Graduate School of Fundamental Science and Engineering
Waseda University

Lt W o M

Doctoral Dissertation Synopsis

W% A
Dissertation Title

Solutions of the tt*-Toda Equations with Integer Stokes Data and
Quantum Cohomology of Minuscule Flag Manifolds

e StokesT — & & b Ott* 7 [H R OfE &
minuscule’2 EZRIAD E T aREr U—

HOR A
(Applicant Name)
Yoshiki KANEKO

At A A

Department of Pure and Applied Mathematics, Research on Differential Geometry

January, 2023



The tt* equations were introduced by Cecotti and Vafa in 1991. They defined
the tt* equations in the context of N=2 superconformal field theory, in physics. They
proposed to classify superconformal field theories by studying their deformations,

which are given by solutions of these equations.

In mathematics, Guest-Its-Lin solved the tt*-Toda equations of type A4,, a
special case of the tt* equations. We have three aspects of the global solutions of
the tt*-Toda equations. The first one is the holomorphic data. This is a certain
holomorphic I-form, from which a solution can be constructed by the so-called DPW
construction. The second one is the asymptotic data of the global solutions, as the
variable goes to zero. The third one is the Stokes data. The tt*-Toda equations are
equivalent to the conditions of isomonodromic deformation of a certain O.D.E., from
which it follows that a solution corresponds to a collection of monodromy data. This
data reduces to the entries of the Stokes matrices of the O.D.E. at t=0.

In this thesis, we focus on solutions corresponding to integer Stokes data of the tt*-
Toda equations. According to Cecotti and Vafa, such solutions are expected to

correspond to physically realistic superconformal field theories.

Our first result is related to properties of the integer Stokes data. Guest-Lin
found that the holomorphic 1-forms of certain solutions corresponding to integer
Stokes data can be identified with the Dubrovin connection forms of algebraic
varieties such as projective space, weighted projective space, or some intersections
of hypersurfaces in projective spaces. Thus solutions corresponding to integer
Stokes data may have important geometrical, as well as physical, significance.

It is difficult to determine the integer Stokes data, even in the special case of the
tt*-Toda equations of type A,. Guest-Its-Lin showed that the asymptotic data of the
global solutions correspond to the points of (a subspace of) the Fundamental Weyl
Chamber of type A,. Using their results we investigated the solutions with integer
Stokes data from the point of view of Lie theory. In particular we computed the
number of solutions with integer Stokes data, and we found all solutions with
integer Stokes data where the asymptotic data lies in a certain line in the

Fundamental Weyl Chamber.

More precisely, let us assume that the asymptotic data lies on the p-line,
where p is the sum of the basic weights.

Our first main theorem is:



Theorem. For n=3, there are only four points on the p-line which correspond

to solutions with integer Stokes data. One point corresponds to the trivial solution
of tt*-Toda equations. The other three points have well-known geometrical
interpretations: the quantum coholomogy of complex projective space CP", the
quantum coholomogy of the weighted projective space CPY™, the unfolding of the

Apyq singularity.

Our second result concerns solutions which are related to quantum
cohomology of flag manifolds, not just in the A, case, but more generally in the
case of flag manifolds of complex simple Lie groups. We focus on the particular
solution whose asymptotic data is given by the point corresponds to the point -p
(which corresponds to the origin of the Fundamental Weyl Chamber). (Strictly
speaking this is a family of solutions, but it is expected that exactly one member of
this family will be a global solution.) It is known that this point corresponds to
integer Stokes data, for any complex simple Lie group. This data has the following

geometrical interpretation:

Theorem. The holomorphic 1-forms of the solution whose asymptotic data is given
by the point -p can be identified with the Dubrovin connection form of the quantum

coholomogy of (any) minuscule flag manifold of the Lie group.

The quantum cohomology of a minuscule flag manifold can be calculated by
the quantum Chevalley formula. Using this, the Dubrovin connection form was
calculated by Lam and Templier, and this turns out to agree with the holomorphic 1-

form of the solution whose asymptotic data is given by the point -p.

In the A, case, our result shows that the quantum cohomology of (any)
complex Grassmannian corresponds to the same solution of the tt*-Toda equations.
This is consistent with the quantum Satake isomorphism of Golyshev and Manivel,
which describes a relation between the quantum cohomology algebras of these
spaces. For Lie groups of types D, or Eg, i.e. those Lie groups which admit more
than one minuscule flag manifold, a similar relation can be expected. We give such a

relation in the D, case.

Our third result compares the classification method of Cecotti-Vafa with that
of Guest-Its-Lin. The Cecotti-Vafa method applies to triangular matrices with

integer entries, which they regard as candidates for integer Stokes matrices of
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solutions to the tt* equations. When such solutions exist, the corresponding Stokes
matrices are not unique (as they depend on various choices), but they must be
related by the action of a (signed) braid group. Thus, Cecotti-Vafa formulate the
problem of classifying braid group orbits of triangular matrices with integer
entries. On the other hand, the Guest-Its-Lin method simply counts solutions of the
tt*-Toda equations; these solutions are known to exist, from a construction which
produces a particular choice of Stokes matrix. Thus, the Cecotti-Vafa classification
gives an upper bound on the number of equivalence classes of solutions of the tt*-
Toda equations, and the Guest-Its-Lin classification gives a lower bound.

Theorem. For n=1,2,3, the Guest-Its-Lin classification of solutions of the tt*-Toda

equations coincides with the Cecotti-Vafa classification.

We prove this theorem by making use of two invariants of the braid group
action (as the braid group action is difficult to study directly). One is the conjugacy
class of monodromy matrix S-S7, and the other is the signature of the matrix S+ST
where S is (any) Stokes matrix. For n=1,2,3 these invariants suffice to distinguish
the braid group orbits, as we show by a case-by-case argument. Our theorem
confirms the validity of the classification method of Cecotti-Vafa, in the case of the

tt*-Toda equations, for n=1,2,3.
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