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No. 1 

In  th i s  th e s i s ,  w e  s tu d y  tw o  ty p e s  o f  p a ra m e t r i c  e s t i m a t i o n s  f o r  u n k n o w n  
p a ra m e te r s  i n  th e  co e f f i c i e n t  f u n c t i o n s  o f  s t o ch a s t i c  d i f f e re n t i a l  e q u a t i o n s  
( S D E s )  w i th  sm a l l  L é v y  n o i se ,  a n d  w e  e s ta b l i sh  o u r  e s t i m a to r s  f r o m  a  d i s c re te  
sa m p l e  p a th  d e r i v e d  f r o m  th e  S D E  w i th  t r u e  p a ra m e te r s  i n  th e  c o e f f i c i e n t  
f u n c t i o n s ,  ca l l e d  d i s c re te l y  o b se rv e d  ca se .  P ro b l e m s  o f  p a ra m e t r i c  e s t i m a t i o n  
f o r  d i s c re te l y  o b se rv e d  s t o c h a s t i c  p ro ce s se s  w i t h  sm a l l  d i f f u s i o n  h a v e  b e e n  
s tu d i e d  b y  v a r i o u s  a u th o r s  ( e . g . ,  G e n o n - C a ta l o t  ( 1 9 9 0 ) ,  L a re d o  ( 1 9 9 0 ) ,  
S o re n se n  a n d  U ch i d a  ( 2 0 0 3 )  a n d  so  o n )  a n d  p ro b l e m s  o f  o n e s  w i th  s m a l l  L é v y  
n o i se  h a v e  b e e n  s tu d ie d  b y  L o n g  e t  a l .  ( 2 0 1 3 ,  2 0 1 7 )  a n d  re f e re n ce s  th e re i n .  

In  th e  f i r s t  h a l f  o f  th i s  th e s i s ,  w e  f o cu s  o n  th e  p a ra m e t r i c  e s t i m a t i o n  f o r  
d r i f t  p a ra m e te r  o n l y,  a n d  w e  p ro p o se  a  n e w  ty p e  o f  l e a s t  sq u a re  e s t i m a to r  
( L S E )  b a se d  o n  t h e  A d a m s  m e t h o d ,  w h i ch  i s  w e l l - k n o w n  a s  a  n u m e r i ca l  
c o m p u ta t i o n  m e th o d  f o r  c a l cu l a t i n g  n u m e r i ca l  s o l u t i o n s  t o  o r d i n a ry  
d i f f e re n t i a l  e q u a t i o n s  ( O D E s ) .  T h e n ,  w e  p ro v e  th e  co n s i s t e n cy  a n d  th e  
a sy m p to t i c  n o r m a l i ty  o f  th e  p ro p o se d  e s t i m a to r,  a n d  w e  sh o w  th a t  th e  L S E s  
b a se d  o n  th e  A d a m s  m e th o d  c a n  b e  b e t t e r  t h a n  th e  u su a l  L S E  b a se d  o n  th e  
E u l e r  m e th o d  i n  th e  f i n i t e  s a m p l e  p e r f o r m a n ce .  

In  o r d e r  t o  sa y  m o re  p re c i se l y  a b o u t  o u r  e s t i m a to r s  i n  th e  f i r s t  h a l f  o f  
th i s  th e s i s ,  l e t  u s  i n t ro d u ce  t h e  A d a m s  m e th o d ,  w h i ch  i s  a  n u m e r i c a l  m e th o d  
f o r  O D E s  a p p ro x i m a te  so l u t i o n s  ( s e e ,  e . g . ,  B u t ch e r  ( 2 0 1 6 ) ,  H a i re r  e t  a l .  ( 1 9 9 3 ) ,  
H a i re r  a n d  Wa n n e r  ( 2 0 1 0 )  a n d  I se r l e s  ( 2 0 0 8 ) ) .  T h e  A d a m s  m e th o d  co n ta i n s  
tw o  l i n e a r  m u l t i s t e p  m e th o d s ,  i . e . ,  th e  A d a m s- B a sh f o r th  m e th o d  a n d  t h e  
A d a m s - M o u l to n  m e th o d .  W h e n  w e  co n s i d e r  n u m e r i ca l  s o l u t i o n s  t o  th e  
f o l l o w i n g  O D E  b y  u s i n g  th e  A d a m s  m e th o d :  

𝑑𝑑𝑥𝑥𝑡𝑡
𝑑𝑑𝑑𝑑

= 𝑎𝑎(𝑥𝑥𝑡𝑡) (1) 

w i th  th e  i n i t i a l  c o n d i t i o n  𝑥𝑥0 ∈ ℝ,  w h e re  𝑎𝑎 i s  a  L i p s ch i t z  f u n c t i o n ,  w e  f i r s t  
ca l cu l a te  a n  a p p ro x i m a te  v a l u e  𝑥𝑥𝑡𝑡𝑙𝑙

∗  o f  th e  so l u t i o n  o f  ( 1 )  a t  𝑑𝑑 = 𝑑𝑑𝑙𝑙 b y  u s i n g  th e  

k n o w n  p a s t  v a l u e s  𝑥𝑥𝑡𝑡 , 𝑑𝑑 = 𝑑𝑑0, … , 𝑑𝑑𝑙𝑙−1 �𝑑𝑑𝑘𝑘 − 𝑑𝑑𝑘𝑘−1 = 1
𝑛𝑛

, 𝑘𝑘 = 1, … , 𝑙𝑙� a s  t h e  f o l l o w i n g :  

𝑥𝑥𝑡𝑡𝑙𝑙
∗ = 𝑥𝑥𝑡𝑡𝑙𝑙−1 +

1
𝑛𝑛
�𝛾𝛾𝑗𝑗 𝑎𝑎(
𝑙𝑙−1

𝑗𝑗=0

𝑥𝑥𝑡𝑡𝑗𝑗) 

w i th  so m e  co n s ta n t  𝛾𝛾0, … , 𝛾𝛾𝑙𝑙−1 ∈  ℝ,  w h i ch  i s  ca l l e d  th e  A d a m s - B a s h f o r th  m e th o d .  
T h e n ,  w e  n e x t  m o d i f y  th i s  a p p ro x i m a te  v a l u e  𝑥𝑥𝑡𝑡𝑙𝑙

∗  a s  th e  f o l l o w i n g :  

𝑥𝑥�𝑡𝑡𝑙𝑙 = 𝑥𝑥𝑡𝑡𝑙𝑙−1 +
1
𝑛𝑛
�𝛽𝛽𝑗𝑗  𝑎𝑎(
𝑙𝑙−1

𝑗𝑗=0

𝑥𝑥𝑡𝑡𝑗𝑗) +
1
𝑛𝑛
𝛽𝛽𝑙𝑙  𝑎𝑎(𝑥𝑥𝑡𝑡𝑙𝑙

∗ ) 
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w i th  so m e  co n s ta n t  𝛽𝛽0, … ,𝛽𝛽𝑙𝑙.  S o m e  v a l u e s  o f  th e  c o e f f i c i e n t s  𝛾𝛾𝑗𝑗’ s  a n d  𝛽𝛽𝑗𝑗’ s  ca n  b e  

f o u n d  i n  Ta b l e  2 4 4  i n  B u t ch e r  ( 2 0 1 6 ) .  We  re m a rk  th a t  f o r  a n y  𝑔𝑔:ℝ → ℝ,  th e  
c o e f f i c i e n t s  𝛾𝛾𝑗𝑗’ s  a n d  𝛽𝛽𝑗𝑗’ s  sa t i s f y   

� 𝑃𝑃(𝑠𝑠;𝑔𝑔, 𝑑𝑑0, … , 𝑑𝑑𝑙𝑙−1) 𝑑𝑑𝑠𝑠 =
1
𝑛𝑛

𝑡𝑡𝑙𝑙

𝑡𝑡𝑙𝑙−1
�𝛾𝛾𝑗𝑗 𝑔𝑔 �𝑥𝑥𝑡𝑡𝑗𝑗�
𝑙𝑙−1

𝑗𝑗=0

, 

a n d   

� 𝑃𝑃(𝑠𝑠;𝑔𝑔, 𝑑𝑑0, … , 𝑑𝑑𝑙𝑙) 𝑑𝑑𝑠𝑠 =
1
𝑛𝑛

𝑡𝑡𝑙𝑙

𝑡𝑡𝑙𝑙−1
�𝛽𝛽𝑗𝑗 𝑔𝑔 �𝑥𝑥𝑡𝑡𝑗𝑗�
𝑙𝑙

𝑗𝑗=0

, 

w h e re  𝑠𝑠 ↦ 𝑃𝑃(𝑠𝑠;𝑔𝑔, 𝑑𝑑0, … , 𝑑𝑑𝑙𝑙) i s  th e  L a g ra n g e  i n te r p o l a t i n g  p o l y n o m i a l  t h ro u g h  th e  
p o i n t s  �𝑠𝑠,𝑔𝑔(𝑠𝑠)�, 𝑠𝑠 = 𝑑𝑑0, … , 𝑑𝑑𝑙𝑙 ( s e e ,  e . g . ,  S e c t i o n  I I I . 1  i n  H a i re r  e t  a l .  ( 1 9 9 3 ) ) .  B y  

su b s t i tu t i n g  𝑔𝑔 ≡ 1 i n  th e  a b o v e  e q u a t i o n s ,  w e  o b ta i n  

�𝛾𝛾𝑗𝑗

𝑙𝑙−1

𝑗𝑗=0

= �𝛽𝛽𝑗𝑗

𝑙𝑙

𝑗𝑗=0

= 1. 

H e re ,  w e  su p p o se  th a t  w e  h a v e  a  d i s c re te  sa m p l e  �𝑋𝑋𝑡𝑡𝑘𝑘
𝜖𝜖 �

𝑘𝑘=0,…,𝑛𝑛
 d e r i v e d  b y  

𝑑𝑑𝑋𝑋𝑡𝑡𝜖𝜖 = 𝑎𝑎(𝑋𝑋𝑡𝑡𝜖𝜖 , 𝜃𝜃0) 𝑑𝑑𝑑𝑑 + 𝜖𝜖 𝑑𝑑𝐿𝐿𝑡𝑡 ,     𝑋𝑋0𝜖𝜖 = 𝑥𝑥0 ∈ ℝ𝑑𝑑 , 
w h e re  Θ0 i s  a  sm o o th  b o u n d e d  o p e n  c o n v e x  se t  i n  ℝ𝑝𝑝 w i th  𝑝𝑝 ∈ ℕ,  𝜃𝜃0 ∈ Θ0,  𝜖𝜖 > 0,  

𝑎𝑎  i s  a  f u n c t i o n  f r o m  ℝ𝑑𝑑 × Θ�0  t o  ℝ𝑑𝑑 ,  a n d  𝐿𝐿 = (𝐿𝐿𝑡𝑡)𝑡𝑡≥0  i s  a  𝑑𝑑 - d i m e n s i o n a l  L é v y  
p ro ce s s .  A s  i n  th e  u s u a l  l i t e ra tu re  ( e . g . ,  L o n g  e t  a l .  ( 2 0 1 3 ) ) ,  w e  u se  th e  
f o l l o w i n g  co n t ra s t  f u n c t i o n  f o r  L S E  b a se d  o n  E u l e r  m e th o d :  

Ψ𝑛𝑛,𝜖𝜖(𝜃𝜃) =
𝑛𝑛
𝜖𝜖2
� �𝑋𝑋𝑡𝑡𝑘𝑘

𝜖𝜖 − 𝑋𝑋𝑡𝑡𝑘𝑘−1
𝜖𝜖 −

1
𝑛𝑛
𝑎𝑎�𝑋𝑋𝑡𝑡𝑘𝑘−1

𝜖𝜖 ,𝜃𝜃��
2𝑛𝑛

𝑘𝑘=1

, 

th o u g h  t h e  E u l e r  m e th o d  so m e t i m e s  f a i l s  t o  a p p ro x i m a te  th e  so l u t i o n  o f  O D E s  
( e . g . ,  𝑎𝑎(𝑥𝑥, 𝜃𝜃) = −𝜃𝜃 𝑥𝑥  f o r  𝑥𝑥, 𝜃𝜃 > 0 a n d  𝜃𝜃/𝑛𝑛 ∉ (0,2),  i n  S e c t i o n  4 . 2  i n  I se r l e s  ( 2 0 0 8 ) )  
a n d  i s  l e s s  a c cu r a te  t h a n  th e  R u n g e - K u t ta  m e th o d ,  t h e  A d a m s  m e th o d ,  e t c .  O f  
c o u r se ,  th e se  n u m e r i ca l  a p p ro x i m a t i o n  m e th o d s  e x ce p t  f o r  t h e  E u l e r  m e th o d  
d o  n o t  w o rk  t o  ca l c u l a te  n u m e r i ca l  s o l u t i o n s  t o  S D E s ,  w h i l e  t h e y  a re  a v a i l a b l e  
f o r  th e  O D E  g i v e n  i n  th e  l i m i t  𝜖𝜖 → 0.  T h u s ,  w e  e m p l o y  th e  A d a m s  m e th o d  
i n s te a d  o f  th e  E u l e r  m e th o d  a n d  d e f i n e  th e  A d a m s- M o u l to n  ty p e  c o n t ra s t  
f u n c t i o n  Ψ𝑛𝑛,𝜖𝜖,𝑙𝑙(𝜃𝜃) a s  

Ψ𝑛𝑛,𝜖𝜖,𝑙𝑙(𝜃𝜃) =
𝑛𝑛
𝜖𝜖2
��𝑋𝑋𝑡𝑡𝑘𝑘

𝜖𝜖 − 𝑋𝑋𝑡𝑡𝑘𝑘−1
𝜖𝜖 −

1
𝑛𝑛
�𝛽𝛽𝑗𝑗  𝑎𝑎 �𝑋𝑋𝑡𝑡𝑘𝑘−𝑙𝑙+𝑗𝑗

𝜖𝜖 ,𝜃𝜃�
𝑙𝑙

𝑗𝑗=0

�

2𝑛𝑛

𝑘𝑘=𝑙𝑙

. 

We  ca n  a l so  d e f i n e  th e  A d a m s - M o u l to n  ty p e  c o n t ra s t  f u n c t i o n  a s  w e  sh a l l  s e e  
i n  C h a p te r  1  o f  th i s  th e s i s ,  a n d  w i l l  d i s cu s s  o n l y  th e  A d a m s- M o u l to n  ty p e  
co n t ra s t  f u n c t i o n ,  s i n ce  th e  p ro o f  f o r  A d a m s - B a sh f o r th  ty p e  i s  a n a l o g o u s .  
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In  th e  se co n d  h a l f ,  w e  e x p a n d  o u r  s co p e  t o  t h e  j o i n t  e s t i m a t i o n  o f  th e  
p a ra m e te r s  i n  th e  d r i f t ,  d i f f u s i o n  a n d  j u m p  te rm s ,  w h i l e  w e  r e s t r i c t  L é v y  
n o i se  t o  c o m p o u n d  P o i s so n  p ro ce s s .  In  th e  e rg o d i c  ca se ,  su ch  j o i n t  e s t i m a t i o n  
f o r  S D E s  w i t h  L é v y  n o i se  i s  p ro p o se d  i n  S h i m i z u  a n d  Yo sh i d a  ( 2 0 0 6 ) ,  a n d  i t  
h a s  b e e n  co n s i d e re d  so  f a r  b y  v a r i o u s  r e se a r ch e r s  ( r e f e re n ce s  a re  g i v e n  i n  
A m o r i n o  a n d  G l o te r  ( 2 0 2 1 ) ) .  O n  t h e  o th e r  h a n d ,  i n  t h e  sm a l l  n o i se  ca se ,  n o  
o n e  h a s  su c ce e d e d  i n  g i v i n g  a  p ro o f  f o r  su ch  j o i n t  th re s h o l d  e s t i m a t i o n  o f  t h e  
p a ra m e te r  r e l a t i v e  t o  d r i f t ,  d i f f u s i o n  a n d  j u m p s .  S o ,  th e  a i m  o f  th e  se co n d  
h a l f  o f  t h i s  th e s i s  i s  t o  g i v e  a  f ra m e w o r k  a n d  a  p ro o f  f o r  th e  th re sh o l d  
e s t i m a t i o n  i n  th e  sm a l l  n o i se  ca se .  A s  a n  e s se n t i a l  p a r t  o f  o u r  f ra m e w o rk  f o r  
e s t i m a t i o n ,  w e  su p p o se  n o t  o n l y  𝑛𝑛 → ∞ a n d  𝜖𝜖 → 0 b u t  𝜆𝜆 → ∞ ( 𝜆𝜆 i s  th e  i n te n s i ty  
o f  th e  L é v y  n o i se ) ,  w h i l e  th e  i n te n s i ty  𝜆𝜆 i s  f i x e d  i n  th e  u su a l  s m a l l  n o i se  ca se  
( s e e ,  e . g . ,  S ø re n se n  a n d  U ch i d a  ( 2 0 0 3 ) ) .  T h e  a sy m p to t i c s  w i t h  𝜆𝜆 → ∞ w o u l d  b e  
th e  f i r s t  a n d  n e w  a t t e m p t  i n  m a n y  w o rk s  o f  l i t e ra tu re ,  a n d  i t  e n a b l e s  u s  t o  
d e a l  w i th  th e  j o in t  e s t i m a t i o n  o f  th e  p a ra m e te r s  r e l a t i v e  t o  d r i f t ,  d i f f u s i o n  
a n d  j u m p s ,  w h i l e  th e  p re v i o u s  w o rk s  i n  th e  s m a l l  n o i se  ca se  d e a l  w i th  o n l y  
th e  e s t i m a t i o n  o f  d r i f t  a n d  d i f f u s t i o n  p a ra m e t e r s  ( o r  i n  s o m e  p a p e r s  d r i f t  
p a ra m e te r  o n l y ) .  N o te  th a t  th e  a s su m p t i o n  𝜆𝜆 → ∞ s e e m s  n a tu ra l  w h e n  w e  d e a l  
w i th  d a ta  o b ta i n e d  i n  t h e  l o n g  t e r m  w i th  th e  p i t ch  o f  o b se rv a t i o n s  sh o r te n e d ,  
w h i ch  i s  f a m i l i a r  i n  b o th  ca se s  o f  e rg o d i c  a n d  s m a l l  n o i se .  

F u r th e r m o re ,  i n  th e  se co n d  h a l f  o f  t h i s  th e s i s ,  w e  a i m  to  g i v e  a  p ro o f  b y  
u s i n g  l o ca l i za t i o n  a rg u m e n t  ( a s  i n ,  e . g . ,  R e m a rk  1  i n  S ø re n se n  a n d  U c h i d a  
( 2 0 0 3 ) )  i n  th e  e n t i r e  c o n te x t ,  a n d  t o  s i m p l i f y  th e  c o n t r a s t  f u n c t i o n s  u se d  in  
e a r l i e r  w o rk s  i n  th e  e rg o d i c  c a se .  T h e n ,  w e  ca n  e s ta b l i sh  m a n y  e x a m p l e s  o f  
th e  c l a s s  o f  j u m p  s i ze  d e n s i t i e s ,  w h i ch  i n c l u d e s  u n b o u n d e d  d e n s i t i e s  ( e . g . ,  
l o g - n o rm a l  d i s t r i b u t i o n )  a n d  a re  n o t  i n c l u d e d  i n  th e  e a r l i e r  w o rk s  i n  t h e  
e rg o d i c  ca se .   



No.1

Full Name㸸 seal or signature

Date Submitted(yyyy/mm/dd):

✀㢮ู
(By Type)

Academic
paper

Academic
paper

Academic
paper

Lecture

Lecture

Lecture

Lecture

Lecture

Lecture

Kobayashi, M.; Least squares estimators based on the Adams method for discretely sampled SDEs
with small Lévy noise; 確率過程の統計推測の最近の展開2021; 11 March 2021.

Kobayashi, M. and Yamada, Y.; Global existence of weak solutions to forest kinematic model with
nonlinear degenerate diffusion; Advances in Mathematical Sciences and Applications; 29, (1); 187–
209; November 2020.

Kobayashi, M.; アダムス法を用いた 常微分方程式の統計的推測; 2019年度統計関連学会連合大
会; 11 September 2019.

〇Kobayashi, M. and Shimizu, Y.; Threshold estimation for jump-diffusions under small noise
asymptotics; Statistical Inference for Stochastic Processes; 26; 361-411; published 20 February 2023.

Kobayashi, M.; Threshold estimation for jump-diffusions under small noise asymptotics; MATRIX
program “Mathematics of Risk – 2022”; 2 November 2022

List of research achievements for application of Doctor of Science, Waseda University

小林　光木

Kobayashi, M.; Threshold estimation for jump-diffusions under small noise asymptotics; 2022年度統
計関連学会連合大会; 5 Septeember 2022.

〇Kobayashi, M. and Shimizu, Y.; Least-squares estimators based on the Adams method for stochastic
differential equations with small Levy noise; Japanese Journal of Statistics and Data Science; 5; 217-
240; published 13 May 2022.

Kobayashi, M.; Least squares estimators based on the Adams method for discretely sampled SDEs
with small Lévy noise; 数学・数理科学専攻若手研究者のための異分野・異業種研究交流会2021;
13 November 2021.

題ྡࠊ  Ⓨ⾲࣭Ⓨ⾜ᥖ㍕ㄅྡࠊ　　Ⓨ⾲࣭Ⓨ⾜ᖺ᭶ࠊ　　㐃ྡ者㸦申請者ྵࡴ㸧
(theme, journal name, date & year of publication, name of authors inc. yourself)

2023/06/21

Kobayashi. M.; 非線形退化型拡散を伴う 森林モデルにおける一様有界性; 第12 回非線形変微分
方程式と変分問題; 10 February 2018.


