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W xi = (xi1, xi2, · · · , xiW )T i = 1, 2, · · · , D

T W D

2

C = {C1, C2, · · · , CN} N

xi, xj

d(xi, xj)

1. d(xi, xj) ≥ 0

2. d(xi, xj) = d(xj , xi)

3. d(xi,xj) = 0 ⇔ xi = xj

4. d(xi, xk) + d(xk, xj) ≥ d(xi,xj)

k-NN

3

2 x = (x1, · · · , xW )T, y = (y1, · · · , yW )T

dE(x, y), sim(x, y)

dE(x, y), sim(x, y)

dE(x, y) = ‖x− y‖2 =

√√√√ W∑
w=1

(xw − yw)2, (2.1)

sim(x, y) =
xTy

‖x‖2‖y‖2
=

∑W
w=1 xwyw√∑W

w=1 x
2
w

√∑W
w=1 y

2
w

. (2.2)

‖ · ‖2 l2

2

EC
3
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M = [Mij ] ∈ RW×W [53]

x y dM (x, y)

4

dM (x, y) =
√

(x− y)TM(x− y). (2.3)

(2.3)

A

A � 0 (2.3) M

L ∈ RW×W M = LTL [53] (2.3)

dM (x, y) =
√

(x− y)TLTL(x− y)

= ‖Lx− Ly‖2

= dE(Lx, Ly), (2.4)

(2.4) L x, y

dE(Lx, Ly)

2.3

2.3.1

4 (2.3)

(2.3)

(2.3)
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2.3:

[86] S, D

S : (xi, xj) ∈ S if xi and xj are similar ,

D : (xi, xj) ∈ D if xi and xj are dissimilar ,

S

D

S D

S

D

xi, xj , xk xi xj xi xk

[87]

T x, x′ f(x, x′) T

T = {(xi, xj , xk)|f(xi, xj) ≤ f(xi,xk)}, (2.5)
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Xing et al. [86]

Information Theoretic Metric Learning

ITML [22] Large Margin Nearest Neighbor LMNN [85]

[59]

2.3.2

Xing et al. [86]

2003 Xing [86]

Xing M̂

M̂ = arg max
M

∑
(xi,xj)∈D

dM (xi, xj),

subject to
∑

(xi,xj)∈S
d2M (xi, xj) ≤ 1,

M � 0.

(2.6)

Q1,Q2

Q1 =

⎧⎨
⎩M :

∑
(xi,xj)∈S

(xi − xj)
TM(xi − xj) ≤ 1

⎫⎬
⎭ , (2.7)

Q2 = {M : M � 0} , (2.8)

M
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Xing et al. Algorithm 1

Algorithm 1 Xing et al.
1: repeat

2: repeat

3: M := arg min
M ′

{‖M ′ −M‖F } : M ′ ∈ Q1

4: M := arg min
M ′

{‖M ′ −M‖F } : M ′ ∈ Q2

5: until M converges

6: M := M + ε∇Mg(M)⊥∇Af(M)

7: until M converges

Algorithm 1 g(M), f(M)

g(M) =
∑

(xi,xj)∈D
dM (xi, xj), (2.9)

f(M) =
∑

(xi,xj)∈S
d2M (xi,xj), (2.10)

ε ⊥

Algorithm 1 4

λi 0 Γ ∈ RW×W ,

M Λ = diag[λ1, λ2, · · · , λW] ∈ RW×W

M ΓTΛΓ Λ

0 Λ′ Λ′ = diag[max{0, λ1},max{0, λ2}, · · · ,max{0, λW}] ΓTΛ′Γ

Xing et al.

3, 4 M
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Information Theoretic Metric Learning (ITML) [22]

divergence [21]

ITML ITML Xing

ITML

minimize
M

dLD(M,M0),

subject to dM (xi, xj) ≤ u, (xi, xj) ∈ S,

dM (xi, xj) ≥ l, (xi,xj) ∈ D,

M � 0.

(2.11)

u, l

dLD

dLD(M,M0) = tr
(
MM−1

0

)
− log det

(
MM−1

0

)
−W, (2.12)

log det divergence [42] tr(·)

(2.11) / M

M0 log det divergence

M0

Large Margin Nearest Neighbor (LMNN) [85], [84]

LMNN k-NN

SVM [19], [74]
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LMNN

minimize
M

∑
ij

γijdM (xi, xj) + c
∑
ijl

(1− δil)ξijl,

subject to dM (xi, xl)− dM (xi, xj) ≥ 1− ξijl,

ξijl ≥ 0,

M � 0.

(2.13)

ξijl c [0, 1]

γij xj xi 1

0 δil xi xl 1

0

xi

2.3.3

[59]

[59]

2

μn n μn

μn =
1

|Cn|
∑
xi∈Cn

xi, (2.14)

|Cn| Cn

M̂ = arg min
M

N∑
n=1

∑
xi∈Cn

(xi − μn)
TM(xi − μn),

subject to det M = 1.

(2.15)
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det M M det M = 1 det M 0

.

Sn

Sn =
∑
xi∈Cn

(xi − μn)(xi − μn)
T, (2.16)

(2.15)

M̂ = arg min
M

N∑
n=1

tr(SnM), (2.17)

(2.15), (2.17)

M̂ M̂

M̂ = det

(
N∑

n=1

Sn

) 1
W
(

N∑
n=1

Sn

)−1

, (2.18)

[59]

Xing et al.

[4]

2

2

2 (C = {C1, C2}) h(x)

h(x) = w0 + w
T
x. (2.19)

w0, w

w w ∝ S−1
w (μ1 − μ2) Sw Sw = (S1 + S2) S1, S2

S1 =
∑

xi∈C1(xi − μ1)(xi − μ1)
T, S2 =

∑
xi∈C2(xi − μ2)(xi − μ2)

T
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(2.19)

h(x) = w0 + (μ1 − μ2)
T (Sw)

−1
x

= w0 + μ
T
1 S

−1
w x− μ

T
2 S

−1
w x

= w0 + (μ1 − μ2)
T S−1

w x, (2.20)

(2.18)

hm(x) = (x− μn)
TM (x− μn) , (2.21)

Ĉ = arg min
Cn

hn(x) Ĉ

2 g1(x) < g2(x) C1
C2 h1(x)− h2(x)

h1(x)− h2(x) = x
TMx− 2μT

1 Mx+ μ
T
1 Mμ1 − x

TMx 2μT
2 Mx− μ

T
2 Mμ2

= −2 (μ1 − μ2)
TMx− C, (2.22)

C x

(2.18) (2.22) (2.22)

h1(x)− h2(x) = −2 (μ1 − μ2)
T det (Sw)

1
W (Sw)

−1
x− C

= −2 det (Sw)
1
W (μ1 − μ2)

T (Sw)
−1

x− C

∝ (μ1 − μ2)
T (Sw)

−1
x, (2.23)

(2.20), (2.23) 2

2.3.4

1
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1

2

3

1, 2, 3

2

[30] [17], [41], [43], [44],

[50], [64]

1

1

1

2

3

M̂ (2.18)

(2.18)
∑N

n=1 Sn

M̂ ∑N
n=1 Sn
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(2.18)

2.4

3

•

•

2.4.1

[30]

l1 l2
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l1 0

l1

l2

l2

l1

l2

l1, l2 Erastic Net[23]

[22], [44], [52], [64]

S,D

2.4.2

[4]

lasso[77] [11]
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2.2:

l1 l2

lasso

2 1

lasso l1

0

l2

[18], [26]

2.2



3

[55]

3.1

•

•

2

0

O(W 2) ∼ O(W 3)

1

[30]

31



32 3 [55]

[59]

3.2

[59]

(2.16)
∑N

n=1 Sn∑N
n=1 Sn

rank(·)∑N
n=1 Sn rank(

∑N
n=1 Sn)

rank

(
N∑

n=1

Sn

)
= min(D,W ).

D D < W∑N
n=1 Sn

(2.15) detM = 1

(∑N
n=1 Sn

)

∑N
n=1 Sn
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minimize
M

tr(M), (3.1)

subject to log (detM) = 0. (3.2)

M m1,m2, · · · ,mW tr(M) =
∑W

i=1mi,

detM =
∏W

i=1mi m1 = m2 =

· · · = mW = 1

(3.2) tr(M) (2.15)

M 1

0

η η ≥ 0 tr(M)

M̂

M̂ = arg min
M

(
N∑

n=1

tr(SnM) + η · tr(M)

)
,

subject to log (det M) = 0,

M � 0.

(3.3)

3.1 ( )

(3.3)

M̂ = det (A)
1
W A−1, (3.4)

A ∈ RW×W

A =
N∑

n=1

Sn + ηI. (3.5)

I W ×W �
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3.5.1

(3.4) (2.18)

η
∑N

n=1 Sn
∑N

n=1 Sn ηI

A

(3.4)

3.1 ( )

η > 0 (3.4) M̂

(3.4) �

3.5.2

(3.3) M

3.2 ( (3.3) )

(3.3) �

3.5.3

(3.3)

tr(M)

η

3.2 ( η M̂ )

m̂k, k = 1, 2, · · · ,W (3.4) M̂ m̄

m̄ = 1
W

∑
k m̂k

η ⎧⎨
⎩ m̄ < m̂k m̂k

m̄ > m̂k m̂k

m̂1, · · · , m̂W , m̄ η �
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3.5.4

3.2

3.1 ( )

M̂ η

�

3.5.5

3.2 ( η )

η → ∞ m̂k → 1 k �

3.5.6

3.1 η

3.2 (3.4) η

1

η

D D → ∞

3.3

1 (2.3) M I

dI(x,y) =
√

(x− y)TI(x− y) =
√

‖x− y‖22,
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3.3.1

2000 2005

2

• η

•

5

100, 300, 500 500

2, 500 5

η

10 [30]

2000 2005 10 3.1, 3.2

3.1, 3.2 “Train”

“Test” 2 3.1, 3.2

η 100 ∼ 200

η

η 200

10

tf measure[48]

idf [66] w

xw idf idf(w)

idf(w) = log
D

df(w)
. (3.6)

2

”Train”, “Test”
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3.1: 10 2000 [55]

df(w) w

η 0.5 3000

ITML [22],

LMNN [85], [59]

LMNN, ITML k = 3 k-NN

1, 000 [25]

x

Ĉ = arg min
Cn

dM̂ (x,μn) , (3.7)

Step 1)
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3.2: 10 2005 [55]

Step 2) (3.4) M̂

Step 3) 2

Step 4) (3.7) 2

Step 5)

3.3.2

3.3 3.6
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3.3: η 2000 tf measure

[55]

3.3, 3.4 2000 3.5, 3.6 2005

3.3, 3.5 tf measure

3.4, 3.6 tf − idf measure 3.3, 3.5 η = 0

3.3, 3.5 (tf measure)

10

η = 200
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3.4: η 2000 tf−idf measure

[55]

(3.5) A

η η > 0

η = 50 ∼ 200

3.3, 3.4 3.5, 3.6 tf measure

tf − idf measure η
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3.5: η 2005 tf measure

[55]

tf measure tf − idf measure

tf − idf measure idf

tf − idf measure

tf measure
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3.6: η 2005 tf−idf measure

[55]

3.7, 3.8 3.7 2000

3.8 2005

η η = 100 3.7,

3.8 “Pro t” tf measure “Pro i” tf − idf measure

“Euc”, “Cos”

ITML, LMNN
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Proposed(tf) Proposed(tf−idf) LMNN ITML Mochihashi et al Euclidean Cosine
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3.7: 2000 [55]

3.4

tr(M)

(3.5) A ∑N
n=1 Sn D

W

[14]

3.1
∑N

n=1 Sn + ηI ∑N
n=1 Sn
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Proposed(tf) Proposed(tf−idf) LMNN ITML Mochihashi et al Euclidean Cosine
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3.8: 2005 [55]

M̂

3.9

3.10 100 η η = 3

3.9

1 3.10

0
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3.9: M̂ [55]

3.5

3.5.1 3.1

(3.3) [35]

L(M,ψ)

L(M,ψ) =

N∑
n=1

tr(SnM) + η · tr(M)− ψ (log detM − log 1). (3.8)

ψ (3.8) ∇ML(M,ψ) 0

∇ML(M,ψ) =

N∑
n=1

Sn + ηI − ψM−1 = 0, (3.9)
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3.10: M̂ [55]

ψM−1 =
N∑

n=1

Sn + ηI, (3.10)

(3.10)

ψWdet(M−1) = det

(
N∑

n=1

Sn + ηI

)
, (3.11)

logψW = log det

(
N∑

n=1

Sn + ηI

)
, (3.12)

log det M = 0

ψ = det

(
N∑

n=1

Sn + ηI

) 1
W

, (3.13)
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M̂

M̂ = det

(
N∑

n=1

Sn + ηI

) 1
W
(

N∑
n=1

Sn + ηI

)−1

,

(3.14)

�

3.5.2 3.1

(2.16)
∑N

n=1 Sn ∈ SW
+ SW

+

0 W

x

x
T

(
N∑

n=1

Sn

)
x ≥ 0. (3.15)

η > 0 (3.15)
∑N

n=1 Sn ηI

x
T

(
N∑

n=1

Sn + ηI

)
x = x

T

(
N∑

n=1

Sn

)
x+ ηxTx,

(3.16)

ηxTx > 0

x
T

(
N∑

n=1

Sn + ηI

)
x > 0, (3.17)

∑N
n=1 Sn + ηI (3.4) M̂

�

3.5.3 3.2

(3.8)
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(3.13) ψ ψ = det
(∑N

n=1 Sn + ηI
) 1

W
(3.8)

L(M) = tr

(
N∑

n=1

SnM

)
+ η tr(M)− det

(
N∑

n=1

Sn + ηI

) 1
W

(log detM − log 1) , (3.18)

(3.18) M 3.1

det
(∑N

n=1 Sn + ηI
)

log det(M) [14] (3.18)

η tr(M)

3.5.4 3.2

Eigen[·]

Eigen
[
M̂
]
= (m̂1, · · · , m̂W )T = Eigen

[
|A| 1

W A−1
]
, (3.19)

m̂k M̂ k

(3.5) A λk + η 3

Eigen
[
M̂
]

Eigen
[
|A| 1

W A−1
]
=

W∏
i=1

(λi + η)
1
W

(
1

λ1 + η
, · · · , 1

λW + η

)T

, (3.21)

3 B B =
∑N

n=1 Sn B B = CTΛC

C Λ B λw

Λ = diag[λ1, · · · , λW ]

(3.5) A = B + ηI A

A = CTΛC + CTηIC, (3.20)

A = CT(Λ + ηI)C A λw + η, (w = 1, 2, · · · ,W )
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k m̂k

m̂k =

{
W∏
w=1

(λw + η)

} 1
W

1

λk + η
, (3.22)

log m̂k =
1

W

W∑
w=1

log (λw + η)− log (λk + η) , (3.23)

m̂k log m̂k
d log m̂k

dη

d log m̂k
dη

d log m̂k

dη
=

1

W

W∑
w=1

1

λw + η
− 1

λk + η
=

m̄− m̂k{∏W
w=1(λw + η)

} 1
W

, (3.24)

(3.24) m̄ > m̂k
d logmk

dη > 0 m̄ < m̂k

d log m̂k
dη < 0 m̄ > m̂k m̂k η

m̄ < m̂k m̂k η �

3.5.5 3.1

M̂

m̂max, m̂min, m̄ m̂max,

m̂min, m̄ m̂max > m̄,

m̂min < m̄

3.2 η m̂max m̂min m̂max−

m̂min η m̄

m̂k η m̄

η �
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3.5.6 3.2

m̂max M̂ m̂min M̂

m̂max =

{
W∏
w=1

(λw + η)

} 1
W

1

λmin + η
, (3.25)

m̂min =

{
W∏
w=1

(λw + η)

} 1
W

1

λmax + η
(3.26)

λmax, λmin A

β(η) = mmax −mmin (3.27)

β(η)

β(η) =

{
W∏
w=1

(λw + η)

} 1
W (

1

λmin + η
− 1

λmax + η

)
, (3.28)

(3.28)

β(η) = η

{
W∏
w=1

(
1 +

λw

η

)} 1
W
{

1
η

λmin
η + 1

−
1
η

λmax
η + 1

}

=

{
W∏
w=1

(
1 +

λw

η

)} 1
W
{

1
λmin
η + 1

− 1
λmax
η + 1

}
, (3.29)

β(η) limη→∞ β(η) = 0.

η → ∞

log det M = 0, det M = 1 w mk = 1

det M =
∏W

k=1mk �

3.6

W = 2
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Γ, V

Γ =

⎛
⎝a b

b d

⎞
⎠ , (3.30)

V =

⎛
⎝x y

y z

⎞
⎠ , (3.31)

Γ a ≥ 0, d ≥ 0, ad− b2 ≥ 0

Γ, V

L(x, y, z) = tr (ΓV ) , (3.32)

subject to V � 0, (3.33)

|V | = l2, (3.34)

(3.32) (3.33), (3.34)

(3.30), (3.31) (3.32)

L(x, y, z) = ax+ 2by + dz, (3.35)

V

f(β) = det |V − βI|

= (x− β)(z − β)− y2

= β2 − (x+ z)β + xz − y2, (3.36)

(3.36) V 0

x+ z ≥ 0, (3.37)

xz − y2 ≥ 0, (3.38)

D = (x+ z)2 − 4(xz − y2)

= (x− z)2 + 4y2 ≥ 0. (3.39)
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(x, y, z) (3.39)

f(0) ≥ 0 (3.38) (3.34)

xz − y2 = l2, (3.40)

(3.32) – (3.34)

L(x, y, z) = ax+ 2by + dz, (3.41)

subject to x+ z ≥ 0, (3.42)

xz − y2 = l2, (3.43)

|x| < ∞, (3.44)

|y| < ∞, (3.45)

|z| < ∞, (3.46)

z = 0 (3.43)

z �= 0

x =
y2 + l2

z
, (3.47)

(3.41)

L(y, z) = a
y2 + l2

z
+ 2by + dz, (3.48)

subject to
y2 + l2

z
+ z ≥ 0, (3.49)

|y| < ∞, (3.50)

|z| < ∞. (3.51)

(3.49) z > 0

L(y, z) = a
y2 + l2

z
+ 2by + dz, (3.52)

subject to |y| < ∞, (3.53)

z > 0, (3.54)
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y ∂L(y,z)
∂y = 0

y = − b

a
z, (3.55)

(3.55) (3.48) L(z)

L(z) = a
b2

a2
z2 + l2

z
− 2b2

a
z + dz

=
1

a

(
ad− b2

)
z +

al2

z
, (3.56)

subject to z > 0, (3.57)

a ≥ 0, d ≥ 0, ad− b2 ≥ 0 (3.56) a > 0, d > 0

Γ

L(x, y, z)

L(x, y, z) = (a+ η)x+ 2by + (d+ η)z, (3.58)

η

1

a+ η

{
(d+ η)(a+ η)− b2

}
z +

a+ ηl2

z
, (3.59)

subject to z > 0, (3.60)

a ≥ 0, d ≥ 0, ad− b2 ≥ 0, η > 0 (3.59) z

�

3.7

[59]
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EC

[4]

l1

0
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Alternating Direction Method

of Multiplier (ADMM) [13]

Sparse Inverse Covariance

Selection [7]

4.2 ADMM

Alternating Direction Method for Multiplier ADMM

[13]

ADMM

minimize f(x) + g(z),

subject to Ax+Bz = c.

(4.1)

x ∈ RW , z ∈ RK , A ∈ RP×W , B ∈ RP×K , c ∈ RP f(x),

g(z)

Lρ

Lρ(x, z,u) = f(x) + g(z) +
ρ

2
‖r + u‖22, (4.2)

1 r r = Ax+By − c, ρ ρ > 0 u

ADMM (4.2)

x
k+1 := arg min

x
Lρ(x, z

k,uk), (4.3)

z
k+1 := arg min

z
Lρ(x

k+1, z,uk), (4.4)

u
k+1 := u

k + ρ(Ax
k+1 +Bz

k+1 − c). (4.5)

xk, zk,uk k x, z,u
1 scaled form scaled form [13]
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4.3 l1

2

l1 [11]

4.3.1 l1

minimize
M

{
N∑

n=1

tr(SnM)− log det M + η‖M‖1
}
,

subject to M � 0.

(4.6)

‖M‖1 Sn (2.16)

‖M‖1 =
∑

i,j |Mij |, Sn =
∑

xi∈Cn(xi − μn)(xi − μn)
T

log det M M = 0 η

(η ≥ 0)

(4.6) ADMM

minimize
M

{
N∑

n=1

tr(SnM)− log det M + η‖Z‖1
}
,

subject to M = Z,

M � 0,

(4.7)

Z = [Zij ] ∈ RW×W (4.7)

Lρ(M,Z,U) =

N∑
n=1

tr(SnM)− log det M + η‖Z‖1 +
ρ

2
‖M − Z + U‖2F , ρ > 0. (4.8)

‖A‖F A ‖A‖F =
√
ATA U

(4.8) (4.2)
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l2

4.3.2 ADMM

ADMM Form (4.3)–(4.5)

Mk+1 := arg min
M

Lρ(M,Zk, Uk), (4.9)

Zk+1 := arg min
Z

Lρ(M
k+1, Z, Uk), (4.10)

Uk+1 := Uk +Mk+1 − Zk+1. (4.11)

Mk+1 := QkM̃kQkT, (4.12)

Zk+1
ij := Sη/ρ

(
Mk+1

ij + Uk
ij

)
, (4.13)

Uk+1 := Uk +Mk+1 − Zk+1. (4.14)

(4.12) 4.3.3 Q (4.18)

M̃ = QTMQ, M̃ = diag[M̃11, M̃22, · · · , M̃WW ], M̃ii =
λi+

√
λ2
i+4ρ

2ρ

Sκ(v) soft thresholding operator

Sκ(v) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v − κ (v > κ),

0 (|v| ≤ κ),

v + κ (v < −κ),

(4.12)–(4.14)

4.3.3 M-update

(4.6) (4.8)

M̂ = minimize
M

{
N∑

n=1

tr(SnM)− log detM +
ρ

2

∥∥∥M − Zk + Uk
∥∥∥2
F

}
. (4.15)
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(4.9) 0

∇MM =

N∑
n=1

Sn −M−1 + ρ
(
M − Zk + Uk

)
= 0,

(4.16)

ρM −M−1 = ρZk −
N∑

n=1

Sn − Uk, (4.17)

(4.17)

QΛQT

ρZk −
N∑

n=1

Sn − Uk = QΛQT , (4.18)

λw ρZk−∑n Sn−Uk w Λ = diag[λ1, λ2, · · · , λW ],

QQT = I M̃ = QTMQ (4.17)

ρM̃ − M̃−1 = Λ, (4.19)

M̃ = diag(M̃11, · · · , M̃WW )

ρM̃ii −
1

M̃ii

= λi, (4.20)

ρ(M̃ii)
2 − λiM̃ii − 1 = 0, (4.21)

M̃ii =
λi +

√
λ2
i + 4ρ

2ρ
, (4.22)

M̂ Q M -update �

4.4 Sparse Inverse Covariance Selection

(4.7) sparse inverse covariance selec-

tion [7] sparse inverse covariance selection [81]
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ai ∈ RW , i = 1, 2, · · · , D μ, Σ

R

R = −NW

2
log 2π − N

2
log det Σ +

N∑
i=1

{
(ai − μ)TΣ−1 (ai − μ)

}
, (4.23)

S = 1
N

∑N
i=1 (ai − μ) (ai − μ)T (4.23)

R = −NW

2
log 2π − N

2
log detΣ + tr

(
SΣ−1

)
, (4.24)

Y = Σ−1 , μ

Y l1

minimize
Y

{
tr (SY )− N

2
log detY + λ‖Y ‖1

}
.

(4.25)

(4.7) (4.25) μn

M

4.5

4.5.1

2000 5

100 500 500 2500
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x 3 (3.7)

3 [59] LMNN (Large Margin Nearest Neighbor)

[85] ITML (Informaiton Theoretic Metric Learning) [22] tr(M)

3 η

0.01, 0.05, 0.07, 0.1, 0.2, 0.3, 0.4, 0.5 8

η = 0.05

η 0

3

η 4.1

4.2

M , Z

4.3

4.1 η

4.2 LMNN, 3

4.3 500 600

4.5.2 UCI

UCI

[5] UCI
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ADMM
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M

0
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4.1: UCI

iris 150 4 3

wine 178 13 3

balance 625 4 3

ionosphere 351 34 2

4.2: UCI [58]

LMNN ITML tr(M) |M |1

iris 95.83 96.00 98.00 98.00 98.00

wine 91.96 72.47 98.32 98.86 96.67

balance 86.86 88.96 71.08 73.16 75.00

ionosphere 87.10 86.89 87.96 88.06 88.06

2ξ +W + 1

2

4.8 η

2 W = 1, 000

W 3 = 1.0× 109 20% W 2 × 0.2W = 0.2× 109

1/5
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0

Sparse Inverse Covariance Selection
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5.1:

k-NN

k-NN

k-NN

k-NN

k-NN

5.2

5.2.1

(2.18)

5.1
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Cn Mn ∈ RW×W Cn

M̂n = minimize
Mn

{
α
tr (MnSn)

|Cn|
− 1− α

N − 1

∑
n′:n �=n′

tr (MnSn′)

|Cn′ | + ηn tr(Mn)
}
,

subject to ∀n ∈ {1, 2, · · · , N}, log det Mn = 0.

(5.1)

3 (5.1)

tr(Mn) ηn

log det Mn = 0, (n = 1, 2, · · · , N)

1 k-NN

(5.1)

2

5.1 ( )

M̂n

M̂n = (detAn)
1
W A−1

n , (5.2)

An

An =

⎛
⎝ α

|Cn|
Sn − 1− α

N − 1

∑
n′:n�=n′

1

|Cn′ |Sn′ + ηI

⎞
⎠ , (5.3)

1 log detM1 = log detM2 = · · · = log detMN

2

(5.1)
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�

(5.2) 5.5.1

(5.1) 3

5.2 ( M̂n ηn )

M̂n m̂nk, (k = 1, 2, · · · ,W ), mnk m̄n = 1
W

∑
k m̂nk

ηn ⎧⎨
⎩ m̄n < m̂nk m̂nk

m̄n > m̂nk m̂nk

m̂n1, · · · , m̂nW , m̄n ηn �

5.5.2

5.2

5.1 ( )

M̂n mnk M̂n

ηn �

5.5.3

5.2 ( ηn )

ηn → ∞ m̂nk → 1 k �

5.5.4

(5.1)
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5.2.2

(5.2)

x

Ĉ = arg min
Cn

{
α d2

M̂n
(x,μn)−

1− α

N − 1

∑
n′:n �=n′

d2
M̂n

(x,μn′)

}
. (5.4)

(5.4)

k-NN

(5.4)

(5.4) x xi

k-NN

k-NN x1, x2

Dm(x1, x2)

Dm(x1, x2) =
N∑

n=1

d2Mn
(x1, x2)

d2Mn
(x1,μn) + d2Mn

(x2,μn)
, (5.5)

k-NN x

(5.5) k NDm(x) = {x∗1, · · · , x∗k}
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Cn NDm(x) kn(x) (5.5)

k-NN

Ĉ = arg max
Cn

kn(x), (5.6)

(5.5) 5.2 2

x1, x2

������
������

x1

x2 μ2

μ1

5.2: 2 (5.5)

5.2

dM1(x1,μ1) = 3, dM1(x2,μ1) = 1, dM1(x1, x2) = 2, dM2(x1,μ2) = 10, dM2(x2,μ2) = 8,

dM2(x1, x2) = 4

(5.5) x1, x2
2

3+1 + 4
10+8 = 13

18

1

1 M1

5.3

UCI [5] iris, wine, balance, ionosphere
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2000 2005 2010

(5.1) (5.4),

(5.5)

ITML, LMNN (5.3)

ηn

5.3.1 UCI

UCI [5]

4.1

α 10

α 0 ∼ 1.0 0.1

α

5.3–5.6 α 10

5.3–5.6 α

α

5.1

5.1 UCI (5.4)

(5.5)
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5.3: α 10

(iris) [56]
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5.4: α 10

(wine) [56]
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5.5: α 10

(balance) [56]
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5.6: α 10

(ionosphere) [56]

5.3.2

5

100

500 300 1500 500 2500 500

2500

(5.4), (5.5)
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5.1: UCI [56]

LMNN ITML Euclid Cosine (5.4 (5.5)

iris 95.83 96.00 98.00 92.53 33.30 95.33 (α = 0.9) 96.77(α = 0.9)

wine 91.96 72.47 98.32 72.35 32.90 95.56 (α = 0.6) 98.89(α = 0.6)

balance 86.86 88.96 71.08 75.00 87.30 78.09 (α = 0.2) 84.73(α = 0.2)

ionosphere 87.10 86.89 87.96 71.85 75.90 88.33 (α = 0.3) 92.76(α = 0.3)

2000

5

210, 165, 51, 319,

553 1298

UCI 10

α

5.7 10

5.7 α = 0.5 α = 0.7

α = 0.5

5.8 – 5.10 2000 2005 2010

5.11 5.8 – 5.9

Pro T (5.4)

Pro M k-NN (5.5)

5.8 – 5.11 (5.4), (5.5)

(5.4)

UCI (5.5) (5.4)
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5.7: α 10 [56]

5.11
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5.8: 2000 [56]

5.4

(5.2)

(5.1)

5.2, 5.1, 5.2 tr(Mn)

ηn

(5.5) UCI

k-NN
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k-NN
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5.10: ( 2010 ) [56]

2000

5 100

0 100

5.12

5.12 ηn

(α, ηn)

α, ηn
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5.11: ( 2000 ) [56]

5.5

5.5.1 5.1

(5.1) L(Mn, ρn)

L(Mn, ρn) = α
tr(MnSn)

|Cn|
− 1− α

N − 1

∑
n′:n �=n′

tr(MnSn′)

|Cn′ | + ηntr(M)− ρn log det Mn. (5.7)
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5.12: ηn ( 2000 ) [56]

ρn

∇Mn = α
Sn

|Cn|
− 1− α

N − 1

∑
n′:n�=n′

Sn′

|Cn′ | + ηnI − ρnM
−1
n , (5.8)

0

ρnM
−1
n = α

Sn

|Cn|
− 1− α

N − 1

∑
n′:n �=n′

Sn′

|Cn′ | + ηnI, (5.9)

ρWn det
(
M−1

n

)
= det

⎛
⎝α

Sn

|Cn|
− 1− α

N − 1

∑
n′:n �=n′

Sn′

|Cn′ | + ηnI

⎞
⎠ ,

(5.10)
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(5.10) log detMn = 0

log ρWn = log det

⎛
⎝α

Sn

|Cn|
− 1− α

N − 1

∑
n′:n�=n′

Sn′

|Cn′ | + ηnI

⎞
⎠ .

(5.11)

ρn

ρn =

⎧⎨
⎩det

⎛
⎝α

Sn

|Cn|
− 1− α

N − 1

∑
n′:n�=n′

Sn′

|Cn′ | + ηnI

⎞
⎠
⎫⎬
⎭

1
W

,

(5.12)

M̂n

M̂n =

⎧⎪⎨
⎪⎩det

⎛
⎝α

Sn

|Cn|
− 1− α

N − 1

∑
n′:n�=n′

Sn′

|Cn′ | + ηnI

⎞
⎠

1
W

⎫⎪⎬
⎪⎭⎛

⎝α
Sn

|Cn|
− 1− α

N − 1

∑
n′:n�=n′

Sn′

|Cn′ | + ηnI

⎞
⎠

−1

, (5.13)

�

5.5.2 5.2

Eigen[·] M̂n

Eigen
[
M̂n

]
= (m̂n1, · · · , m̂nW )T

= Eigen
[
|An|

1
W A−1

n

]
, (5.14)

m̂nk M̂n k (5.3) An

An =

⎛
⎝ α

|Cn|
Sn − 1− α

N − 1

∑
n′:n �=n′

1

|Cn′ |Sn′ + ηI

⎞
⎠ ,

Eigen
[
M̂n

]

Eigen
[
|An|

1
W A−1

n

]
=

W∏
i=1

(λni + ηn)
1
W

(
1

λn1 + ηn
, · · · , 1

λnW + ηn

)T

,

(5.15)
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λni An i

M̂n k m̂nk

m̂nk =

{
W∏
w=1

(λnw + η)

} 1
W

1

λnk + ηn
(5.16)

log m̂nk =
1

W

W∑
w=1

log (λnw + ηn)− log (λnk + ηn) ,

(5.17)

m̂nk log m̂nk
d log m̂nj

dηn

d log m̂nj

dηn

d log m̂nj

dηn
=

1

W

W∑
i=1

1

λni + ηn
− 1

λnj + ηn

=
m̄n − m̂nj{∏W

i=1(λni + ηn)
} 1

W

. (5.18)

(5.18) m̄n < m̂nj
d log m̂nj

dηn
< 0, m̄n > m̂nj

d log m̂nj

dηn
> 0. m̄n > m̂nj

m̂nj ηn m̄n < m̂nj m̂nj ηn

�

5.5.3 5.1

M̂n m̂n1

m̂nW m̄n m̂n1 > m̄n m̂nW < m̄n

ηn m̂n1 m̂nW

m̂n1 − m̂nW ηn m̄n ηn m̄n

�

5.5.4 5.2

m̂n1 M̂n m̂nW M̂n

m̂n1 =
{∏W

i=1(λni + ηn)
} 1

W 1
λn1+ηn

, m̂nW =
{∏W

i=1(λni + ηn)
} 1

W 1
λnW+ηn
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β(ηn) β(ηn)

β(ηn) =

{
W∏
i=1

(λni + ηn)

} 1
W (

1

λn1 + ηn
− 1

λnW + ηn

)
(5.19)

(5.19)

β(ηn) = ηn

{
W∏
i=1

(
1 +

λni

ηn

)} 1
W
{

1
ηn

λn1
ηn

+ 1
−

1
ηn

λnW
ηn

+ 1

}

=

{
W∏
i=1

(
1 +

λni

ηn

)} 1
W
{

1
λn1
ηn

+ 1
− 1

λnW
ηn

+ 1

}
(5.20)

limηn→∞ β(ηn)= 0

ηn → ∞

log det Mn = 0 det M̂n = 1

det M̂n =
∏W

j=1 m̂nj ∀j, m̂nj = 1 �

5.6

k-NN

3 4
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•

•

•

1

1

2 0

0

3

1

1 k-NN

1 Cn 1

3 1

1
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[59] Cn μn,

M−1 (2.14)

μn

6.2

•

•

6.1 ( [57])

.com web
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2

6.2 ( )

3
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7.1

[59]

1

2

3

1 3

2 l1 4

3 5

91
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3

3

3

η

• η M̂

• M̂

• M̂ η

3

l1 4

4

0

l1

ADMM

4 3
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5

5

3

k-NN

5

[59]

1

•

•

2

•

•
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7.2

1.

2.

3.

1. 1

O(W 3)

ADMM

O(W 2)

2.

(2.14)
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3.



5 4

(5.1) M̂n l1

M̂n = minimize
Mn

⎧⎨
⎩ αn

|Cn|
tr(MnSn)−

1− αn

N − 1

∑
n′:n �=n′

tr(MnSn′)

|Cn′ | − log detMn + ηn‖Mn‖1

⎫⎬
⎭ ,

subject to ∀n, Mn � 0.

(7.1)

ADMM 4

M̂n = minimize
Mn

⎧⎨
⎩ αn

|Cn|
tr(MnSn)−

1− αn

N − 1

∑
n′:n �=n′

tr(MnSn′)

|Cn′ | − log detMn + ηn‖Zn‖1

⎫⎬
⎭ ,

subjectto Mn = Zn

∀n, Mn � 0

(7.2)

(7.2) Lρn(Mn, Zn, Un)

Lρn(Mn, Zn, Un) =

⎧⎨
⎩ αn

|Cn|
tr(MnSn)−

1− αn

N − 1

∑
n′:n �=n′

tr(MnSn′)

|Cn′ | − log detMn + ηn‖Zn‖1

⎫⎬
⎭

+
ρn
2
‖Mn − Zn + Un‖2F , (7.3)
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Mk+1
n := arg min

Mn

Lρn(Mn, Z
k
n, U

k
n), (7.4)

Zk+1
n := arg min

Zn

Lρn(M
k+1
n , Zn, U

k
n), (7.5)

Uk+1
n := Mk+1

n − Zk+1
n + Uk

n . (7.6)

(7.4)–(7.5) Mn, Zn, Un Mn = [Mnij ] ∈ RW×W , Zn = [Znij ] ∈

RW×W , Un = [Mnij ] ∈ RW×W

Mk+1
n := QnM̃nQ

′T
n , (7.7)

Zk+1
n := Sηn/ρ

(
Mk+1

nij + Uk
nij

)
, (7.8)

Uk+1
n := Mk+1

n − Zk+1
n + Uk

n . (7.9)

Qn

αn

|Cn|
Sn +

(1− αn)

N − 1

∑
n′:n �=n′

Sn′

|Cn′ | − ρn

(
Zk
n + Uk

n

)
= QnM̃nQ

′T
n , (7.10)

M̃n M̃n = QnMnQ
′T
n
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