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Chapter 1

Introduction

Orthogonal Arrays (OAs) are essential in statistics and are used in fields such as computer
science and cryptography [1, 7, 22, 23]. In statistics, they are primarily used in experimental
designs, that is, they are immensely important in all areas of human investigation such as
medicine, agriculture, and manufacturing. Further, the mathematical theory of OAs is beautiful
and related to combinatorics, finite fields, geometry, and error-correcting codes [4, 7]. Therefore,
many studies contributed on OAs from various points of view.

The definition of OAs is as follows: An OA is defined as an N x k array with entries from
GF(s) and every N xt sub-array contains each t-tuple based on GF(s) exactly the same number
of times as a row. This is called an OA with a strength t. Given below is an example of an OA
of strength 2:

— = O O
—_ O = O
O V= = O

Let us pick any two columns, say the first and the last:

—_ = O
O ==

We can observe that all 2-tuples, i.e.,
00, 01, 10, and 11,

appear, and they all appear the same number of times (i.e., once).
On the basis of this observation, the construction problem for OAs can be formulated as

follows:

e Find the OA with a minimum number of rows N, given the number of columns k, the
order of the Galois field s, and the strength t.

1



It is important to find the lower bounds for OAs for this construction problem. The problem

for finding the lower bounds for OAs is as follows:

e Find the lower bound for the number of rows N, given the number of columns k, the order
of the Galois field s, and the strength ¢.

The lower bounds calculated for the number of rows are useful not only for evaluating OAs but
also for the construction of OAs.

As stated above, the main applications of OAs are in experimental designs. Experimental
designs are techniques that are employed to acquire more information using fewer experiments.

For example, the following case is studied using an experimental design.

e In the manufacture of iron, the hardness of iron may be influenced by factors such as
temperature, pressure, and the catalyst. Let us assume that certain manufacturers want
to analyze how these factors and their interactions influence the hardness of iron. In this
case, candidates, called levels, are set for each factor. For example, the temperatures can
be of two levels 800 or 1000 degrees C, pressure can be 2 or 3 atmospheres and the catalyst

can be from company A or B.

In this thesis, we consider only that case in which each factor has the same number of levels.
In experimental designs, it is important to design experiments that can estimate all the effects
of different factors and various interactions that could affect the response variable of interest
such as the hardness of iron, and where the number of experiments is kept as few as possible.
For example, all the effects due to the factors and interactions can be estimated by conducting

experiments all possible level combinations as given by the following.

— = =R R O O O O
—_ = O O = = O O
—_ O = O = O = O

In this table, each row represents one level combination. For example, the first row represents
the experiment where the temperature is 800 degrees C, pressure is 2 atmospheres, and the
catalyst is from company A. However, the number of experiments that need to be performed for
all level combinations is too large; therefore, it is important to reduce the number of experiments.
We know that the number of experiments that need to be conducted can be reduced by using
OAs. When an OA is used in experimental designs, each row of the OA corresponds to one
level combination. Therefore, the number of columns, the number of rows, and the order of

the Galois field in the OA correspond to the number of factors, the number of experiments,
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and the number of levels, respectively. Moreover, the strength of the OA corresponds to the
interactions between factors. More specifically, an OA with the strength 2r is needed when all
the interactions between r number of factors may affect the response variable.

OAs are also closely related to error-correcting codes. FError-correcting codes are coding
techniques that can be used to correct errors in digital data transmission. In the study of
error-correcting codes, the construction of codes is one of the most basic problems.

The definition of codes is as follows: A code is a subset of a k-dimension vector space over
GF(s), and when the size of the code is N and the Hamming distance of any two elements in the
code is greater than d, it is called an s-nary code with the code length k, size N, and minimal

distance d. The construction problem for codes can be formulated as follows:

e Find the code with the maximum size N, given the code length k, the order of the Galois

field s, and the minimal distance d.

For the above construction problem, it is important to find the upper bounds for the codes using

the following problem:

e Find the upper bound for the size N, given the code length k, the order of the Galois field

s, and the minimal distance d.

In the past, OAs and codes had been developed in different fields, but the relationship
between the two was clarified by Delsarte [4] and Hedayat and Sloane et al. [7]. In particular,
the relationship between the strength of an OA and the dual distance of a code, which is one
of the parameters used to characterize a code, is very important. Thus, some results from OAs
can be applied to error-correcting codes and vice versa.

In previous work, Delsarte proposed the use of linear programming (LP) bounds to solve
the problem of finding lower bounds for OAs (and upper bounds for codes) [4]. Consequently,
the process of finding lower bounds for OAs (and upper bounds for codes) reduces to solving
LP problems. Moreover, Hedayat and Sloane et al. actually solved these LP problems using
a computer and compared the obtained LP bounds with other lower bounds [7]. From these
results, it was found that the LP bounds are the tightest lower bounds.

In this thesis, we extend the definition of the strength ¢ to the partial strength T(C {0, 1}*)
and introduce OAs with partial strength (POAs). In the study of POAs, the following construc-

tion problem is important.

e Find the POA with a minimum number of rows N, given the number of columns k, the
order of the Galois field s, and the partial strength 7.

Further, the following problem used to find the lower bound for POAs is also important.

e Find the lower bound for a number of rows N, given the number of columns k, the order
of the Galois field s, and the partial strength 7.

We address these problems in this thesis.

We introduce POAs for the following reasons:



1. POAs are more suitable for experimental designs than OAs because POAs can be used

with a complicated model.
2. A subclass of POAs is related to unequal error protection (UEP) codes.

Let us discuss the first reason. As stated above, an OA with a strength 2r is needed if all
interactions between r number of factors may affect the response variable. In an experimental
design, it is, however, natural to assume a more complicated model, such that some interactions
between the r factors may affect the response variable. POAs can be used with such a model,
whereas OAs cannot be used. Next, we discuss the second reason. UEP codes were proposed by
Masnick et al. [12]. UEP codes are useful for transmitting data having a different magnitude in
each bit. In this thesis, we show that a subclass of POAs is related to UEP codes. From this
relation, we can apply some results of POAs to UEP codes.

In this thesis, we define POAs and present the applications of POAs in experimental designs.
Also, we describe the relationship between POAs and error-correcting codes. We propose finding
the LP bounds for POAs by extending the method for finding LP bounds for OAs, as given by
Delsarte. Consequently, the process of finding lower bounds for POAs reduces to solving LP
problems. Therefore, we solve the LP problems using a computer and provide some numerical
examples of LP bounds for POAs.

However, the number of variables or constrains in the LP problems is very high and the LP
problems cannot be solved if the number of factors k is large. Thus, it is important to consider
the subclasses of the POAs, such that the LP problems corresponding to the subclasses can be
solved easily and such that the subclasses are important in applications involving experimental
designs or error-correcting codes. Hence, we define OAs with different strengths in each column
as a subclass of POAs. We then show that the LP problems corresponding to this subclass
can be solved easily and that this subclass is important in applications involving experimental
designs and error-correcting codes. We especially clarify the relation between this subclass and
UEP codes and propose LP bounds for UEP codes. Moreover, we compare the obtained LP
bounds for UEP codes with other bounds for UEP codes as proposed by Masnick et al. [12].

Lastly, we propose some construction methods for OAs with different strengths in each
column. These methods use the relation between POAs and error-correcting codes and also use
the construction methods for UEP codes as proposed by Masnick et al. [12] and Boyarinov et
al. [2].

This thesis is organized as follows. In Chapter 2, we present some basic notations and
provide previous studies as preliminaries. We first define some basic notations and OAs. Next,
we discuss the application of OAs in experimental designs and the relation between OAs and
error-correcting codes. Lastly, we present LP bounds for OAs (and error-correcting codes).

In Chapter 3, we discuss POAs. We first define POAs and present some basic properties
of POAs. Next, we discuss the application of POAs in experimental designs and the relation
between POAs and error-correcting codes. Lastly, we propose LP bounds for POAs and provide

some numerical examples of LP bounds for POAs.
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In Chapter 4, we describe OAs with different strengths in each column and also provide UEP
codes. We first define OAs with different strengths in each column and provide UEP codes, and
then propose their LP bounds. Further, we compare the LP bounds obtained for UEP codes
with other upper bounds observed for UEP codes.

In Chapter 5, we present the construction methods for OAs with different strengths in each
column. After proposing the construction methods for OAs with different strengths in each
column, we provide some numerical examples of POAs constructed using the proposed methods.

In Chapter 6, we conclude this thesis and discuss our future studies.






Chapter 2

Preliminaries

In this chapter, we present some basic notions and provide previous studies as preliminaries.
we first define some basic notations used in the whole of this thesis. Next, we define OAs
and provide some basic properties of OAs. Next, we discuss the the applications of OAs. In
particular, we provide details about the application of OAs in experimental designs. Next, we
show the relation between OAs and error-correcting codes and provide some properties of OAs

from the relation. Lastly, we present LP bounds for OAs (and error-correcting code).

2.1 Basic Notation

In this section, we define some basic notations used in the whole of this thesis. Let GF(s) be the
Galois field of order s. Let & be the exclusive-or operation, and - be the and operation. For any
x=(T1,72,...,701), Yy = (Y1, Y2, -, &) €{0,1}* let x Dy = (21 Dy1, 22D Y2, ..., T, DYy), and
T-Y=x1-Y1 D2 Y2 D+ Dxy Yo Let w(x) be the Hamming weight of & = (x1, 29, ..., 2%) €
{0,1}*, so defined by

w(z) = ’{z’]mi ” 0}‘. (2.1)

The Hamming distance dist(u,v) between two vectors u, v € {0, 1}* is defined to be the number

of positions where they differ, or in other words
dist(u,v) = w(u @ v). (2.2)

For any set A, let |A| be the number of elements of A. Let

—m(x_l)"r'y(f_mﬂ) if m is a positive integer ,
" [
( ) =<1 if m = 0, (2.3)
m .
0 otherwise |,
where x is any nonnegative integer, and m!=1-2--.-. (m—1)-m, 0! = 1.

7



8 2.2. Orthogonal Arrays

2.2 Orthogonal Arrays

In this section we define OAs and provide some basic properties of OAs. At first, OAs can be

defined as follows.

Definition 2.1 [7, Definition 1.1] An N X k array A with entries from GF'(s) is said to be an
Orthogonal Array with strength t if every N x t sub-array of A contains each t-tuple based on
GF(s) exactly same times as row. We will denote such an array by OA(N, k, s, ). [

In the following, unless mentioned explicitly, we will consider the case that s = 2 for simplicity.
Also, we will consider OAs whose rows are all distinct. These are called simple OAs. The next

two examples give examples of OAs.

Example 2.1 The array in Table 2.2 is an OA(8,4,2, 3). [ |

Table 2.1: An OA(8,4,2,3)

0 0 0 O
0 0 1 1
0 1 0 1
01 1 0
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 1
Example 2.2 The array in Table 2.2 is an OA(4, 3,2, 2). [ |

Table 2.2: An OA with 2 levels and strength 2:0A(4,3,2,2)

_ = O O
= o = O
S = = O

An OA(N,k,2,t) is said to be linear if the rows of OA(N, k,2,t) form a linear vector space.
If an OA(N, k,2,t) is linear, the OA(N, k,2,t) has a basis for the linear vector space. This basis
is usually given in the form of a (log, V) x k matrix called a generator matriz whose rows are
the basis.
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Example 2.3 The OA(8,4,2,3) given in Table 2.2 is linear, and has the generator matrix

1001
010 1 (2.4)
0011

|

Example 2.4 The OA(4,3,2,2) given in Table 2.2 is linear, and has the generator matrix

011
o11] o
]

Moreover, the generator matrix of an OA(N, k, 2,t) has the following properties.

Lemma 2.1 [7, Theorem 3.27 and 3.29] Let A be an N X k linear array with 0,1 entries, and G
be a generator matriz of A. A is an OA(N, k,2,t) if and only if any t columns of G are linearly
independent over {0,1}. [ |

The next lemma gives a necessary and sufficient condition for an array to be an OA, which

does not assume linearity.

Lemma 2.2 [7, Theorem 3.30] An N X k array A with 0,1 entries is an OA(N,k,2,t) if and
only if

> (-p*¥ =, (2.6)

v=row of A

for all 0,1 vectors uw containing w 1°s, for all w in the range 1 < w < t, where the sum is over
all rows v of A. [ |

2.3 Applications of Orthogonal Arrays

2.3.1 Applications of Orthogonal Arrays

OAs are mainly used in experimental designs [1, 22]. This means that they are immensely
important in all areas of human investigation such as medicine, agriculture, and manufacturing.
Also, OAs are used in computer science and cryptography. For example, there are reports in
which OAs are applied to secret sharing [19], authentication codes [20] and so on. In this study,
the application in experimental designs is especially important, so we give a detailed explanation
about experimental designs in Section 2.3.2.

Moreover, the mathematical theory of OAs is related to other combinatorics, such as error-
correcting codes, difference schemes, Hadamard matrices, and Latin squares [4, 7|. In particular,
OAs are closely related to error-correcting codes. Therefore, some results of OAs can be applied
to these fields, and vice verse. In this study, the relation between OAs and error-correcting codes

is especially important, so we provide details about the relation in Section 2.4.
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2.3.2 Experimental Designs

Let Fy, Fs, ..., Iy denote the k factors to be included in the experiment. In this thesis, we
consider only the case that the number of levels for each factor is two. Therefore, the levels of
each factor can be represented by 0 and 1, and the level combinations can be represented by the
k-tuples (z1, s, ...,x1) € {0,1}F.

We use y(x) to denote the response of the experiment with the level combination x, and

assume the following model.

y(x) = Z faxa(®) + e(x), (2.7)

acl

where,

e I(C {0,1}*) : indexes of main and interactive factors included in the model (For example,
I = {000, 100, 010,001, 110} suggests main factors of Fy, F», F3 and an interactive factor
of FlFQ. )7

e fa : an unknown parameter that represents the effect of a main or interactive factor a € I,

* Xa(z) = (~1)%",

e ¢(x) : arandom error that has mean 0 and constant variance o2

Moreover, we assume that the set I in (2.7) satisfies the following monotonicity.
acl=bel for Vb(bL a), (2.8)

where (by,ba,...,bx) C (aq,aq,...,ax) suggests that b; < a;, i =1,2,... k.

In experimental designs, we are given a model of the experiment. This means that we are
given an I C {0,1}* in (2.7). Then, we determine a set of & € {0, 1}*, which is called a design
X C{0,1}*. And we experiment according to the design X and estimate the effects fq, a € I
from the results of the experiments {(z,y(x))|x € X}.

In experimental designs, it is especially important to determine a design X so that all effects
of main and interactive factors in the model can be estimated, where the number of experiments
| X| is as few as possible. For example, if we experiment with all level combination, that is

X = {0,1}*, we can get unbiased estimators for effects of all main and interactive factors by

fa:2—1k Z y(x)xa(x). (2.9)

Te{o,1}k

Example 2.5 In a certain factory, materials(F}), machines(F3) and temperatures(F3) are fac-
tors that may affect a ratio y of defective products. Each factor has two levels:
Fy : Fy (made in A company), F} (B company)

Fy : F? (a new machine), F?? (an old machine)
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F3 : F? (100 deg C), F} (200 deg C)
Moreover, all interactions between two factors, F} x Fy, Fy x F3, Fy x F3, may affect y. Then,

the model of y is as follows.

y(@) = faxa(@) +e(), (2.10)

acl

where y() is a ratio of defective products with the level combination & € {0, 1}*, and
I = {000, 100,010,001, 110,101, 011}. (2.11)

Then, if we experiment with all level combination as shown in Table 2.3, we can get unbiased

estimators for all fg using (2.9). For example, fi00 is calculated by

fio = % Z y(x)x100(x) (2.12)
Tre{0,1}3
_ é{y(OOO) L y(001) + y(010) + y(011) — y(100) — y(101)
—y(llO) — y(lll)}, (2.13)

s0 figo is as follows:

y(000) = fooo + fi00 + foro + foor + fii0 + fior + forr + €(000),
y(001) = fooo + fi00 + foro — foor + fi10 — fro1 — forr + €(001),
y(010) = fooo + fi00 — foro + foor — fi10 + fion — four + €(010),
y(011) = fooo + fio0 — foro — foor — fi10 — fior + forr + €(011),
—y(100) = — fooo + f100 — for0 — foor + fu10 + fio1 — four +€(100),
—y(101) = — fooo + fi00 — for0 + foor + fi10 — fion + four + e(101),
—y(110) = — fooo + f100 + foro — foor — fi10 + fior + forr + €(110),
—y(111) = — fooo + fioo + foro + foor — fii0 — fior — forr +e(111),

fioo = f100 + €100,

where é199 = %Zwe{o,l}k e(x).
|

If we experiment with all level combinations, we can get unbiased of all fq, but the number
of the experiments is too large. Therefore, we reduce the number of experiments using OAs.

Let A'(C {0,1}*) be a set whose elements are rows of an OA(N,k,2,2r), so |A’| = N.
Suppose that we can assume that at most r interactive factors are included in the model, that

I ={ec{0,1}"w(e) <r}, (2.14)

in (2.7). Then, if we experiment according to the design A’, we can get unbiased estimators for

fa, a € I using the following calculation:

A 1
fa = W Z y(x)xa(x). (2.15)

rcA’
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Table 2.3: Experiment conditions and data

Experiment no. | Iy Fy, F3 |y [%]
1 0 0 O 0.5
2 0 0 1 0.4
3 0 1 0 0.1
4 0 1 1 0.1
5 1 0 0 1.2
6 1 0 1 1.5
7 1 1 0 0.7
8 1 1 1 0.6

Example 2.6 In Example 2.5, suppose that we know that no interaction of factors affect y.
Then, we can assume the following model

y(@) = faxa(x) +e(z), (2.16)
acl
where
I ={000,100,010,001}. (2.17)

Then, we experiment according to A’ = {000,011, 101,110}, as shown in Table 2.4. This design
A" is from the OA(4,3,2,2) in Table 2.2 . Then, we can get the unbiased estimators for fq,
fa € I by (2.15). For example, fi00 is calculated by

fio = i Z y(x)x100() (2.18)
= i{y(OOO) +y(011) — y(101) — y(110)}, (2.19)

so fioo is as follows:

y(000) = fooo + f100 + for0 + foor + €(000),
y(011) = fooo + fi00 — foro — foor + €(011),
y(101) = —fooo + f100 — for0 + foor + €(101),
?/(1}0> = — fooo + fi00 + foio — foor + €(110),

fio0 = f100 + €100,

where €100 = le ZIBGA’ e(w)
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Table 2.4: Experiment conditions and data using an OA

Experimental no. | Fy F, Fs | y(%)
1 0O 0 O 0.5
2 0 1 1 0.1
3 1 0 1 1.5
4 1 1 0 0.7

2.4 Properties of Orthogonal Arrays from Relations with

Error-Correcting Codes

In this section, we introduce error-correcting codes and their relation with OAs. Moreover, we
provide some properties of OAs from the relation. These properties are useful for leading to LP

bounds in Section 2.5.

2.4.1 Error-Correcting Codes

An error-correcting code or simply code is any collection C' of vectors in GF(s)*. The vectors
in C' are called codewords. In this thesis, we consider only the case that s = 2 as well as OAs.
We define the minimal distance d of a code C' to be the minimal Hamming distance between
distinct codewords:

d= min dist(u,v).
UVECUAV

If C(C {0,1}*) contains N codewords and the minimal distance of C is d, then we say that it is
a code of the length k, size N, and minimal distance d over GF(2) or simply (k, N, d)s code.

Example 2.7 C; = {000,011,101,110} is an (3,4, 2), code. [ |
Example 2.8

Cy = {0000000, 0110100, 1110010, 1000110, 1010001, 1100101, 0100011, 0010111,
1101000, 1011100,0011010,0101110,0111001,0001101, 1001011, 1111111, } (2.20)

is a (7,16, 3), code. This code is a member of the class of codes called Hamming codes. |

C' is said to be linear if C'is a linear vector subspace. As well as linear OAs, a linear code is
specified by a basis for linear vector space, given in the form of (log, V) x k generator matrix.
Moreover, a linear code C' is also specified by a parity check matriz, which is (k —logy, N) x k
matrix H defined by

Hx' =0, (2.21)

for any « € C.
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Example 2.9 The code C] in Example 2.7 is linear and has the generator matrix

01 1
[101], (2.22)

and has the parity check matrix

[1 1 1]. (2.23)

Example 2.10 The code (5 in Example 2.8 is linear and has the generator matrix

1000110
0100011
: (2.24)
0010111
0001101

and has the parity check matrix
11100 10/|. (2.25)

Further, if C is linear, then its dual code C* is defined by the set of vectors which are orthogonal

to all codewords of O
C*+ :={uju-v =0 forallv e C}. (2.26)

We note that a generator matrix of C* is a parity check matrix of C. Let d* be the minimal
distance of C*. Then d* is said to be the dual distance of C.

Further, the minimal distance can be defined using the distance distribution. Next, we define
the distance distribution. In order to define the distance distribution, we introduce the next

notation.
Definition 2.2 For any positive integer k, Wi(k)(: W;),i=0,1,...k, are defined by

W* = {w e {0, 1}¥|w(w) = i}. (2.27)
If there is no danger of confusion we omit the k. |

Then, the distance distribution of a code C(C {0, 1}*) is defined as (k+1)-tuple (Ag, Ay, ..., Ap),

where

1
Aizl—mZ‘{yGQw@yeWi},i:O,l,...,k. (2.28)
rec
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Moreover, the minimal distance of a code C' is the largest positive integer d such that
Aj=Ay=---=A,1=0. (2.29)

Further, if C' is a linear code, the distance distribution A; is equal to the weight distribution A,
that is

A; = A (= ‘{yEOk’/EVVi}

),z’:(),l,...,k. (2.30)

2.4.2 Delsarte Theorem

Next, we provide some properties of the distance distribution. For this, we define the Krawtchouk

polynomial in the next Definition 2.3.

Definition 2.3 For any positive integer k, the Krawtchouk polynomial P;(z;k)(= P;(z)) is de-
fined by

i .

Pi(z: ) :—Z<—1>r(z><. Z),z'—o,l,...k, (2:31)
— r i—r

where 2 is an indeterminate. If there is no danger of confusion we omit the k. [ ]

The Krawtchouk polynomial satisfy the following Lemma 2.3.

Lemma 2.3 [7, Theorem 4.10] If v € W;, then

> (=1)"Y = B(j), (2.32)

uew;

where i,7 € {0,1,... k}. [ |

Lemma 2.3 is useful for proving Theorem 2.1 and Theorem 2.2.
The next Theorem 2.1 is called MacWilliams Theorem. MacWilliams Theorem provides an

important property of the distance distribution.

Theorem 2.1 [11, Ch.5 Theorem 1] Let C(C {0,1}*) be a linear code, and C*+ be the dual code
of C. Let A; and A, i=0,1,...,k, be the distance distribution of C' and C+. Then,

k
1
Ail:‘?lZAjB-(j),z’:O,l,...,k:. (2.33)
j=0

The C' is constrained to a linear code in Theorem 2.1, but the MacWilliams Theorem holds if
C'is a nonlinear code [11]. However, we do not use these results directly, and we use (2.33) to
define the dual distance in the same way as [7]. We give a detailed explanation about this in
Section 2.4.3.

The next Theorem 2.2 is called Delsarte Theorem. Delsarte Theorem also provides an im-

portant property of the distance distribution.
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Theorem 2.2 [11, Ch.5 Theorem 6] Let C(C {0,1}") be a code, and A;,i = 0,1,...,k be the
distance distribution of C'. Then,

k
1
WZA]-B(j) >0, i=0,1,...,k (2.34)
j=0
|

Delsarte Theorem is a strong linear constraint of the distance distribution. Therefore, Delsarte

Theorem is useful for leading to LP bounds.

2.4.3 Relations between Orthogonal Arrays and Error-Correcting
Codes

For a nonlinear code, we still define the dual distance distribution by (2.33), calling the numbers
(Ag, AL, ... A) the MacWilliams transform of the distance distribution. Then, it is still ture
that A > 0 for all ¢ from (2.34), and we define the dual distance to be the largest positive
integer d* such that

Af =A== A5 | =0. (2.35)

Thus, if Af = Ay =--- = A} =0, we define d* to be k + 1. It also follows that Ag = 1 from
(2.33).

Theorem 2.3 [7, Theorem 4.9] If C is a (k, N,d)s code over {0,1} with dual distance d*, then
the codewords of C form the rows of an OA(N, k, 2,d*+ —1) with entries from {0,1}. Conversely,
the rows of an OA(N,k,2,t) over {0,1} form a (k,N,d)s linear code over {0,1} with dual
distance d- >t + 1. If the OA has strength t but not t +1, d* =t + 1. |

Example 2.11 Let C' = {000,011,101,110}. This is a (3,4,2)s code. Then C*+ = {000,111},
so the dual distance of C'is 3. Therefore, the OA corresponding to the code C, that is in Table
2.2, is an OA(4,3,2,2). [ |

2.4.4 Properties of Orthogonal Arrays from the Relations with Error-

Correcting Codes

From Theorem 2.3, an OA can be regarded as a code. So, let C' be an OA(N,k,2,t) and
C be a code formed by C in the same way as Theorem 2.3. Then, the distance distribution
(A, Ay, ..., Ag) of the C is defined by (2.28), and satisfy
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Moreover, the distance distribution of the C' satisfy

Ag =1, (2.37)
A;>0,i=1,2,... k, (2.38)
k
> AP(j) 2 0,i=0,1,...k, (2.39)
§=0
k
Y AP() =0,i=1,2,.. .1, (2.40)
j=0

where (2.39) is from Theorem 2.2 and (2.40) is from Theorem 2.3. These properties are useful
for leading to LP bounds in Section 2.5.

2.5 Main Problems in Orthogonal Arrays

2.5.1 Main Problems in Orthogonal Arrays

Construction problem for OAs and problem for finding lower bounds for OAs can be formulated

as follows.

e Find the OA with a minimum number of rows N, given the number of columns k£ and the

strength .

e Find the lower bound for the number of rows N, given the number of columns k£ and the

strength .

These are two main problems in the study of OAs, so there are many studies for the two problems
[7]. Delsarte proposed linear programming (LP) bounds to solve the problem of finding lower
bounds [4]. And now, it is known that LP bounds are very good lower bounds for OAs. We give
a detailed explanation of the LP bounds in the next Section 2.5.2.

2.5.2 Linear Programming Bounds for Orthogonal Arrays

Next, we present the LP bounds as proposed by Delsarte [4]. The next Theorem 2.4 provides
the LP bounds for OAs.

Theorem 2.4 [7, Theorem 4.15] Let Npp(k;d") be the solution to the following linear program-

ming problem: choose real numbers Ag, A1, ... Ay so as to

k
minimize Z A; (2.41)

=0
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subject to the constraints

Ag =1, (2.42)
A;>0,i=1,2,...k, (2.43)
k
> AP(j)>0,i=0,1,...k, (2.44)
=0
k
Y AP(j)=0,i=12,.. 1, (2.45)
=0

where t = d+ — 1. Then the size of any orthogonal array OA(N,k,2,t) satisfies
N > Npp(k;d*h). (2.46)
[ |

We can obtain these LP bounds for OAs from the properties in Section 2.4.4. Further, we can
obtain analogous result for codes as follows.

Theorem 2.5 Let My p(k;d) be the solution to the following linear programming problem: choose

real numbers Ag, A1, ..., A so as to
k
maximize Z A; (2.47)
i=0
subject to the constraints
Ag =1, (2.48)
A;=0,i=1,2,...,d—1, (2.49)
A >0i=dd+1,... k, (2.50)
k
> AP(j) > 0,i=0,1,...k (2.51)
§=0
Then the size N of any (k, N,d)y code satisfies
N < Mpp(k;d). (2.52)

Theorem 2.4 and 2.5 have the drawback that one usually needs a computer to apply it, or
to verify bounds that someone else has obtained from it. Furthermore, since the coefficients
in (2.33) are large and alternate in sign, one must always worry about the reliability of the
computer’s answer.

The following Theorem 2.6 removes some of these drawback. In particular, bounds obtained
from it can be verified with much less effort than those obtained from Theorem 2.4 and 2.5.
(Instead of running the simplex algorithm, one need only check that certain numbers have the
correct sign) We state this result for both OAs and codes.
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Theorem 2.6 [7, Theorem 4.17] (i) Orthogonal arrays. Suppose we can find a polynomial f(x)
of the form

k
flo) =14 fiPi(x) (2.53)
i=1
such that the following conditions hold:
fi=0fori=1,2,...,t, (2.54)
fi<Ofori=t+1,t+2,....,k, (2.55)
f(5) >0for j =0,1,... k. (2.56)

Then the size of any OA(N, k,2,t) satisfies
N > £(0). (2.57)

(ii) Codes. Suppose we can find a polynomial f(x) of the form (2.53) such that the following

conditions hold:

f;>0fori=1,2,... k, (2.58)
f(j)<0forj=d,d+1,... k. (2.59)

Then the number of distinct codewords in any (k, N, d)y code satisfies

N < f(0). (2.60)






Chapter 3

Orthogonal Arrays with Partial
Strength

3.1 Introduction

In this Chapter 3, we introduce orthogonal arrays with partial strength (POAs), which are
extended from OAs. POAs are more suitable for the application in experimental designs. More-
over, a subclass of POAs is related to UEP codes as proposed by Masnick et al. [12]. Therefore,
some results in POAs can be applied to UEP codes.

In this chapter, we first define POAs and discuss the application of POAs in experimental
designs. Next, we extend error-correcting codes and clarify the relation between POAs and the
extended error-correcting codes. From the relations, we derive some properties of POAs, which
are useful for leading to LP bounds for POAs. Next, we propose LP bounds for POAs and
provide some numerical examples of these bounds. In Chapter 4, we provide details about the
application of POAs to UEP codes.

This chapter is organized as follows. In Section 3.2, we define POAs and provide some
basic properties of POAs. In Section 3.3, we discuss the application of POAs, especially in
experimental designs. In Section 3.4, we extend error-correcting codes and clarify the relation
between POAs and the extended error-correcting codes. Further, we derive some properties
of POAs from the relation. In Section 3.5, construction problem for POAs and problem for
finding lower bounds for POAs are formulated and we propose LP bounds for POAs to solve the
problem for finding lower bounds for POAs. Moreover, we provide some numerical examples of

the proposed bounds.

3.2 Orthogonal Arrays with Partial Strength

In this section, we define POAs and provide some basic properties of POAs. Let v(a) = {i|a; #

0}, where a = (a1, as,. .., ar). POAs are defined as follows.

21
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Definition 3.1 Let k be any positive integer. Let T C {0,1}* and 7" = {v(a)|a € T}. Then
an N x k array A with entries from {0, 1} is said to be an Orthogonal Array with partial strength
T if the A has the following property; for any {i,is,...,4} € T', N x [ sub-array formed from

the i1, i, ..., §;-th columns of A contains each [-tuple based on {0,1} exactly same times as
row. We will denote such an array by POA(N, k,2,T). [ |

We note that an POA(N, k,2,T) is equal to an OA(N, k,2,t) if T = {a € {0,1}*|w(a) < t}.
Example 3.1 The array in Table 3.1 is an POA(8,4,2,T), where

T = {0000000, 100000, 010000, 001000, 000100, 000010, 000001, 110000, 101000,
100100, 100010, 100001, 011000, 010100, 010010, 010001, 001100, 001010,
001001, 000110, 000101,000011, 111000, 110100, 110010, 110001 }. (3.1)

Table 3.1: An OA with the strength 7" defined by (3.1)

000 0 0 O
0 01 1 11
01 00 11
01 1 1 0 0
1 0 01 01
101 0 10
1101 10
1 11 0 01

As well as OAs, if the rows of a POA(N, k,2,T) form a linear vector space, this POA is said

to be linear and has a (logy, N X k) generator matrix.

Example 3.2 The POA given in Table 3.1 is linear and has the generator matrix

001111
010011 (3.2)
100101

|

Moreover, the generator matrix of an POA(N, k,2,T) has the following properties.

Lemma 3.1 Let A be an N X k linear array with 0,1 entries, and G = [gy,9s,---,9;] be a
generator matriz of A. A is an POA(N,k,2,T) if and only if G satisfy

g’i1 +g7,2 +'..+g’il %07 (33)

for any {i1,ia, ..., 5 }(€ {v(a)la € T}). [ |
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The next Lemma gives a necessary and sufficient condition for an array to be an POA, which

does not assume linearity.

Lemma 3.2 An N X k array A with 0,1 entries is an POA(N, k,2,T) if and only if

v=row of 4

for all w € T, where the sum is over all rows v of A.

Proof: If A is an POA(N,k,2,T) then it is easy to see that (3.4) hold. Next, we will prove
the converse statement. For any {iy,is,...,4} € T, let n(i1,is,...,4) denote the number of
occurrences of the [-tuple (i1, s, ...4;) in [ columns under consideration, where each i, € {0,1}.
By choosing the vector v to have all possible 2! different values in these I coordinates, and to be
zero elsewhere, we obtain 2! equations for the 2! unknown n(iy, s, ...,%). If v identically zero
the right-hand side of the equation is N, otherwise it is 0. Certainly setting all n(iy, s, ..., %)
equal to N/2! is a solution. The coefficient matrix is the character table of elementary abelian
group of type 2!, which (by the orthogonality of characters) is an invertible matrix. Therefore

the solution is unique, and the proof is complete. |

3.3 Applications of Orthogonal Arrays with Partial Strength

We introduce POAs for the following reasons:

1. POAs are more suitable for experimental designs than OAs because POAs can be used

with a complicated model.
2. A subclass of POAs is related to UEP codes.

We give detailed explanations about the first reason in the remain of this section and about the
second reason in Chapter 4.

In Chapter 2, we showed that an OA(M,n,2,t) can be used if indexes of main and interactive
factors in the model can be described by (2.14). For example, an OA(M, 6,2,4) can be used if

indexes of main and interactive factors in the model can be described by
I= {ec{0,1}°w(e) <2}, (3.5)
= {000000, 100000, 010000, 001000, 000100, 000010, 000001, 110000,

101000, 100100, 100010, 100001, 011000, 010100, 010010,
010001, 001100,001010,001001,000110,000101, 000011, }. (3.6)

However, more complicated interactive factors are often assumed in experimental designs, for

example

I ={000000, 100000, 010000, 001000, 000100, 000010, 000001, 110000}. (3.7)
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This means that six main factors Fi, Fy, ..., Fg and one interactive factor F} x F; are included
in the model. Of course, all effects of factors can be estimated by using an OA(M, 6, 4,2) in this
case. However, by using an POA, all effects of factors can be estimated with fewer number of

experiments.

Example 3.3 Suppose that six main factors F}, Fs, ..., Fg and one interactive factors F; x F3

are included in the model, that is the following model can be assumed.

y(@) =3 fava(@) + e(x), (3.8)

acl

where
I ={000000, 100000, 010000, 001000, 000100, 000010, 000001, 110000}. (3.9)

In this case, all effects of factors, fq, a € I, can be estimated by using the POA in Table 3.1.

For example, flooooo is calculated by

s 1
Jiooooo = o3 y() X 100000(T) (3.10)
93
Te{0,1}3
1
= < {5(000000) + y(001111) + y(010011) + y(011100)
—y(100101) — (101010) — y(110110) — y(111001)}, (3.11)

so fioo is as follows.

Jfooo000 + f100000 + fo10000 + foor000 + fooor00 + fooooro + fooooor + fi10000 + €(000000),
Jfoo0000 + f100000 + fo10000 — foo1000 — fooo100 — foooo10 — Sfooooo1r + f110000 + €(001111),
Jfoo0000 + f100000 — fo10000 + foo1000 + fooo100 — foooor0 — fooooor — f110000 + €(010011),
Jfoo0000 + f100000 — for0000 — foo1000 — foooroo + fooooto + fooooor — f110000 + €(011100),
— fooo000 + f100000 — fo10000 — footo00 + fooo100 — fooooto + fooooor + fii0000 + €(100101),
— foo0000 + f100000 — fo10000 + foo1000 — fooo100 + foooo10 — fooooor + fiio000 + €(101010),
— fooo000 + f100000 + fo10000 — foo1000 + fooo100 + foooo10 — fooooor — fi10000 + €(110110),
— fooo000 + f100000 + fo10000 + foor000 — fooo100 — fooooro + fooooor — f110000 + €(111001),

f100000 =+ €100000;

where €100000 = D pear €(x), and A” is the design from the POA in Table 3.1. On the other
hand, the best OA with the column number 6 and strength 4 is an OA(32,6,2,4) [7]. Thus, the
number of experiments by the POA is fewer than OAs. ]

In general, the following can be said. Suppose that the following model can be assumed as

the response variable.

y(x) = Z faxa(®) +e(x), (3.12)

acl
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where the I only satisfy the monotonicity. Let A”(C {0,1}*) be a set whose elements are rows
of an POA(N, k,2,T), where T(C {0, 1}*) satisfy

{61 D €2|v€1, ey € I} CcT. (313)

In this case, if we experiment according to the design A”, we can obtain unbiased estimators of
fa, a € I using the following calculation:

A 1
fa = ¥y

S y(@)xal=). (3.14)

TecA”

3.4 Properties of Orthogonal Arrays with Partial Strength

from Relations with Extended Error-Correcting Codes

In this section, we extend error-correcting codes and clarify the relation between POAs and the
extended error-correcting codes. Further, we derive some properties of POAs from the relation.
These properties are extensions of the results in Section 2.4.3 and are useful for leading to LP
bounds for POAs.

3.4.1 Extension of Error-Correcting Codes

We extend (k, N, d)s codes and define extended codes as follows.

Definition 3.2 Let k be any positive integer and D C {0,1}*. If a code C' C {0, 1}* satisfies

|C| =N, (3.15)
Ve,ye Clx #y),Vz€D, xzdy#z, (3.16)
then C is called a (k, N, D)y extended code. [ |

We note that a (k, N, D), extended code is equal to a (k, N, d) code if D = {a € {0,1}}|w(a) <
d—1}.
Next, we introduce m split distance distribution, which is extended from the distance distri-

bution. In order to introduce m split distance distribution, we define the following notation.

Definition 3.3 Let k, m, k1, Ko, ..., K, be any positive integers, where 1 < m < k and
k= ki+rKy+ - +Kp Then I/Vl(f;”lmﬁ’")(: Witianin), 4= 0,1,...,k;, 1 < j < m are defined
by

W) = o = (wy, g, ) € {0,110 x (0,11 - x (0,1}

117i2 ----- Tm
lwt(wq) = i1, wt(ws) = dg, ..., wtH(Wy,) = im}- (3.17)
If there is no danger of confusion we omit the k1, ko, . .. K. [ |

Then the m split distance distribution is defined as follows.
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Definition 3.4 Let k, m, k1, Ko, ..., Ky be any positive integers, where 1 < m < k and
k = k1 + kg + -+ + Ky Then, the m split distance distribution A;, . .., 9 € {0,1,...,K;},
1 <j<m ofacode C(C{0,1}*) is defined by

1
Ail,iz,-..,im = F Z ){y € C‘w Dy e W, 11,12, ,lm}
€l £

i =0,1, .. ke =01, ... Koy i =0,1,. .. K. (3.18)

Like the distance distribution, if C' is a linear code, the m split distance distribution A;

11,0250 yfm

is equal to the m split weight distribution A’ , that is

11,82,

Ai17i27---7im = A;hig,. ( ‘{y S C|y IS4 11,82,.--,0 )
2'1:0,1,...,/11,22—0,1,.. > 0 (319)

Moreover, the D(C {0,1}*) of a (k, N, D) extended code is defined using k split distance
distribution. If the k split distance distribution of a extended code C' (C' C {0,1}*, |C| = N)
satisfy

Aiy i,y = 0 for V(iy, g, ... ,ix) € D, (3.20)

then C'is (k, N, D), extended code. Thus, D is called k split distance in what follows.

3.4.2 Extension of Delsarte Theorem

Next, we provide some properties of the m split distance distribution. The results in this section
are extended from theorems in Section 2.4.2.

The next definition is extended from the Krawtchouk polynomial as defined in Definition
2.3.

Definition 3.5 For any positive integers ki, Ka, ... ,Ky a polynomial Py 4, i (21,22, ., Zm;

K1, K2y oo Bm) (= Piyig, i (21,22, ..., Z)) s defined by

Pigim (21,22, 00y Zms K1y Koy oo b)) = Py (21 61) Py (225 K2) <. Py, (2 B ),

z’l:0,1,...,H1,12:o,l,...,@,...,z’m:0,1,...,%. (3.21)

where z1, 29, ..., 2, are indeterminate and P;, (z1; k1), Py, (22; K2), - - ., B;,, (2m; km) are the Krawt-

chouk polynomials. If there is no danger of confusion we omit the ki, ks, ..., K. |

Also, the extended Krawtchouk polynomial satisfy the following property, which corresponds to

Lemma 2.3.
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Lemma 3.3 Ifve W, j;, ., then
Z (=)%Y = Py isroion (J1, G20 - > i) (3.22)
uEWiIJQ,Mi’m

where i1,71 € {0,1,..., K1}, 92,72 € {0,1,... Ko}, «oo) i, Jm € {0, 1, ... K}

Proof: Let v € Wj, ;, . j,.. Then we can write v = (v1, va,...,0,,) € Wj(fl) XW]»(:Q) o W),

Therefore,

(U1, Us, ..., um)ewjl””xwi:”x---ijzm)

D DD DEEED DI C Vi bttt (3.24)

ulewz(fl) uQEWZ;NZ) UMGW;;:LM)

= 3 T (T 3 (et (325)

Urew, "V Usew, > WU eW ™)
= Pi1(j1;’fl)Pi2(j2;"i2)"'Pim<jm;’im> (326)
= Lo, im<j17j27'-'7jm)- (327)
where (3.26) is from Lemma 2.3. [ |

The next Theorem 3.1 is extended from Macwilliams Theorem as shown in Theorem 2.1.

Theorem 3.1 provides an important property of the m split distance distribution.

77777

i;=0,1,...,k5, 1 <j <m, be the m split distribution of C and C*. Then,

1 K1 K2 Km
L - .. .
Az‘1,i2 ..... im |C| § : § : § : Aj17j2 ----- iji1,i2 ----- im(.]17.]27"'7.]m)7

Jj1=0j2=0 Jm=0
11=0,1,...,k,00=0,1,...,Ke,...,2,m =0,1,..., Kp,. (3.28)

and A+

11,025+, im

Before the proof of Theorem 3.1, we present the next Lemma 3.4. In Lemma 3.4, let f be any
mapping defined on {0, 1}", and f be the Hadamard transform of f, that is

flw)=> (D)"Y f(v),uc{0,1}" (3.29)
ve{0,1}n
Lemma 3.4 [11, Ch.5 Lemma 2] Let C be a linear code, and C* be the dual code of C. Then
1 .
> Jw) =1z D f(w). (3.30)

ucCct ueC
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Proof of Theorem 3.1: Let the mapping fw, , . be
0, u¢ Witiniim
o u) —
szl,zz ,,,,, zm( ) { 1’ u e VViM'Q ..... -
i1=0,1,...K,i0=0,1,... Ko, ..., 0, =0,1,... Kp,. (3.31)

If (3.31) is used as the mapping f in (3.30), the left-hand side of (3.30) is

Z fWil,iQ,m,irm (’U,) - Ai,ig ..... im? (332)

ueC+

because C* is a linear code.

Further, the right-hand side of (3.30) is

1 .
m ,l;fwilyig ,,,,, im (u)
B %I >, D> (v (3.33)

UeC vew,

11,89,y im

Km

_ %I Z Z Y S (e (3.34)

71=0 j2=0 Jm=0UEC W, j5 .. jim VEWi  ig. . im

1 K1 K2 Km . . .
= SN Ao Prriain (s J2 - ). (3.35)

J1=072=0 Jm=0

where (3.35) is from Lemma 3.3. Thus, we can obtain (3.28). [ |
As well as MacWilliams Theorem, we use Theorem 3.1 to define m split dual distance of linear

and nonlinear codes.

The next Theorem 3.2 is extended from Delsarte Theorem as shown in Theorem 2.2. Theorem

3.2 provides an important property of the m split distance distribution.

Theorem 3.2 Let C(C {0,1}%) be a code and Ay, 4y 4., 15 =0,1,...,k;, 1 < j < m, be them
split distribution of C'. Then,

Rm

K1 K2
’_é’| Z Z e Z Ajy oreoijm Pin in i (G1,J2, -+ s Jm) = 0,

1=0742=0  jm=0
’il :0,1,...,l€1,i2:O,l,...,/ig,...,im:0,1,...,I<Jm. (336)
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Proof: For v, =0,1,...,k1,i0=0,1,...,Ko,...,%, =0,1,...

K1 K2 Km
ﬁ Z Z e Z Ao Pitioin (J15 02, <3 Jm)

Jj1=0j2=0 Jm=0

- ﬁzz Z Z Pi1,i2 ..... im<jl>j27"->jm) (337)

'jl :0 ']2:0 ]m:U (my y) S 02’
DY € Wi ja,iim

= % i f: . in: Z Z (—1)W@eY) (3.38)
| | 71=0j2=0 Jm=0 (@, y) € C2, UEW, ig,... im

Y € Wi jo,.jm

_ ﬁ YO (Y (3.39)

TeCYCUEW; iy....im

= Yy (ﬁ Z(—1)“"‘3> (3.40)

UEW,, ig,....im el
>0, (3.41)
where (3.38) is from Lemma 3.3. |

3.4.3 Relations between Orthogonal Arrays with Partial Strength
and Extended Error-Correcting Codes

For a nonlinear, we still define the m split dual distance distribution by (3.28), calling the number

A i € 40,1, k), 1 < j < m the MacWilliams transform of the m split distance
distribution. Then it is still true that A%, >0 for all iy, i, ..., in from (3.36). Here, we

use the k split dual distance distribution for a code C' C {0, 1}*, that is

1 1 1

1 . .
Ai,iz ,,,,, v ‘?l Z Z o Z Ajl,jz,...,jkPil,iz,...,ik (]17]27 s ?]k)?

Jj1=0j2=0 Jk=0

i; €4{0,1},1 <j <k. (3.42)
Further, we define the k split dual distance to be a set D+ such that

AL

11,182,000

=0, for V(iy,ia,...,i) € D" (3.43)

Theorem 3.3 If C is a (k,N, D)y extended code over {0,1} with the dual k split distance
D+, then the codewords of C form the rows of an POA(N,k,2, D*) with entries from {0,1}.
Conversely, the rows of an POA(N,k,2,T) over {0,1} form a (k,N, D)y extended code over
{0,1} with the dual k split distance T

Proof: If C has the dual k split distance D+, then

Al

11,802,050

=0, for V(iy,is,...,i) € D" (3.44)
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From (3.40), this implies
d (-)T% =0 (3.45)
xeC

for all w € D. Therefore, by Lemma 3.2, the matrix of codewords of C' forms an orthogonal
array with the partial strength D+. Conversely, if the orthogonal array has the partial strength
T, from Lemma 3.2 and (3.40) we have

AL

11,82,4.0y0

L = 0, for \V/(il, 19, ... ,lk) eT. (346)

3.4.4 Properties of Orthogonal Arrays with Partial Strength from
Relations with Extended Error-Correcting Codes

From Theorem 3.3, a POAs can be regarded as an extended code. Thus, let C be a POA(N, k,2,T)
and O be an extended code formed by C in the same way as Theorem 3.3. Then, the k distance
distribution A;, 4, ., (i1,42,...,i1) € {0,1}* of the C is defined by (3.18), and the k split
distance distribution satisfy

11 1
N - Z Z T Z AilviQ vvvv Tg (347)
11=0142=0 =0
Moreover, the k split distance distribution of the C' satisfy

App,...0o =1, (3.48)
Ail,iz ..... ik 2 07 (ily 2.27 ce 7lk) € {07 1}k7 (349)

1 1 1
SN A i Priain (s o k) 2 0, (i, i, i) € {0, 13, (3.50)

Jj1=0 j2=0 Jk=0

1 1 1
S D AjeiiPrinin (s a0 Gk) = 0, (i, i, i) € T (3.51)

J1=0j2=0 Jk=0

where (3.50) is from Theorem 3.2 and (3.51) is from Theorem 3.3. These properties are useful
for leading to LP bounds for POAs in Section 3.5.

3.5 Main Problems in Orthogonal Arrays with Partial
Strength

3.5.1 Main Problems in Orthogonal Arrays with Partial Strength

Construction problem for POAs and problem for finding lower bounds for POAs can be formu-

lated as follows.
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e Find the POA with a minimum number of rows N, given the number of columns £, and
the partial strength 7(C {0, 1}*).

e Find the lower bound for a number of rows N, given the number of columns £, and the
partial strength T'(C {0, 1}*).

As well as OAs, these are main problems in the study of POAs. In the past, many construct
methods for POAs were already proposed [1, 3, 13, 22]. However, there are no studies for the
problem for finding lower bounds for POAs. Therefore, we propose LP bounds for POAs, which
are extended from LP bounds for OAs, as given in Section 2.5. We show the LP bounds for
POAs in the next section 3.5.2.

3.5.2 Linear Programming Bounds for Orthogonal Arrays with Par-
tial Strength

We propose LP bounds for POAs in the next Theorem 3.4.

Theorem 3.4 For any T C {0,1}*, let Npp(k;T) be the solution to the following linear pro-

gramming problem: choose real numbers A, iy, i, (i1,92,...,i) € {0,1}*, s0 as to

minimize Y > Y A (3.52)

subject to the constraints
A070 ..... 0 — 1, (353)
Ay igin =0, (i1, s, ..., ig) € {0,1}7, (3.54)
11 1
DD D AjoiiPrinnin (G a2 k) 20, (i, 0o, k) € {0, 1}, (3.55)

Jj1=0j2=0 Jr=0

1 1 1
ZZ'”ZAJEJZ ,,,,, jk'Pil,ig ..... ik(j17j27-">jk) :0,<i1,i2,...ik) ET. (356)
Jj1=072=0 Jr=0

Then the size of any orthogonal array POA(N, k,2,T) satisfies
N > Npp(k;T). (3.57)
|

We can obtain the LP bounds for POAs from the properties in Section 3.4.4. Further, we can

obtain analogous result for extended codes as follows.

Theorem 3.5 For any D C {0,1}*, let Mpp(k; D) be the solution to the following linear pro-
gramming problem: choose real numbers A;, i, .., 1; € {0,1}, 1 < j <k, so as to

1 1 1

mazximize ZZ"'ZAil,iQ ..... i (3.58)

11=012=0 i, =0
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subject to the constraints

Aoo,..0 =1, (3.59)
Aiyin,iy = 0, (i1, 9, ..., 1k) € D, (3.60)
Ail,ig ..... ik Z 07 (ila i?a S 7Zk) g D7 (361)

1 1 1
Z Z e Z Ajy o iie Pivioin (G, G2y - -+, ) = 0, (31,42, - i) € {0, 1}F. (3.62)

Jj1=0 j2=0 Jx=0

Then the size N of any (k, N, D)s code satisfies

N < Mpp(k; D). (3.63)

Moreover, we can obtain the following Theorem as well as Theorem 2.6.

Theorem 3.6 (i) Orthogonal arrays. Suppose we can find a polynomial f(x1,xs,...x1) of the

form

flar, @0, .. ) =14 Z firsionin Prvsigoin (@1, T2, oo, Tg) (3.64)

(41,42, .., i) € {0,1}F,
(41,12, - ,iK) #0

such that the following conditions hold:

fil,iz ..... ik S 0 fOI' ('L.la i?a o 72k2) ¢ Ta (365)
f(jl?an R 7]k) > 0 for <j17j27 s 7.]k) € {07 1}k (366)

Then the size of any POA(N, k,2,T) satisfies
N > f(0,0,...,0). (3.67)

(ii) Codes. Suppose we can find a polynomial f(x1, s, ..., xy) of the form (3.64) such that the

following conditions hold:

Fir g, > 0 for (iy, dg, ..., i) € {0,1}*, (3.68)
f(.jl?j?a cee 7]k) S 0 fOI' (.j17.j27 cee 7.]k) g D (369)

Then the number of distinct codewords in any (k, N, D)s code satisfies
N < £(0,0,...,0). (3.70)

Proof: The dual linear program to the linear program defined by (3.52)-(3.56) is to choose real
numbers fi, i, i, (i1,92, ... 1) € {0, 1}%, (i1,i,...4;) # 0 so as to

mazimize 1+ Z firviosin it sin,in(0,0,...,0) (3.71)

(i1,42,...,ix) € {0,1}%,
(i1,42,...,1) #0
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subject to the constraints

fi1,i2 77777 i § 0 fOI' (ila ig, Ce ,Zk) g T, (372)
Z Jivsinsesiv Pt iz (15 J25 -+ -5 Ji) = —1
(i1, 42, --.,ix) € {0,1}F,
(i1, .-, ip) #0
for (j17j2a"'7jk) € {Oﬂ]'}k (373)

It follows from the duality theorem of linear programming that any feasible solution to the dual

.....

satisfy (3.72) and (3.73), then

Nip > 1+ Z JirsiorinPitsin,.in(0,0,...,0) (3.74)

(i1,i2,. .., ix) € {0,1}%,
(i1,92,...,1) #0

With f(xy,29,...,x) as in (3.64), the first assertion of the theorem follows. The proof for the
codes case is analogous. |

Next, we provide two examples to illustrate Theorem 3.4.
Example 3.4 We consider the case that that £ = 4 and
Ty = {0000, 1000, 0100, 0010, 0001, 1100, 1010, 1001,0110,0101,0011, 1110, 1101}.  (3.75)

In this case, we can obtain the optimal solution Npp(k;T}) = 8 using a computer. In fact, the
POA in Table 3.2 is an POA(4,8,2,T}), and the generator matrix of this POA is

0011
0101 (3.76)
1000

m

Table 3.2: An POA(8,4,2,T})

[ e R == R = R
_ O O R Rk O O
—_ O R O R, O~ O
S = = O O = = O
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Example 3.5 We consider the case that that £ = 5 and

T» = {00000, 10000, 01000, 00100, 00010, 00001, 11000, 10100,
10010, 10001, 01100, 01010, 01001, 00110, 00101, 00011,
11100, 11010, 11001, 10110,01110,00111, 11110}. (3.77)

In this case, we can obtain the optimal solution Nyp(k;T5) = 16 using a computer. In fact, the
POA in Table 3.3 is an POA(4,8,2,T3), and the generator matrix of this POA is

00011
00100
(3.78)
01001
10000
]

Table 3.3: An POA(8,4,2,T5)

— R P P B PR B PO OO0 0 00O o0 o o o
— =) R RO OO0 0O R~ B BB OOo oo
_ _) O O B kR O OO+, 2, OO~ OO
—_ O = O R O RO RO RO RO RO
SO = O = = O = O OO = O = = O = O

3.6 Concluding Remarks

In this Chapter, we defined POAs and proposed LP bounds for POAs. Moreover, we provided

numerical examples of the proposed bounds.
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We first defined POAs and provided some basic properties of POAs. Next, we discussed
the application of POAs, especially in experimental designs. Next, we defined extended error-
correcting codes and clarified the relation between POAs and the extended error-correcting codes.
Further, we derived some properties of POAs from the relation. In the derivation, we used the
m split distance distribution and derived some properties of the m split distance distribution,
which are extended from MacWilliams Theorem and Delsarte Theorem. Lastly, we proposed LP

bounds for POAs and provided some numerical examples of the proposed bounds.






Chapter 4

A Subclass of Orthogonal Arrays with
Partial Strength and its Applications to

Unequal Error Protection Codes

4.1 Introduction

In Chapter 3, we proposed LP bounds for POAs. Consequently, the process of finding lower
bounds for POAs reduces to solving LP problems. However, these LP problems has 2* variables
or constraints, so these LP problem cannot be solved if k is large. Therefore, it is important
to consider the subclasses of the POAs such that the LP problems corresponding to the sub-
classes can be solved easily and such that the subclasses are important in applications involving

experimental designs and error-correcting codes.

In this Chapter 4, we introduce OAs with different strengths in each column as a subclass
of POAs. The LP problems corresponding to this subclass can be solved easily. Further, this
subclass is important in applications in experimental designs and error-correcting codes. In
particular, the application in error-correcting codes are important because this subclass is related
to UEP codes [12, 2].

In this chapter, we first define OAs with different strengths in each column and propose
its LP bounds. Next, we propose LP bounds for UEP code using the result. Next, we verify
the effectiveness of the proposed LP bounds for UEP codes. More specifically, we compare the
proposed bounds with the modified Hamming bound for UEP codes as proposed by Masnick et

al. [12], and provide some numerical examples of the proposed bounds.

This chapter is organized as follows. In Section 4.2, we define OAs with different strengths
in each column, and propose its LP bounds. In Section 4.3, we define UEP codes and propose
LP bounds for UEP codes. In Section 4.4, we verify the effectiveness of the LP bounds for UEP

codes.

37
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4.2 A Subclass of Orthogonal Arrays with Partial Strength

and its Linear Programming Bounds

At first, we define OAs with different strengths in each column as a subclass of POAs. The

definition of OAs with different strengths in each column is as follows.

Definition 4.1 Let m, k, k1, Ko, ..., Km, t1,t2, ..., t, be positive integers, where k = k1 + ko +
-+ K. If an array A is an POA(N, k,2,T), where

T={z=(z1,22,...,2m) €{0,1}™ x{0,1}" x --- x {0, 1}"]
(z1 #0,w(z) <ty)or (zo #0,w(z) <tg)or ...
or (2, #0,w(z) <tn)}, (4.1)

then A is called an OAs with different strengths in each column and denoted by

POA(N, (Iil, Ro,y ..., lim), 27 (tl,tg, ce ,tm)) (42)
|
In applications in experimental designs, an POA(N, (K1, K2,y Km), 2, (t1,t2,..., 1)) can be

used when the following model is assumed.

y(x) = Z faxa(z) + e(x), (4.3)

acl

where
I={e=(ejeq,....,e,) €{0,1}" x{0,1}"2 x --- x {0,1}"|
(e=0) or (e # 0,w(e) < [ ]) or (e2# 0,u(e) < [2])

or ... or (en £ 0, w(e) < [%’”J}. (4.4)

For example, if m =2, k1 =1, ko =4, t; = 4, and {5 = 2, then
I = {00000, 10000, 01000, 00100, 00010, 00001, 11000, 10100, 10010, 10001}. (4.5)
This means that there are five factors Fi, Fy, ... F5 and all interactive factors of order two

including F}, that is F} x Fy, I} X F3, F; X Fy and F} x F5.
Next, we propose LP bounds for POA(N, (k1, kg, - - ., km), 2, (t1,t2, ..., tmn)). In what follows,
the notation 7 is defined by

T o= {(isis i) € {0,1, .o k1 } X {0, 1,0 kol %o {0, 1, Ko}

(il 7£ O,Zij S tl) or (22 #O,ZZJ S tg) or

.. or (i #0, Zz] <tm)}. (4.6)

Then, LP bounds for POA(N, (k1, ko, .., Km), 2, (t1,t2, ..., 1)) are as follows.



Chapter 4. A Subclass of Orthogonal Arrays with Partial Strength and its Applications to

Unequal Error Protection Codes 39
Theorem 4.1 Let Npp(k1, Ko, ..., Km;t1,te, ... ty) be the solution to the following linear pro-
gramming problem: choose real numbers A; i, ., 1, =0,1,...,k;, 1 <j<m, so as to
K1 K2 Km
minimize Z Z e Z Ailioim (4.7)
i1=0i2=0  im=0
subject to the constraints
A0,0 77777 0= ]., (48)
AilyiQ ..... im 20,@20,1,2,...,/@,1 S] Sm, (49)

K1 K2 Km
$ S S A Pt i) 20 =0l L € S (110

J1=0j2=0 Jr=0

K1 K2 Km
ZZ"'ZAjl,jQ ..... ijil,ig ..... im(.jlaj27"'ajm) :0> (i17i27~--im) GT (411)

J1=0 j2=0 Jk=0

Then the size N of any POA(N, (K1, Ko, ..., Em),2, (t1,t2, ..., tm)) satisfies
NZNLP</€1,/€2,...,Km;tl,tQ,...,tm). (412)

Note that LP problems in Theorem 4.1 has at most k1 X k3 X - - - X k,,, variables and constraints,
whereas LP problems in Theorem 3.4 has 2F variables or constraints. Therefore, LP problems

in Theorem 4.1 can be solved easier than those in Theorem 3.4.

4.3 An Application to Unequal Error-Protection Codes

Next, we apply the result in Section 4.2 to UEP codes and propose LP bounds for UEP codes.
UEP codes were proposed by Masnick et al. [12] and have been studied by many researchers
[5, 6, 2]. UEP codes are divided to two types. The one is bit-wise UEP codes [12, 2], and the
other is message-wise UEP codes [5, 6]. In this thesis, we focus on bit-wise UEP codes.
The definition of (bit-wise) UEP codes is as follows.

Definition 4.2 Let m, k, Ky, Ko, ..., Km,d1,ds, ..., d, be positive integers, where k = k1 + Ko +
o+ Kp. If acode Cis a (k, N, D) extended code, where

D={z=(z1,22,...,2m) € {0,1}" x {0,1}" x --- x {0,1}"|
(21 £0,w(z) <d;—1)or (20 £0,w(z) <dy—1)or ...
or (z, #0,w(z) <d, —1)}, (4.13)

then C' is called a ((k1, Ko, ..., Kkm), N, (d1,da, ..., dn))2 unequal error protection (UEP) code.
|
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Next, we propose LP bounds for UEP codes. In what follows, the notation D is defined by

D .= {(?:hig,...,?;m)E{0,1,...,/@1}X{O,l,...,/ﬁ)g}X...{O,l,...,/{/m}|

(i #0,) i <di—1)or (iy#0,Y ij<dy—1)or
j=1 j=1
cor (i #0,) iy <dp — 1)}, (4.14)
j=1

UEP codes are corresponding to OAs with different strengths in each column. Therefore, we

can obtain LP bounds for UEP codes in the same way as Theorem 4.1.

Theorem 4.2 Let Mpp(K1, Ko, ..., Em;di,da, ... dpy) be the solution to the following linear pro-

grammang problem: choose real numbers A;, ;, 1;=0,1,...,k;, 1 <j<m, s0 as to

,,,,, im )

K1 K2

mazximize Z Z e i": Ao (4.15)

11=012=0 im=0

subject to the constraints

Aoo,..0 =1, (4.16)
Ah,ig ..... i Oa (7;17 Z‘27 s 7im) € D> (417)
A’il,’iz ..... im Z Oa (ila 7:27 LR 7Zm) g D? (4]‘8)

K1 K2 Km
Z Z e Z Ay s Pir iz (15 J25 -5 Jm) 2 0,45 =0,1,... k5,1 < j <m. - (4.19)

J1=0j2=0 Jk=0

Then the size N of any ((k1,K2, ..., km), N, (d1,ds,...,dp))2 UEP code satisfies
NS MLP(Hl,RQ,...,Iim;dl,dQ,...,dm). (420)

4.4 Verification of Linear Programming Bounds for Un-

equal Error Protection Codes

In this section, we verify the effectiveness of the LP bounds for UEP codes as shown in Theorem
4.2. For this verification, we compare the LP bounds for UEP codes with the modified Hamming

bounds and provide some numerical examples of the LP bounds for UEP codes.

4.4.1 Comparison with Modified Hamming Bounds

Next, we compare the LP bounds for UEP codes as shown in Theorem 4.2 with the modified
Hamming bounds as proposed by Masnick et al. [12]. The modified Hamming bounds can be

described as follows.
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Theorem 4.3 Let

E={e=(eey...,e,) € {0,1}" x{0,1}"** x --- x {0,1}"*"|(e = 0) or
(e # 0.w(e) < [T22]) o (e2 £ 0.u(e) < | 20))
dp — 1

or ... or (e, #0,w(e) <| 5 1} (4.21)

Then, any ((Kk1,K2, ..., km), N, (d1,da, ... ,dy))2 UEP code satisfy

or1tFK2t Tt KEm

N<
£

(4.22)

Further, the LP bounds for UEP codes and the modified Hamming bounds satisfy the following

relation.

Theorem 4.4 Let Mpp(k1,Ka, ..., Km;di,da, ..., dny) be the solution to the LP problem in The-
orem 4.2 and let E be defied by (4.21). Then

or1tK2ttKEm

Mpp(K1, K2, ..o Emidiyda, .o dp) < 7]

(4.23)

Theorem 4.4 shows that the LP bounds for UEP codes are tighter than the modified Hamming

bounds. We prove Theorem 4.4 in the next section 4.4.2.

4.4.2 Proof of Theorem 4.4

For simplicity, we prove Theorem 4.4 in the case m = 2. The generalization to m, 1 < m < k
can be done easily.
In order to prove Theorem 4.4, we provide some lemmas. The next Lemma 4.1 and 4.2

provide properties of the Krawtchouk polynomial.

Lemma 4.1 [11, Ch.5 Theorem 16] For any a,b € {0,1,...,k},

> ( IZ ) Pu(c)Py(c) = 2 ( I; ) Say (4.24)

c=0

where 0ap =1, if a =0, dop = 0, if a # b is the Kronecker symbol. [ ]

Lemma 4.2 [11, Ch.5 Theorem 17| For any a,b € {0,1,...,n},

( Z ) Py(a) = ( ’Z ) P, (b). (4.25)
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Moreover, Lemma 4.1 and 4.2 can be extended to Lemma 4.3 and 4.4.

Lemma 4.3 For any ay,b; € {0,1,..., K1}, ag, by € {0,1,... Ka},
Z Z ’Wcl c2 a1 a2 Cla 62) Pb1 ba (Cla CZ) = QM |Wa1 ag} 5(11 bl(sag b2 (426)
c1=0co=0

where Oay by, Oayb, are the Kronecker symbols.

Proof: For any a1,b; € {0,1,... K1}, as,by € {0,1,... Ko},

K1

K2
Z Z ‘W61762| Pa1,a2(cla CZ)Pb1,b2 (Cla CZ)

c1=0c2=0
- Z Z ( ) ( > Py, (c1; k1) Pay (c2; K2) (4.27)
c1=0c2=0 C2
= 2/41 ( K1 > (sal’bl x 2&2 ( K9 > 6a27b2 (428)
a ao
- QH‘Walaa2| 5a1,b15a2,b2, (429)
where (4.28) is from Lemma 4.1. [ |

Lemma 4.4 For any ay,b; € {0,1,..., K1}, as, by € {0,1,... Ka},
‘Wb1,b2| Pa17a2(b17b2) = ‘Wm,az‘ Pb1,b2(a’17a2)' (430)
Proof: For any aj,b; € {0,1,...,K1}, ag, by € {0,1,... Ka},

}Wbl b2| Pa1 as b1>b2

< ) ( ) iy (015 K1) Py (b2; K2) (4.31)
< ) ( ) Pb1 al,lil)PbQ(az,sz) (432)

‘Wal a2| Pb1 ba alu CL2 (433)

where (4.32) is from Lemma 4.2. [ |

Furthermore, the Krawtchouk polynomial has the following properties.

Lemma 4.5 Ifh+1i < j, then

Zk: ( I; ) B P F5(1) = 0. (4.34)
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Proof: The left-hand side of (4.34) is the coefficient of z"y'z7 in

> ( " ) (I+2)' (1 -2 1+ A -y (1+2)"" (1 -2 (4.35)

=0 l
—{(14+2)A+y)A+2)+ (1 —2)(1—y)(1-2)}" (4.36)
=281 + oy + yz + z2)", (4.37)

where (4.36) is from binomial theorem. If h+i < j, the coefficient of xy*27 in (4.37) is 0. Thus,
we can obtain Eq. (4.34). [ |

Next, we define the dual problem of the LP problem in Theorem 4.2, which is important to
prove Theorem 4.4.

Problem 4.1 Choose real numbers o, ,, 11 =0,1,... k1, 19 =0,1,..., K2, S0 as to
K1 K2 - Ko
minimaize T 4.38
ZZ(@)(@)“ (4.38)
11=012=0
subject to the constraints
Qoo = 1, (439)
iy o Z 0, il = O, ]_, ceey I€1,Z'2 = 07 1, ...y, Ko, (440)
niy  no
Z Z ail,izpil,iQ(jth) < Oav(jlan) € {Oa 17 SR Kl} X {0> 17 BRI "{2} \ D. (441)
i1=0 i9=0
|

From the duality theorem of LP [11, Ch.17 Theorem 15, 16], it follows that any feasible
solution to the dual problem gives an upper bound on the optimal solution to the primal problem.
Therefore, we can prove Theorem 4.4 as follows.

Proof of Theorem 4.4: In what follows, let

o . , , dy —1

E = {(i1,i2) € {0,1,..., 51} x {0,1,..., Ko}|(i1 # 0,41 +is < |

d2 —1
2

1)
D} (4.42)

or (Z1+22§L

In Problem 4.1, let

Oy iy = (4.43)

.. 2
Z(al,aQ)eS Pa1,a2 (7’17 22)
|E| '

Then app = 1, and o, ;, > 0, 43 = 0,1,...,k1, 92 = 0,1,...,Kke. Further, for any (ji,j2) €



44 4.4. Verification of Linear Programming Bounds for Unequal Error Protection Codes

{0,1,...71{1}X{O,]_,...,I{Q}\D,

K K 2
Zl 22 {Z(m ,a2)EE P, ,G2 (217 22) p. . (]1 ]2)
| 11,12 bl

11=012=0
K1 K2

’EP Z Z Z Z Pt 0y (i1,92) Py, p, (11, 92) Py iy (51, J2) (4.44)

11=0142=0 (a1,a2)€E (b1,b2)€E

K1 K2

’E‘Q |VVJ1 ]2| Z Z ZZ“/VH io al az Z17Z2>Pbl b2(21722)P]1 J2(21722) (4'45)

(a1,a2)€E (b1,b2)€€ 11=012=0

= B ’WM’ >y {Z]wf:ﬂalm;m)Pm(z'l;m)lﬂjl(z'l;m)}

(a1,a2)€E (b1,b2)e€E \i1=0

K2
X {Z’W;:Q) |Pa2 (’LQ, Iig).Pb2 (22, KQ).PJ‘Q (22, KQ)} (446)

i2=0

= 0. (4.47)

where (4.45) is from Lemma 4.4 and (4.47) is from (4.14), (4.42), and Lemma 4.5. Thus, we can
see that (4.39)-(4.41) hold.

Therefore, the following is a feasible solution to Problem 4.1.

K1 K2 . 2
Z Z 2(&1,(12)65 Pal,az (Zla 22)
11=012=0 2 |E|

|E|2 ZZ ( ) ( ) ( Z Z Pal az 11722 Pbl b2<21a22> (448)

i1=012=0 al a2)€5 (bl bz)Eg

— Y Y ome ( ! ) < na ) SO (4.49)

a
(al az)eg (bl bg e€ 2

2n1+nz
- T5p S Wl (4.50)
(a1,a2)€E
2H1+H2
_ 7 (4.51)
|E|

where (4.49) is from Lemma 4.3. We can obtain (4.23) because any feasible solution to the dual

problem is upper bound on the optimal solution to the primal problem. |

4.4.3 Numerical Examples
Next, we provide two examples to illustrate Theorem 4.2.
Example 4.1 We consider the case that m = 2, k1 = 6, ko = 3, di = 3 and dy = 5. In this

case, we can obtain the optimal solution M p(6,3;3,5) = 16 using a computer. Moreover, this
optimal solution has Agg = Ag3 =1, A3 = Az3 =4, Ay = Ay3 = 3 and the other A;, ;, = 0.
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Table 4.1: ((k1,k2), M, (5,3)) UEP codes (0 < k1, ke < 15)

K1 ‘ Ko H LP bounds ‘ Construction
0|15 2048.00 | 2048 (Hamming)
1 |14 1024.00

2 |13 585.14

3|12 585.14

4 |11 390.10

5 110 390.10

6|9 336.84

718 318.58

8 | 7 290.59

9|6 280.70

10| 5 273.07

11| 4 263.49

12| 3 262.76

13| 2 260.06

14| 1 260.06

150 260.06 256 (Preparata)

In fact, the UEP code with the parity check matrix

00011110 0]
011001100
101010100/, (4.52)
0000O0OO0OT1T1®O0
(000000101
is a ((6,3), 16, (3,5))2 UEP code and has these 2 split distance distribution. [ |

Example 4.2 We consider ((k1, k2), M, (5,3)) UEP codes, where k142 = 15 and 0 < k; < 15.
Note that a ((0,15), M, (5,3)) UEP code is a (15, M, 3) code and a ((15,0), M, (5,3)) UEP code
is a (15, M,5) code. In this case, the optimal solutions Mpp((k1,k2), (5,3)) obtained using a
computer are in the column “LP bounds” of Table 4.1. In Table 4.1, the column “Construction”
means the size of the best code with these parameters [11, p.675]. From Table 4.1, we can say
that there can be useful UEP codes in the parameter k1 = 1,2, ..., 14. [ |

4.5 Concluding Remarks

In this Chapter, we defined OAs with different strengths in each column and proposed its LP

bounds. Moreover, we proposed LP bounds for UEP codes and showed the effectiveness of the
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LP bounds for UEP codes.

We first defined OAs with different strengths in each column as a subclass of POAs and
proposed its LP bounds. Further, we showed that the LP problems corresponding to this subclass
had few variables and constraints. Next, we proposed LP bounds for UEP codes. Lastly, we
compared the LP bounds for UEP codes with the modified Hamming bounds and provided some

numerical examples of the LP bounds for UEP codes.



Chapter 5

Construction of Orthogonal Arrays
with Partial Strength from Unequal

Error Protection Codes

5.1 Introduction

As stated in Chapter 3.5, main problems in the study of POAs are as follows.

e Find the POA with a minimum number of rows NN, given the number of columns & and
the partial strength 7'(C {0, 1}*).

e Find the lower bound for a number of rows N, given the number of columns k and the
partial strength T'(C {0, 1}").

In previous works, many construction methods for POAs were proposed by researchers of exper-
imental designs [1, 3, 13, 22]. Most of these methods are algorithmic and it is hard to construct
POAs with a large number of columns and partial strength 7" whose size |T'| is large.

On the other hand, in the study of OAs, there are many construction methods for OAs [7].
Some of these methods use the relation with error-correcting codes in Theorem 2.3. Further,
these methods can construct OAs with the large number columns and large strength easily.

In this Chapter 5, we propose construction methods for OAs with different strengths in
each column, which was defined as a subclass of POAs in Chapter 4. We first propose two
construction methods , construction method 1 and construction method 2, for linear OAs with
different strengths in each column. These two methods use the relation between POAs and
extended codes as shown in Theorem 3.3. Moreover, construction method 1 and construction
method 2 use the construction methods for UEP codes as proposed by Masnick et al. [12]
and Boyarinov et al. [2], respectively. Next, we propose construction method 3 for nonlinear
OAs with different strengths in each column. The construction method 3 is an extension of
the construction method 1. Lastly, we provide some numerical examples of these construction
methods.

47
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Figure 5.1: The construction method of linear OA

This chapter is organized as follows. In Section 5.2, we propose construction methods for
linear and nonlinear OAs with different strengths in each column. In Section 5.3, we provide

some numerical example of these proposed methods.

5.2 Construction from Unequal Error Protection Codes

5.2.1 Linear Orthogonal Arrays with Partial Strength

From Theorem 3.3, Definition 4.1, and Definition 4.2, we can make a linear POA((k1, K2, - . . Km),
N,2,(t1,ta,...,ty)) from the dual code of a linear ((ky, K2, ... Km), N, (t1+1,ta+1, ...t +1))s
UEP code directly. The next Construction Method 1 is from the construction method for UEP
codes as proposed by Masnick et al. [12].

Construction Method 1 Let there be two generator matrices of OAs; G, is the generator
matrix for a linear OA(Ny, ky,2,t;) and G is the one for a linear OA(Ny, ko, 2, 15), where t5 < ¢;.
Let Gy and G4 be joined as sub-matrices of G where G; and G5 overlap, as shown in Fig.5.1.
The array with generator matrix G is an N1 Ny X ky + ko — kog, array. Let kop < t5/2. [ |

The array by Construction Method 1 satisfies the following theorem.

Theorem 5.1 The array by Construction Method 1 is an POA(NyNay, (k1 —kor, kor, ko —kor), 2,
(t17t1+t2—l€0L,t2)>. [ |

Further, the next Construction Method 2 is from the construction method for UEP codes as

proposed by Boyarinov et al. [2].

Construction Method 2 Let o denote a primitive element of the Galois field GF(2%). Then

B = a®*!is a primitive element of the Galois field GF(2') that is a subfield of the Galois field

GF(2%). Consider an array over {0, 1}, which have the generator matrix
1 a - « a2tz L. 22

1 0 --- 0 53 0 0

2! o¢2l+1

G = (5.1)
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The array with the generator matrix G is a 2% x (2% — 1) array. |

The array by Construction Method 2 satisfies the following theorem.

Theorem 5.2 Let | be an odd integer. Then, the array with the generator matriz in (5.1) is an
POA(23™ (2™ —1,2%™ —2™m) 2, (4,2)). [ |

The statement of Theorem 5.2 allows for some modifications and generalizations in the same
way as UEP codes (cf. [2, Theorem 2]).

5.2.2 Nonlinear Orthogonal Arrays with Partial Strength

Next, we propose a construction method for nonlinear POA((k1, Ko, . . . Km), N, 2, (L1, t2, ..., tm)).
The next Construction Method 3 is extended from Construction Method 1.

Construction Method 3 Let there be two OAs; C) is an OA(Ny, kp,2,t;) and Cy is an
OA(Ny, ka,2,t5), where 5 < 7. Note that C; and Cy are not needed to be linear. Let C,
be the set of the rows of C; and C5 be the set of the rows of Cy. Let

C = {(61,17 ooy Clky—kor > Clki—kor+1 D C215 -+ o5 CLky D Cokors C2kop 415 - - - 702,1@) ’
fOI' V(CLl, 0172, Ce 7Cl,k1) I~ Cl,V(ngl, 0272, e ,0271@) € Cg} (52)

The OA whose rows are formed by the vectors in C' is an (N1 Ny) x (k1 + ks — kor) array. Let
kor, < t2/2. [ ]

The array by Construction Method 3 satisfies the following theorem.

Theorem 5.3 The array by Construction Method 3 is an POA(NyNay, (k1 —kor, kor, ke —kor), 2,
(t1,t1 +to — kor, t2)).

Proof: Let N = N1Ny and k = ki + ko — kor,. Further, let

Oi = {(CLLI, CLLQ, e ,al,kl, 07 0, . ,0) c {0, 1}k|V(a1,1, CLLQ, e ,al’kl) - Ol}, (53)
Cé = {(O, 0, PN ,O, a271, CLQ’Q, N ,aMZ) & {O, 1}’“!V(a271, a272, e ,a27k2) € Cg} (54)

From Lemma 3.2, we should prove

D (=)%Y =0 forueT)\{0}, (5.5)

veC

where
T ={z = (z1, 29, 23) € {0, 1} For 5 [0, 1} kor x {0, 1}F27For|(z = 0) or
(21 #0,w(z) <ty)or (z9 #0,w(z) <t; +ty — kor) or
(Zg 7£ O,’UJ(Z) < tz)} (56)
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Moreover,
(D)"Y =0 forueT)\{0} (5.7)
veC
= > ) (-)*™E = foru e T\ {0} (5.8)
'UlECi 'UzGCé
= D> (=D ()" =0 forueT\{0}, (5.9)
'UleCi UQECé

so we will prove (5.9).

1. For the case of u € {z = (21, 29, 23)|21 # 0,w(z) < t; }(C T\ {0}).

Then

> (-n)*Pr =y, (5.10)

UleC{

from (5.3) and Lemma (3.2). Thus (5.9) holds.

. For the case of u € {z = (21, 22, 23)|23 # 0,w(z) < tL,}(C T\ {0}).

In the same way as 1. ,

> (-n*rz = (5.11)

V1€C)

Thus (5.9) holds.

. For the case of u € {z = (21, 29, 23)|22 # 0, w(2) < t; +1ts — ko }(C T\ {0}).

Let w = (uy, uy, uz) € {0, 1}F17kor x £ 1}For x {0, 1}F2=kor Tf w(uy, us) < ¢4, then

> (—1)%P =y, (5.12)

V10

from (5.3) and Lemma (3.2). Further, if w(wu, us) > 1, then

w(uz) <ty — kor = w(ug, uz) < to, (5.13)
S0
> (-1)%P2 =0, (5.14)
V,1€C

from (5.4) and Lemma (3.2). Thus (5.9) holds.
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5.3 Numerical Examples

5.3.1 Numerical Examples of Construction Method 1 and 3

In this section, we provide some examples of POAs by Construction Method 1 and 3. Further,
we compare them with the optimal OAs [7, Table 12.1].

We first compare the following;

e An OA(2',16,2,8). This is an optimal M x 16 OA with the strength 8, which is in [7,
Table 12.1].

e An POA(2,(8,1,7),2,(5,8,4)) by Construction Method 1: Gy in Construction Method
1 is a generator matrix for an OA(27,9,2,5). This is an optimal OA with the number
of column 9 and strength 5, which is in [7, Table 12.1]. G5 is a generator matrix for an
OA(25,8,2,4). This is also an optimal OA with the number of column 8 and strength 4.
And ngr, = 1.

In this case, the number of rows of the POA by Construction Method 1 is fewer than the optimal
OA.
Next, we compare the following arrays to discuss the differences between linear and nonlinear

OAs with different strengths in each column.

e (OA) OA(M,k,2,4), k =11,12,...,32. These are optimal OAs with strength 4, which is
in [7, Table 12.1].

e (Method 1) POA(M, (k1,1,2),2,(3,4,2)), k1 = 8,9,...,29 by Construction Method 1:
G4 in Construction Method 1 are generator matrices for the optimal linear OAs with the
number of column x; + 1 and strength 3, which is in [7, Table 12.1], G5 is the generator

matrix for a linear OA(4, 3,2, 2), and ngr, = 1.

e (Method 3) POA(M, (k1,1,2),2,(3,4,2)), k1 = 8,9,...,29 by Construction Method 3:
C; in Construction Method 3 are the optimal linear or nonlinear OAs with the number
of column x; + 1 and strength 3, which is in [7, Table 12.1], Cy is a OA(4,3,2,2), and

Nor, = 1.

The number of rows of each array is shown in Table 5.1, where k = k1 + 1 + 2 in Method 1 and
Method 3.

We first compare the POA by Construction Method 1 with the OAs. We can see that the
number of rows of the linear POAs is fewer than that of OAs at many k.

Next, we compare linear and nonlinear POAs by Construction Method 3 with linear POAs by
Construction Method 1. The number of rows of POAs by Construction Method 3 is fewer than
that of POAs by Construction Method 1. This is because Construction Method 3 is extended
from Construction Method 1, so POAs by Construction Method 3 include POAs by Construction
Method 1.
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Table 5.1: The number of rows of OAs

k || OA | Method 1 | Method 3
11 ]| 128 128 96
12 || 128 128 96
13 || 128 128 96
14 || 128 128 96
15 || 128 128 128
16 || 256 128 128
17 || 256 128 128
18 || 256 128 128
19 || 256 256 160
20 || 512 256 160
21 || 512 256 160
22 || 512 256 160
23 || 512 256 192
24 1| 1024 256 192
25 || 1024 256 192
26 || 1024 256 192
27 || 1024 256 224
28 || 1024 256 224
29 || 1024 256 224
30 || 1024 256 224
31 || 1024 256 256
32 || 1024 256 256

5.3.2 Numerical Examples of the Construction Method 2

Next, we provide an example of an POA by Construction Method 2. Further, we compare it
with an OA by using a BCH code [7, 11].

We compare the following arrays;

e The OA(4096,63,2,4), which has the generator matrix

l 20
1 Ie” 042""1 e @2 2

2 R a21+1+2 “ e a221+1_4

G —

1 «
where [ = 3.

e The POA(512,(56,7),2,(2,4)) by Construction Method 2, where let I = 3 in Construction
Method 2.
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In this case, the number of rows of the POA by Construction Method 2 is fewer than that of
the OA.

5.4 Concluding Remarks

In this chapter, we proposed three construction methods for OAs with different strengths in each
column. Further, we provided numerical examples of these construction methods.

We first proposed construction method 1 and construction method 2 for linear OAs with
different strengths in each column. These methods used the relation between POAs and extended
codes and used the construction methods for UEP codes. Next, we proposed construction method
3 for nonlinear OAs with different strengths in each column. This method is an extension of the
construction method 1. Lastly, we provided some numerical examples of these three construction
methods.






Chapter 6
Conclusion

In this thesis, we extended the concept of OAs to POAs and proposed LP bounds for POAs. We
also defined OAs with different strengths in each column as a subclass of POAs and proposed
its LP bounds. Moreover, we proposed LP bounds for UEP codes by using the results obtained
for this subclass. We also proposed construction methods for OAs with different strengths in
each column.

In Chapter 2, we discussed previous studies pertaining to OAs. In particular, we provided
details about the applications of OAs in experimental designs, the relation between OAs and
error-correcting codes, and the LP bounds for OAs.

In Chapter 3, we extended OAs to POAs and showed that POAs were more suitable for
experimental design applications than OAs. We also defined extended codes and clarified the
relation between POAs and extended codes. Additionally, we derived some properties of POAs
from the relation. We further proposed LP bounds for POAs from the properties derived from
the relation with the extended codes and presented some numerical examples of the LP bounds
for POAs.

In Chapter 4, we defined OAs with different strengths in each column as a subclass of POAs
and proposed their LP bounds. Then, we showed that the LP problems corresponding to this
subclass can be solved more easily than those corresponding to POAs. Further, we proposed the
LP bounds for UEP codes by using the results in this subclass. We also compare the LP bounds
for UEP codes with the modified Hamming bounds and provided numerical examples of the LP
bounds for UEP codes.

In Chapter 5, we initially proposed two construction methods, construction method 1 and
construction method 2, for linear OAs with different strengths in each column. In both these
methods, the relation between POAs and extended codes and the construction methods for
UEP codes were used. We also proposed construction method 3 for nonlinear OAs with different
strengths in each column; this method is an extension of construction method 1. We also
provided some numerical examples for these three construction methods.

In the future, we plan to study other subclasses of POAs. In Chapter 4, we stated the
importance of considering subclasses of POAs and introduced OAs with different strengths in

each column as a subclass of POAs. We expect to find other subclasses of POAs for which the
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LP problems corresponding to the subclasses can be solved easily and for which the subclasses
are important in applications involving experimental designs or error-correcting codes.

We also plan to study other construction methods for POAs in the future. As stated in
Chapter 5, many construction methods were proposed for POAs [1, 3, 13, 22]. Most of these
methods can be regarded as search algorithms. Also, the lower bounds for POAs can be useful
for narrowing the search ranges of these algorithms. Thus, we believe that we can find a new
algorithm by combining the search algorithms and the proposed lower bounds (or properties of
POAs to derive these bounds).
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