. It
follows from (3.6) that

P(r)=—r""f(v(r)) <0 for R<r < oo.

By P(R) = R ',.(R) > 0, v, changes its sign at most only once in (R,c0). Hence
we find that there exists a limit number v := lim, ,,, v(r) with v € [0,a*). Since
f(0) = f(a*) = 0, we denote f(v) = vg(v) for some positive function g. Then, for
sufficiently small € > 0, there exists large R;. > 0 such that g(v(r)) > g(v) —e > 0 in
[Ry-,00). Consider (3.6) in [Ry ., Ry] for Ry > Ry .. Then v satisfies

(p(r)v.)y +q(r)v =0, v>0 for r € (R, Ry),
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where p(r) = dr™! and ¢(r) = r¥"lg(v(r)). Note that for r € (R ., Ry)
p(r) = drNt <dRY ™' =: C?,
q(r) =r"g(u(r)) > R Hg(v) —e) = (3.

We now compare v(r) with

Coe
w(r) = sin <Ci1(7“ - R1,a)>,
which is the positive solution of
Ciw, +C3w =0 for r€ (R, Ry), w(Ri.)=0.

Choosing Ry < (Cy/Cy)m+ Ry ., if necessary, we see from Sturm’s comparison theorem
(see e.g. [13]) that v have at least one zero points in [R;., Ro]. This contradicts
0 < v <a*. Thus lim,_ . v(r) =a*.

We next prove v,.(r) > 0 for all » > R. Assume that there exists r* > R satisfying
v.(r*) = 0. Since P(r) = rV7lu,.(r) is strictly decreasing with respect to 7, we find
v.(r) < 0 for all » > r*. This implies a contradiction, lim, ,,, v(r) # a*. Hence the
derivative of v with respect to r is positive for all » > R.

We finally prove the rate of convergence. Let P(r) = drV¥"tu.(r) — 8 € [0, P(R))
as r — oo. We will prove that # must be 0. Suppose that 8 > 0 to get a contradiction.
For any n > 0, we find

< wu(r) < il

~T S ~— i r is sufficiently large. (3.45)
riN= rN-

Integrating this inequality in (p, M) for large M and p > R gives

B/pM

When N = 2, the left-hand side of the inequality implies

TNl_l dr < / v (r) dr =v(M) —v(p) < (6—}—77)/ er_l dr. (3.46)

a* >v(M)—uv(p) > B(logM —logp) — +00 as M — +o0.
This gives us a contradiction, and 5 = 0. When N > 3, it holds from (3.46) that

%(pz—N _ M2—N) < U(M) — v(p) < ff—tg(pQ—N - MQ—N).

Letting M — +o0 and replacing p with r, we have

B
N—2

PPN < — v(r) < r (3.47)
for large r. Since f(a*) = 0, we represent f(v) = v(a* — v)gi1(v) for some positive
function g;. Recall (3.45), (3.47) and
U'm‘(r) - (N — 1)UT(T) - ,U<r)(al* - Uér))gl<v(r)) .

r
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Then it follows that

C(N=1) B4n BAn v(r)gi(v(r))
r rN-1 N -2 drN—2

B v(m)gi(v(r))
N -2 drN—2

(3.48)

< v(r) <

when 7 is large. Since a* —n < v(r) < a* and C < ¢g;(v(r)) < C + n for large r and
some positive constant C', we see from (3.48) that

(N=DB+n) _B+n C+n pl—mn) C
TN g v s S gy s (B9

for large . We integrate the right-hand side of (3.49) over (r, M) to see

_BC(1—n)
d(N —2)

rN-3 MN-3

v (M) — v (r) < (log M —logr) (N =3),

or(M) = vr(r) < AN —2)(N —3)

Letting M — +00, we obtain for N = 3

(1 -
v (r) > —Bd(]i[ — 277)) (log M — logr) — +oc0.
This result enables us to get § = 0. Similarly for N > 4, we deduce from (3.45) that

BC(1 —n) 2
BEnzaN =y -9

for large r. This inequality implies that § must be zero. Hence r¥~luv.(r) — 0 as

r — +o0, and v,(r) = o(1/rN"1) as r — +o00. We complete the proof. O

Proposition 3.7. Suppose that f satisfies (3.43) and that f(u)/u is decreasing with
respect to u € [0,a*]. Then v = a* is a unique positive solution of (3.6) under the
Neumann boundary condition at r = R.

Proof. We can easily check that v = a* is a solution of (3.6). If there exists another
solution for (3.6) with v,.(R) = 0 and v(R) € (0,a*), then we find that v is non-
increasing because P(R) = 0 and P.(r) < 0 for R < r < oo, following the proof
of Proposition 3.6. Hence we obtain the same contradiction in Proposition 3.6 by
employing Sturm’s comparison principle. (]

Proof of Theorem 3.18. We basically follow the proof of [36, Theorem 10]. It has
been already shown in Proposition 3.7 that there exists a unique solution for (3.6) with
the Neumann boundary condition at » = R. For convenience, we prove the existence
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of solutions for the Dirichlet problem by a different way from the proof of Theorem
3.17. Let w(r) be a function represented as

where [ is a positive number and ¢ is a solution of (3.29). Then we find that, for any
small 6 > 0, dw is a lower solution of (3.6) in the distribution sense. On the other
hand, v = a* is an upper solution of (3.6). Hence the standard monotone method (see
Sattinger [58]) shows that there exists a solution v satisfying dw(r) < v(r) < a* for
r € [R,00). By the elliptic regularity theory, v satisfies (3.6) in the classical sense. We
recall from Proposition 3.6 that

v(r) >0 for r >R, limv(r)=a* and lim 7V v,.(r) = 0. (3.50)

r—00 =00

We next prove the uniqueness of solutions for (3.6). Since 0 is any small positive
number, the uniqueness of solutions v for (3.6) satisfying dw(r) < v(r) < a* for r €
[R,00) enables us to get the conclusion. Suppose that w, (resp. w*) is a minimal
(resp. maximal) positive solution of (3.6), which is generated from dw(r) (resp. 1) by
the monotone method. Then

d(rN ., (1), + VT f(wi(r) =0, R<r<oo, w.R)=

N—-1, % N-1 * * ’ (351)
(resp. d(r™ " wi(r)), +r"  f(w*(r)) =0, R<r<oo, w'(R)=0)

with
wi(r) <w*(r) for R<r < oo.

Multiplying (3.51) by w* (resp. w,) and subtracting the both sides of (3.51), we obtain

A{ (" (1)) (r) — (PN p (r))rwa ()} = VT wa(r) fw* (7)) — w0 (1) f(wa(r)) }
— Tle*(r)w*(r)<f(w (T>> B f(w*(r))>

w*(r) w,(r)

Moreover integrating the identity in [R, p] for p > R, we have

/ P () (1) — (P () () d

— cll/Rp erw*(r)w*(r)<f§ﬁ(rg)) - fﬁ?g”) dr.

Integrating by parts the left-hand side of the identity implies

F(p)w*(p) — pwr (p)w.(p)

[Pty (L) Sy g, 55

w*(r) w.(r)
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We apply (3.50) to have
lim p" ., (p) = lim p"~wi(p) =0,
pP—>00 pP—>00

lim w*(p) = lim w.(p) = a*.
pP—r00 p—00

Hence, taking p — oo in (3.52), we get

/ROO P ) () Ty g

w*(r) w.(r)

Since f(u)/u is decreasing with respect to u € [0,a*] and w* > w, > 0 in [R, 00), the
above identity implies w* = w, in [R, 00). The proof is complete. OJ

3.9 Problem

Through sections 3.9 - 3.11, we consider free boundary problem (1.1) where Q(t) has
no fixed boundary. The problem is given by

(u, — dAu = f(u), t>0, g(t) <r < h(t),
u(t,g(t)) =0, u(t,h(t)) =0, t >0,
(DP)  q 9'(t) = —pu.(t, g(t)), t>0,
W(t) = —pu(t, h(t)), t>0,
\g(O) = g0, h(0) = ho, u(0,7) = uo(r), go <1 < hy,

where d, p, go and hg are positive constants with go < hg, r = |z| (x € RV, N > 2),
Au =t + ((N —1)/r)u,, and the initial function is assumed to satisfy

ug € C*[go, hol, uo >0 in (go,ho), uo(go) = uo(ho) = 0.
In (DP), we basically allow nonlinear function to be
fecCo,00), f(0)=f(1)=0, flu)<O0 (u>1), (3.53)
and also, when we discuss the asymptotic behaviors of solutions, we further assume

feC0,00), f(0)= f(1)=0, f(0)>0, f/(1) <0, flu)>0(0<u<1),

3.54
f(u) <0 (u>1), and f(u)/u is decreasing with respect to u € [0, 1]. (3:54)

Problem (DP) corresponds to (P) with inner fixed boundary r = |z| = R replaced
by free boundary r = ¢(t) (see Figure 7). It will be proved that ¢’'(t) < 0 and A/(t) > 0.
Hence the domain
Q(t) = {x € RY| g(t) < [a] < h(t)}

is expanding as time passes, and hence outer radius r = h(t) can go to infinity as
t — oo and also inner radius r = g(¢) can reach the origin at some time.



86 CHAPTER 3. A FREE BOUNDARY PROBLEM IN MULTI-DIMENSIONS

u(t,r) : density
ur(t, g(t)) ur (L, (1))
g(t) habitat h(t) r

Figure 7. The solution (u(t,r), g(t), h(t)) for problem (DP)

Such a phenomenon makes a big difference between (P) and other free boundary prob-
lems. Hence we call this phenomenon singularity.

Definition 3.1. Singularity: there exists some T > 0 such that g(T) = 0.

After singularity appears, we cannot extend the solution of (DP) in a classical sense.
However we can extend the solution weakly to all ¢ > 0. For this purpose we need to
define a weak solution, which will be given in next section.

The main purpose through sections 3.9 - 3.11 is to study

e the existence and uniqueness of classical and weak solutions;
e the asymptotic behaviors of solutions;
e a sufficient condition for singularity.

We finally mention that the situation described by (DP) arises from multi-dimensional
free boundary problems; for example the case where some parts of the boundaries hap-
pen to connect each other at some time (see Figure 8).

O

Figure 8. Development of the free boundaries (

3.10 Classical and weak solutions

In this section we will first show a result on the existence and uniqueness of classical.
Next we define a weak solution for (DP) and give a result on the unique existence of
weak solutions for (DP). Finally we will show a relation between classical and weak
solutions.

The following theorem means a unique existence of classical solutions and some
estimates of the density function and the free boundaries.
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Theorem 3.19. For any given o € (0, 1), there exists a number T > 0 depending on
9o, ho, o and ||ugl|c2(g,ne) Such that (DP) has a unique classical solution

(1+a)

(u,g,h) € {C2

H(D(T)) N CHE(D(T))} x CHFE[0,T] x O 20, 7],

where D(T) = Ugoycp({t} x (9(t), h(t))). Moreover let Trnar be a mazimal existence
time of classical solutions for some Tpa. € (0,00], and then it holds that

0<u(t,r) <Cy in D(Tha),
—uCsy < ¢'(t) <0 < W (t) < uCy for 0 <t < T,
g(t) >0 for 0<t< T,

where Cy and Cy are positive constants depending on ||uo||c(ge.ne) and |[tollc1 (go,h0)
respectively.

Proof. We prove this theorem with slight modification of Theorem 3.2. Hence we
omit the details here. We can show g(t) > 0 for 0 < ¢t < T because, if g(T1) = 0
for some T7 < Thnax, then ¢'(71) < 0 gives a contradiction to g(t) = r = |z| > 0 for all
t € (0, Tonax)- O

We next prepare for weak solutions for (DP).

Definition 3.2. Let Gy := (0,T7) x G for some T > 0 and a large domain G D (go, ho)-
A non-negative function u € L>*(Gr) N H(Gr) is called a weak solution of (DP)
over Gp when u(t,r) satisfies

//GT dr™ tu, ¢, — rN " ta(u)é, drdt — /Gera(ﬂg)d>(0,7“) dr = //GT V7 f(u) g drdt

for any ¢ € CY(Gr) which satisfies d =0 on ({T} x G) U ([0,T] x 0G), where

Uu Zf u > 0, - Ug, T € [907 h’OL
alu) = , Uup =
u—d/p if u<0, 0  redG\(g,ho).

We can prove the global existence and uniqueness of weak solutions for (DP).

Theorem 3.20. For any T > 0 and any domain G D (go, ho), there exists a unique
weak solution for (DP) over [0,T] x G.

Proof. We can apply a result on the unique existence of weak solutions by Du-Guo
[15, Theorems 3.1 and 3.5]. Hence we get the conclusions. O

By this theorem, we are able to consider the problem after inner boundary r = g()
reaches the origin.

We finish this section by showing the relation between classical solutions and weak
solutions.
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Theorem 3.21. The following results hold true.

(i) Let u=u(t,r) be a classical solution of (DP). Then the function

U@m:{“”%<“ﬁ<&ﬂx@@w®x
| 0, (t,r) € (0,T) x (G \ (g(t), h(t)))

is a weak solution of (DP) over Gr = (0,T) x G.

(il) Let v be a weak solution of (DP) over (0,T) x G and assume the functions h,g €
CH0,T) (g(t) < h(t) fort >0) satisfy

{reG|gt)<r<h(t)}={reG|v(tr) >0}
{reG|r<gt),h(t)<r}={redG|u(tr)=0}

forOo<t<T. If

o u=uv for (t,r) € (0,T) x [g(t), h(t)],
e u and u, is continuous in [0,T) x [g(t), h(t)],

SN—
>
—~
~
N—
N—
3

o u,. and u; is continuous in (0,1) x (g(t

then (u, g, h) is a classical solution of (DP).

Proof. (i) Note that the equation is also written as r™ tu; —d(rV~tu,), = r =L f(u).
Multiplying the equation by ¢ € C'(Gr) (¢o(r) := ¢(0,r)) which must vanish on
({T} x G) U ([0,T] x 0G) and integrating the equation over (0,7") x (g(t), h(t)), we

obtain
T  prh(t) T  prh(t)
/ / Nl drdt — d / / (rVu,), ¢ drdt
0 g(t) 0 g(t)

T rh(t)
= / / N f(u) g drdt.
0 Jg(t)

Since u(t, h(t)) = u(t, g(t)) = 0 for t > 0 and the choice of ¢, integration by parts gives

ho T rh(t)
/ / “lup drdt = — / N L ugdy dr — / / N ug, drdt  (3.56)
q(t) 90 0 Jg()

(3.55)

an

/hét e drdi = /ZW>— ({6, h(t)6 (8, (1)) dt

1Ag@ ur (. 9(6))6 (8, 9(1) m—/ ﬂw Ly, drdt

(3.57)
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On the other hand, it follows from the divergence theorem

T T
/ / rN gy drdt = — / rN gy dr + / h(t)N R () (t, h(t)) di
0 JG\g@hO) G\(g0ho) 0

- / o) (H)(t, g(t)) dt.
(3.58)

Using the Stefan conditions, we find that

T
/ / Ve, drdt = — / oo dr
0 JG\(g(t).h(1)) G\(90,h0)

T T (3.59)
—f [ O e he)oh0) de = [ g e g)ot. o) ar}.

Substituting (3.56) and (3.57) into (3.55) and using (3.59), we get

ho h(t) h(t)
— / NLuopo dr — / / N g, drdt + d/ / L, ¢, drdt
g0

d h(t)
+ = / rN g dr + = / / rN oy drdt = / / PN f(u)o drdt.
HJ G\ (g0,ho) HJo  Ja\(g(t),h(t) 0 Jgt)

We finally replace u(t,7) and uo with v(¢,r) and vy to see v =v, =0 on (0,7) x (G '\
(g(t),h(t))), and hence f(v) = 0 on that region. Thus we can observe that v satisfies
the weak form.

(ii) By the assumption, we find that u satisfies the boundary condition and the equation
n (DP). By the definition of weak solutions, u satisfies

/ / (dr™ up g, — VN ugy) drdt + — / / N—lqst drdt
(t) G\(g

p (3.60)
—/ Nluodg dr + = / N oo dr = / N (w)g drdt.
Qo HJ G\ (g0,h0) 0
Let ¢ get its support on [0,7) x (g(t), h(t)). Then it follows that
T p,h(t) ho T
/ / (dr™N tu,d, — rNtugy) drdt — / N gy dr = / N f (w)g drdt.
0 Jyg(t) 90 0

This identity together with (3.55) and (3.56) gives

T h(t)
/ / (rN_lut — d(TN_lur)r — T’N_lf(u))¢ drdt =0
0 Jg()

for any ¢ € C'(Gr), which implies that w is the solution of u; — dAu = f(u) in

(0,7) > (g(t), h(2))-
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We next check the initial condition and the Stefan condition. We must recall (3.58).
Substituting this identity to (3.60), we get

T ph(t)
/ / (drV g — V" ugy) drdt
0 Jg(t)

ho T  rh(t)
— / Nl uggy dr + / / N ()¢ drdt (3.61)
0 Jg(t)

g0

—é{/o h(t)N IR (#) g (t, h(t)) dt—/o gV L () B(t, (1)) dt}_

L

On the other hand, integrating by parts the following quantity as in (3.55) and
(3.56), we can show for any § > 0

T rh(t)
/ / (drV g — rV " rugy) drdt
6 Jyg(t)

g0

T rh(t) ho
= / / {rN "y — (drV ), Yo drdt —i—/ rN (6, 7)é(8, ) dr
5 Jg(t)
T

+af / B(6)N ", (8, h(1)(E, (L)) dt — / 90Nt g(1)6(t, 9(1) dt}.

Letting 0 — 0, we get from the continuity of v and u, at t =0
T ph(t)
/ / (dr™ tu, ¢, — N rug,) drdt
0 Jg(t)

T h(t) ho
=/ {rY = (dr ) Yo drdt+/ N (0, 7)o dr (3.62)
0

g(t) g0
+af / Bt (1, h()(t, (1)) dt — / gt uy(t g(0)0(t, 9(1)) dt .

Comparing (3.61) and (3.62), we obtain

| 0r) = o dr ot 5 [ R he) a1, C0) + (0

go d " 0 (3.63)
_ ;/0 g(t)N—lgb(t,g(t>>(ﬂur(t,g(t)) +g(1)) dt = 0.

Taking the support of ¢ in [0,7") x (g(t), h(t)), we find that

ho
/ erl(u(O, ) — up)po dr = 0.

g0

This means that u(0,7) = uy(r) in (go, ho), and

%/0 h(t)N_lgb(t, h(t))(ﬂur(t’ h(t)) +h/(t)) dt
_ %/0 g(t)N—lqb(t’g(t))(,uur(t’g(t)) +g'(t)) di =0
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By taking the support of ¢ in [0,7) x {r € R| 0 < r < h(t)}, it follows from the above
identity that

g'(t) = —pu.(t,g(t)) for 0<t<T,
and hence h/(t) = —pu,(t,h(t)) for 0 <t <T. We complete the proof. O

3.11 Generation of singularity

Since h(t) is strictly increasing and g(t) is strictly decreasing, there exist their limits
which satisfy

lim g(t) € [0790)7 tllglo h(t> € (hO,OO].

t—o00

The main purpose of this section is to prove the following dichotomy theorem in (DP).

Theorem 3.22. Let (u, g, h) be any solution of (DP). Then either (i) or (ii) holds true
as t — oo

(i) limy—oe 2(t) C Bpreqy for all t > 0, limy_o0 ||u(t, )|l c(g)ne)) = 0, where R*(t) is
a bounded and continuous and decreasing function with respect to t.

(ii) Singularity appears and lim; ., Q(t) = RY.

In particular, if hg > R*(0), then part (i) occurs.

We define R*(t) in the following. Let A; be the least eigenvalue and let ¢ = ¢;(r)
be the corresponding eigenfunction for the problem

—dAg; = Mgy, 1€,
qbl = 0, re 89,

where  is a bounded domain in R. It is well known that A\; = A;(d;€2) is continuous
with respect to d and 2, and A\(d; Q1) > A(d; ) if Q3 C Qo (21 # Qs). We now
replace € to I(t) = (g(t),1) with a positive number [. Then we find that I(t;) C I(¢3)
for t; < ty because g(t) is decreasing. For each t > 0, we can uniquely determine some

number [ = R*(d, g(t), f'(0)) =: R*(t) > 0 such that

F1(0) = Mi(d; (g(t), B*(t)) and f'(0) > Ai(d; (g(2),1)) (I > R*(t)).

Moreover we find that R*(¢) is bounded, continuous and monotone decreasing with
respect to t.

To prove Theorem 3.22, we need some propositions and lemmas. We establish an
energy identity.
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Proposition 3.8. Let (u, g, h) be solutions of (DP). Then the following identity holds

true:
§/ N () dr+// Ny (s, r)? drds
2 Q(t) Us=EQ(s)
+i th()N YW (s s——/ Wlg'(s)? ds
2u?
:/ rNTUE(u(t, r)) dr—/ N E (ug(r)) dr+£l/ Nl (r)? dr,
Q(t) Qo 2 Qo
where F(u) = [, f(

Proof. We can show this theorem almost in the same way as Proposition 3.1. Hence
we omit details here. 0J

The following result is a property of vanishing.
Proposition 3.9. If lim;_,. h(t) < 0o, then limy_,« |[u(t, -)|lc(g@),n) = 0.
Proof. The proof is similar to that of Theorem 3.4. We introduce a new function by
vu(t,y) = ult, (h(t) — g(t))y + 9(1)).
Then direct calculation gives

g+ H) —g'1)y

TR TR g
Uy = L Vs Upp = ;v
TRt —g(t) T () —g(t)2
Hence v satisfies
oo = alt)ugy + (bt 9) + el )y + F0), 150, 0<y <1,
o(t,0) =0, v(t,1) =0, t>0, (3.64)
v(0,y) = vo(y) = uo((ho — g0)y + o), 0<y<1,
where
_ d _gO+ W) —g )y
R IO A T R
(N —1)d

C(t; y) = (h(t) N g(t))zy + g(t)(h(t) - g(t))'

We will prove that v(t,y) converges to a stationary solution as ¢ — oco. By the as-
sumption that lim; . h(t) < oo, Theorem 3.8 implies

h(t) 00
/ N (t,r)? dr +/ Ut)dt <C
9(t) 0
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with some positive constant C' independent of ¢ and U(t) = fg}zg) Ny (t,r)? dr.

Hence there exists a sequence {t,} 0o as n — oo such that

lim A(t,) =0 and lim U(t,) = 0.
n—oo n—oo
Since U (t) is uniformly continuous with respect to ¢ (cf. Lemma 3.5), we see lim,_, o, U (%)
= 0. Moreover, noting that {v(t,-)| ¢ > 1} is relatively compact in C*[0, 1] (cf. Lemma
3.4), we find that
lim v(t,,y) = 0(y) in C'[0,1]

n—o0

for some function 0. In addition, we can prove that ¢ satisfies

(3.65)

(oolyy + Coo(y)y + F(0) =0, 0 <y <1,
5(0) = 9(1) = 0,

where doo = d/(hoo — goo) and coo(y) = (N = 1)d/{(hoo = 9o0)*y + goo(hoo — goo)}-
Taking account of the Stefan condition, we see from h'(t,) = —pvy(tn, 1)/ (hoo — goo)
that 0,(1) = 0. Hence the strong maximum principle shows ¢ = 0. Thus

lim [Ju(t, ) lctoonen = 1 o(t, e = 0.

t—o00

The proof is complete. O

We prepare a comparison principle for (DP).

Lemma 3.6. Let Ty, > 0 be a mazimal existence time of classical solutions for (DP)
For any T € (0, Tnax), suppose that g, h € C'0,T] and u € C(Dy(T)) N CY*(Dy(T))
with Dy(T) = {(t,7) e R*| 0 <t < T, g(t) < < h(t)} satisfy

—dAu<f(g) 0<t<T, g(t) <r <h(t),
_(tyg( )) =0, u(t,h(t)) = 0<t<T,
ﬂ/(t)z—/w( g(t)), ()< —pu, (£, h(t), 0<t<T.

Let (u, g, h) be a solution of (DP) with initial data (uo, go, ho). If
90 < 9(0) < h(0) < ho, u(0,7) < uo(r) for g(0) <r < h(0),
then

g(t) < g(t) <h(t) <h(t) for 0<t<T,
u(t,r) <u(t,r) for 0<t<T, g(t) <r <h(t).
We have the following result.

Proposition 3.10. If lim; ., h(t) = oo, then there exists some T € (0,00) such that
9(T) = 0.
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To prove this proposition, we need the following lemma.
Lemma 3.7. Let a function ¢ € C*(0,00) satisfy
{dAgoJrf(go) =0, 0<r< oo,

0<p<1, 0<r<oo.

Then ¢ s represented as

o(r) /le/ vV f(p(y)) dydz,

where ¢(0) 1= lim, o p(r). Moreover the function satisfies

@ € C*[0,00) and |p,(r)| < maXZ—W

Proof. The function ¢ also satisfies d(r¥~1¢,), + V"1 f(p) = 0. Hence integrating
this equation in (e, ) for ¢ < r implies

r for r>0.

dr™ . (r) — de" o (e) = — / s ((s)) ds. (3.66)

Since ¢ is bounded in [0, 00) and satisfies ¢ € C?(0,00) and (3.66), the second term
in the left-hand side of (3.66) converges to a finite value as ¢ — 0. Hence we denote
a:=lim. 0"y, () < co. We can show a = 0. Indeed, by (3.66), we calculate

N—-1 r
o) = = [ ) s

a 1 "o
= g [ ) d

(3.67)

as ¢ — 0. We again integrate the above equation over (g,7) to obtain

——/ Py / N-Ly ) dsdt. (3.68)

Note that ¢(e) and the second term of the right-hand side of (3.68) is bounded as
e — 0, and that

p(r) —w(e) =a

SquSZ 1 ( 1 ) (N > 3)

rN—-2 €N_2

/r 1 logr —loge (N = 2),

2—-N

is not bounded as ¢ — 0. Hence, if a > 0, then letting ¢ — 0 in (3.68) gives a
contradiction. We thus obtain a = 0, and it follows from (3.67) and (3.68) that

o) =~y [ el ds (3.69)

o(r) = __/ Py / N=1y ) dsdt. (3.70)




3.11. GENERATION OF SINGULARITY 95

In particular we get by (3.69)

maXe |J(¥P)] |f ()] N—1 maXe |J(P)] |f(e )|
<
|SOT(T)| - drN-1 / ds dN

for r > 0. Moreover we can find from (3.70) that

. N-1 g
limsup ¢(¢) = lim 151f<p( / = / ) dsdt.

e—0

Hence we have

©(0) —hr%go( /tN / N-Ly ) dsdt,
e—

and it holds that
o(r) = ——/ P / Nty ) dsdt.

Finally, by calculations, we find ¢,.(0) := lim._,¢ ¢,(¢) = 0 and ,,-(0) := lim._, p,-(€) =
0, and hence ¢ € C?[0, 00). O

Proof of Proposition 3.10. We first assume g, := lim;_,, g(t) > 0 to get a contra-
diction. Since g(t) is decreasing, lim; ,o g(t) = goo and ¢'(t) is uniformly continuous
with respect to ¢, we have lim, . ¢’'(t) = 0. On the other hand, since lim,_,, h(t) = oo,
there exists some 7' > 0 such that h(T") > R*(T). Define [y = g(T") and Iy = h(T"), and
in the same way as the proof of Proposition 3.2, we get

liminfu(t,r) > v(r) for r € [goo, 00),

t—o00

where v is a unique positive solution of

{dAv +f(v) =0, goo <7 <00, (3.71)

V(gs0) = 0.
Moreover the positive solution w = w(t, r) of

— dAw = f(w), t >0, go <1 <00,
w(t, goo) = 0, t>0,

w(0,7) = max{1, [luollc(go.ho) }
is an upper solution for (DP). Hence

limsup u(t,r) < hm w(t,r) =v(r) for r € [goo,00)

t—oo —00

by the unique existence of solutions for (3.71) (see Theorem 3.18). Thus we find that
limy o u(t,7) = v(r) uniformly in any compact subset of (g,0). Note that, by the
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maximum principle, v,(go) > 0. Moreover there exists a sequence {t,} /" oo asn — 0o
to satisfy

lim w,(t,,7) =v.(r) for g <r < oc.
n—oo

Hence we obtain

lim g/(tn) = lim _Mur(tnag(tn)) = _uvr(goo) < 0.

n—o0 n—oo

This contradicts limy_,., ¢'(t) = 0.

We next prove that g(t) does not satisfy g,, = 0. To show this result, we prepare
a solution (w(t,r),s(t), p(t)) of (DP) with initial data (ep(r), go,!), where ¢ and [ are
suitable constants determined later, and ¢ is an eigenfunction corresponding to the
first eigenvalue \; for the problem:

dAp +Xp =0, go<r<l,
©(90) = ¢(l) = 0.

We can choose sufficiently small € and large [ such that ¢ := e satisfies

dAG + f(p) >0, go<r<lI,
d(g0) = ¢(1) = 0.

It is possible to choose a constant 77 > 0 such that p(0) = | = h(T}) because we
assume limy_,, h(t) = oco. If we prove s(T") = 0 for some 7" < oo, then Theorem 3.6
shows ¢g(T' + T1) < s(T)) = 0. Hence g(T' + T;) = 0. Therefore we will prove that free
boundary s(t) reaches the origin at finite time. Since we have already found, by the
same way as above, that lim; . () > 0 does not occur, we assume limy o, s(t) =0
to get a contradiction. As in Theorem 3.5 for (P), we also obtain the following results:

e lim p(t) = oo,
=00 (3.72)
e w(t,r) is non-decreasing with respect to ¢ for 0 < r < p(t),

where we allow w to satisfy w(t,r) = 0 in [0, g(¢)) for t > 0. Since w is bounded by
Theorem 3.19 and (3.72), there exists a function v such that

lim w(t,r) = 0(r) in (0, c0).
t—o0
Then, as in similar way to the proof of Theorem 3.5, we can show that © satisfies

dAD+ f(0) =0, 0<7r < o0

in the sense of distribution. Hence we find that © € C?(0,00) and © satisfies
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Hence we can apply Lemma 3.7 to see that ¢ satisfies o € C?[0, 00) and

ity =00) =~ 5 [ = [ 0 00) dud,

where 0(0) := lim, 0 0(r). Then, by the monotone convergence of w(t,r) to v(r) as
t — oo and 0 € C?[0,00), we can show that w(t,r) converges to 0(r) uniformly in any
compact subset of [0,00) as t — oco. Hence it follows from w(¢,0) = 0 that ©(0) = 0
with 0(r) > ug(r) in (go, ho), and

it =3 | = [ 06w

Noting that f(u) > 0 for u € [0, 1], we deduce from the above identity that o(r) < 0
in [0,00). This is a contradiction to 0(r) > ue(r) in (g, ho). Thus there exists some
finite 7 > 0 such that s(T") = 0. Hence we complete the proof. O

To prove Theorem 3.22, we also need the following property.
Lemma 3.8. Ifliny . h(t) < 0o, then h(t) < R*(t) for allt > 0.

Proof. Assume that there exists some T° > 0 satisfying h(T) > R*(T). Then we
consider a solution w(t, r) of the following problem:

wy — dAw = f(w), t>T, g(T) <r<h(T),
w(t,g(t)) =0, w(t,h(t) =0, t>T,
w(T,r)=u(T,r), g(T) <r < h(T).

By the standard comparison principle, we see that
u(t,r) >w(t,r) for t>T, g(T) <r < h(T).
Since h(T) > R*(T'), letting t — oo in the above inequality, we have
li{l_l}iglfu(t, r)>q"(r) >0 for g(T) <r <h(T), (3.73)
where ¢*(r) is a unique positive solution of

{Aq* + f@) =0, o(T) < 7 < h(T),
q*(g(T)) = ¢*(h(T)) = 0.

However this leads to a contradiction. Indeed, by the assumption of limy ., h(t) < 0o
and Proposition 3.9, the function u(¢,r) must satisfy

lim [Ju(t, )|l c@@).ne) =0,

t—o00
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which contradicts (3.73). Hence we can conclude h(t) < R*(t) for all ¢t > 0. O

Proof of Theorem 3.22. Since h(t) is strictly increasing, we find that limy; ., h(t) <
oo or limy o h(t) = oo. In the case that lim; o h(t) < 0o, it follows from Proposition
3.9 and Lemma 3.8 that

Q(t) C BR*(t) for all ¢ > 0, tliglo ||u(t, ')||C(g(t),h(t)) = 0.

If limy o h(t) = oo, then, by Proposition 3.10, we can find some finite 7" > 0 such
that g(T) = 0, and singularity appears. Hence lim;_,o, Q(t) = R¥. In particular, if
ho > R*(0), then h(t) > R*(¢) for all ¢t > 0. Thus Lemma 3.8 implies that singularity
(ii) occurs as t — oo. O

3.12 Remarks on problem in general domain

In this section we will briefly introduce some recent results in multi-dimensions. We
consider the following free boundary problem:

wy — dAu = f(u), t>0, z€Qt),
u=0, u =pVuP t>0, zel(t) (3.74)
u(0,z) = up(x), z € Qp,

where d and p are positive constants, Q(t) is an N-dimensional domain in RY| free
boundary I'(¢) := 9§(t) has no fixed boundary, and €2 is a bounded domain in R”.
The initial function satisfies

Uy € C(ﬁo) N Hl(QQ), ug >0 in Q().

Moreover f is assumed to be monostable, bistable or combustion type of nonlinearity.
In Du-Guo [15] and Du-Matano-Wang [21], they introduced a weak form of (3.74), and
get a global existence and uniqueness of weak solutions for (3.74).

For the asymptotic behavior of solutions of (3.74), we have remarkable results. Let
©0(£20) denote a closed convex hull of g, and dy is a diameter of €.

Theorem 3.23 (Du-Matano-Wang [21] Theorem 1.1). For any fized t > 0, ['(t) :=
I'(t) \ @(Q) is a C*t hypersurface in RN, and T := {(t,z) : = € [(t), t >0} is a
C?t hypersurface in RNTL. In particular, the free boundary is always C*T smooth if
Qp s convex.

Theorem 3.24 ([21] Theorem 1.2). Q(t) is expanding in the sense that Qy C Q(t) C
Q(s) if 0 < t < 5. Moreover, Qo = Upo2(t) is either the entire space RN, or it
is a bounded set. Furthermore, when Qo = RY, for large t, T'(t) is a smooth closed
hypersurface in RY | and there exists a continuous function M(t) such that

I'(t) C {1: c M(t) — %w <lz| < M(t)};

and when Q. is bounded, limy o ||u(t, )| L= (2(t)) = 0.
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If we assume a logistic nonlinearity, we get more precise information.

Theorem 3.25 ([21] Theorem 1.3). If f(u) = au—bu?® with a,b positive constants, then
there exists u* > 0 such that Qs = RY if u > p*, and Qu is bounded if u € (0, u*].
Moreover, when Qs = RY, the following holds:

M(t)

B =l i e

u(t, ) — %’ =0 forall c € (0,ko(p)),

where ko(p) is a positive increasing function of p satisfying lim,,_, ko(1t) = 2V ad.






Chapter 4

Spreading speed analysis for a free
boundary problem

4.1 Problem

In this chapter we will study propagation speed of the free boundary and sharp asymp-
totic profiles of solutions for a free boundary problem in one dimension given by

(

Ut_uzm+5uz:f(u)7 t>07 g(t)<l‘<h(t),
u(t,g(t)) =0, u(t,h(t)) =0, t >0,
(DFBP) g'(t) = —puy(t, g(t)), t>0,

R (t) = —pug(t, h(t)), t>0,
L9(0) = —ho, h(0) = ho, u(0,z) = up(x), —ho <z < hy.

where 1 and hg are positive constants, and 5 € [0, ¢g) with some constant ¢q > 0 defined
later. The first equation in (DFBP) is called a reaction-advection-diffusion equation
and [ is an advection-term which implies advective environments such as water flow
and wind.

In the case of § = 0, problem (DFBP) becomes

(4 — Uge = f(0), t>0, g(t) <z < h(t),

u(t,g(t)) =0, u(t,h(t)) =0, t >0,

g'(t) = —pug(t, g(t)), t>0, (4.1)
(1) = — (8, (D). 10,
L9(0) = —ho, h(0) = ho, u(0,2) =wuo(x), —ho < < h,

and this problem corresponds to (1.1) with d = 1 for Case (1-b). Moreover, as one
handles (4.1), we can deal with problem (1.1) for Case (1-a) with Neumann boundary
condition (1.3), for which it is possible to get the corresponding results to (4.1). In
Du and Lou [20], they have obtained the global existence and uniqueness of solutions
for (4.1) and the asymptotic behaviors as ¢ — oo when f is a nonlinearity of logistic,

101
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bistable or combustion type. They have shown spreading, vanishing and transition phe-
nomenon for large time behaviors, and give sufficient conditions for these phenomenon.
Moreover they give propagation speed of the free boundaries; when spreading occurs,
there exists a constant ¢* > 0 such that
t h(t
lim _g( ) = —c*, lim —( ) *

= — s = C .

t—oo t—oo L

Here spreading in (4.1) and (DFBP) means

lim g(t) = —oo, lim A(t) = +o0,
t—ro0 t—o0

4.2
tlim u(t,z) =1 uniformly in any compact subset of (—o0, 00), (4.2)
—00

which is a special version of the general definition of spreading in Theorem 2.6. For

(4.1), Du, Matsuzawa and Zhou [22] have further studied the sharp asymptotic profiles

of the free boundaries and the density function, and proved that there exist some

constants H, G € R such that

lim  sup |u(t,z) —¢"(z — g(t))| = 0,

1700 zeg(1).0]

lim sup |u(t,z) —¢"(h(t) —z)| =0,

£=00 2€[0,h(t)] (4.3)
lim (h(t) — ¢t — H) = 0, lim A'(t) = ¢*,

t—00 t—00

lim (g(t) + ¢t — G) =0, lim ¢'(t) = —c*,
t—ro0 t—o0

where ¢*(x) is called a semi-wave with speed ¢*, which is uniquely determined by the
following problem:

Qxx—CQx+f(Q) = 07 q > 0 in (0,00),
q(0) =0, lim, ,o q(z) =1

with ¢.(0) = ¢/p (see [20] for more details).

We will briefly introduce the results on the spreading speed in other cases of (1.1).
There are few results on the spreading speed for problem (1.1) with Dirichlet boundary
condition (1.2). In Liu and Lou [47], however, they considered (1.1) with a bistable
nonlinearity and a Robin boundary condition, and obtained a similar result to (4.3).
For multi-dimensional radially symmetric cases, it was shown in Du, Matsuzawa and
Zhou [23] that, if the domain is a ball, then there exist constants ¢, > 0 and h € R
which satisfy

~

: Lk _ *1 _ — : / — *'
tlgg}(h(t) 't + (N —1)eologt —h) =0, tlg&h (t)=c
If the domain is an annulus as in Chapter 3, there is no result on the spreading speed.
On the other hand, for a general multi-dimensional case, it was shown in Du, Matano
and Wang [21] that the propagating speed approaches a constant in some sense.
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We intend to consider the case where the diffusion equation is replaced by more
general diffusion equations. For example, advection-diffusion equations in (DFBP) are
one of interesting extensions; it will be conjectured for (DFBP) that left and right
spreading speeds, limy; .., ¢g(t)/t and lim; . h(t)/t, are different by an effect of the
advective environment. In fact Gu, Lin and Lou [29] have shown that, if f(u) = u(1—u),
then there exist constants ¢; > 0 and ¢ > 0 with ¢/ < ¢* < ¢ (¢* is defined below
(4.3)) such that

lim 9(t) _ ¢, lim ht) _

—t = —q,

t—oo t t—oo T

We will further investigate the different spreading speeds as t — oo and prove much
sharper estimate of speeds of the propagation fronts, and show asymptotic profiles of
solutions as t — oo, assuming that f is in Case (A) or Case (B) which we again recall
as follows:

Case (A) { f€C0,00), f(0) = f(1) =0, £(0)>0, f'(1) <0

flw) >0 (0<u<l), flu) <0 (u>1);

Ou
f€C0,00), f(0) = f(c") = f(1) =0, f/(0) <0, f'(c*) >0, f’()
flu)<0(0<u<c, u>1), flu)>0(c*<u<1l) andfO du>0.

Case (B) {

The main purpose in the present chapter is

e to study the spreading speeds of the free boundaries for this model;
e to investigate more precise asymptotic profiles of solutions (u, g, h);

e to learn more about the effects of the advection term.

To state main results in the next section, we should prepare the definition of speeds
co, ¢ and c;. Consider the following problem:

Quw —cQr+ f(Q)=0, >0, in R,
Q(0) = 1/2, (4.4)
lim, o Q(x) =0, lim, . Q(x) = 1.

It is well known (cf. Aronson and Weinberger [3, 4]) that there exists a number ¢q >
0 (called minimal speed) such that problem (4.4) has a unique traveling wave
solution Q. for ¢ > ¢y when f is a function of Case (A), while (4.4) has a unique
solution @, only for ¢ = ¢y when f is a function of Case (B). Next consider

Qoo — (¢ = B)gz + f(@) =0, ¢>0 in (0,00), (4.5)
q(0) = 0, lim, . q(z) =
e = (04 B)a + f(q) ¢>0 in (0,00), (4.6)

Then we have the following propositions whose proofs are completed with an obvious
modifications of [20, Proposition 1.8].
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Proposition 4.1. Suppose that f satisfies Case (A) or (B). Then the following results
hold true:

(i) For any u > 0 there exist a unique constant ¢ € (0,co+ ) and a unique solution
q; of (4.5) with ¢ = ¢ such that (¢).(0) = ¢/ p.

(ii) For any p > 0 there exist a unique constant c; € (0,co— ) and a unique solution
q; of (4.6) with ¢ = ¢f such that (qf).(0) = ¢} /1.

The solutions ¢! and ¢ are called semi-waves with speeds c; and c] respectively
because v(t, z) 1= ¢} (cit — x) and w(t, z) := qf (v + ¢t) satisty

(v, — v, + pu, = f(v), teR, x <t
v(t,cit) =0, v,(t,cit) = —ci/p, teR,
[lim,, oo v(t,7) =1, teR;

(W, — Wyy + Bwy = fw), teR, —ct<u,
w(t,—ct) =0, —pw,(t,—ct) = —cf, teR,
im, o w(t,z) =1, t€R.

In this chapter we always assume that spreading of (4.2) occurs for solutions as
t — oo because it can actually occur if the solutions has large initial data (ug, ho)
(this will be proved by the same way as in Chapter 2). In addition, some sufficient
conditions have been given in Gu, Lin and Lou [30] if f satisfies Case (A).

We remark that main results and their proofs in this chapter are found in the work
of Kaneko and Matsuzawa [37].

4.2 Main theorems

Let (u, g, h) be the solution of (DFBP) for which spreading of (4.2) occurs, and suppose
that the nonlinear function f satisfies the conditions of Case (A) or Case (B).

We show, in the following, a result on the spreading speed of the free boundaries
and give some rough estimates of them.

Theorem 4.1. Let ¢} and ¢} be positive numbers given by Proposition 4.1. There exists
a constant C' > 0 such that

lg(t) + ct], |h(t) —ct]| < C for all t >0,
and then it holds that

t
llm@:—cf, lim —= =¢

t—soo ¢ t—oo Tt

We also give a convergence estimate on the density function u.
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Theorem 4.2. Let ¢} and ¢ be positive numbers defined in Proposition 4.1. Then,
for any € > 0, there exist constants T > 0, M > 0 and 6* € (0, —f'(1)) such that the
following estimate holds true:

sup lu(t,z) — 1| < Me ™t for t>T.
€[~ (cf—e)t,(cr—e)t]

We will finally show the following theorem which means the sharp asymptotic pro-
files of (u(t,x), g(t),h(t)) as t — co.

Theorem 4.3. Let (¢}, q;) and (¢f,q) be given by Proposition 4.1. Then there exist
H, G € R such that

i [Ju(t, ) = g7 (h(t) = )llc2.ney = 0,
hm Ju(t,) = a (- = 9(£)lc2(g(e),00 = O,
thm (h(t) — ¢t — H) = 0, lim h'(t) = ¢,
lim (g(t) +cjt = G) =0, lim ¢'(t) = —c;.

Remark 4.1. Theorems 4.1 — 4.3 also hold true when the nonlinear function f is
replaced by a combustion type nonlinearity: there exist some 6 € (0,1) and 69 > 0 such
that f € C'[0,00) is non-decreasing in (6,60 + &) and

Fw) =0 in [0,0), f) >0 in (0,1), f(1)<0, f(u)<0 in [1,00).

We can refer to [37] for these results.

4.3 Preliminaries

We consider Case (A) or (B) for nonlinear term f(u). A result for the existence and
uniqueness of solutions is given as follows.

Proposition 4.2. For any o € (0,1) and any constant T > 0, problem (DFBP) has a
unique global solution

(u, g, h) € {CZ M (D(T)) N CH 524 (D(T))} x C'5(0,T] x C+5(0,T),
where D(T) = Uyo<r({t} % (9(t), h(t))). Moreover the solution satisfies

0 <u(t,z) <Cy in D(T),
—uCy < g'(t) <0< W (t) < uCy for 0 <t <T,

where C7 and Cy are positive constants independent of T
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Proof. Although problem (DFBP) has free boundaries on both ends of the one-
dimensional interval, we can prove this theorem essentially in the same way as the
proofs of Theorems 2.1 and 2.2. We can also refer to [20] (if = 0) for more detail. [J

We prepare various comparison principles. Their proofs are almost similar to that
of Lemma 2.2, and hence we omit the details here.

Lemma 4.1. For any T € (0,00), suppose that g, h € C'[0,T] and u € C(Dy(T)) N
CY2(D1(T)) with Dy(T) = {(t,x) e R*| 0 <t < T, g(t) < = < h(t)} satisfy

Uy — Uy + By > f(70), 0<t<T, g(t) <z <h(t),
u(t,g(t)) =0, u(t, h(t)) =0, 0<t<T,
7(t) < —pi,(t,G(1)), B'(t) > —ptia(t, h(t), 0<t<T.

Let (u, g, h) be a solution of (DFBP) with initial data (ug, —hg, ho). If
9(0) < —hg, ho <h(0), wue(z) <u(0,z) for —ho <z < hy,
then

, h(t) <h(t) for 0<t<T,
u(t,z) <u(t,x) for 0<t<T, g(t) <z < h(t).

Lemma 4.2. Suppose that T, G, h and T are the same as in Lemma 4.1 and satisfy
Uy — Uy + By > f(W), 0<t<T, g(t) <z <ht),
u(t, h(t)) =0, 0<t<T,
B(t) > —pug(t, h(t), 0<t<T.
Let (u, g, h) be a solution of (DFBP) with initial data (ug, —ho, ho). If
g9(t) <g(t), u(t,g(t) <u(t,g(t) for 0<t<T,
ho < h(0), uo(x) <u(0,7) for g(0) < x < hg,
then

h(t) for 0 <t<T,
u(t,z) <u(t,x) for 0<t<T, g(t) <x <h(t).

Lemma 4.3. For any T € (0,00), suppose that g, h € C*[0,T] and u € C(D:(T)) N
C'Y2(Dy(T)) with Dy(T) = {(t,x) e R*| 0 <t < T, g(t) <z < h(t)} satisfy

Uy — Uy, + Pu, < f(uw), 0<t<T, g(t) <z <ht),
u(t, g(t)) = 0, u(t,h(t)) =0, 0<t<T,
g'(t) > —puy(t, g(t), I'(t) < —pu,(t, h(t), 0<t<T.
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Let (u, g, h) be a solution of (DFBP) with initial data (ug, —ho, ho). If
—ho < g(0) < (0) < ho, w(0,2) < up(x) for g(0) <z < h(0),
then

g(t) < g(t) < h(t) <h(t) for 0<t<T,
u(t,z) <u(t,x) for 0<t<T, g(t) <z <h(t).

Lemma 4.4. Suppose that T', g, h and u are the same as in Lemma 4.3 and satisfy

Uy — Uy, + Pu, < fluw), 0<t<T, g(t) <z <h(t),
ult, h(t)) = 0, 0<t<T,
B (t) < —pu,(t h(t), 0<t<T.

Let (u, g, h) be a solution of (DFBP) with initial data (ug, —ho, ho). If
<wu(t,g(t)) for 0<t<T,
uo(z) for g(0) < < hy,

then

h(t) < h(t) for 0<t<T,
u(t,z) <wu(t,z) for 0<t<T, g(t) <x <h(t).

Remark 4.2. We can show similar results to Lemmas 4.2 and 4.4, focusing on the
other free boundary g(t).

Definition 4.1. The triple of functions (u,g, h) given in Lemmas 4.1 and 4.2 is called
an upper (super-) solution for (DFBP). Similarly, the triple of functions (u, g, h)
denoted in Lemmas 4.3 and 4.4 is said to be a lower (sub-) solution for (DFBP).

We are now ready to show a key proposition to prove the main theorems. For
the proof, we can basically follow an argument in [20] (8 = 0). However, because of
presence of the advection term, we need some modification.

Proposition 4.3. Let (u, g, h) be the solution of (DFBP) and suppose that spreading
occurs for the solution. For any ¢ € (0,¢f), ¢ € (0,¢) and § € (0,—f'(1)) where c;
and c; are positive constants given by Proposition 4.1, there exist positive numbers T,
My, My and 6 = 6(c;) € (0,8) such that the following properties hold true for t > T :

(1) [9(t), h(B)] D [—ent, eat];
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(i) u(t,z) >1— Mye™® in [—eit, et):

(iil) u(t,x) <14 Mye™ in [g(t), h(t)].

Proof. (i) We prepare a unique solution ¢(z;¢) of

Qra — (C+ﬂ)Qx + f(Q) = 07
q(0) =0, ¢.(0) =¢j/u

and a unique solution ¢,(z;c) of

q(0) =0, ¢.(0) = ¢;/u,

where p is the same number as that in (DFBP). It is shown in [37, Proposition 2.4]
that, for any ¢ € (0, ¢f) there is a unique constant z;(c¢) > 0 such that (¢;).(2/(c);¢) =0
and (q;)z(z;¢) > 0 for 0 < z < z(c). Similarly for any ¢ € (0,¢}), there is a unique
constant z.(c) > 0 such that (¢,).(z:(¢c);¢) = 0 and (g,)(z;¢) > 0 for 0 < z < z,.(¢).
We set

ki(t;e) == ct+ z/(c), k.(t;c) :=ct+ z.(c)
and

Gr(kr(t;c2) — 2509), x € (cot, k(5 ¢o)],
qr(2:(c2); ¢2), x € (0, caot],
(z1(c1);¢1), x € (=1t 0],

( z €|

w(t,z;c1,00) = (
ki(t;c1) + x5 ¢1), ki(t; 1), —cit].

[

q -

*

*) close to ¢f and ¢ respectively such

Also we can choose | € (c1,¢f) and ¢ € (co,c
that

a(z(cr); 1) = ar(ze(cy); ) =: @, (4.7)

which in particular means that w(¢, x; ¢, ¢) is continuous at = 0. Choosing a suitably
large constant 77 > 0, we can prove that (w(t, z; ¢, dy), —ki(t;c)), k. (t;¢5)) is a lower
solution of (DFBP) for ¢ > T} (see the proof of [37, Proposition 3.2] in detail). Hence
it follows from Lemma 4.3 that

lg(t), h(t)] D [=ki(t — Ty;¢)), ko(t — Th; dy)] for t > 1T,

uw(t,x) > w(t — Ty, z;d),¢5) for ¢ >Ty, —k(t —Ty;¢)) <ax <k (t—Ty;c).

Taking large constant Ty > max{c|T1/(c| — ¢1), 11 /(cy — ¢2)}, we have

[—ki(t — Th; ), ke (t — Ty; cy)] D [—eit, eat]  for ¢ > Th.
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Thus we obtain

[g(t), h(t)] D [—cit, eat] for ¢ > Ty,
u(t,z) > wt — Ty, x;¢),¢5) for t > Ty, —cit < x < cot.

(ii) For any § € (0,—f'(1)), noting the condition of f, we can take a constant p =
p(0) > 0 which satisfies

Fw) > 5(1—w) (well—p1)) and f(u) <6(1—u) (we[l,1+p).  (48)
By the proof of (i) and the choice of T3, it holds that
u(t,x) > w(t — T, z;¢),¢5) =Q for t > Ty, —cit < x < eot,

where @ is defined in (4.7). Taking ¢ (resp. ¢,) in (4.7) sufficiently close to ¢ (resp.
c¢t) such that @ > 1 — p, we get

l—p<@Q<u(t,r) for —ct<xz<cyt, t>Ts.

Without loss of generality, we assume ¢; < ¢o. Fix any 7' > T; and let ¢ = ¢ (¢, x) be
the solution of

¢t:¢x$_5¢x+5(1_¢)7 t>07 —01T<I‘<61T,
Y(t, —aiT) =Yt eT)=Q, t>0,
¥(0,z) = Q, —aT <z <T.

Then, since ¥; = 1 is a lower solution and 1, = () is an upper solution for the
above problem, we find Q < ¢(t,z) < 1fort > 0, —c;T < x < ¢;T. Hence we get
f@) > 61 =) fort >0, —c;T < © < 1T, and the standard comparison principle
implies

u(t+T,x) > (t,x) for t >0, —T <z <c¢T.
Set U = (¢ — Q)e®; and then
u(t+T,z) > e +Q for t>0, — T <z<qT (4.9)
and U satisfies

U, =W, — B, +6(1 —Q)e, t>0, —a1T <x<ciT,
\I/(t, —ClT) = \If(t, ClT) =0, t >0,
U(0,z) =0, —a T <z <cgT.

Moreover, using the standard comparison principle, we can check

1T

U(t,z) > U(t,z) = 5(1 — Q) /Ot 658(/_c Gl = sw,2) dz)ds (4.10)
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fort >0, —c;T < x < T, where

Gilt—s,2,2) = Gt —s,x — 2) — L DGt — s, 24 2 — 2, + 28(t — 5))
— PETaDG(t — 5,2+ 2+ 20, + 28(t — 5)),

1 _ (@—p1)?
4t

e
A4t

(Note that ¥, < U,, — B, +6(1 — Q)e’ for t >0, —\T <z < T, ¥(t,£c,T) <0
for t > 0 and ¥(0,2) = 0 for —,7 < x < ¢;T). We will further estimate W(t,z) in
Q(e), where

G(t,x) ==

Qe) == {(t,z) eR* |z| < (1 —e)arT, 0<t<eeT}

for large T > 4/(c1(1 — €)?) and small € < 1/(603). It is possible to obtain

U(t,z) > (1-Q)(e” —1) (1 ——e s ) in Q(e) (4.11)

(see the proof of [37, Proposition 3.2] in detail). Thus it follows from (4.9), (4.10) and
(4.11) that
4 _1-68¢

u(t+T,2) >1—e % — —e s 2T in Qe).
m

Taking ¢ = ;T and small € > 0 such that de? < (1 — 63¢)/8, we obtain

_ 1_6’6561T

u(e*e,T+T,x) > 1— gm0t _ e s

4
NZ3
>1— M16765201T

for |z| < (1 —¢e)eyT with T > Ty := max{Ty,4/(c1(1 — fe)*)} and M, := 4/ /7 + 1.
We recall that T is an arbitrary large positive number. Then setting

t=ec’cT+T (T=(1+¢e%)""t),
we have
u(t,x) >1— Mie™® for 2| < (1 —¢)(1+&%) tet,

6201
14+€2¢y

where 6 := 0. Letting ¢ — 0 in the above inequality, we get

u(t,z) >1— Me™ for t > T, |z| < eqt.
(iii) Consider the solution w = u(t) of

:f(ﬂ)a t>0,

du
dt
E(O) = C() > max{||u0||c[,h0,h0], ]_}
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Then the standard comparison principle shows
u(t,z) <u(t) for t>0, g(t) <z < h(t). (4.12)

Since f(u) < 0 for u > 1 and f(1) = 0, we can check that w(t) is monotone decreasing
and converges to 1 as t — oo. Hence, for the given constant p > 0 in (4.8), there exists
Ty > 0 such that w(t) < 1+ p for t > T,. Hence we find from (4.8) that u(t) satisfies

% =fmw) <o6(1—m), t>1Ty,
u(Ty) <1+ p.

By direct calculations, we get u(t) < 14 Mye™® for t > Ty, g(t) < o < h(t), where
My = pe®Ts. Thus it follows from (4.12) that

u(t,z) <1+ Mye™ for t> Ty, g(t) <z < h(t).

If we define T' = max{T5, T3, T, }, then we see that the assertions of (i)-(iii) hold for
all t > T. Hence the proof is complete. 0]

4.4 Proofs of main results

In this section we will prove the main theorems of this chapter.

Proof of Theorem 4.1. We construct sharp upper and lower solutions for (DFBP).
In the construction of suitable functions, one can also refer to [22]. By Proposition 4.3,
for any ¢; € (0,¢f) and any 6 € (0,—f'(1)), we can choose positive constants 7', Mj,
M, and 6 € (0,0) such that for t > T

g(t) < —ait, eit < h(t),
u(t,x) >1— Mle_& in [—cit, et],
u(t,z) <1+ Mye™ in [g(t), h(t)].

Moreover, since § < — f'(1), there exists some n € (0,1) such that
fw)>0 in[l—n1], 6§ <—f"(u) for [1—n,1+n].
We will again take a large number 7" satisfying
max{Mle_ST, Mye T} < n/2. (4.13)
For o > 0, define a lower solution by

u(t, x) = (1= Mye™")g; ((t) — o),
g(t) = —ait, h(t) =t =T)+al - oMy (e — e,
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Then, choosing sufficiently large o > 0, we can check from Lemma 4.4 that

h(t) < h(t) for t>T,
u(t,x) <wu(t,x) for t > T, —cit < x < h(t)

(see [37, Lemma 3.3] in detail). On the other hand, we take Mj > M, satisfying
Mye™T < 5. Since ¢*(x) — 1 as ¥ — oo, we can find Xy > 0 such that (1 +
Mye™T)q*(Xg) > 1+ Mye™°T. We now define an upper solution for (DFBP) by

Tt 2) = (1+ Mye )q; (R(t) — ),
g(t) == g(t), h(t):=c{t—T)+ oMy T —e°) + h(T) + Xo,
for some constant ¢ > 0. For suitably large o > 0, we can get by Lemma 4.2

h(t) < h(t) for t>T,
u(t,z) <u(t,xz) for t > T, g(t) <z < h(t)

(cf. [37, Lemma 3.5]). We combine the above estimates to have
(c1 — )T — JMl(e_ST - e_gt) < h(t) =t < h(T) = T + oMj(e T — e + X,
for all t > T'. Setting
Co = Jax, |h(t) — cit|,
C1 == max{Cy, (¢ —c1)T + oMie 7 h(T) — T + o Mye ™7 + Xo},
we deduce
|h(t) —cit| < Cy for t > 0.
In a similar way it follows that
lg(t) + ¢/t < Cy for t>0
with some Cy > 0. Let C' := max{Cy, Cy}. Thus we finally obtain
lg(t) + ct], |h(t) —cit| < C for t>0.

The spreading speeds are easily deduced by the above estimates, and the proof is
complete. O

Proof of Theorem 4.2. From the proof of Theorem 4.1 we have
u(t,z) > qr(h(t) — x) — Mie™ for t>T, —et <z < h(t),

where h(t) = ¢:(t—T)+ T — oMy (e —e3t) (T, ¢1, My and § are the same numbers
as in the proof of Theorem 4.1). Fix any constant x € (0, ¢} —¢3), and then there exists
a constant 7™ > T such that

h(t) —x > (¢ —co)t + (cy — )T — oMy > Kt
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for t > T*, —c1t < x < ¢ot, which in particular implies h(t) > ¢yt for ¢ > T*. Noting
that ¢’ (z) > 1 — ae™® for x > 0 for some constants a,b > 0, we find that

u(t,z) > 1 — ae PO _ =0t
>1— qe bRt _ Mle—St
>1- M{e‘glt

for t > T*, —eit < x < cot, where M| = a + M; and § = min{bx, 5} For any ¢ > 0,
we may take ¢; = ¢/ — ¢ and ¢y = ¢ — €. Hence the above inequality implies

u(t,z) >1— M{e‘glt for t >T", —(cf —e)t <x < (c —e)t. (4.14)
On the other hand we find from Proposition 4.3 that
u(t,z) <14 Mye™ in [g(t), h(t)]
with some §, My > 0. By Theorem 4.1, there is some T** > 0 such that for given ¢ > 0
g(t) < —(c¢f —e)t, (cr—e)t < h(t) for t>1T*".
This result gives
u(t,z) <1+ Mye™ for t>T, —(cf —e)t <z < (¢ —e)t. (4.15)

Hence (4.14) and (4.15) implies the conclusion by letting 7" = max{T*, T}, M =
max{ M, My} and 6* = min{d’,6}. The proof is complete. O

We will prepare for the proof of Theorem 4.3. Define v(t, z) := u(t, z + cit) and
H(t) := h(t) — c¢t. Then (v, H) satisfies

v = Uz — (¢ = Bu. = f(v), t>0, g(t) — it <z < H(t),
v(t,g(t) —cit) =0, v(t,H(t)) =0, t>0,

H'(t) = —po(t, H(t)) — ¢, t>0,

H(0) = ho, v(0,2) = uo(z), —hy < 2 < hy.

We also denote w(t,y) := v(t,y + H(t)). Then (w, H) satisfies
wy — wyy — (cf = B+ H'(t)w, = f(w), t>0, gt)—cit—H(t) <y<0,
w(t,g(t) —cit—H(t)) =0, w(t,0)=0, t>0,
H'(t) = —paw,(t,0) — ¢, t>0,
H(O) = h07 w(oay) = Uo(y), —ho < y < hy.

Observe that H(t) and H'(t) = h'(t)—c} is bounded by Proposition 4.2 and Theorem
4.1. Moreover we get the following results.

Lemma 4.5. For any b € R, H(t) — b changes its sign at most finitely many times.
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For the proof, see [37, Lemma 3.7]. This lemma is proved by using a zero number
argument developed by Angenent [2]. See also Cai, Lou and Zhou [8] for an application
of this theory to a free boundary problem.

Proof of Theorem 4.3. By Theorem 4.1, we find that the function H(t) is bounded
for all £ > 0. Hence there exist a sequence {t,} C R with lim, ,,t, = oo and a
constant H € R such that H(t (t ) — H as n — oo. Assume that there exist another
sequence {t,} C R with lim,,_, t, = oo and a constant H, + H such that H(t,) — H,
as n — co. Then it follows from part (i) of Lemma 4.5 that H(¢) — b changes its sign
at most finite times for min{ Ay, H} < b < max{H,, H} This contradicts H(f,) — H
and H(,) — Hy as n — oo. Hence H(t) converges to H as t — oo, that is,
lim (h(t) — ¢t — H) = 0.

t—o00

Moreover suppose that lim,, . k/'(t,) # ¢ for some sequence {t, } C Rwith limy, 0t =
00. Then there is a subsequence {f,} with lim,_,o H(f, + -) = H in CL (R) (cf. [37,

loc

Proposition 3.9]). Hence we see that lim, o, H'(f,) = 0 and lim,, . /'(,) = ¢;. This
is a contradiction, and consequently lim; ., h'(t) = c.

It remains to prove the convergence of u to the semi-waves as t — oco. First we get
the following results by [37, Proposition 3.8|; for any constants K, L > 0

lim [|w(t, ) = ¢ (= )|lc2-x,0 = 0,

t—o00

. (4.16)
tll>nol<> |v(t, -) — g (H — ')HC2[—c:t,fI—L] =0

(These properties are proved by the parabolic estimates and some important arguments
used in Du, Matsuzawa and Zhou [23]). We now fix some K and some L > 0 to satisfy

0, H + 't — L] U [h(t) — K, h(t)] = [0, h(t)] (4.17)

for sufficiently large ¢ > 0. It is actually possible to take such constants; since H(t) =
h(t) —c;t is bounded, there are constants K, L > 0 such that H +K > L4-sup,>, H(t),

and hence we have H + ¢t — L > h(t) — K. Using (4.16), for any ¢ > 0 we find a
constant Ty > 0 such that

A

H—-ec<H({t)<H+
[u(t, ) — g (h(t) — )HO% hey < €
u(t, ) — q’r(H + ot — ')||02[0,ﬁ+c;zt—L] <¢

for t > Ty. Then it follows from the above inequality that
[ult, -) = ¢ (h(t) = 2o iryepe—ry < Nults ) = qr(H + it = ez e

+ g (H + et — ) — g7 (h(t) = ez asen—1
< (1 +Cllgrllczp.00))e
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for t > Ty and some constant C' > 0 independent of €. Hence it holds for ¢ > Tj that

Ju(t, -) = (h(t) = llczonmy < llult, ) — @ (h(t) = 2o frere—1
+ut, ) — g (h(t) = )lle2ne) -
<2+ Cllgrlle2io,00))e

Thus we obtain

limsup [Ju(t, -) = ¢:(h(t) = )lczonm) < 2+ Cllgillezp.00))e-

t—o00

Since ¢ is an arbitrary small positive number, we conclude

lim [Ju(t, -) = g7 (h(t) = -)llc2ppney) = 0-

t—o00

We can prove in a similar way above

Jim Jut,-) = a (- = 9(t)llc219().0 = 0,
lim (g(t) + it — G) = 0, lim g'(t) = —.
—00

t—o00

We complete the proof. O
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