
January, 2023

　Graduate School of Fundamental Science and Engineering

Yoshiki KANEKO

博　士　論　文　概　要

論　文　題　目

Solutions of the tt*-Toda Equations with Integer Stokes Data and
Quantum Cohomology of Minuscule Flag Manifolds

整数Stokesデータをもつtt*戸田方程式の解と
minusculeな旗多様体の量子コホモロジー

申　請　者

Department of Pure and Applied Mathematics, Research on Differential Geometry

Doctoral Dissertation Synopsis

Dissertation Title

(Applicant Name)

金子　吉樹

Waseda University



 

No. 1 

T h e  t t *  e q u a t i o n s  w e r e  i n t r o d u c e d  b y  C e c o t t i  a n d  V a f a  i n  1 9 9 1 .  T h e y  d e f i n e d  

t h e  t t *  e q u a t i o n s  i n  t h e  c o n t e x t  o f  N = 2  s u p e r c o n f o r m a l  f i e l d  t h e o r y ,  i n  p h y s i c s .  T h e y  

p r o p o s e d  t o  c l a s s i f y  s u p e r c o n f o r m a l  f i e l d  t h e o r i e s  b y  s t u d y i n g  t h e i r  d e f o r m a t i o n s ,  

w h i c h  a r e  g i v e n  b y  s o l u t i o n s  o f  t h e s e  e q u a t i o n s .  

 

I n  m a t h e m a t i c s ,  G u e s t - I t s - L i n  s o l v e d  t h e  t t * - T o d a  e q u a t i o n s  o f  t y p e  !!,  a  

s p e c i a l  c a s e  o f  t h e  t t *  e q u a t i o n s .  W e  h a v e  t h r e e  a s p e c t s  o f  t h e  g l o b a l  s o l u t i o n s  o f  

t h e  t t * - T o d a  e q u a t i o n s .  T h e  f i r s t  o n e  i s  t h e  h o l o m o r p h i c  d a t a .  T h i s  i s  a  c e r t a i n  

h o l o m o r p h i c  1 - f o r m ,  f r o m  w h i c h  a  s o l u t i o n  c a n  b e  c o n s t r u c t e d  b y  t h e  s o - c a l l e d  D P W  

c o n s t r u c t i o n .  T h e  s e c o n d  o n e  i s  t h e  a s y m p t o t i c  d a t a  o f  t h e  g l o b a l  s o l u t i o n s ,  a s  t h e  

v a r i a b l e  g o e s  t o  z e r o .  T h e  t h i r d  o n e  i s  t h e  S t o k e s  d a t a .  T h e  t t * - T o d a  e q u a t i o n s  a r e  

e q u i v a l e n t  t o  t h e  c o n d i t i o n s  o f  i s o m o n o d r o m i c  d e f o r m a t i o n  o f  a  c e r t a i n  O . D . E . ,  f r o m  

w h i c h  i t  f o l l o w s  t h a t  a  s o l u t i o n  c o r r e s p o n d s  t o  a  c o l l e c t i o n  o f  m o n o d r o m y  d a t a .  T h i s  

d a t a  r e d u c e s  t o  t h e  e n t r i e s  o f  t h e  S t o k e s  m a t r i c e s  o f  t h e  O . D . E .  a t  t = 0 .    

I n  t h i s  t h e s i s ,  w e  f o c u s  o n  s o l u t i o n s  c o r r e s p o n d i n g  t o  i n t e g e r  S t o k e s  d a t a  o f  t h e  t t * -

T o d a  e q u a t i o n s .  A c c o r d i n g  t o  C e c o t t i  a n d  V a f a ,  s u c h  s o l u t i o n s  a r e  e x p e c t e d  t o  

c o r r e s p o n d  t o  p h y s i c a l l y  r e a l i s t i c  s u p e r c o n f o r m a l  f i e l d  t h e o r i e s .  

 

O u r  f i r s t  r e s u l t  i s  r e l a t e d  t o  p r o p e r t i e s  o f  t h e  i n t e g e r  S t o k e s  d a t a .  G u e s t - L i n  

f o u n d  t h a t  t h e  h o l o m o r p h i c  1 - f o r m s  o f  c e r t a i n  s o l u t i o n s  c o r r e s p o n d i n g  t o  i n t e g e r  

S t o k e s  d a t a  c a n  b e  i d e n t i f i e d  w i t h  t h e  D u b r o v i n  c o n n e c t i o n  f o r m s  o f  a l g e b r a i c  

v a r i e t i e s  s u c h  a s  p r o j e c t i v e  s p a c e ,  w e i g h t e d  p r o j e c t i v e  s p a c e ,  o r  s o m e  i n t e r s e c t i o n s  

o f  h y p e r s u r f a c e s  i n  p r o j e c t i v e  s p a c e s .  T h u s  s o l u t i o n s  c o r r e s p o n d i n g  t o  i n t e g e r  

S t o k e s  d a t a  m a y  h a v e  i m p o r t a n t  g e o m e t r i c a l ,  a s  w e l l  a s  p h y s i c a l ,  s i g n i f i c a n c e .   

I t  i s  d i f f i c u l t  t o  d e t e r m i n e  t h e  i n t e g e r  S t o k e s  d a t a ,  e v e n  i n  t h e  s p e c i a l  c a s e  o f  t h e  

t t * - T o d a  e q u a t i o n s  o f  t y p e  !!.  G u e s t - I t s - L i n  s h o w e d  t h a t  t h e  a s y m p t o t i c  d a t a  o f  t h e  

g l o b a l  s o l u t i o n s  c o r r e s p o n d  t o  t h e  p o i n t s  o f  ( a  s u b s p a c e  o f )  t h e  F u n d a m e n t a l  W e y l  

C h a m b e r  o f  t y p e  !!.   U s i n g  t h e i r  r e s u l t s  w e  i n v e s t i g a t e d  t h e  s o l u t i o n s  w i t h  i n t e g e r  

S t o k e s  d a t a  f r o m  t h e  p o i n t  o f  v i e w  o f  L i e  t h e o r y .  I n  p a r t i c u l a r  w e  c o m p u t e d  t h e  

n u m b e r  o f  s o l u t i o n s  w i t h  i n t e g e r  S t o k e s  d a t a ,  a n d  w e  f o u n d  a l l  s o l u t i o n s  w i t h  

i n t e g e r  S t o k e s  d a t a  w h e r e  t h e  a s y m p t o t i c  d a t a  l i e s  i n  a  c e r t a i n  l i n e  i n  t h e  

F u n d a m e n t a l  W e y l  C h a m b e r .  

  

M o r e  p r e c i s e l y ,  l e t  u s  a s s u m e  t h a t  t h e  a s y m p t o t i c  d a t a  l i e s  o n  t h e  ρ - l i n e ,  

w h e r e  ρ  i s  t h e  s u m  o f  t h e  b a s i c  w e i g h t s .   

 O u r  f i r s t  m a i n  t h e o r e m  i s :  
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T h e o r e m .  F o r  n≧ 3 ,  t h e r e  a r e  o n l y  f o u r  p o i n t s  o n  t h e  ρ - l i n e  w h i c h  c o r r e s p o n d  

t o  s o l u t i o n s  w i t h  i n t e g e r  S t o k e s  d a t a .  O n e  p o i n t  c o r r e s p o n d s  t o  t h e  t r i v i a l  s o l u t i o n  

o f  t t * - T o d a  e q u a t i o n s .  T h e  o t h e r  t h r e e  p o i n t s  h a v e  w e l l - k n o w n  g e o m e t r i c a l  

i n t e r p r e t a t i o n s :  t h e  q u a n t u m  c o h o l o m o g y  o f  c o m p l e x  p r o j e c t i v e  s p a c e  ℂ$!,  t h e  

q u a n t u m  c o h o l o m o g y  o f  t h e  w e i g h t e d  p r o j e c t i v e  s p a c e  ℂ$",!,  t h e  u n f o l d i n g  o f  t h e  

!!$" s i n g u l a r i t y .   

 

O u r  s e c o n d  r e s u l t  c o n c e r n s  s o l u t i o n s  w h i c h  a r e  r e l a t e d  t o  q u a n t u m  

c o h o m o l o g y  o f  f l a g  m a n i f o l d s ,  n o t  j u s t  i n  t h e  !! c a s e ,  b u t  m o r e  g e n e r a l l y  i n  t h e  

c a s e  o f  f l a g  m a n i f o l d s  o f  c o m p l e x  s i m p l e  L i e  g r o u p s .  W e  f o c u s  o n  t h e  p a r t i c u l a r  

s o l u t i o n  w h o s e  a s y m p t o t i c  d a t a  i s  g i v e n  b y  t h e  p o i n t  c o r r e s p o n d s  t o  t h e  p o i n t  - ρ  

( w h i c h  c o r r e s p o n d s  t o  t h e  o r i g i n  o f  t h e  F u n d a m e n t a l  W e y l  C h a m b e r ) .  ( S t r i c t l y  

s p e a k i n g  t h i s  i s  a  f a m i l y  o f  s o l u t i o n s ,  b u t  i t  i s  e x p e c t e d  t h a t  e x a c t l y  o n e  m e m b e r  o f  

t h i s  f a m i l y  w i l l  b e  a  g l o b a l  s o l u t i o n . )  I t  i s  k n o w n  t h a t  t h i s  p o i n t  c o r r e s p o n d s  t o  

i n t e g e r  S t o k e s  d a t a ,  f o r  a n y  c o m p l e x  s i m p l e  L i e  g r o u p .   T h i s  d a t a  h a s  t h e  f o l l o w i n g  

g e o m e t r i c a l  i n t e r p r e t a t i o n :  

 

T h e o r e m .  T h e  h o l o m o r p h i c  1 - f o r m s  o f  t h e  s o l u t i o n  w h o s e  a s y m p t o t i c  d a t a  i s  g i v e n  

b y  t h e  p o i n t  -& c a n  b e  i d e n t i f i e d  w i t h  t h e  D u b r o v i n  c o n n e c t i o n  f o r m  o f  t h e  q u a n t u m  

c o h o l o m o g y  o f  ( a n y )  m i n u s c u l e  f l a g  m a n i f o l d  o f  t h e  L i e  g r o u p .  

 

T h e  q u a n t u m  c o h o m o l o g y  o f  a  m i n u s c u l e  f l a g  m a n i f o l d  c a n  b e  c a l c u l a t e d  b y  

t h e  q u a n t u m  C h e v a l l e y  f o r m u l a .  U s i n g  t h i s ,  t h e  D u b r o v i n  c o n n e c t i o n  f o r m  w a s  

c a l c u l a t e d  b y  L a m  a n d  T e m p l i e r ,  a n d  t h i s  t u r n s  o u t  t o  a g r e e  w i t h  t h e  h o l o m o r p h i c  1 -

f o r m  o f  t h e  s o l u t i o n  w h o s e  a s y m p t o t i c  d a t a  i s  g i v e n  b y  t h e  p o i n t  -&.  

 

I n  t h e  !! c a s e ,  o u r  r e s u l t  s h o w s  t h a t  t h e  q u a n t u m  c o h o m o l o g y  o f  ( a n y )  

c o m p l e x  G r a s s m a n n i a n  c o r r e s p o n d s  t o  t h e  s a m e  s o l u t i o n  o f  t h e  t t * - T o d a  e q u a t i o n s .  

T h i s  i s  c o n s i s t e n t  w i t h  t h e  q u a n t u m  S a t a k e  i s o m o r p h i s m  o f  G o l y s h e v  a n d  M a n i v e l ,  

w h i c h  d e s c r i b e s  a  r e l a t i o n  b e t w e e n  t h e  q u a n t u m  c o h o m o l o g y  a l g e b r a s  o f  t h e s e  

s p a c e s .  F o r  L i e  g r o u p s  o f  t y p e s  D! o r  E%,  i . e .  t h o s e  L i e  g r o u p s  w h i c h  a d m i t  m o r e  

t h a n  o n e  m i n u s c u l e  f l a g  m a n i f o l d ,  a  s i m i l a r  r e l a t i o n  c a n  b e  e x p e c t e d .  W e  g i v e  s u c h  a  

r e l a t i o n  i n  t h e  D! c a s e .  

 

O u r  t h i r d  r e s u l t  c o m p a r e s  t h e  c l a s s i f i c a t i o n  m e t h o d  o f  C e c o t t i - V a f a  w i t h  t h a t  

o f  G u e s t - I t s - L i n .  T h e  C e c o t t i - V a f a  m e t h o d  a p p l i e s  t o  t r i a n g u l a r  m a t r i c e s  w i t h  

i n t e g e r  e n t r i e s ,  w h i c h  t h e y  r e g a r d  a s  c a n d i d a t e s  f o r  i n t e g e r  S t o k e s  m a t r i c e s  o f  



 

No. 3 

s o l u t i o n s  t o  t h e  t t *  e q u a t i o n s .  W h e n  s u c h  s o l u t i o n s  e x i s t ,  t h e  c o r r e s p o n d i n g  S t o k e s  

m a t r i c e s  a r e  n o t  u n i q u e  ( a s  t h e y  d e p e n d  o n  v a r i o u s  c h o i c e s ) ,  b u t  t h e y  m u s t  b e  

r e l a t e d  b y  t h e  a c t i o n  o f  a  ( s i g n e d )  b r a i d  g r o u p .  T h u s ,  C e c o t t i - V a f a  f o r m u l a t e  t h e  

p r o b l e m  o f  c l a s s i f y i n g  b r a i d  g r o u p  o r b i t s  o f  t r i a n g u l a r  m a t r i c e s  w i t h  i n t e g e r  

e n t r i e s .  O n  t h e  o t h e r  h a n d ,  t h e  G u e s t - I t s - L i n  m e t h o d  s i m p l y  c o u n t s  s o l u t i o n s  o f  t h e  

t t * - T o d a  e q u a t i o n s ;  t h e s e  s o l u t i o n s  a r e  k n o w n  t o  e x i s t ,  f r o m  a  c o n s t r u c t i o n  w h i c h  

p r o d u c e s  a  p a r t i c u l a r  c h o i c e  o f  S t o k e s  m a t r i x .  T h u s ,  t h e  C e c o t t i - V a f a  c l a s s i f i c a t i o n  

g i v e s  a n  u p p e r  b o u n d  o n  t h e  n u m b e r  o f  e q u i v a l e n c e  c l a s s e s  o f  s o l u t i o n s  o f  t h e  t t * -

T o d a  e q u a t i o n s ,  a n d  t h e  G u e s t - I t s - L i n  c l a s s i f i c a t i o n  g i v e s  a  l o w e r  b o u n d .  

T h e o r e m .  F o r  n = 1 , 2 , 3 ,  t h e  G u e s t - I t s - L i n  c l a s s i f i c a t i o n  o f  s o l u t i o n s  o f  t h e  t t * - T o d a  

e q u a t i o n s  c o i n c i d e s  w i t h  t h e  C e c o t t i - V a f a  c l a s s i f i c a t i o n .  

 

W e  p r o v e  t h i s  t h e o r e m  b y  m a k i n g  u s e  o f  t w o  i n v a r i a n t s  o f  t h e  b r a i d  g r o u p  

a c t i o n  ( a s  t h e  b r a i d  g r o u p  a c t i o n  i s  d i f f i c u l t  t o  s t u d y  d i r e c t l y ) .  O n e  i s  t h e  c o n j u g a c y  

c l a s s  o f  m o n o d r o m y  m a t r i x  ) ∙ )&',  a n d  t h e  o t h e r  i s  t h e  s i g n a t u r e  o f  t h e  m a t r i x  ) + )' 

w h e r e  S  i s  ( a n y )  S t o k e s  m a t r i x .  F o r  n = 1 , 2 , 3  t h e s e  i n v a r i a n t s  s u f f i c e  t o  d i s t i n g u i s h  

t h e  b r a i d  g r o u p  o r b i t s ,  a s  w e  s h o w  b y  a  c a s e - b y - c a s e  a r g u m e n t .  O u r  t h e o r e m  

c o n f i r m s  t h e  v a l i d i t y  o f  t h e  c l a s s i f i c a t i o n  m e t h o d  o f  C e c o t t i - V a f a ,  i n  t h e  c a s e  o f  t h e  

t t * - T o d a  e q u a t i o n s ,  f o r  n = 1 , 2 , 3 .  

 

L i s t  o f  p a p e r s  

[ 1 ]  Y o s h i k i  K a n e k o ,  S o l u t i o n s  o f  t h e  t t * - T o d a  e q u a t i o n s  f r o m  t h e  q u a n t u m  

c o h o m o l o g y  o f  m i n u s c u l e  f l a g  m a n i f o l d s ,  N a g o y a  M a t h e m a t i c a l  J o u r n a l ,  2 4 8  ( 2 0 2 2 )  

9 9 0 - 1 0 0 4 .  

[ 2 ]  Y u d a i  H a t e r u m a  a n d  Y o s h i k i  K a n e k o ,  O n  s o m e  L i e - t h e o r e t i c  s o l u t i o n s  o f  t h e  t t * -

T o d a  e q u a t i o n s  w i t h  i n t e g e r  S t o k e s  d a t a ,  p r e p r i n t .  

 

 

 

 

 

 

 

 

 

 

 



No.1

Full Name： seal or signature

Date Submitted(yyyy/mm/dd):

種類別

(By Type)

論文[1]

発表[1]

発表[2]

発表[3]

発表[4]

発表[5]

発表[6]

発表[7]

発表[8]

発表[9]

International Workshop on Multiphase Flows: Analysis, Modelling and Numerics,

Oxford-Waseda(zoom), 2020/12.

金子吉樹, "Pseudodifferential symbol と Hamiltonian equations", Koriyama Geometry and Physics

Days 2020, 日本大学郡山キャンパス, 2020/2.

manifolds”, Nonabelian Hodge theory, 早稲田大学(zoom), 2021/7.

金子吉樹, “tt*-戸田方程式の解と旗多様体の量子コホモロジーについて”, 日本数学会年会,

慶應大学理工学部, 2021/3.

Yoshiki kaneko, "Solutions of the tt*-Toda Equations and Quantum Cohomology of Flag Manifolds",

キャンパス, 2021/11.

金子吉樹, “tt*戸田方程式の局所解とminusculeな旗多様体の量子コホモロジーについて”,

幾何学シンポジウム, 北海道大学(zoom), 2021/8.

Yoshiki Kaneko, “Solutions of the tt*-Toda equations and quantum cohomology of minuscule flag

 international workshop“Geometry of submanifolds and integrable systems”, 大阪市立大学(zoom),

2022/2.

金子吉樹, “tt*幾何の展開”, Koriyama Geometry and Physics Days, 日本大学郡山キャンパス, 2021/11.

金子吉樹, “量子ドリンフェルト-ソコロフ簡約”, Koriyama Geometry and Physics Days, 日本大学郡山

List of research achievements for application of Doctor of Science, Waseda University

金子　吉樹

doi:10.1017/nmj.2022.17

金子吉樹 , “Solutions of the tt*-Toda Equations with integer Stokes data”, Poisson geometry and related

topics 22, 東京理科大学 神楽坂キャンパス, 2022/12.

Yoshiki Kaneko,  “Solutions of the tt*-Toda Equations from Minuscule Flag Manifolds”, The

◯Yoshiki Kaneko,  (2022.6). SOLUTIONS OF THE tt*-TODA EQUATIONS AND QUANTUM

COHOMOLOGY OF MINUSCULE FLAG MANIFOLDS. Nagoya Mathematical Journal, 1-15.

題名、  発表・発行掲載誌名、　　発表・発行年月、　　連名者（申請者含む）
(theme, journal name, date & year of publication, name of authors inc. yourself)

2023/2/25



No.2

Full Name： seal or signature

Date Submitted(yyyy/mm/dd):

種類別

(By Type)

List of research achievements for application of Doctor of Science, Waseda University

金子　吉樹

題名、  発表・発行掲載誌名、　　発表・発行年月、　　連名者（申請者含む）
(theme, journal name, date & year of publication, name of authors inc. yourself)

2023/2/25

発表[10]

発表[11]

発表[12]

発表[13]

発表[14]

発表[15]

発表[16]

Yoshiki Kaneko, "Introduction to orbifolds", Korimaya Geometry and Physics Days 2018, 日本大学郡山

キャンパス, 2018/2.

Yoshiki Kaneko, "Construction of representations of compact Lie groups and their loop groups",

Koriyama Geometry and Physics Days 2016, 日本大学郡山キャンパス, 2016/2.

金子吉樹, "Local solutions of the tt*-Toda equations from flag manifolds", 早稲田大学数学若手異分野

交流会, 早稲田大学, 2019/3.

Yoshiki Kaneko, "Solutions of The tt*-Toda Equations Corresponding to Quantum Cohomology of Flag

Manifolds", UK-Japan Winter School 2019, Leeds University, 2019/1.

日本大学郡山キャンパス, 2020/2.

金子吉樹, "旗多様体から得られるtt*戸田方程式の解", 異分野異業種交流会, 東京大学, 2019/10.

金子吉樹, "一般旗多様体から得られるtt*戸田方程式の局所解について", 関東若手幾何セミナー,

首都大学東京(現、都立大学), 2019/6.

金子吉樹, "Virasoro algebra と coadjoint action", Koriyama Geometry and Physics Days 2020,


