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CHAPTER 1

Introduction

The tt* (topological-anti topological fusion) equations arose in the work of Cecotti
and Vafa on d = 2, N = 2 supersymmetric quantum field theories. The tt*-Toda
equations are a special case of these equations of “Toda type” (also in the work of
Cecotti and Vafa). These equations are not only important in physics but also in
mathematics, e.g., quantum cohomology and harmonic maps. The tt*-equations are
the equations for a Hermitian metric defined by a real structure of a Frobenius man-
ifold. The quantum cohomology ring is a Frobenius manifold. The product structure
(quantum product) of the quantum cohomology of a complex manifold X induces
a connection on the trivial bundle H*(X) x H?*(X) over H*(X). This connection
is called the Givental connection, a special case of the Dubrovin connection, which
is defined for a Frobenius manifold in general. In the case X = CP" the flatness
condition of the Givental connection and a decomposition of a loop group (DPW
method) relate the quantum cohomology to the tt*-Toda equations. The solutions
can be considered as (special kinds of) harmonic maps from H?(CP")\ {0} ~ C* to
the symmetric space SL(n + 1,R)/SO(n + 1).

The simplest nontrivial case of the tt*-Toda equations is the radial reduction of the
sinh-Gordon equation, which is a special case of the Third Painlevé equation. It was
investigated by McCoy-Tracy-Wu [26], and their work has far-reaching consequences.
More recently, the tt*-Toda equations were investigated in general and in detail by
Guest-Its-Lin [17), 18] and by Mochizuki |27, [28]. Our motivation is to investigate
these theories from the symplectic point of view. There are three kinds of important
data which characterise the solutions of the tt*-Toda equations [18, [14]: asymptotic
data (asymptotics of the solutions), holomorphic data (DPW potential), and mono-
dromy data (connection matrix and Stokes matrix). The asymptotic data and the
holomorphic data are essentially the same, but their relation with the monodromy
data is highly transcendental, and it is given by the Riemann-Hilbert correspondence.
We consider separately the space of asymptotic/holomorphic data and the space of
monodromy data, for solutions of the tt*-Toda equations which are smooth in a

neighbourhood of 0. We find that each spaces has a symplectic structure.

Our first main result is the following:
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THEOREM. The Riemann-Hilbert map is a symplectomorphism.

In fact we construct explicit canonical coordinates for each symplectic structure,

and an explicit ‘generating function’ which gives rise to the Riemann-Hilbert map.

We also explain the geometrical origin of these symplectic structures. For the
asymptotic/holomorphic data, the symplectic structure is of Kirillov-Kostant-Souriau
type, for an adjoint orbit of a suitable Lie group (a finite-dimensional subgroup of
a loop group). For the monodromy data the symplectic structure is closely related
to the symplectic structure on the space of the based rational maps due to Atiyah-
Hitchin [3].

As in the well-studied case of the Painlevé equations, the monodromy data arises
from the isomonodromic property of the tt*-Toda equations. The (holomorphic)
symplectic geometry of isomonodromic families of meromorphic connections in general
has been thoroughly investigated by Hitchin, Boalch and Yamakawa. It is a complex
analogue of the theory of moduli spaces of the flat connections investigated by Atiyah,
Bott, Alekseev, Malkin, Meinrenken and other researchers. These authors have shown
that the Riemann-Hilbert correspondence is a symplectomorphism in many situations,
so our result is another example of this phenomenon. We emphasize, however, the
case of the tt*-Toda equations is not covered by the existing theory. Furthermore,

our results are more explicit than those of the above authors.

We make essential use of this explicit approach to study the particular family of
solutions which are globally smooth. These solutions, and their asymptotic expansions
at 0 and infinity, are of particular importance in physics. We observe first that the tt*-
Toda equations have a Hamiltonian formulation, with respect to the above symplectic
structure. It follows that each solution has an associated ‘tau-function’, defined up

to a multiplicative constant.

Our second main result is the solution of the ‘constant problem’ for such global
solutions of the tt*-Toda equations. This is the problem of evaluating the constant
which relates the short-distance and long-distance expansions of the tau function.
The constant problem for Painlevé equations has been investigated and solved by
several researchers. The problem also has a long history in physics, for example, the
strong Szegd theorem by Onsager and Kaufman, the constant in the scaling theory

of the two-dimensional Ising model by Tracy, and Dyson’s constant.

In some cases these arguments lacked rigour. In the case of the (radial) sine-Gordon
equation, a rigorous and direct proof was given recently by Its and Prokhorov [23].
Our second main result makes use of their method. Although the formula for the
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constant is very complicated, we find (as in [23]) that our explicit generating function
is the key ingredient in the formula (Theorem .

We conclude this introduction with a brief description of the layout of the thesis.
In Chapter 2 we review some basic theory for meromorphic o. d. e. (or meromorphic
connections) with irregular singularities. We explain how this theory applies to the
tt*-Toda equations. In particular we define the asymptotic/holomorphic data and
the monodromy data. Finally we present the Hamiltonian formulation of the tt*-
Toda equations. In Chapter 3 we review some basic results in symplectic geometry,
and we prove our first main theorem, that the Riemann-Hilbert correspondence is
a symplectomorphism. We also provide geometric explanations for the symplectic
forms used here. In Chapter 4 we describe our solution of the constant problem for

global solutions of the tt*-Toda equations.



CHAPTER 2

The tt*-Toda equations

2.1. Basic ODE theory

In this section, we will review the Stokes phenomenon, the Riemann-Hilbert corres-
pondence and isomonodromic deformations. Examples can be seen in the next section
for the auxiliary linear ordinary differential equation of the tt*-Toda equations. This
section refers mainly to [6, 12].

Let us consider the following local linear ordinary differential equation

(2.1.1) ( > Apad ) . ¢ e Dy\ {0}, r>0,

k=—r—1

where Dy is a disk centered at 0 and ( is a coordinate on Dy. In what follows,

we assume that the leading coefficient A_, has distinct eigenvalues. Let A_, =
diag(ay,...,a,) and P7'A_.P=A_,.

If we suitably fix the normal form, the formal solution will be unique:

THEOREM 1 ([12, 24]). Under the above assumptions, equation has a

unique formal solution

A, A
<Z G ) A0 exp (—C_T +ot —1C_1)
r —1
where A_,.1,...,Ng are diagonal matrices.

This can be proved by substitution and recursively determining the coefficients

from the lowest degree, in the following way.

PROOF. The above formal solution corresponds to the following normal form

A A > A
(ZYkC) Moexp <_;CT+"'+__11C1+;?1€&>,

where the matrices Yy, & > 0 are off-diagonal, and the matrices A; are diagonal.
(For example, Uy = Y] + Ay, Uy = VIA; + Yo + %A% + As.) Substituting the above
8
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expansion, we have the following recurrence relation
A+ [Yi, Ay = Fopgg, k>0,
where F'_, are defined by
F =P AP

k—1
FfrJrk = PilAfrJrkP + H7T+k + Z (PilAfrJrkmeYm - YmAfrJrkfm) >
m=1
and
0 k=2,...,r

H—T—i—k:
—(k=7r)Y_,ip kE=r+1r+2,....

DEFINITION 2. The rays in CP! given by

1 1
arg(z;arg(aj—aiwg(njuﬁ),n:o,...,Qr—1

are called Stokes rays and denoted by 159) for i < J. The sector € is called a Stokes

sector when €) contains exactly one Stokes ray for each pair (7, j) with i < j.

THEOREM 3. Let Q) be a Stokes sector. Let the principal branch of log in the formal
solution be chosen. There exists a unique fundamental solution ¥(() of equation

2.1.1) which is asymptotic to the formal solution V() in 2, i.e.,

U(¢) ~Wp(C), ¢ =0, (€.

DEFINITION 4. Fix a Stokes sector Q. Then the sectors Q,, := €'+ DQ are also
Stokes sectors. From the above theorem, for each n there exists a unique solution
U, (¢) satisfying

V() ~ Wy(¢), ¢ =0, C € Q.
We call the matrix S,, defined by ¥, 1({) = ¥, (()S, a Stokes matrix. (Since the
equation is linear, there exists such a matrix. Since ¥, is a fundamental solution, the

matrix .S, is independent of (.)

DEFINITION 5. Let V be a meromorphic connection on a degree 0 holomorphic
vector bundle V — CP! with poles a4, ...,a,, of respective orders ki, ..., k,. And
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let V =d— A" in a local coordinate ¢ of CP! vanishing at a; where

A= Z AZHdeC
I{I:—Ti—l
- A_(ki_l)E +A_(ki_2)ﬁ + +AOZ +A1 +A2€"' dC

where r; = k; — 1. The connection V is said to be nice if the following conditions
hold:

o If k; > 2, the leading coefficient Aﬂ(kﬁl) is diagonalisable with distinct ei-
genvalues.

o If k; = 1, the leading coefficient is diagonalisable with eigenvalues which are
distinct mod Z.

A nice system A is a germ of a nice meromorphic connection V. A compatibly
framed nice connection (V,V, (Py, ..., P,)) consists of a degree 0 holomorphic vector
bundle V' — CP?, a nice meromorphic connection V on V with poles a1, ..., a,,, and
P, € GL,(C) diagonalises a local expression A* (V = d — A?) at a; for some local

trivialisation.

The m-tuple (141, s ,Am) of nice systems is said to be associated to a compatibly
framed nice connection (V,V, (Py,..., Py)) if

e there exists F' € GL(C [(]) such that the irregular part of F[A'] is equal to
the irregular part of A7 and F(0) = P, where F[A] := (dF)F~! + FAF~!
and V = d — A" in a local coordinate ¢ vanishing at a; for each ¢

e V has only poles at a;.

A

We denote by M (A) (resp. M (A) € Me(A)) the set of the isomorphism

classes of compatibly framed nice connections with a degree 0 (resp. trivialisable)

holomorphic vector bundle which have the associated m-tuple A of nice systems.

DEFINITION 6. Let A be an m-tuple (Al, e ,Am) of nice systems. Let C; :=
GL, (C) x (U- x UJF)"”_1 x t for each ¢ = 1,...,m. If k; = 1, we replace t by
the subset ¥ C t of the matrices with eigenvalues distinct mod Z. The extended

monodromy manifold of A is the set

Mo (A) == {(C,S,A) €Cyx - xCnlp(C,S,A) =1, iTr(Ai) - 0} /GL, (C)

=1
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where p: Cy x -+ x Cpy = GL, (C); p=ppm---- - p1 and
Pi (Ci7 S’ Ai) = Cflsékiq T Si exp (27” _1Ai) Ci

and GL, (C) acts on C‘l X o0 X dm as the diagonal action of the action on C‘Z by
g- (C’H Sia Az) = (Oi.g—17 Si> Az)

THEOREM 7 ([6]). If we fir singular points ai,...,a, € CP' and an m-tuple
A= (A,... Am) of nice systems, there is a bijection v between M ey(A) and M.y(A).

DEFINITION 8. We call the restriction v|. 4 MEL(A) = v (szt(/l)> the
Riemann-Hilbert-Birkhoff (or briefly Riemann-Hilbert) correspondence.

DEFINITION 9. Let m be a fixed positive integer. Let X be the manifold of
the deformation parameters, i.e., the pairs (a, fl) of m-~distinct points a = (a1 =
00,3, ..., ay) and a nice system A. The extended moduli bundle M, is the set of
isomorphism classes of (V, V, P, a) consisting of a compatibly framed nice connection
(V,V,P) on a rank n + 1 holomorphic vector bundle V' with the poles ay, ..., a,.
The isomonodromic deformation is the map so f: U — M}, where f: U — X is a

holomorphic map from an open subset U C C? to X and s is a section of M7 with

*
ext

respect to the natural projection M* , — X which satisfies v o s is a constant (flat)

section of v (M,).

Let ©(¢,t) be the logarithmic derivative dyW¥ - ¥~! of the fundamental solution
U((,t) of V entry of so f(t). Let us locally write so f(t) by V. =d — A((,t)d(. The
map s o f is an isomonodromic deformation if and only if the following deformation

equations hold:

0A 00, .
—=—4+100,,A =1,...
at] ac + [ 7 ] ) .] Y 7q

where O((,t) = > 7, ©;(C, t)dt;.

(2.1.2)

Since it follows by definition that

00, 90, |
A <Y —1,...
8tj 8tk [@]7@k]7 Jak ) 4,

system (2.1.2)) is equivalent to the flatness condition of

d— <A(C, £)d¢ + Xq: 0,(C, t)dtj> .
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2.2. Basics of the tt*-Toda equations

2.2.1. The tt*-Toda equations. Let a positive integer n be fixed. The tt*-
Toda equations [17), 18] are

(2.2.1) 2 (w;),; = —eX Wit mwi) g QHwimwicn) Ly, C* 5 R, i € Z,
where, for all i, w; = w1, w; = w;([t]) (t € C*), and
wo + w, = 0,w; +w,—1 =0, ... (anti-symmetry condition).

The equations (2.2.1)) are equivalent to the flatness of V := d + «, i.e. the zero

curvature equation da + a A a = 0, where

1 _
= (wt + XWT) dt + (—wz + A\W) dt,

0 ewt—wo

0

Wo
w = , W=

Wn,

Wn —Wn—1

e

ewo_wn 0

They are equivalent to 2w,z = [WT, W}, which is the compatibility condition for the

linear system
\Ijt = (wt —+ %W) L
YUy = (—wg + )\WT) v,

The connection form « has three important symmetries:

PROPOSITION 10. Cyclic symmetry:

Ay 10N dosr = a0

Anti-symmetry:

—~Aa(N)TA = a(-))

Reality:

A/ (M)A =a"(1/)),
where o = o/dt + o dt,
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and

dn—i—l -

The tt*-Toda equations are the radial version (zw,), = 2z [W”, W] of the above
compatibility condition, where = := |t|. This is equivalent to the compatibility con-
dition for the linear system

v, = (—l%xW — %xwx + a:WT> U
U, — (iw + ,uWT> v,
where ;1 = Az /t. They are equivalent to the isomonodromy condition for the following

ordinary differential equation

(2.2.2) Ccll_\f = <—éW — %xwz + x2WT> v,

where ¢ = p/x = \/t. If we define
. t 1 o\
a = _EW_ wax-i—tW dA,

the above linear ordinary differential equation is equivalent to (d — @T) U = 0 As
we saw in the previous section, the isomonodromy condition for (2.2.2) (equivalently
the tt*-Toda equations) is equivalent to the flatness condition of d + a + é.

2.2.2. The Stokes data at zero and infinity.

ProposITION 11 ([18]). At ¢ = 0 we have a formal solution \IISCO) = e QI +
Ziz1 \I’z('o)fi)e%dnﬂ of (2.2.2), where

1 1 1 cee 1
1 w w? oo W

Q — 1 w2 w4 . w2n 7
1w W o

and w = 2™V 0+ - Note that we have no formal monodromy for equation .

IThis hat is unrelated to the hat in the previous section.
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PROOF. Let us calculate by the same way as Theorem . In the notation of
Theorem . r=1, AY) =W, A, 0 — —xwx,A W7, Let PO = e Q. Then
it follows that PO-1AC) PO — pO-1_p)pO® = _q, , = A“). Let us substitute

the formal solution
(0) 00
A© AT VA
o (S oo (S Eie)
to equation (2.2.2)). Comparing the coefficients of 1/(, we obtain that
A(()O) + [YI(O),A(_O%] _ P(O)_IA(()O)P(O) _ —Q_waxQ.
The diagonal entries of —Q~'zw,Q are zero. O

We define the sector

(—(37 +3)m 5) (n+1¢€27)

ng) = ,
(—(m—l-é)ﬂ,(m—l—%)ﬂ) (n~|—1 S QZ—l-l)

where we use the notation (a,b) := {¢ € C*|a < arg( < b}.

We let QHm = e_%ﬂﬁﬁ( ) (k € n—HZ) in the universal covering C*. These

are Stokes sectors of (2.2.2) around { = 0. (The eigenvalues of the leading coefficient

n

—W are 1,w,...,w", so the Stokes rays are the rays 199 determined by arg( =

arg(w! —w') + m(n +1/2), n =0, 1. The sectors Q\” (k € —57Z) contain exactly one
Stokes ray for each pair (7, 7) with ¢ < j.)

Let ‘1/ be the fundamental solution such that \I/(O) ‘11(0)

;. on Q,(co).

Similarly, at { = oo, we have the formal solution

\IJSCOO) — er*I([ + Z‘I]z(oo)gfi)ex%dnﬂ

i>1

and the sectors

(=5 Gz +3)m) (n+1¢€22)
(— (s + 30T (g +3)™) (n+1€2Z+1)

The sectors Qlfo) (k € 777Z) are Stokes sectors,

Let \Il,(fo) be the fundamental solution such that \I/,(:o) ~ \IJSCOO) on Q,(fo)
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FIGURE 2.2.1. Stokes sectors at ( = 0 in the case of n + 1 € 2Z

We define the Stokes matrices S\, 5> by \11521 = v \I’](fﬂ =yl g,

We define the Stokes factors QECO), Ql(fo) by \Ilg# = \III(CO)Q,(CO), \IJI(;fL = \IJ](COO)QSO).
n+1

n+1

Stokes matrices, factors satisfy the following symmetries:

PROPOSITION 12 ([17]). Cyclic symmetry:

© 17001
Qk+,%+1 = QI

()  _ (00) -1
Qk+n%l = QI

Anti-symmetry:
0 0)-T ;-
Qi = dun @1,
00 — oo)=T
QI(H} - dn—ll—l ](<; ) dn+1

Reality:
’(€0) :AQ(O:I A

2n
n+1 —k

QY =AQ0%) 7 A,

n+1
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where

Stokes factors at zero and infinity are related to each other:
PropPOSITION 13 ([17]).
;(.30) = dn+1Q(oo)dr_L+1

DEFINITION 14. Let M© Ql Q H where

Since the formal monodromy near { = 0 of equation ({2 is trivial, the monodromy
matrix of \Ifg )(C ) around ¢ = 0 is Slo)Séo). From the cychc symmetry, it holds that
(M) = 505

The eigenvalues of M are w™ =% Tt is proved in [17, 18] that the m; determ-
ine all Q\” (and Q\™). The definition and details of the m; will be explained in
subsubsection 22,41

2.2.3. The connection matrix. We define the connection matrices Ej, by \IJ,(;X’) =

UV By Let BF™ be -1 AQY.
n+1
Many important facts about the connection matrix E) are proved in [18]:

THEOREM 15 ([18]). Ey = E%" if the solutzons w; are global (defined and smooth
on C*). The eigenvalues ef of E := E, (EngObal> determine Ey. Thus, the m; and
the e} determine E,.

As in the case of the Stokes matrices, the connection matrices also have symmetries:

PROPOSITION 16 ([17]). Cyclic symmetry:

0B (00, M) a2 (0l )
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Anti-symmetry:

1 _ _
e ) () ()

d;-',l-lEk ==
Reality:

PROPOSITION 17.
EMOY = MOE

PROOF. Noting that Q,(go) = dnHQ,(fo)d;}rl, from the cyclic symmetry of the con-
nection matrix £ we obtain

B, = ( (0) ~(0) H)E ( (00) (c0) H)
1 w 1 Ql—"_%ﬂ 1 Ql Ql—ﬁ—é

n+1

Since the matrix E2°* is a special value of F,
lobal 0 0 lobal ] 00
B = (QVQY) , 1) EFM (@001, ).

Then

0) (0 obal "1 [ ~(0) A0 -t
= (@ m m (m) - (eel M)
— MOE (M©)™"

O

2.2.4. Solutions near zero. Let us review the DPW (Dorfmeister-Pedit-Wu)
method.

PROPOSITION 18 ([13]). Let o* = % (1 - %) apdzy + %(1 — Nandze, where oy,
ay : C* — g€ Ifd + o is flat for all X € C*, then there exists ¢ : C*> — G© such
that oy = ¢7101, ay = ¢710a¢, and we have 8y (¢ 020) + 02 (¢p7101¢) = 0. Con-
versely, let ¢ : C* — G satisfy this equation. Then o = 1 (1 — 1) (¢7'01¢) dz +

2 (1= X) 971 daddzs satisfies do* + a* A o* = 0 for any A € C*.

DEFINITION 19. Let v: S* — GL, C, A = v(A\) = >°° _ A;\" be a smooth map,
i.e., an element of the smooth loop group of GL,, C. For any such ~ sufficiently near
to the identity of the loop group, we have v = v_~,, where v_, v, : S* — GL,, C are
smooth maps and y_ = 3 7.o  BA™", 7y = 3,50 CiA'. The factorisation is unique if

we impose a basepoint condition, for example v_(0c0) = I (equivalently By = I). We
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call this decomposition the Birkhoff factorisation of . (Of course, we can similarly

have a decomposition v = 4,5_. We call this the opposite factorisation.)

PROPOSITION 20 (Krichever, Dorfmeister-Pedit-Wu, Segal). Let

1 1 1
a’\:—(l——)aldzl+—

9 N 5 (1 — )\) OlgdZQ,

where ozl,ozg : C* - GL,C. Take a map F = F(z21,22,\) € GL,C such that
F~'dF = o*. Let F = F_F, be the Birkhoff factorisation of F, and let F = F F_

be the opposite factorisation . Then

= F_(=
= Fi(2
F(F

djvz

-)-

PROOF. Let us prove (3) first. Since F = F_F, = F,F_, we obtain F_ =
FJ'FFy = (F{'FLF,) = (F{'F.)_. Thus F = F, F = F, (F{'F2) .
Next we will show (2).

Fo'oF, = (FEZY) oy (FETY

=F.F ' ((0F)E-' + FOF~Y)
=F_(F'OF)F-' + FLo F~"

The left hand side of the last equality is of the form Zizl M;\, and the right hand

side is of the form Zizl N;Xi. Thus the both side are zero, so 9, F, = 0. The proof
of (1) is similar. O

PROPOSITION 21 (Krichever). The maps F_, F, satisfy

F2UE = 3wi(2)

F_ldF+ = )\WQ(ZQ)

+  dzo

PrOOF. It holds that
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where K; only depends on z;. We will show that K; =0 for ¢« > 2. From F = F_F,

we obtain
Fo'oF. = (FFZY) 7 oy (FFDY)
=F F ' (OFF ' + FO,F")
=F,F 'O FF ' + F.0,F !
= ZD)\" rgr—t(1-2a, F :ZB)\"
. ) 1 2 )\ 1 + : 7 .
i2-1 i>0

Hence F~'0,F. = K;A~'. Putting K; = w; completes the proof. O

Similar arguments hold if we replace z; and 2, by 2z and Z.

As a summary of the above discussion, we obtain the following theorem:

THEOREM 22 ([13]). The following correspondences are essentially one-to-one:
¢:R* = G F(2,2,\) «— F_(2,\)(or F(Z,\)) +— w(2) € g©

with ¢ = F’)\:—lf o ldp =a™!, F7YdF = o’ and w = F:laij.

We call sw(z)dz the normalised DPW potential.

We can obtain w = %ndz from « by using some of the above correspondences,
where
Po
P1

Pn

n+1
N

and z = v (niﬂt) N =30 (ki + 1), pi(2) = ¢i2¥ with ¢; > 0, k; > —1 and
Pi = Pn—ir1- We call the data ¢;, k; the holomorphic data. We refer to the case

k; > —1 for all 7 as the generic case.

Let us briefly see how the Iwasawa factorisation relates w to . (See subsection
2.2 of [18] for detail.) Let L = L(z,A) be the unique local holomorphic solution of

the ordinary differential equation

1

L'L,==n, L|__ =1
3 Lo

Let L = Lg L, be the Iwasawa factorisation of L, where ¢ (LR(Z, zZ, 1/5\)) = Lr(z, 2, M),
and Ly (z,2,\) = > oy Li(z,2)\, Ly = diag(by,...,b,), b; > 0. Such C* maps Lg
and L, exist and are unique in some neighbourhood of z = 2z;. We can construct a
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family of solutions by using
o = (LRGh)il Cl (LRGh) s

where Gy, = diag(|ho| /ho, - - -, |hn| /hy) and the h; are holomorphic functions with the

following conditions:

hd pOhO/hn = plhl/ho == pnhn/hn—l
L4 hghn = 1, hlhn—l = ]_, Ce
Let us define my, ..., m, by
1

In the generic case we may take zg = 0, and then the local solutions near x = 0 of

the tt*-Toda equations are parametrised by real numbers ;, p; as follows [18), 27, [28]:
(2.2.3) 2w;(z) = vilogz + pi +o(l) asx — 0.

We call the parameters 7;, p; the asymptotic data. It is proved in [18] that v; = —2m;
and that the p; can be expressed in terms of the m; and ¢; (see Theorem and
Example . In the generic case we have —2 < 7,11 — 7; < 2; the general case has

—2 <11 — v < 2. We assume the generic condition from now on.

As in the case of &, we can define w by

1 1
o= (—”+ Zn+ m)d)\

N X\ A

The connection d+w+w is also flat. We can also define the associated linear ordinary

dd 1 1
e (_n—i— z T+—m)<I>,

differential equation

d\ N T T
a formal solution <I> = hQ (I —|— O(\)) ex®+1 and fundamental solutions <I)§€0) such
that <I),(€) ~ CI>5£ as A = 0in Q . The sectors Qg)) can be taken to be the same as
for equation since —”—“%n —LhQd, 1 (hQ) ™. Putting ¢ =t/ gives

dd 1 1

P O — 0 (I+ O(C))eC "t Equation (2.2.4) has a regular singularity at ( = oo.
Slnce we assume the genericity condition m;_; — m; +1 > 0, equation (2.2.4)) has a

unique solution of the form

()= (I+0(¢Ch) ™
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If m;_y —m; +1 > 0, it is possible that ®()(¢) = (I +O(¢™")) ¢"™¢M with some
nilpotent matrix M. We define the connection matrices Dy, by ®(>) = @,(CO)D;C.

The following theorem is an important consequence of the Iwasawa factorisation:

THEOREM 23 ([18]). The Stokes factors of equation around ( = 0 are the
a0

same as those of equation (2.2.9), i.e., CD;O) 1
T

COROLLARY 24 ([18]). D;" (Q,(CO)QIQLH) Dy = d 1 2V =Tm (1),
n+1

PROOF. By direct calculation, we obtain

(I)(OO) (C>dn+1672w\/j1m/(n+l) _ dn+1q)(oo) (wflc)

=0 ()D'QY L Q7 I Dy
n+1 n+1
The cyclic symmetry of Stokes factors QES) gives

—1
0)-1 ~(0)=1 17-1 _ (0) (0)
(@ Q) =nQY . QY .

The corollary shows the eigenvalues of M©) = §°)Q§O+) L
n+1

IT are W™,

THEOREM 25 (|18, 19]). The matriz E is diagonalisable, i.e., conjugate to

diag (eg,....en), (efen ; =1).

’»Un 1 n—i

The data m;, e} are called the monodromy data. The proof in [18] is for the case
n = 3, but exactly the same method provides the results of Theorem [26] and 28] below

for general n.
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THEOREM 26. [18|, [19] The monodromy data m;, eX

. may be expressed in terms of

the asymptotic data as follows:

1
mi = —35%i,
27
Xn—i sy [(n— sy I(n— sy T
e (n 4+ 1) (Y0, -+ +» Vn—1)/2) —V(n—1)/2 Y0) - odd
R Xi(Y05 -+ s Ym—1)/2: —V(n—1)/25 - - - » —Y0)
e. =
' Xoei(V0s o s Y2y /2, 0, —Vine2) /2, + + s — ’
ePiln+1)% (o Tn=2)/2 Tn=2)/2 70) n: even
Xi(Y0s - -+ Yn-2)/2: 0, =Y(n—-2)/25 - - - » —0)
where

T et Yk 2
Xk(’yOa cee a’Yn) = HF( 2(n ++]1) ) (7j+n+1 = 7])
j=1

EXAMPLE 27. We can translate the above formulae in the case n = 3 as follows.

F(—Qnio-&-l)F(—m0—4m1+2)r(—mo—2m1+3)
F(mO*Z’LlJrl)F(m0+211+2)]:‘(2m2+3)

F(7m142m0+1)r(7m174m0+2)11(72721+3)

P(zmi—H)F<m1+TO+2)F<m1_TO+3)

(2.2.5) po = log ey + (41log 2)mg — log

(2.2.6) p1 = log e + (41og 2)m; — log

Global solutions can be parametrised only by the «; (or only by the m;), that is,
for global solutions the p; are determined by the ~;:

THEOREM 28. [18|For global solutions (i.e. solutions which are smooth for 0 <
xr < 00) we have
pi = —ilog(n + 1) +log(X; /X ),
R
1.

S

1.€. €

2.2.5. The Hamiltonian formulation. Next, we introduce a Hamiltonian func-

tion and a symplectic form.

PROPOSITION 29. Let |z| := max{n € Z : n < z} for x € R. The tt*Toda

equations can be written as a non-autonomous Hamiltonian system

OH  wy
2.2. g =2t
(2.2.7) (w), = 5o ==
OH
(2.28) (), =~ 90 = g (¢Hesn w0 — (Howio)

on the phase space

th(n*l)/ZJJrZ = {(w, QI})} (w = (wo, e ,wt(n,l)m), W = (’LT}U, e ,@L(n,l)/QJ))
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equipped with the symplectic structure

L(n—1)/2]

=0

where the Hamiltonian H is defined by
l(n—1)/2] L(n—1)/2]

H(w,w Z w7 — Z 2wi—wi-1)

- g <e4w° + (14 8n—1)/2,[(n-1)/2]) 6—2(1+5<n—1>m<n—1>/2J)wunfl)/zj)
(1 (=12 (n—1)/2 N
% Z w7 — ' e2wimwiz1) _ B (e™0 4 e~ *m-n/2) o odd
- 1=0 i=1
1 (n—2)/2 (n—2)/2 .
- ~2 2(wi—wi—1) _ —2w(n_2)y2 __ = dwo .
w; —x e xe e n: even

PROOF. We consider a curve z +— (w(z),w(r)) in R2=1D/214+2 " From radial

symmetry, we have

4 (wi)p = (i), + é (wi), -

Then we obtain

e () = (2 (w0)), = (), = =2 (6200 — e
Hamilton’s equations (2.2.7) and (2.2.8]) follow immediately from this. O
REMARK 30. The Hamiltonian system may be written in terms of X := logx as
follows:
1 l(n—1)/2] [(n—1)/2]
Ty e—— ~2 _ X 2(wi7wi, )
H(w,w; X) =5% ; w; —e ; e L
eX 4w —2(1+6 Juw
-5 (e + (1 + Snnyjafmoy2)) € (n=1)/2,1(n-1)/2] L(n—l)/2J>
(w;) 0eXH
Wi) x = = W;
X awl
0eXH
(Wi)x = — gwi = 22X (2lwimimwi) _ Awimwiza))

This is the form which is usually stated in textbooks on symplectic geometry.



CHAPTER 3

Symplectic geometry

3.1. Preliminaries

3.1.1. Generating function. First, we will review the physical, Euclidean for-

mulation of the notion of generating function of a symplectomorphism.

DEFINITION 31 (Generating function). Let F3 : R* — R,

(p7Q) = (p17“'7pn7Q17"'7Qn> — F3(p7Q)

be a smooth function with

0*Fj3 )
det 0.
(apzaQ] ij 7&

Let ¢; := —%—1;:’, P = _%' Then by the implicit function theorem, we obtain a local
diffeomorphism

(¢,p) = (q15- -y Gns D1y 0n) — (Q, P) = (Q1y. .., Qn, Pr, ..., Pp).

This is a canonical transformation since 0 = ddF3 = d ., <6F Sdp; + 3 93 dQ)
d> " (—qidp; — PdQ;) = >, (—dg; AN dp; — dP; A dQ;). The function F3 is called
a generating function. There are many types of generating functions. The following

four types are basic:

assumption derivatives

92F1(¢,Q) __ OF _ _9F
94:0Q; )Zﬂéo Pi =% =~

(“ast
det (02&1 qP)> j#o Z_8Fz Ql_@
det (%5t

angQ) o OF:  ___ OF
9p:0Q; >1j7é0 ¢ =—%2 F= BQ?;

9*Fy(p,P) 7 _ _dF, OF,
det < apjapj >i,j 7é 0 q; = Bp4’ Qz - %

Z

det

Op; ?

If we obtain one of the above generating functions, we can calculate other types of
generating function using F} = Fy, — QP = F5+qp = Fy + qp — QP. We will only
use the type F3 in what follows.

Next, let us review the geometric point of view.

24
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Let (Mj,w;) and (Ms, ws) be exact symplectic manifolds, i.e., wy and wy are nonde-
generate exact 2-forms. Let ¢ : My — Ms be a diffeomorphism. Let a € Q' (M x M)
with —da = — prjw;, + pryws,. Let gr, : My — My x Ma,p+— (p,¢(p)) be the graph
of .

DEFINITION 32. A function S : M; — R is said to be an a-generating function of
p it dS = gry a.

PROPOSITION 33. If there exists an a-generating function S of v, ¢ is a symplec-

tomorphism.

PROOF. By direct calculation, we obtain
idy,, w1 — @ wy = (pr1 o grw)* Wy — (pr2 o grw)* Wo
= gry, (prjwi — pryws)
=dgrja
=ddS
=0.
OJ

3.1.2. Quasi-Poisson manifold and Quasi-Hamiltonian space. Let G =
KC be a complex reductive Lie group, i.e., the complexification of a compact real Lie
group K. Let g, be the Lie algebras Lie(G), Lie(K) of G, K respectively. Let 5 be
a nondegenerate ad-invariant symmetric C-bilinear form on g such that 5(X,Y) € R
for any X,Y € ¢

DEFINITION 34. A triple (M, A, 7) is a quasi-Poisson G-manifold if M is a complex
manifold, A : G x M — M is a holomorphic action of G on M, and 7 € (A>T M) is
a G-invariant bivector field such that [r, 7] = @), where the bracket is the Schouten-
Nijenhuis bracket and (), is the 3-vector field induced by the Cartan 3-vector ¢ € A3g,
which is the dual of the invariant trilinear form n € A®g* defined by n(z,y,z) =

+B(z, [y, 2]) for any z,y, z € g.

REMARK 35. If G is abelian, then ¢, = 0, so a quasi-Poisson G-manifold (M, A, )

is a Poisson G-manifold, i.e., 7 is a G-invariant Poisson structure.

DEFINITION 36. A quasi-Poisson G-manifold (M, A, ) is said to be nondegenerate
if*@p:T"M ®g— TM, (a, X) — 7*(a) + p(X) is surjective, where 7 : T*M —
TM, o 7(a,-) and p is the infinitesimal action p: M x g = TM, (p, X) — (Xu),
(X is the fundamental vector field of X).
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Let us introduce complex (respectively real) quasi-Hamiltonian G-space (respect-
ively K-space) for a complex reductive Lie group G (respectively a compact real Lie

group K).

DEFINITION 37 (]2]). A quadruple (M, A,w, i) is a complex quasi-Hamiltonian
G-space if M is a complex manifold, A : G x M — M is a holomorphic action of G
on M, u: M — G is a G-equivariant moment map, w is a G-invariant holomorphic
2-form on M such that

(1)
dw = _IM*X>

(2) for any X € g,
1 *
w(vx, ) = ot BOG + 05, X),
(3) for any z € M,

Kerw’ = {(vx),| X € Ker (Adm) +idq) },

where . .
X = 0% [85 7 08)) = =

wi cToM — TiM, v = wy(v, ),

Bl6g, (06 1 0c]) € Q@)

and 0% (resp. 0F) is the left (resp. right) Maurer-Cartan form of G. If we replace
G by K, complex by real, and holomorphic by smooth, we call the quadruple a real
quasi-Hamiltonian K-space.

As any nondegenerate Poisson G-manifold can be considered as a Hamiltonian G-
space, any nondegenerate Hamiltonian quasi-Poisson manifold can be considered as

a quasi-Hamiltonian space:

THEOREM 38 ([1]). For any nondegenerate Hamiltonian quasi-Poisson G-manifold
(M, A, 7w, ®) there is a unique 2-form w € Q*(M) such that (M, A,w,®) is a quasi-
Hamultonian G-space with

: 1 .
(3.1.1) 7 0w’ = idgay = > (ea)y 0 @ (05, - 05,) = C,

where {e,} is an orthonormal basis of g with respect to 3 and 05 ,,0f , are components
of 05,08 respectively. Conversely, for any quasi-Hamiltonian G-space (M, A,w, ®)
there is a unique bivector field w such that (M, A, 7, ®) is a nondegenerate Hamiltonian
quasi-Poisson G-manifold with equation .
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DEFINITION 39. Let V be a finite dimensional vector space. A linear Dirac struc-
ture on V' is a maximally isotropic subspace L C V& V™ with respect to the symmetric
pairing

(X,a), (Y, 8)) i= a(Y) + B(X).
An almost Dirac structure on a smooth manifold M is a subbundle L C TM & T*M
defining a linear Dirac structure on T,M at each point p € M. Let ¢ € Q*(M) be a
closed 3-form on M. A ¢-twisted Dirac structure on M is an almost Dirac structure
L CTM & T*M on M whose space I'(L) of sections is closed under the ¢-twisted
Courant bracket

[(Xv a) ) (K 6>]¢ = ([X’ Y} JLx B — tyda+ qb(X,YV, ))

THEOREM 40 ([4]). A Hamiltonian quasi-Poisson structure m on G-manifold M

corresponds to the —®*n-twisted Dirac structure
Ly = {(7*(a) + p(X),C*(a) + ®*0(X)) |0 € T*M,{ € g} CTM & T* M,
where C = ¥ o w” (more precisely, the right hand side of ) and o s defined by
o:g— I(T*"G)

1 L R\V
X»—)2(X + X"

The dual in the definition of o is under the isomorphism TG = T*G induced by .

DEFINITION 41. Let T be a maximal torus of G. Let ¢ € N(T')/T be a Coxeter
element. (A Coxeter element is a product of all simple reflections, which depends on
the order of the simple reflections and is unique up to conjugation.) Let ¢ € N(T') be
a representative of ¢. Let B, , B_ be a pair of opposite Borel subgroups containing 7'

and U, ,U_ be their corresponding unipotent radicals. We call
Y=UeneU_CcG
a Steinberg cross-section.

THEOREM 42 ([4]). Let H and G be complex Lie groups. Let G be simply-connected
and reductive. Let X3 be a Steinberg cross-section of G. Let (M, A, 7, ®) be a Hamilto-
nian quasi-Poisson H x G-manifold. Then the preimage Mys = ®5' (%) of the G-
component g of ® is a smooth submanifold of M. The pullback of the twisted Dirac
structure Ly to Mpyy is quasi-Poisson for the action of H with the group valued
moment map CI)H|MH72- Any connected component of My NS for any nondegenerate
leaf S of M is a nondegenerate leaf of My, and any nondegenerate leaf of My s, is
such. The quasi-Hamiltonian 2-form of any nondegenerate leaf is the restriction of

the quasi-Hamiltonian 2-form wg of S.
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Applying the above theorem to the case of H = 1, we obtain the following corollary:

COROLLARY 43 ([4]). Let (M, m,®) be a quasi-Poisson G-manifold. Then My :=
O~Y(X) is a smooth submanifold of M. The pullback of the twisted Dirac structure
Ly to My, is Poisson. Any connected component of Ms, NS for any nondegenerate
leaf S of M is a symplectic leaf of My, and any symplectic leaf of My, is such. The
symplectic form of any symplectic leaf is the restriction of the quasi-Hamiltonian 2-

form wg of S.

2. Riemann-Hilbert correspondence

Both the asymptotic data v;, p; and the monodromy data m;, loge} can be con-
sidered as defining local charts of the moduli space of solutions. From Theorem 2]
we shall show that the transformation between two charts via the Riemann-Hilbert
correspondence is symplectic with respect to the natural symplectic structures. The
symplectic form 26 we define in section [2.2.5] is equal to the left hand side of the
equality below as z — 0.

THEOREM 44.

| =2 [(n=1)/2]
—= Z dyi Ndpi =Y dm; Adlogef.
1=0

REMARK 45. The left hand side is related to the Kirillov-Kostant form on a coad-
joint orbit, and the right hand side is related to the Atiyah-Hitchin form on the space
of the based rational maps of degree n + 1 from CP! to itself. Thus, both symplectic

forms arise naturally from geometry. We shall present details of these facts in section

3.3 and B.4]

Theorem [44] can be verified by direct calculation, but we prefer to give a proof by
showing the existence of a generating function. The generating function will play an

important role later.

DEFINITION 46. Let

(3.2.1)
L(n=1)/2] L(n-1)/2]
F(po,-- -, plin-1)/2),M0; - - - s M| (n—1)/2)) Z pim; + (log(n + 1) Z m;
=0

N+l = (g (M — Mg+
(=2) J
LSy (e

k=0 j=1
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where m; 11 = m; and m; = —m,,_;. Here (=2 (2) = JJ log D(z)da = @ +
Zlog2m + zlogI'(z) — log G(1 + z), and G is the Barnes G-function. The Barnes

G-function G satisfies

THEOREM 47. The function F' is a generating function of the transformation

(M0, -+, MY n=1)/2)> P05 - - -, Pltn=1)/2)) = (Mo, M1y j2), l0g €, .. Jog effy, 1y o))
with respect to the given symplectic forms. More precisely, F satisfies

oF _OF
Ipi om;’

, loge}t =

m; = —

PROOF. The first identity is obvious. We show the second identity. Let

R, = (n+ 1) 3 Y g (M)

-l n+1

where mjin41 = m;. Let

1~

K(mo,...,m|n-1)2]) = §K(m0, M (1) /2] — T (n=1)/2]5 - - - » —TT0)-

This K is the last term of F in (3.2.1). From the formula for log el in Theorem
and the definition of F, it suffices to show that

8K( )
—(mg, ..., M| (n—
B 0 [(n=1)/2)
:log( Xi(mo, - . .M(n=1)/2)> =M (n-1)/2] - - - » —MM0) )
Xn—k(Mo, - .M (m=1)/2], =M |(n—1)/2], - - - s =)
We can easily obtain that
- —mk—i-mk_j +j
X w(=my, ..., — = r )
o) = [ H= )

Then by direct calculation we obtain

oK
p = log(Xx(mao,...,mp)/ Xn_r(=mp, ..., —myg)).
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Hence we have

0K ( )
—— (Mg, (e
8mk 0 ) [(n—1)/2]
1/ 0K ( )
= =——(mg,...,M|(n- =M (— o, —m
5\ Gy (7072 1) /20s =M n-1) 2] 0
oK ( )
— MOy - o s MY (ne1)/2] > — T (n1)/2]5 - - - 5 —TT0
om0 L(n=1)/2], =T (n-1)2) 0
1
:g(log Xi(mo, ... .M (n=1)/2]), =M [(n-1)/2] - - - » —M0)
—log Xy i(mo, ... .M -1y/2]; =M|(n-1)/2] - - - » —T)
—log Xy,_i(mo, .. ..M (n-1y/2], =M|(n=1)/2) - - - » —T)
+ log Xi(mo, . .. .M n-1)/2], —M|(n-1)/2]- - - » —T0))
= log X (mo, . .. M (n=1)/2]y =M (n=1)/2]5 - -+ > —my)
- log Xn,k(mo, ce .mun,l)/gj, —mt(n,l)/gj, ceey —mo).

This completes the proof.

Let us write out the above proof in the case of n = 3.

EXAMPLE 48. In the n = 3 case, we have the following formulae:

Xo(mg, my,mg,m3) =T (mo my + ) r (mo T? + ) r (mo ms +

ml—mg—i-l

Xl(m()amlvm27m3) = F

Xo(mg, my, mg, ms3) =

X3(m0,m1,m2,m3) =T

=
7~/ N 7 N 7 N
3
(V]
|
3
w
+
—_
N—— —
=
7 N 7N N
3
[\
|
3
o
_l_
[\

N—— —
=
/N 7 N 7 N
3
(V]
|
3
+
w

30
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(B e () e )
+ 2 (m1 — ZLQ + 1) 4D (m1 — Zl:; + 2) + D (m1 — :lno —|—3>
42 (m2 - ;ng + 1) e (m2 - ;no + 2) e (m2 - ;nl + 3>
+ (=2 (m?, — ZLO + 1) 42 (m3 — Zh + 2) e (m3 — Zh + 3>)
K(m07m1)

=2 (¢(—2) Mo Z“ + 1) e (mo + Zh + 2) P (2m1+ 3)

F(po, p1,mo,m1) = —(pormo + p1ma) + (2log 2)(mg + mi) + K (mg, m,)
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——(mo, m1)
< T my — m0+3) F( m1+m0+1)r( mi — m0+2)

PROOF OF THE ABOVE THEOREM FOR n = 3. For n = 3, we have
(9m0
XF( 2m0+1) F( mo—m1—|—2) F( m0+m1+3) )

0K
m1—|—1 m0+m1+2 2m my +mg+ 2
log r r _—
4
m1+m0+2>

2 3
log | Xo(mg, my, —my, mo)F( Mo + )F

my — m0—|—3> F< m1+m0+1)F( my — m0+2>

—2 1\
Xr(m—0+) X3(m0,m1, —my, —

1
2

x I

4
1 2 -2
:§(log X0<m07 my, —Mma, _mo) X3(m07 my, —Mi, _mo) )
= log(Xo(mo, m1, —m1, —mog)/Xsz(mo, m1, —mi, —my)).

Similarly, we have

oK
(9m1

(mo, ml) = 108;(X1(m0, my, —ma, _mO)/XZ(m()a my, —msy, —mo))-

This completes the proof. 0

We can also prove the equality of the two symplectic forms without using a gener-

ating function.

PROOF. If we write dmg A dlog el + dmy A dlog el in terms of o, po, 71, p1, using

(2.2.5) and (2.2.6)), the coefficient of dvyy A d7; is
1 (alOgXS(mOamh —my, —myg)/Xo(mo, m1, —m1, —mo)

4

8m1

_810g Xy (mo, m1, —ma, —my) /X1 (mo, my, —ma, —my)
8m0 ’
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3 —mg
where Xj.(mq, my, my,m3) =[];_, T (W

) (mjyq = m;). And we have

j=1 4
4810gX1(m0,m1,—m1,—m0) _ w(o) my + mg + 2 _1/}(0) mq —m()+3
3m0 4 4
8log Xg(m(), mq, —My, —mo) (0) —my + mo + 1 (0) —mip — My —+ 2
4 = — 1
3m0 4 4
4810gX0(m0, my, —my, —Myg) _ O mo —my + 1 O mo + my + 2
3m1 4 4
4810g Xg(m(), mq, —My, —m0> _ _w(o) —MmMg — My + 2 1 '[b(o) —1mMy + ™1 + 3 .
3m1 4 4
Then we can conclude the coefficient of dvyy A dv, is zero. U

3.3. Atiyah-Hitchin structure and the universal centraliser

3.3.1. The universal centraliser and the space of the based rational
maps. Next, we will see that the monodromy data can be considered as a canonical
coordinate system of the space Rat,; (CP!) of the rational maps p/q of degree n+1
from CP! = C U {oo} to itself which send oo to 0. Here ¢ is a monic polynomial of
degree n+ 1, p is a polynomial of degree less than n+ 1, and p and ¢ have no common
root. If the roots f3; of ¢ are distinct, (Bo,. .., B0, (Bo),---,p(Bn)) gives an open
dense chart of Rat,1 (CP'). There is a natural symplectic form >, ‘j?p((é")) A df; on
this chart, which extends to Rat, 1 (CP'). For the details, we refer to chapter 5 of
Atiyah-Hitchin [3]. We shall give another interpretation of this space, related to Lie

theory.

Recall our assumptions:

e G = K©: a complex reductive Lie group

e g, & the Lie algebras of GG, K respectively.

e 3: a nondegenerate ad-invariant symmetric C-bilinear form on g such that
B(X,Y) €R for any X,Y € ¢.

We identify G' x g with the tangent bundle 7*G of G through the following isomorph-
isms

Gxg=Gxg =2TG,
which are induced by § and the left trivialisation. The symplectic form @ on G x g

corresponding to the canonical symplectic form on 7T*G is given by the following
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equality [25]:
w(g,z)((Ab Bl)a (A27 BQ)) = B(Ala BZ) - B(A% Bl) - ﬁ(l‘, [Ala AZ]))

where (g,z) € Gx g, A1, Ay € g = T,G and By, By € g = T,g. The action (G x G) x
(G x g) = G x g defined by

(91,92) - (9,2) == (91992 ", Ady, 7)
preserves the 2-form .

Let (£, h,n) € g® be a principal sl,C triple, i.e., suppose that &, h and n are regular
elements and that the Lie subalgebra of g generated by {&, h,n} is isomorphic to sl,C
as Lie algebras. Let § := {+g, C g, where g, is the annihilator of  in g. It is known

as the Slodowy slice (or Kostant section). The universal centraliser is
Zy:={(g,2) € G x S[g € Ga},

where G, is the stabiliser of x with respect to the adjoint action of G.

PROPOSITION 49 ([9]). The universal centraliser Z4 is a symplectic submanifold
of G x g, where G X g is identified with T*G.

PROPOSITION 50 ([5]). In the case G = GL,+1 C and B(A, B) = Tr(AB), the
symplectic form of the universal centraliser Z; induced from the symplectic form of
G x g agrees with the symplectic form of Rat, 1 (CP').

REMARK 51. Bielawski’s proof in [5] is obtained by combining his results and
Donaldson’s result [10] on the moduli space of framed SU(2) monopoles of charge m
from CP! to itself.

DEFINITION 52. Let £2$ be the space of all pairs (E, M®) of the matrices in

Theorem [15] and Definition [14] for any local solution near x = 0.

Let us consider the open subset Rat], , (CP') of Rat,; (CP') consisting of p/q,
with the same condition as in the definition of Rat,,; (CP'), with the extra condi-
tion that the roots of ¢ are never zero. There is another natural symplectic form
S op(B)7tdp(B;) A B 'dB; on Ratl_, (CP'). We conjecture the restriction of this
form to L9 is equal to the right hand side ZZL(:%_I)/ 2 dm; A dlog e of Theorem .

3.3.2. The multiplicative universal centraliser. Next, we will review the
multiplicative version of the universal centraliser, which will give another interpreta-
tion of the form SH" V72! dm; A dlog eR.
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DEFINITION 53 (]2]). Let D(G) := G x G. D(G) is called the double of G when
it is equipped with the 2-form wp defined by

oy = P00, 1OE) + 55(g"08 165
The action A: G x G x D(G) — D(G) of G x G on D(G) defined by

(s,1) - (9,h) = (sgt™", ths™")
preserves the 2-form wp. The quasi-Hamiltonian moment map up : D(G) - G x G

is given by 1p(g, h) = (gh, g 'h™").

PROPOSITION 54 ([2]). The quadruple (D(G), A, up,wp) is a quasi-Hamiltonian
G x G-space.
EXAMPLE 55 ([1]). The image of the moment map pup is
{(s,t) € G x G| s is conjugate to ¢~} .
(This holds since (¢~*h™)"" = hg and gh = g(hg)g™.) Let
Sa={(h,h")€GxG|heX},
where Y is a Steinberg cross-section. Any two elements of 3 are conjugate if and only

if they are equal, so we have

PROPOSITION 56.
o' (Ba) = pp (B X B7Y).

PROOF. Since ¥p C X x X7 upH(Ea) C pup (S x 871, If (g, h) € up (S x 871,
there exists f € ¥ such that g7'h™' = f~1. Since (gh, f~!) is in the image of up,
gh is conjugate to f. Two elements gh and f are both in X, so they are equal. This
means (g, h) € up' (Xa). O

EXAMPLE 57. Since ¥ x ¥7! is a Steinberg cross-section of G' x G, it follows from
Corollary 43| that u,'(Xa) is a smooth submanifold of D(G) and the restriction of

the quasi-Hamiltonian 2-form wp to pp'(Xa) is symplectic.

On the other hand, it holds that

pp (2a) = {(9,h) € G x Xl ghg™" = h}.

This is the multiplicative version of the universal centraliser. Let us write

ZG = MBl(EA)
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In the case G = GL,, 1 C, we conjecture the following explicit coordinate expression

of 15 wp, where 1z, : Zg — D(G) is the natural inclusion.

CONJECTURE 58. Let G = GL,1C and B(A,B) = Tr(AB). Let (X,Y) €
w5 (Sa). Let ziy; (i = 0,...,n) be the eigenvalues of X and Y respectively. It
holds that

n
Lz Wp = Zx;ldxi A y; tdy;.
i=0

Before introducing the relation between the multiplicative universal centraliser
and monodromy matrices, let us give an explicit expression of a Steinberg cross-
section. Let G = SL,11C. Let I' = {ap,...,ann-1} be the standard choice of
simple roots, E,,, , the corresponding root vectors, and o; a representative in N(7T')

of the corresponding element in the Weyl group N(T)/T = &,,41. Let
’R’ngl = {61(t1)01 SR en(tn)an S SLn—H (C‘ (tl, - ,tn) S Cn} ,

where e;(t;) = exp(t;Ea,,_,). It is shown in [15] that R, , is a Steinberg cross-section
of G.

In our case, M® commutes with £, and we have the following fact:

THEOREM 59 ([15]). Let M) be the matriz defined in Definition for any local

solution near x = 0. The set of all such matrices is equal to a subset of REH.

From this theorem and Conjecture 58, we obtain the following conclusion.

CONJECTURE 60. The restriction of wp on D(GLy1 C) to L] is equal to

L(n—1)/2]
2 Z dm; A dlog ey
=0

mi—i

(As mentioned before, the eigenvalues of M) are w , and the eigenvalues of E

are ex.)

The above symplectic form is equal to the symplectic form in Theorem [44] up to a

multiplicative constant.

3.4. Adjoint orbit

Let us see how the natural symplectic form related to the asymptotic data can be

realised as the Kiriillov-Kostant-Souriau symplectic form.
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In this section, we will consider the case of n = 3. Let GG be the set of all matrices

Zo d(l)oxl

N [ cecn(Ci/ey)

q t

g = _% t C‘ q773 87t72L EE Hg

__q S

This orbit can be explicitly expressed in the following way.

PROPOSITION 61. The orbit O is equal to the set of all equivalence classes of

1-forms
1 ]c m
= + - ! d¢
¢ —nm
COCl
Cc1 —my
such that ¢y € Rog, 1 € R\{0}, mp, m1 € R.
PROOF. Let
Xo dzox,
T C
= -
g . J ¢
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and
Co my
1 |c 1
A== 1 1 += " d¢
¢ e —m
1
C1 —My
Then
T3co o
1 Cl?iliClCl 1 &
1 0
gAgT = | = + = d¢,
<C2 mocllxl ¢ o
xytric V)
where <> = my + CldiUl — acCpTo, & =my + @ — dxlcl, * = —m1 — @ + dxlcl,
QO = —mgy — cidxy + acyxy.
Putting ¢y = ¢; = 1 and my = m; = 0 completes this proof. U
Let
Co mo
1 C1 1 mi
A=|—= + = d¢ € O.
S ( —m ‘
1 —My
Let
1 0
1 1 0
Coy:=— + ,
0 260 —1 0 C
-1 0
0 0
1 1 0
Ci:=— + ,
S ~1 0|°
0 0
0
0 1 0
My = - — ,
° 0 co 0|°
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and

Then their fundamental vector fields C;, M; satisfy the following equations:

Let w be the Kirillov-Kostant symplectic form on O. It follows that

9
800

0

A7 801

) = wa( =2

A 3m0

0

A7 8m1

0
A) WA( 801

0

WA( A Gmo

) =0

since [C(), Ol] = [M(), Ml] Cl, MO 017 M() = 0 follows from

0

~0)

Since

0.
1 0
1 1 0
[Co, My =32 ( C:C—% ¢,

oN

0
800

0

A
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Since
0 1 1
1 0 1 1 0
Co, M| = = — ,
[ 0 1] C% 0 2C001 —1 1 C
1 -1 0
and
1 1
1 0
) = Oa
—1 1
—1 0
( 0 0 1
wa( — _— = —
A 800 A’ 8m1 A Co
Since
1
1 0
Ci, M| = =
[ 1, 1] C% 1 Cv
0
( 0 0 2
wa( — _— = —
e A Omi|,
We obtain:

THEOREM 62.

1 1 2
w = —dcog Ndmg + —dcg N dmq + —decy N\ dmy.
Co Co (&1

Note that mg = 2(—=3ap+201 + ) = 3(—3ko+ 2k + ko —3+2+41) = 3(—4ko—3)
if we suppose N =a¢+ -+ a3 = 1.

Similarly m, = %(—4]50 — 8k; —9). Then we obtain the following corollary:
COROLLARY 63.

1 1 1 1
w = 4dky N <—ch> + 4dky N (—dc0> + 4dky N (—dcl) + 8dky N (—dq) .
Co Co C1 1

And noting that édCQ = —%dco - %dcl (co = ﬁ), we obtain the following

corollary:
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COROLLARY 64.
1
w= é(d% A dpg + dyr A dpy).

This means that the asymptotic data gives canonical coordinates with respect to

the Kirillov-Kostant-Souriau structure w of an adjoint orbit of the subgroup G of

GLa (C[¢]/(¢2))-



CHAPTER 4

The constant problem

In this section, we assume for simplicity that n = 3, so w = (wp, wy, we, w3) with
wy = —wy, w3 = —wy. For general n the same method applies. We consider only the
global solutions, i.e., we assume log el = 0, which means that the p;’s are determined
by the v;’s, as in Theorem . The following calculation is motivated by Theorem 1
in [23]. See also [29] for further details.

DEFINITION 65. Let us define the tau function of a global solution w by

log 7 (1, 22) :/H(wi(x),ﬁ)i(x),x)dx

1

where H is the Hamiltonian function.

REMARK 66. Usually the tau function is defined (up to a multiplicative con-
stant) by log 7°(z) = [* H(w;(z), w;(z), z)dz. In that notation we have 7% (z1, x2) =

T (29) /T (7).

The Hamiltonian function is

o L5
H(z,wy, wy, W, W) = — (W7 +03) — we

2x
and is quasihomogeneous, that is,

g (e—4w1 1 e4w0>

2(w1—wo) __

H(w, M; A\x) = AH (w, w; x) for any A > 0.
It follows that

42
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> @i(iv)g—z(iﬂ, wo(@), wi (), wo(w), Wi (x)) = Z wi(x) (wi), ()

x%(x, wo(x), wy(x), Wo(x), w1 (x)) = —H(wo(x), wi(x), we(x), Wi (x))+
d - -
. (:L‘H(:U, wo(x), wy(z), We(x), wl(x))> )

The first equality is obvious. The second equality follows from

d dH
e (:UH) =T +H
and
d
o (H(x wo(x),w1($),wo(l’) wl(“")))
:%_i[(x wo(x), wi(x), Wo(x), W1 (x)) + Z (wi), (x)gi (@, wo(x), wi(2), Wo(x), Wi (x))
#3000, (@) o wnle), o), o). 1 o)
:a—i[(:v,wo(:v),w1($),w0($)>w1(ﬂf))
F Y (= (), () (@), () + (@), () (), (2)
OH

Then it follows that

PROPOSITION 67.

Let
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which is called the classical action, the functional from which we can derive the Euler-

Lagrange equation using the fundamental lemma of calculus of variations. We obtain

85(1'1, 272)

The second equality follows from ([2.2.7)) and the chain rule, the third from integ-
ration by parts, and the fourth from ([2.2.§]).

From Proposition [67] and the definition of the 7 function, we obtain

0 o [ (< d
8_%10g7 ($1,$2)=f/xl (Zwi(wi)x_H—’_%(xH)) dx

=0

€2

+ (zoH (x9) — 1 H(x1))

v

(4.0.1) = (Z W (wi),yj>

At z = 0 a more precise form of (2.2.3) is

1

w;(z) = %logaz + % +O0(z%), = —0
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for some €; > 0 (which depends on -y, and 7;); this can be shown as in Theorem 14.1
of [12] for the case n = 1. This formula is differentiable in = and the ~;’s. Therefore

i 1 .
(wi),, = = logx + 5 (pi),, + O log z),

as x — 0.

At z = oo, from [17], if s} # 0,
w;(x) = —SJFQ i(mx)” 2¢72V2 4 Oz e *) asz — 0,

(4.0.2)
where sf = —2cos T(v0 + 1) —2cos 5(y1 + 3). If sf = 0, we have
wo(z) = s5273 (mx) "2 + Oz~ e ™) ~ O(z e 2V%)
w(z) = —s5273 () 2e ¥ 4+ Oz e ™) ~ Oz~ e 2V20),
where s§ = —2—4 cos 5(70 +1) cos Z(71+3), so equation (4.0.2)) holds for any generic

0,71). The equation is also differentiable in x and the ;'S SO
Y0,7Y q i
~Z( )—812 4\/_:1326 2fx_+_0( 2\f1’)

0
(wi),, = — (s]fi)v 274 () 2e V2 L O(a eV,
(), = (s), 275 V/awie > + O(eV™)

as r — 00.
By substituting the above asymptotic expansions into (4.0.1)) we obtain

1

> (ow),, — o + O log ) + Ofwe™/7)

Yi
log 7% (21, x9) = ——logx; —
a%gT(lz) 4g1k:04
as 1 — 0, 9 — o0.
In our situation we have:
(1, 2) = Cozs (1 + O(2°)), = — 0,

(1, 2) = Cae ™ (1 + O(22e72V%%)), 1 — oo.



4. THE CONSTANT PROBLEM 46

Then

Coo 1
23— (8 + 9 logxy + O(a5) + Oy e 2V%%).

log 7 (x1, x2) = log — Co x5 — 3

Let

Coo 2 2
C :=log T = Illiglo (log (21, 2) + 5 + % —g% log :(;1) .
To—r00

Then we obtain

oC . 0 w s Yo+ Vi . Tk
Vi - :1:11190 (8% <10g7' (21,22) + 2 + 8 log 71 T4 Z 4 (pk)“’i
To—00 k=0
that is,

1 1
(4.0.3) C= —Z% - iZ%Plﬁ”i/Zpkd%-

Note that % = —28K where K is the function defined in the proof of Theorem
[47] Using the formula in T heorem 28, we obtain

1

/ Z prdyr = —(log 2) Z 7i — 2K + const.

k=0

The constant above is independent of the +;’s. By substituting v = 11 = 0,
which corresponds to the trivial solution wy = w; = 0, into , we obtain
C = —4(2(1/4) + v=2(2/4) + 2 (3/4)) + const. On the other hand, the tau
function 7%(x1, z2) corresponding to the trivial solution is exp(z? — z3), so C'= 0 in

this case. In conclusion we have the following result:

THEOREM 68.

1 1

C=-—=(w+)-5

. 5 (Yopo +mp1) - %F+4 (2 (1/4) +T2(2/4) + 0P (3/4)) .

The function F' in the theorem, which is the generating function, is given in Defin-

ition [0
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