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Evaluation of Quadratic Stability Regions Based on Scaled H* Norm Conditibn

RyoVVATANABE‘,Kenko[hnuDA*ﬂ
Masayuki Fusita*** and Etujiro SHIMEMURA™"

Quadratic stability analysis is one of the most effective technique to robust stability analysis for systems with
parametric uncertainties. In ordinary quadratic stability analysis, quadratic stability of the system which consists

of given system matrices (A-matrix), structure of para
tainties becomes a subject of discussion. In this paper,

metric uncertainties, and a region of parametric uncer-
we evaluate the region of the parametric uncertainties

for given system matrices and structure of parametric uncertainties, in which the system is quadratically stable.
Though the evaluation is based on scaled H® norm condition which is usually applied to quadratic stability
analysis for parametric uncertain system, the evaluation dose not include scaling matrix.

Key Words: quadratic stability, parametric uncertainty scaling matrix
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Lo-Gain Analysis of Nonlinear Systems via Extended Quadratic Lyapunov Function

—Convex Analysis Approach Using Linear Matrix Inequalities—

Seigo SASAKI* and Kenko UCHIDA™

Using an extended quadratic Lyapunov function of the form V{z) = z7 P(z)z, we derive a sufficient condition
that an input-affine polynomial-type nonlinear system is internal stable and the Lo-gain is less than or equal
to some given positive constant. The condition is given as Riccati-type inequality, for P(z), which depends on
the state. We can obtain the solution P(z) as a polynomial function by solving linear matrix inequalities, and
determine the region of internal stability. We also illustrate that the proposed method is effective through a

numerical example of bilinear systems.

Key Words: nonlinear system, Lo-gain, Lyapunov function, linear matrix inequality
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S LHTEL. SLIICORENL, EE, FHERMEEE
EAE X O NI O RITENOBEES TR 25,

BigiT, ANT 7 A v BEXBIRI Y AT LORF LS
ETHBRMY A5 LB ST, FERH Plz) DR
Ly ¥ AvOLR, BIUNBEELZDRRLOBKID
WTEEL, ARIOBRFEORDEERT.

LFCR, DEOREFAVA. X7 PV LT,
[zl =2 ) v K vk R, SR RIILT,
lzllm W& TR T | ]2 12 2 FEHETER L D/ WV

LERL, DEQOLIERT A,
1

fzllz = (/ Hx(t)l!?dt> Cceln

#i EED e [0,00) XL Izl <p %A L&, Ly
rET. EREOEFL LN/ Lo e RMIIHLT, B;
44 {z]|zi| < oi,i=1,---,n} REE. L, T, oo
1, ENEFRORZ FAO | BEODEFRERT.

9. WL AT LO Ly 71 B

KETE, BB AT AARBEETHD, HIEER
PFD Ly ¥4 vk b2 d0&KEERT.

2.1 WRIVAT L

BT TP AR bR Y AT 4 (D)

£(t) = Alz(t)z(t) + Blz(t)w(t), (1)

z(t) = C(a:(t))z(t)+D(a:(t))w(t) (2)
P2 L. 1750, o(t) € R 3RE, w(t) € R™ 1
SRS, 2(t) € R™ WEMEATHS. T, A(t),
B(z(t)), C(z(t), D(z(t) ¥, =z(t) =X LTHERATERS
NTVWALDET A,

2.2 IE2RWMRUTT  TEBRICE BN

AT, EERYATL (D) PARBEETHYO, H5b
FEBUTO Ly, ¥ 10 % Lo HOEEYTTH, T0F
FInEY, DEDIONTIEREHETA.
(£8] BEaretfm Bl C R »HEL, EHRMD
AEe T ITRIME P(c) (B — R 23 LT,

T P(z)z >0, Yz € B;7, 2 # 0 (3)
DE &, HH B T Plz) BERTHE LWV, DEDL
g,

P(z) >0, Yz € By*. (4)
$7: B Brs T —Pz) KEETHHEE, P(z) BRE
ThHbEwi,

P(z) <0, Vz € B;*® (5)

LT

EHE] w=0LLiYATL (D) BT, LR E
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L8 z(t) FESICNET AL E, VAT A (L) R Q
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Lo A%
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) =
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BEoimnd &, EHHIAFL (D) PRABLETH
D, BLEEHELTD L, ¥ A v 2 bolzo0kiid, oF
NEB21TEZONA.

(£ 2.1) YA74 (£) BWT, 5X6hEER v
LT, AR SUHEE B C R SEEL,
R,(z) :=~*1 - D" (z)D(z) >0, Yz € B;* (6)
YEEL, OEO&ERELT P(r) PEETALOLTA.
(1) P(z)>0, Vze€bB, (7
(2) X(P(z),z)Alz) + AT (2)X" (P(2),2)
+(X(P(z),z)B(z) + CT (z)D(x)) Ry (z)
(BT (2)XT (P(z),z) + D" (x)C(z))

+CT(2)C(z) <0, Vz €B;=. (8)
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t==1 !
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F0(n(z7), ) 1, n(e ) BETBFSIL §AET
MFEXEHET, k BORELRERNOMPIEEF
FldHT. o8, k=00kE Q) OFEIHE2IHIFL
T5.
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R, (z) :=~*1 - DT (z)D(z) >0, Vz € B3  (23)

AWREL, DEO&MYEAT r REERRE P(z) PR
THLDETE.

(1) Pr(z) >0, vz € B}, (24)

(2) X(P.(z),2)Az) + AT(2) X" (P (2), z)
+(X(Pr(z),z)B(z) + CT (z) D(z)) R ' (z) x
(BT(z)XT(P.(z),z) + DT (z)C(z))
+CT(z)C(z) <0, VzeBy. (25)

IDEE, VAFL (D), HR B LEITNLIEKRD
I
QL = {z|z" P(z)z < oy} C B2® (26)
THREETH»D, G () < v &¢4b. &8, o i1
QL CBr: LhABRKDERTHA.
(EEB) =z eBl= 28T, AME
Vi(z) =27 Pr(z)z (27)
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Ve (a(t))
= &7 P.(z)z + 27 P ()%
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+z -——[ZZ ()P (k))}z
k=0 i=1

= " P.(x)z + 2 Prz)i
(k=1) T . _
T EZQ%WM“”MJI
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+zT Zk Z
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+ 27 Zk Z
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ne Hi-1 ne 7

+a” Zk Z gk_l) [ZIJPU(Z“' ”)J:l z
RED =1 J

= x'TXT(P,(x),z)z +zT X(P:(z),2)% (28)

Ehh. DT, EELILEBICUTERETES. ]

1997 %5 A

(iE%) ZEHJNOHEBLY, 977/ 7HE V() =

2T P(z)z ® P(z) OB SENITH (20) & LB E, U

72 FTEROR X(P(z),7) OWENSFRTF (21) &%

BIENbHB. B OEEITING, (22) 12k o THED
FHhTwh
(i 8) REETH~OUREMLER L, T2 R0

BAEHB VAT LADREKIC
Bk 8)) Tid,

AR L7cHE (Lt i, X

OV (1) = 22T X ()

Oz
EBLIZEILEST, nINP Y FOAUEREXE X() 2
My A0y FAREREALL, EETH X(z) #RDOTW
3 (ZokE, V(i) BEEERL). LaL, ERD X(2)
(KRBT TIE, X(P(z),z) 35T %) 12, EBF5THA
LBk, BB, SEOHF ((37) 488) 2o bbbk
4, X(P(z),z) PEETHELTHEZLNBEDIE, —&
I ORESABETHAL, T0LEH, KRILOT
7m-%fu,%%@?&;bé%&mw7710077/

CTHHEOEHEERTE S,
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ARETIE, MBTHRERNCLVERBEY X7 4 () D
Ly 7 A 2B AFiECTRYT. X 1) OFRETHNT,
BEANNASNEFEBECILIILY, £9, r XEEAB
P.(z) #1385 2 LA TEAH I L%RL, DEILHE P(z) DK
Brk Ly 74 0By OMEEHLIZELEETHS
T EERT.

LTFTiiEsTomeato/ ol
HATR O£k

POv

. T RERNE Pr(z) DR

ey B =12 i =12 He

%588 PP THEY. VAFL (L) BLU# P(z) ¥z
CHLTSERTHL I WFEET AL, EH 310N

Schur complement 'Y % Bwb I &2k Y, PESixt 5,
DEDBEATIAERE LTRRTE S,
E(PE°Y (2)) == Fo(Po) +}:w,(z Fi(PET) =
. =1
- Pr(z) 4 0
0 X(Pr(z), ) Alz) + AT(2) X T (Pr(z), )
0 BT (z)XT(P,(z),z)
0 C(z)
0 0
T
X(Pr(:c),zx)B(x) CT(x) <0, Ve B
o D™ (z)
D(z) -1
(29)

L, nge A0 DEE,
Y(x) =
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[2 22 - za,

xf T1Z2 Z1ZI3 CCrzz,
nge ner—1 ng, T R
] z] g2 - zpE | € R7(30)
nge
q = ne Hi (31)

i=1

THY, ne, =00k E, ¥(z): =0 R, g:=n, TH

5., 22T, ng i, VAT L (L) BLUB P(z) D ¢
KHTARETHRIIFEANDERTHAS. 72, vi(z) 1T,
b(z) D i BOOEEERT.

PEEY, BEBILUIDEDLIEVRIONS,

(EE4.1) YAF4 (8) LBWT, 526N EREK
YEHLT, H5FENOEH ne,, BLURALEUHER
U(B3*) C R AHEL, DEDEGLHLTH Po(z) D
BATH) PE° T ETALOLET .

Fo (P77, 9(z)) < 0, Vy(z) € ¥(B7). (32)
IokE, YAFL (X)L, EE

Q. = {z]z" P (2)z < o} C B® (33)
THEBEETH»D, G,(T) <y &b,
(EE) YRA74 (Z) FRBYATLTHD, YTTJ

THEED2RER TPt DEE, ng,. =085 5. T0&
%, EBAIIHIE Y AF LT AERICHET 5.

FHAIEHVT, YAFL (D) FABEETH2, 5
EEHUTO L ¥4 0% 4202 E2METADITIE, £
ED p(z) € W(Br=) LT, & (32) 2@ TROBR

175) PCoS 2B hifnszw. Lal, 2EDER4.2

LY, AREOBEITIAERLHEBIILICLY, Bo
REATH| PPl M5B,

(EE4.2) (#HELSY) W(Bre) = {Y(z)|z € B2=} 1
Bicgs, 22 BOHEEL D ¢ KELSEK & #F2 5.
¢ 0 XEOESE (Y¢,---,7¢) ETBEE, TOEED
HEHT 20 X0RER%i#LT PCY " BEET A LOE
T5.

F(PEf gy <0, j=1,...,2%

=L, Tg ik, @ HOOEEYFET.

k& PP L, BED y(z) € U(Br) LT, (32)
2T, ,

(GEBF)  XW 1) oFEHE41%, XBRLTR-TWAME
KBATALDIIEVEDZL0THE. 2B, XK1 O
FETHE, ZHEFNEFHFOEISORTRETEL LIS
EETRETHD, |

(34)

BEEh, 2HRAE P(z) #1852 LD TEB, 372, &

11

BALLD, RBITH PE ORETH D I LIERT B
E, BHEAM P(z) DRBr & L ¥ 1D LR v OB
KT A, 2ED2200FNEONE,

[F4.1)] Y2724 (D) DEEITH Az), B(z), Clz),
D(z) WIRED—E z,...,zm(m < ng) IKETIEEL, B
Pz) WEHR Po DBERERD., IOLE, Ly ¥4v®
ERR y 0%, BN OIKEE 204, .., 2., BB
KEE 5. ,
(GEBH) REID, VA7 L (D) 0BT, KE
Tmal,. . T, WRFLEZW, $72, P(z) =P THE1:
O, BILKELHIRELZY. oDz & kh, R4
DEH O, Tmpr, 0, Tn, KKELZOEEERS, L
1ehioT, Lo A DER v i3, KE zmyr,. .. 20, 1213
3 AR AT ARG 5 I ) |

[F42] Brxonloo il T, EHALIOEELEHLT
B PI(z),Pi(z), B, FDELEDFREFND Ly ¥ A
YOLER i,y PHEEL, F<FTHBETE, Ik E,
0L IR

(BEBR) 7 BLIU 7 REHEAMOBRHOKE L, The
T(P:(z)), TI(P:(z)) & ET. F<# LD, TI(P:(z)) C
(P:(z)) &b, THED, v 525 Pi(z) € (P>
(z)) 13, Pi(z) e I(Pi(z)) THbH B, LA 2T, v > 72
k. |

5. & &

RETIE, FHAL 42050, FHHBY AT A (Do) 2

T = Ax+(Bo+:L‘1Bl +mng)w, (35)

Cz,
i { 13/6  5/12 },Bo= [ ~1/8
~50/3 —8/3 0

o[ [1 ]

DLy T A YEBNT A, VAT L (By) 12BWT, 2y
1w EDHEOEL b ORI LIREERTH Y, zp 1B
TIRBEERTH A, 72, o] <o, 12| <op £F 5.
DT, ROHLEHAM Po(x) DREA r=0,1,2 T
HEFEILOWTRNEIT L), J0LE, RMr &, z 0
FERDEKRE ny., V(BF*) DKL q BLUOLEHEEK &
HAENE 20 L OMiRIL, Table 1 ®#D TH 5. Table 1
D, r=20%4g, 512 BOBRBITHNRER &M (34) %

2z =

Table 1 XM r & & OIHSOKE OME
ringr|q| 29
0] 1 2] 4
11 2 |51 32
21 3 |9]512
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Table 2 FEOHIRERNOKE S, BOKRK, Ly ¥4 O LRONME

o1 =050k % g =10NL A
%) r=0lr=1|r=2 o2 r=0}r=1]r=2
1059 | 3.3984 | 3.3984 | 3.3984 1050 | 6.1171 | 6.1171 | 6.1171
10 |3.3984 | 3.3336 | 3.3261 10 |6.1171 | 6.0563 | 6.0331
1 |3.3984 | 3.0690| 3.0377 1 |6.1171]5.6291 | 5.6179
0.5 |3.3984 | 2.9419 | 2.9170 0.5 16.1171 | 5.5576 | 5.5436

AT PO 2 AOTAMBEMIEIIRD. FL
T, JDEEDHE P(z) DIRER,

[Pr(z)]r=2 = Po+z1PL + 22 P2
+2IPy + ez P+ 25Pn (36)
ThY, X(P(z),z) DIHER,
[(X(Pr(2), 7)) 1m0
= [Pr(z)]r=2 + %[{11}51 + 2P}
+2{z1(21 P11 + T2 Pr2) + z2(z1 Por + 72 P22)}]

12 1.
= Po+z1(P + §P1) + zo( P2 + §P2)

«
»
T
»

Least upper bound of L.2-gain
w
o
.

w

o

&
T

34

DGt 05

29 ; : : :
0 02 o4 06 14

oa 1 2 e 2
Dagree of P(x)
Fig.1 Least upper bound of Ly gain for degree of P(z)

(o1 = 0.5, g2 = 10%0,10, 1,0.5)

0.6 T T T T T T T
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: L : L ¢
-0.02 0 0.02 0.04 0.06

x1

1 :
-~0.06 -0.04 0.08

Fig.2 Region of internal stability for P-(z), 7 =0,1;2
(01 = 02 = 0.5)

12

+z2(Pi + Pu) + 2172(2P12 + Pi2 + Pa)

+:L‘%(P22 + 1522) (37)

Yk, 1210, 4350 Py, Py, Pu, Pra, P, P i, (22) 42
Lo THENIND,

= AL, 42% b 20D, VAT LA (Tp) D LS4V D
ERR oy %EEL-HEE% Table 2, Fig.1 WRT. F 7,
oL =02 = 0.5 D& EORBEEFRR [QF,]r=0,1,2 ¥ Fig. 2
RT. S0k E0 2 KREERE [Pr(2)]r=2 DHRETHO
ik, DEDENTH 5. '

. [ 1.482 x 10! 2.157
o 9157  3.638 x 107"
b | 2407 -38Tx 107
PT 3873 x 1070 —6.664 x 1072 |
|
b | 2028107 5463 x 107
7| 5463x10°% —3.016x107* |’
o _ | —1393x1077 3325 x 107
YT —samsx 107 2417 x 207 |
[ 1,494 x 101 2.124 x 1072
Pz = -2 -3 |
9.124 x 1072 2.340 x 10
b _ | ~1690x 1070 1817x 107
22—L 1.817 x 10™*  3.857 x 10~

¥, HfEEtE sz, MATLAB, LMI Control Toolbox %
By, BFAARRSERIC L 2HEEHEOLET, v KHT S
BAMERIE R,

EHHE (Pr(z)]rmo KHRELTHRET R L, ED0p 12
MHUTH Ly ¥ A YO EROBIIEDLS LW I LHHETE
% (Fig.1, Table 2) . Th X b, RAIVHET2L.
73 ga AUREWVIZYE, KB r ARELSTAHRAL RN
% (Fig.1, Table 2). #§i12, K¥r r=0256r=112L
FBECEETHL, PEHREND Gp(Tu,) <y L% BH
BQL 1, kMEAE(LTWCE, MMM, S/hEL
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Abstract :

Using an extended quadratic Lyapunov function of the
form V(z) = 2T P(z)z, we consider L,-gain analysis and
state feedback control synthesis for input-affine polyno-
mial type nonlinear systems, and derive Riccati type ma-
trix inequality conditions that depend on z. We show that
the solution P(z) can be given by solving linear matrix in-
equalities as a polynomial type matrix. We also determine
the domain of internal stability. We finally show that the
proposed method is effective through a numerical example
of bilinear systems.

1. Introduction

We often use Hamilton-Jacobi-Isaacs (HJI) inequal-
ity /equation to analyze and synthesize nonlinear systems.
However, it is generally not easy to obtain the solution
satisfying the HJI inequality/equation. Many works (e.g.
[6, 2]) in control synthesis obtain Taylor series expansion
solution satisfying the HJI equation. The Taylor series
generally needs infinity expansion. Therefore, under some
condition for numerical calculation, we decide a degree of
the expansion and obtain only an approximate solution.
The method also does not consider any domain to guar-
antee feasibility of the solution. The work [3] shows a
method numerically solving the HJI inequality which uses
a linear robust control technique considering a domain
of state. There, the form of the solution is restricted to
the standard quadratic Lyapunov function V(z) = =7 Pz
and small-gain type conditions are used, and so the re-
sults might be sometimes conservative. In the work [7],
some systematic method is proposed. There the authors
restrict the solution to a Lyapunov function which satis-
fies 9V /0z(z) = 22T X (z), where X(z) is assumed to be
positive definite.

In this paper, by using an extended quadratic Lya-
punov function of the form V(z) = 27 P(z)z, we consider
Lo-gain analysis and state feedback control synthesis for
an input-affine polynomial type nonlinear system of the
form ¢ = A(x)z + B(z)u and propose a convex program-
ming approach. The approach consists of the following
two steps. ,

First, by using an extended quadratic Lyapunov func-
tion V(z) = 27 P(z)z for the solution of the HJT inequal-
ity, we give the conditions as Riccati type matrix inequal-

kuchidaQuchi.elec.waseda.ac.jp

ity that depends on the state z. Since the structure for
the extended quadratic Lyapunov function adjusts to that
for the system, we can obtain results that is naturally
extended from those of linear quadratic problems. This
makes it possible to rewrite the Riccati type inequality
condition to a linear matrix inequality that depends on
the state z in parallel with the procedure for linear sys-
tems [5].

Second, we give the solution satisfying the linear ma-
trix inequality that depends on the state 2 by enclosing
an admissible domain of state in a convex hull and solving
linear matrix inequalities for all vertices of the convex hull
[4]. Consequently, we obtain the solution which satisfy ex-
actly the HJT inequality.

This paper Is organized as follows. In Section 2, we

describe the input-affine polynomial type nonlinear sys-
tem and discuss Lo-gain analysis for the system. Section
3 gives the state feedback control synthesis. In Section
4, we propose a convex programming approach for the
analysis and synthesis. In Section 5, efficiency of the pro-
posed approach is shown through a numerical example for
bilinear systems that is a special class of the considered
system.
Notations: For a vector z, ||z|| denotes the Fuclidean
norm. For a vector o € R™ with positive elements, Bl de-
notes {z||z;] < oy, 7 = 1,---,n}, where 2; and o; stand
for the i-th element of the vector, respectively. For a con-
tinuously differentiable symmetric matrix-valued function
P(z) : B} — R*** P(x) > 0,Vz € B},z # 0 means
T P(x)z > 0,Yz € B,z £ 0.

2. L,-Gain Analysis
We counsider an input-affine polynomial type nonlinear
system (Z) of the form

A(z)z + B(x)w,
C(z)z + D(z)w

whose equilibrium point is (z,w) = (0,0).

z € R" is the state, z € R? is the controlled out-
put and w € RP is the exogenous input. We assume that
A(z), B(z), C(z), D(z) are matrices of suitable dimen-
sions, whose entries are polynomial functions with respect
to elements of z. In this paper, we call the matrix whose
entries are polynomial functions polynomial type matriz.

(2.1)
(2.2)

z =

Z fromend



For the system (I), we define an internal stability as

follows, which considers a domain of state.
Definition (Internal stability) Let  C R™ be a do-
main that contains the equilibrium point z = 0. Consider
the system (X) with w = 0. If the equilibrium point = 0
is asymptotically stable and the solution z(t) starting in
the domain Q approaches to the point 2 = 0 as t — oo,
we say the system (I) is internally stable in the domain
Q.

We consider Ly-gain analysis for the system (Z).
Definition (L;-gain) Consider the system (Z) with
an initial state 2(0) = 0. The Lj-gain is defined as
Go(Z) = SUPy€La, w0 ‘lll%llligz_’ wher.e -1l denob.es the norm
of the space of square integrable signals, and is defined as
el = (fy H:L'(t)szt)% ,& € Ly. Ly, denotes the set of
bounded functions with [Jz(t)]| < p for all t € [0,00).

The following theorem characterizes the Lo-gain anal-
ysis for the system (X).

Theorem 2.1 Consider the system (X). For a given pos-
itive constant 7, if there exist a domain By C R" and a
matrix-valued function P () such that

(i) P(z)>0,vVzeB;, =z #0,
X(P(z),z)A(z) + AT()XT(P(z),x)

(2.3)

(ii) BT (2)X" (P(x),2)
C(z)
X(P(x),z)B(z) CT(2)
2] DT(z) | <0,Ve € By, # 0,(24)

D(z) -1

where

X(P(z), ) = P(z) + %[%(x);v

then the system (Z) is internally stable in the maximum
supersolid (o) := {z |27 P(z)z < 01} that is contained
in the domain B?, and has G,(¥) < 7.

Proof:

gg(r)x}, (2.5)

For € B?, consider a functional
V(z) := 2T P(z)z. (2.6)

Differentiating both sides of (2.6) with respect to ¢, we
obtain :

V(z(t)) = &7 P(z)z + 2T P(z)x + 2" P(z)i

n aP
T Ty i 2t 2T P(2)a
" P(z)x +x 2 [81'1' (x)x,} z+z" P(z)z

il

. ~[oP, . . .
& P(z)r + 27 ; [5;:(1)131:1} + (éTP(x)z

2T P(z)z + «T P(z)&

I

apr

6P £
dzx, (a:)x:‘ :

Tn

opP

T
—aj;;(;v)m}} x
ap } R

(2.7)

Then, by using the standard technique of completion of
square and Schur complement [5], we can show that the
system (I) is internally stable in the domain Q(a;) and
has G,(Z) < 7. .

By assuming that X(P(z),z) > 0,Yz € By,2 # 0
instead of the condition (2.3) and regarding the inequality
(2.4) as an inequality with respect to X(P(z),z), we can
obtain a corresponding result of the work [7]. But, as we
will see in Section 5, X (P(z),z) > 0is not assumed even if
P(z) > 0. On the other hand, the following Lemma shows
that, if X(P(z),z) > 0, then P(z) > 0, which means that
our approach leads to less conservative results.

i

T ‘:P(r) + %— {g—g—(;v)x

81)1

= T XT(P(2),z)x + 2T X(P(x),z)t.

Lemma 2.1 If there exist a domain B C R" and a
matrix-valued function Y(z) > 0, Yz € Bj,z # 0 such
that X(P(z),2) = Y~(2),Vz € B}, # 0, then, we ob-

tain P(z) >0, Vz € B}, = # 0 and

1
eT P(z)z :/ 2kzTY " (kz)zdk.
0

(2.8)

Proof: Since Y~!(z) >0, Vz € B}

g

z # 0, we obtain
2k2TY ~Y(ke)z > 0, Yz € By, z # 0, Vk € (0,1].

Then, from the definition (2.5), we obtain the following
inequality

1
0 < /QkxTY‘l(kx)a:dk
0
1
= /Zk'iliT[P(k:E)
0
+-;—[ %(km)km gﬁ‘(kx)/ca: ]:I:Ldk‘

il

i

1 ) n 8P )
oD Dl T Y eaNp | B s
/0 {zm P(kz)z + kz ;{m (lm)xl} m} dk

L
/Ozl%[kxTP(kx)kaz] dk

= TP(x)z, Ve € B,z £ 0.

3. State Feedback Control Synthesis

In this section, we consider a state feedback control
problem for a system (Zg) of the form

A(z)z + Bi(z)w + Ba(z)u,
Ci(z)z + Di(z)u,

(3.1)
(3.2)

P o=

i

4



where u € R” is the control input. We assume that ma-
trices A(z), By(z), Ba2(z), Ci(z), Di(z) are polynomial
type matrices with respect to z.

Now, the state feedback control problem is given as
follows.

State Feedback Control Problem [P]

Consider a system (Zg). Given a positive constant v,
find a state feedback controller u = K (z)z satisfying the
following conditions (P1),(P2):

(Py) The closed-loop system (X), which is the system
(Zo) with v = K(z)z, is internally stable in a do-
main Q@ C R" that contains the equilibrium point

z = 0;

Whenever 2(0) = 0, there exists some positive con-
stant p and G,(Eer) < 7y for all w € Lyy, w # 0.

At the same time, find the domain € satisfying the con-

dition (P1).
Then, the problem is characterlzed by the following
theorem based on Theorem 2.1.

(?2)

Theorem 3.1 Consider the system (Zo). For a given
positive constant 7, if there exist a domain B} C R" and
matrix-valued functions P(z), Y () and W(z) such that

(i) P(z) > 0, Ve € B, ¢ # 0, (3.3)
Fi(Y(z),W(2),z) Bi(z) Ff(Y(z),W(z),2)
(i) Bl -l 0
Fo(Y{(z), W(z), z) 0 -1
<0,Yz e B,z #0, (3.4)
where Fy(Y (z), W(z),z) = A(x)YT (2) + Y(2)AT (z)
+Ba(2)W(2) + W (2) B3 ()
and Fy(Y (z), W(z), z) := Ci(2)YT(z) + D1(z)W(z),
(ili) X (P(z),z)Y(z) = I,Vz € B7, (3.5)

then, a state feedback controller solving the problem [P]
is given as

u=W(@)XT(P(z),z)z. (3.6)
Moreover, the closed-loop system (Z) is internally stable
in the maximum supersolid Q(as) = {z | 27 P(z)z < a3}
that is contained in the domain 5.

Due to the condition (3.5), the conditions of Theo-
rem 3.1 are not affine in the solutions P(z) and Y(z).
Using Lemma 2.1, we obtain the following restrictive but
tractable conditions for the state feedback contrel prob-
lem, which is same type as in [7]. The conditions of The-
orem 3.2 are affine in solutions. To obtain solutions Y (z)
and W (z) satisfying the conditions of Theorem 3.2 is re-
duced to the same procedure to solve the conditions for
analysis given in Theorem 2.1.

Theorem 3.2 Consider the system (Z5). For a given
positive constant v, if there exist a domain B C R™ and
matrix-valued functions Y (z) > 0,V € B}, z # 0 and
W(z) satisfying the condition (3.4) of Theorem 3.1, then,
there exists a state feedback controller solving the problem
[P], and P(z) is given as (2.8).

4. Convex Programming Approach

Here we have the considered problems result in convex
programming and obtain the solutions as polynomial type
matrices. In this section, we particularly focus on obtain-
ing a solution P(x) satisfying the conditions for Ls-gain
analysis in Theorem 2.1. We can use this approach for
state feedback control synthesis based on Theorem 3.2.

4.1. Polynomial type Extended Quadratic

Lyapunov Function

To obtain the solution P(z) as a polynomial type ma-
trix, we discuss structures for P(z) and X(P(z),z). In
the following discussion, Pr(z) denotes r-degree polyno-
mial type matrix with respect to z. We also define the
following notations:

1. For a positive integer n and a non-negative integer

k

’ ntk—1)
(Ic!(n - 1)? (4

denotes the number of combinations with repetitions
of k from n.

2. Forz € R*, 2(® := 1, 2 := ¢ and

2(F) = [ ¥ km’f“lxg

nHe = ng-1Cr =

k! kq ko kn . 1T
AP I ] € R
](21+’C2+ +k’n:k‘, kl,kg,...,lanO. (42)

Then, for r-degree polynomial type matrix P(z) : B2 —
R**" of the form

r o Hy

P.(z) ”‘ZZ.’E

k=0 t=1

r=01,2--, (43)

n(z (k)))
we can obtaln

X(P(z),z) := Pr(x)
r alk-1

Z’“Z (k- 1)2% e = 01,2 (44)

where the subscript 1)(xl(~k)) denotes a symbol of k lexi-
graphically ordered numbers that stand for elements of =
contained in the i-th element of z(F). Whenever.k = 0,
let n(m(k)) = 0. Moreover, for given k ='1,2,...,r, and

t=1,2,...,nHg, P RSy denotes a matrix such that

{Z K F ewf"“’),j)} v
i=1

V€ R, Vv € R,

Z Vi ﬁ"(x(k-x))j H,
i=1 '
(4.5)

and is obtained from given matrices 9(7’(1_(}: vy J =

1,...,n (ie. P( (k))) where the subscript 6(n ( (k= 1)) 7)



denotes a symbol of k lexigraphically ordered numbers
that are consisted of ﬁumbers 'd‘isplayed by n(wgk“l)) and
j. Whenever k = 0, let the second term of the right hand
side of (4.4) be equal to zero. '

Example: Assume that the third element of 2(® con-
sist of x’f and 13 Then, 1)(1‘5”) lk=3,i=3 stands for
“113”. n(mgk))j le=3,i=3 =2 stands for “ 1132 ”. Besides,
G(n(wgk)),j) |k=3,i=3j=2 stand for “1123”.

Remark 4.1 We can obtain the identity (4.4) by substi-
tuting (4.3) into (2.7) and using the identity (4.5). Ex-
amples of the structure for P(z) and X(P(z),z) will be
shown in numerical example in Section 5.

4.2. Linear Matrix Inequality Conditions

Here we try to find the polynomial type solution P, (z)
for the matrix inequality condition in Theorem 2.1. First,
remembering that the nonlinear system (L) is polynomial
type, we rewrite the matrix inequality condition into that
for the coeficients of the polynomial P(z). The obtained
condition still depends on the state 2. Next, using a result
of the work [4], we show that the condition can be solved
and so P,(z) can be obtained by solving finite number of
linear matrix inequalities.

To simplify notations, we denote by PEeS all coeffi-
cient matrices of r-degree polynomial type matrix P.(z):

P(),Pn(xgk)), k=1,2,...,r, 1=1,2,...,nHg.
Note that the coefficient matrices of the system (X) and
the solution P,(z) are polynomial type matrices with re-
spect to z. Then, we can redefine the conditions of The-
orem 2.1 as

Fo(PC) (x)) = Fo(Po) + 3 i(@) F(PE?)) =

i=1
—P.(z) 0
0 X(Pr(z), z)A(z) + AT(2)XT (P (z),z)
0 BT (2)XT(P.(x),x)
0 C(z)
0 0
X(Pr(x),m)B(z) CT(x) 7,
ey, D7 (z) <0, Vze B}, z#0.
D(z) -1
(4.6)
Where, when ng, # 0,
Px)=[ 2y 22 - Tn 22 wyzy TT3 - T
S a:'f’:"lmg zher ]T eR?, (4.7)

ner

q ::ZnHi;
i=1

and when ng, = 0, ¥(z) := 0 € R* and ¢ := n. Here, the
degree nyg, is determined by the degrees of polynomial

(4.8)

type matrices A(z), B(z), C(x), D(x) and solution Pr(z).
Also, ¥;(2) denotes i-th elements of ¢(x). Now, we can
restate Theorem?2.1 as the following theorem.

Theorem 4.1 Consider the system (I). For a given pos-
itive constant 7, if there éxist a non-negative integer ngy,
a domain ¥(B2) C R? which contains the origin, and co-
efficient matrices PC%/ of P.(z) such that

Fo(PC° 4(z)) < 0, ¥(z) € W(B;),  (49)

then, the system (I) is internally stable in the maximum

supersolid (o) = {z|2TP.(z)z < o} that is con-
tained in the domain B7, and has G,(X) < 7.

Theorem 4.1 suggests that, to obtain coefficient matri-
ces PSS of the solution P(z), we must solve the condition
(4.9) for all y(z) € ¥(B}), that is, we must solve the con-
dition (4.9) that depends on the state . But, we can
obtain coefficient matrices PC°/ by enclosing an admis-
sible domain of state in a convex hull and solving finite
number of linear matrix inequalities for all vertices of the

convex hull.

Theorem 4.2 [4] Consider a g-dimensional convex hull
®, with 2¢ vertices, that contains ¥(B}) = {¢(z)| ¢ €
B2}. Assume (1¢,-~-,2q¢) denotes 29 vertices of ®. If
there exist matrices P/ satisfying

F.(PCigy <0, j=1,...,27, (4.10)
where /¢ denotes j-th vertex of @, then the matrices PCS
satisfies the inequality (4.9).

Remark 4.2 In this section, we considered the polyno-
mial type solution P.(z) only for Ly-gain analysis. Based
on Theorem 4.2, we can obtain polynomial type solutions
Yy(z) and W,(z) for the control problem as well. How-
ever, a structure for P(z) derived by the obtained Y:(z)
is not polynomial type matrix in the control problem.

Remark 4.3 For a control problem that Bi(z) = 0 and
By(z) is a constant matrix, the work [8] shows an algo-
rithm to solve a Riccati equation depended on a state by
solving an algebraic Riccati equation.

5. Numerical Examples

We discuss numerically Lo-gain for a bilinear model
Ebls) of CSTR [1]

if:A$+(BQ+Z‘1Bl)u, Z:C-’E,
T 13/6  5/12

v=l o o] ’A:[~5({/3 —é/3]’

BO:["%)/8],31:[”‘01],C:[1 0].

For the system (Zy;), 1 is a nonlinear element of the
state multiplied by w, and 3 a linear element of the state.



Assume that |z < o1 and |23 < 03, where ¢y and o3 are
given in the following discussion. Now, we discuss cases
of 0,1,2-degree polynomial type solutions P.(x)|r=o0,1,2-
When » = 2, a structure for P.(z) is-

Po()|r=o = Po+x1 P14 22 Pot 2 P+ 20122 Pra+ 23 Pas,
and a structure for X(P,(x),z)

X(P2), )], g
P(@)lrms + gl {ma Py + 222}

+2{z1(x1 Py + 22 Pia) + wa(zy Py + xzszz)}]

il

1. 1.
Po+$1(P1+§P1)+l‘2(P2+—2‘P2)

+23(Pyy + Pr) + 2122(2P00 + Piy+ Pyy)
+ 22(Pyy + Paa),

where matrices P, Py, Py, Pyy, Py, Pay are defined by Py,
Py, P11, Pia, Pas from the identity (4.5).

Results of Ly-gain analysis for the system (Z,),
which are calculated by the formulates of Theorem 4.1
and 4.2, are shown in Table 4.1 and Figure 5.1. Moreover,
domains Q, (o, )|,=01 2 of internal stability in the case of
o1 o2 = 0.5 are shown in Figure 5.2. In this case,
coefficient matrices of 2-degree polynomial type solution
P.(z)},=2 were obtained as

poo— [ 14s2xi0t 2.157
0= 2.157 3.638 x 1071 |
P —2.407 —3.873 x 1071 ]
b= | -3.873%x 1071 —6.664x 1072 |
p, | 2028x1071 5463 x 104
2 7 | 5463x107* —3.016x 1073 |’
P = [ —1.393 x 1072 —3.325 x 1073 ]
=] -3325x 1073 —2.417 x 107 |7
p. = [ 1.494 x 1071 2.124 x 1072
207 | 2124 x 1077 2340 x 1077 | 4.
P = [ —1.690 x 1073 1.817 x 1073
2= 1.817 x 1073 3.857 x 107* |~

In this calculation, we used LMI Control Toolbox, MAT-
LAB.
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Table 4.1: Least upper bound of Ls-gain v (o = 0.5)

o3 r=0 | r=1]|r=2
10°° 1 3.3984 | 3.3984 | 3.3984
10 | 3.3984 | 3.3336 | 3.3261

1 3.3984 | 3.0690 | 3.0377
0.5 | 3.3984 | 2.9419 | 2.9170

In the case of constant solution P.(x)},=o, magnitudes
of least upper bound of Ly-gain y are same for any o2 (Fig-
ure 5.1 and Table 4.1) because the conditions of Theorem
2.1 are not depended on the linear state xa, 1.e. ¢2. More-
over, The smaller ¢, is, the more sensitive to increase a
degree 7 is (Figure 5.1 and Table 4.1). As for a domain
of internal stability Q(«,), when a dégree r is lager, a
size of ellipsoid is slightly smaller and a shape of that is
slightly distorted (Figure 5.2). Therefore, we can obtain
a large domain of stability with a small v by increasing r.
In Table 4.1, a case of o3 = 10°° and » = 0 corresponds to
a result of the work [3] using V(2) = 27 Pa. Therefore, by
using an extended quadratic Lyapunov function, we can
obtain less conservative result of analysis.

6. Conclusion
In this paper, by combining an extended quadratic
Lyapunov function aud a method of convex programming,
we proposed an approach to Lj-gain analysis and state
feedback control synthesis for input-affine polynomial type
nonlinear systems. By using a numerical example of bilin-
ear system, we demonstrated efficiency of our approach.
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Abstract

Recently many researches for Linear Parameter Vary-
ing Systems focus on the approach using a parameter-
dependent Lyapunov function. Analysis and controller
design for Linear Parameter Varying Systems are char-
acterized by parameter-dependent Linear Matrix Inequal-
ities(LMIs). In this paper, we propose an approach to
solving parameter-dependent LMI conditions based on fi-
nite number of LMI conditions. The proposed method
does not require any particular assumptions on the pa-
rameter dependence except continuity. We consider a class
of Linear Parameter Varying Systems and apply the pro-
posed technique on analysis of their L?gain. Finally we
demonstrate its efficacy by numerical case study.

1. Introduction

Recently many researches for Linear Parameter Vary-
ing Systems (LPV systems) focus on the approach us-
ing the parameter-dependent Lyapunov function [4] [7] [8]
[9]. In this approach, analysis of L? gain and parameter-
dependent controller design for LPV systemns are charac-
terized by parameter-dependent Linear Matrix Inequali-
ties(LMIs).

Though solutions to parameter-dependent LMI con-
ditions are solutions to infinite number of LMI conditions
which are pointwise LMI conditions at each point in the
domain of parameter, it seems impossible to compute so-
lutions to infinite number of LMI conditions. Usually so-
lutions to parameter-dependent LMI conditions are ap-
proximately given as solutions to finite number of condi-
tions that are chosen appropriately from infinite number
of conditions. We might obtain better approximate so-
lutions, if the number of conditions increases. DBut this
approximate solution is not assured to satisfy parameter-
dependent LMI conditions on the whole domain of param-
eter.

If parameter is scalar and dependence of parameter
is polynomial, parameter-dependent LMI conditions can
be reduced to finite number of LMI conditions [11] [12].

In this technique, a convex polyhedron which includes a
curve characterized by parameter plays a important role.
And a systematic procedure of constructing this convex
polyhedron is proposed in {13]. This technique is applied
to analysis and synthesis of nonlinear systems [6}. Though
the solution given by this technique satisfies parameter-
dependent LMI conditions on the whole domain of param-
eter, the dependence of parameter is restricted to polyno-
mial.

If parameter is vector and dependence of parameter
is quadratic, parameter-dependent LMI conditions can be
reduced to finite number of LMI conditions on extreme
points of domain of parameter according to an assumption
of convex [4]. The solution satisfies parameter-dependent
LMI conditions on the whole domain of parameter, but
the dependence of parameter is restricted to quadratic.

In this paper, we propose an approach to solving
parameter-dependent LMI conditions based on finite numn-
ber of LMI conditions. We only assume continuity on
the dependence of parameter. The solution given by the
proposed techuique is satisfied parameter-dependent LMI
conditions on the whole domain of parameter. In section
2, we propose the technique to solve parameter-dependent
LMI conditions. In section 3, we propose the construction
procedure of convex polyhedron. In section 4, we consider
a class of linear systemns with scheduling parameter, and
apply the proposed technique on analysis of their Lgain.
In section 5, we demonstrate its efficacy by numerical case
study.

2. A Solution of Parameter-Dependent
LMI Conditions

In this section, we consider a solution of the following
parameter-dependent LMI condition.

FO(Qu)+f1(9)F1(Qu)+"'+fr(6)Fr(Qu) <0, (1)

where 8 is the parameter that satisfies

e, 0= {[91 g, --- 93], | 9; € [(}En,in’gznnm}}.



fi : R = R is a continuous function of 6, and a symmet-
He matrix function Fy depends affinely-on the unknown
matrix 2.

The unknown matrix (), is obtained by solving infi-
nite number of LMI conditions, which are pointwise LMI
conditions at each # in ©. But it seems impossible to
compute solutions to infinite number of LMI conditions.
Therefore it is desired that @, in (1) is given as solutions
to finite number of LMI conditions.

Here based on the method in [12], we can show that
parameter-dependent LMI condition (1) is reduced to fi-
nite number of LMI conditions.

Theorem 1. Let {p;,p2, -+ ,pq} be vertices of a convex
polyhedron whicli includes the curved surface T,

T ={[1(0) f2(8) - f-(8) |8€0O} (2)

Assume that there exists ¢, which satisfies the following
LMI condition for all p;(i = 1,2,---,4),
FU(Qu) + PilFl (Qu) +ee pir'Fr(Qu) < O, (3)

where p;; is the jth element of p;. Then (). satisfies (1)
for all 4 € ©.

Proof. The idea of this proof is based on [12].
(3) is equivalent to

& [Fo(Qu) +pi Fi(Qu) + -+ pir Fr (@))€ <0, (4)

for any &, £ # 0.

(4) can be rewritten as
€' Fy(Qu)E+ (i F(Qu,€)) <0,
where (x,+) denotes inner product and
F(Qu, &) = (€' Fi(Qu)E €Fr(Qu -+ €F(QuE

Now define A; as

/\izl, /\i

i=1

20,

and (3) is satisfied for all pi(i = 1,2,--- ,4), so the follow-
ing condition is satisfied.

r

7 .
Z)\il)ivF(ng)) < 0.

i=1

' Fo(Qu)§ + (5)

Any point on the curved surface T can be expressed as a
convex combination of {p1,pz2,- - ,Pq}, therefore (5) im-
plies that @, in (3) satisfies parameter-dependent LMI
condition (1) for all § € ©. Q.E.D.

Multiple parameter-dependent LMI conditions (G) are
also reduced to finite number of LMI conditions.

Fio(Qu) + i@ F 1 (Qu) + -+ [r()F1:(Qu) <0, (6a)
FZO(QU) + fl (H)F'N(Qu) + 4 fr(e)FZr(Qu) <0, (Gl))
FPO(Qu) + fl (G)Fpl(Qu) +---+ f"(e)Fm‘(Qu) < 0’ (6(/)

Corollary 1. Let {pi,p2, - ,Pq} be vertices of a convex
polyhedron which includes the curved surface T,

T = {[1(0) £00) - [-(8)]" | 0 €O}

Assume that there exists @, which satisfies the following
LMI condition for all p;(i = 1,2,--- ,q),

FIU(CJu) +pilFll(C\2u) 4o +1)irFl1‘((p)u) < ()7
Foo(Qu) + pit Far (Qu) + -+ + pirFo (Qu) <0,

Fp()(CQN) + ])ilel((\zn) 4o -+ I’ir'Fpr(Cgu) < U;

where p;; is the jth element of pi. Then @, satisfies (0)
for any 6 € O.

Proof. The proof is a straightforward extension of that
of Theorem 1. Q.E.D.
3. Construction of Convex Polyhedron
In this section, we consider a construction method of
a convex polyhedron which includes T'. First note that the
existence of solutions to parameter-dependent LMI condi-
tion (1) is related to convex hull of 7', which is minimum

convex set including 7', as shown below.

Theorem 2. Let Co(T) be convex hull of T. The follow-
ing three statements are equivalent.

(i) There exist solutions to (1) for any 6 € O
(ii) There exist solutions to (3) for any point on T
(iii) There exist solutions to (3) for any point in Co(T).

Proof. 1t is obvious that (i) and (i) are equivalent. Here
we show that (ii) and (iii) are equivalent.

Suppose that (3) is satisfied for any @y, 22 € T, that
is,

F(Qluzl) < 0) F(tha"’l) < 07

-where

22
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For any A, 0 < A < 1, the following condition is satisficd.

F(Qu, OQay + (1 — Naz))
=Fy(Qy) + (Ar1y + (1 = Nze ) F1 (Qn)
4+ Az + (1= Nao) Fr(Qu)
=AF(Qu,z1) + (1 = ) F(Qu, 72)
<0,

(7)

where z;; is the jth element of z;. Co(T) is the set that
consists of all convex combinations of points on T, there-
fore (ii) and (iii) are equivalent because Co(T") includes
T. " Q.E.D.

Theorem 3. (Construction of Convex polyhedron)

Step 1 We divide © into {0y, Oy, - -, Oy}, griding
each dimensions of © with d (Division Number)
points. For ©;, we define the curved surface T} as

T; = {[f1(®) f200) -~ ()] |6€ 0O}

Step 2 We construct the hyper-rectangular solid whose
diagonal is two points such that

!
ry = [éxeuél f1(8) jeon 12(%) 6e0, 1O
8a

!

o= e h0) 1) |

|

(8a)
15770

(8b)

Step 3 We define the convex hull of {I%y, 12, -
H.

-, Ry} as

H= C()(R1 Ulta U---U Rd.-). (9)

The convex hull H is the convex polyhedron which in-

cludes T'. (See Figure 1.)

Proof. Since the convex hull H of {Iy, ty,--- ,Ry-} is
the convex polyhedron, we show that H includes T'. Since
H includes R;(i = 1,2,---,d®), then we show that I;
includes T;.

Let T3; be the jth element of T; and R}’j"'”,]?}’}”:” be
extreine points of the jth element of It (the yth element of

r1,72). As the following condition is satisfied, I?; includes
T;.

R;}zin S Tij S R:rjnat’
Q.E.D.

Remark 1. {p;,p2,- - ,pe} defined in Theorem 1 are in-
cluded in the set of vertices of It;(i = 1,2, -+ ,ds). It is
difficult to find which vertex is one of {pi,p2, - ,Pg}-
But it is not necessary to find which vertex is one of
{p1,p2, -+ ,py}, because Theorem 1 says that (3) is satis-
fied for any point in H if (3) is satisfied for all vertices of

H.

Remark 2. As Division Number d increases, o — 1) con-
verges to 0. So IRy Uy U---U Ry« converges to T', namely
H converges Co(T'). By Theorem 2, this implies that con-
servativeness about the solution of Theorem 1 is improved
as Division Number d increases.

A0 SN -
X

0 I N\ ¥

SSNN\E
o .

eal]
4 It

0 > 1(0)

(b) Step2

15(0) e\
bl A D
Y
-
0 » fi1(0)

(¢) Step3(Iy URyU---U Ry.)

Figure 1: Construction of Convex Polyhedron

4. Application to Gain Scheduling
In this section, we consider a class of the following lin-
ear systems with scheduling parameter, and show that we
can apply the proposed technique(Theorem 1, Theorem
3) on analysis of their L%gain.
5. () = A@B(t)x(t) + BO(t))w(t),z(0) =0,
~2(t) = C((t)=(t),
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where x(f) '€ R, 2(t) € R, w(t) € R™, and 6(t) € IR®
is scheduling parameter of .- A(9), B(#), C(§) are con-
tinnous matrix functions of §.- We asstune the following
propertics on #(t),

)0(t) € O, t € [0,00),
ii)f(t) € C!,
iii)f(t) € ¥; t € [0, 00).

And we define the extreme points of ¥ as y(k =
1,2,---,2%.

Theorem 4. [7] [8] The system I is internally stable and
their L%gain is less than -, if there exists a continuous
differentiable and positive definite matrix function Q(f)

on © such that for all ¥ (k = 1,2, ,2%),
(0)Q(0) + Q(6) A0 )
[<+C’ 0)CO) + 3! 11/);” 0)) QO)B(0) <0,
B#)Q(0) —v*I
(10)

0 e 0,

where 94; is the ith element of ¢y

Now let &’ be the class of ¥ whose system parameters

A(6), B(9),C(0) have the following forms,
Ay = Ag+ a1 (0)Ar + - +ar (0)AL,, (11a)
B(@) = By + 0 () By + ---+ b, (9)By,, (11b)
C0) =Co+ar(@)Cr+---+c1 (6)Cp., (11c)

where a;,b;,¢; : ® — I are continuous functions on ©.
We restrict () such that

Q) = Qo+ q(0)Q1 + 2(0)Q2 + -+ + qre(8)Q Ly,
(12)
where g; : 1° = R is a continuous differentiable function

on © and Q; is a symmetric matrix.

Theorem 5. Conditions in Theorem 4 can be written as
in the form of parameter-dependent LMI condition (1).

Proof. 1t is obvious that Q(¢) > 0, where Q(8) is given by
(12), can be written in the form of parameter-dependent
LMI condition (1).

By substituting (11) to (10), we can rewrite (10) as

the following form :

AeQo + Qodo Gy QoD
C() -1 0
ByQo 0 =TI
Lo Lq ] A;»Qj‘f—()j,‘l,‘ 0 0
+ a;(6,6)q;(8) 0 0 0
i=0 j=0, 0 00
i=j#0
Le 0 C; 0
+Y i@ |Ci 0 0
i=0 0 0 0
s Lg Yy 0 0
a(]j J
+Z_ 72(6) 0 00
i=1 j=1 0 00
Ly Lq 0 0 @
+Y > bi0,8)g6) 0 0 0
i=0 j=0, BiQ; 0 0
i=j7#0
<0, (13)

where ag(f) = 1,0p(0) = 1,¢4(0) = 1, q(f) = 1,T = ~2
Since a;(6),0;(0),¢;(8), ¢:(6) are continuous functions
on O, a;i(#)g;(6), ci(8)e;(0), b:(8)q;(8) are continuous
functions on ©. Since ¢;(8) is a continuous diflerentiable
function on @, Jq¢;/06; is a continuous function ou ©.
Thus (13) has the form of parameter-dependent LMI con-
dition (1). Q.E.D.

By Theorem 5, conditions in Theorem 4 can be written
in the form of multiple parameter-dependent LMI condi-
tions (6). Therefore those conditions can be reduced to
finite number of LMI conditions.

5. Numerical Example
Inn this section, using the proposed technique, we eval-
uate numerically L2gain of a linear system with scheduling
parameter. We verify that conservativeness about evalua-
tion of L?gain is improved as Division Number d increases.
Consider the following linear system with scheduling pa-
rameter.

E(t) = {—1 = 0.5exp (0(t))}z(t) + {3 + 1.56(t) }w(t)
z(t) = 0.5x(t),
where
6(t)e [0 1], Vt€ [0 o0),
(t) € [-5 10], "t € [0 o0),
and restrict Q(#) in the following form,

Q(1) = Qo +8(1)Q1 + 8°(£) Q2.

Upper bound of the L2gain can be evaluated by the
proposed technique. And lower bound of the L%gain

(14)
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is evaluated by solving linite number of LMI conditions
which are pointwise LMI conditions at extreme points of
;. The result is shown in Figure 2. In Figure 2, the ver-
tical axis is L?gain which is evaluated using the proposed
technique, and the horizontal axis is Division Number
in Theorem 3. This result shows conservativeness of the
evaluation of L?gain is improved as Division number in-
creases.

1.6 T T u
* Upper bound of L2-gain
+ :Lower bound of L2-gain
15H% - .
14
£13
7
& M
o
12
B
.
'l
11 M
hL T )
P
[T NS S S A R £33 4 DA 2323 R 45440 4]
e
o 5 10 15 20 25 30 as 40 A5 50

Division Numbet

Figure 2: L? gain

6. Conclusion

In this paper, we proposed an approach to solving
parameter-dependent, infinite dimensional, LMI condi-
tions based on finite number of LMI conditions which does
not depend on parameter. We considered a class of linear
systemn with scheduling parameter and showed that we can
apply the proposed technique on analysis of their L2gain.
In numerical case study, we demonstrate its efficacy.
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Abstract

In this paper, we consider an output feedback con-
trol problems for bilinear systems with a quadratic
cost function, and develop a robust control theory ap-
proach. The key point of the approach is to regard
once the bilinear term as the term with unknown pa-
rameters and Lthen use some robust control synthesis
metliods [4, 1]. By using this approach, we derive
two types of nonlinear output feedback controller that
guarantees an upper bound for the cost function. We
also demonstrate efficiency of the proposed approach
through a numerical example.

1. Introduction

Bilinear systems comprise perhaps the simplest class
of nonlinear systems. But the linearization of bilinear
systems easily loses the essential nature of the prob-
lem for the systems. Moreover, bilinear systems are
nonlinear systems that have a lot of practical applica-
tions in various fields. Many researchers have studied
various aspects of bilinear systems for the past thirty
years [3].

In this paper, we consider an output feedback con-
trol problem for bilinear systems with a quadratic
cost function, and develop a robust control theory ap-
proach. The key point of the approach is to regard
once the bilinear term as the term with unknown pa-
rameters and then use some robust control synthe-
sis methods [1]. By using this approach, we derive
two types of nonlinear output feedback controller that
guarantees an upper bound for the cost function. To
construct the controllers requires solutions satisfying
two Riccati inequalities that depend on the state of a
system or a controller. But it is difficult to obtain the
solutions satis{ying the inequalities. We propose an al-
gorithm to obtain the solutions satisfying the Riccati
inequalities via specifying a domain of the state and
solving constant coefficient Riccati inequalities. The
proposed algorithm includes an evaluation method for
the domain of internal stability. To show potential of
this algorithm, we discuss numerically an output feed-
back control problem for a bilinear model presented in
the work [2]. There, we compare the nonlinear con-
troller with a linear controller designed for linearized
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system of the bilinear model.

The paper is organized as follows. Section 2 gives
statement of output feedback control problem and suf-
ficient conditions for the existence of controllers solv-
ing the problem. Section 3 gives the algorithim that ob-
tains the solutions satisfying the sullicient condition.
In section 4, we discuss the numerical example of bi-
linear model of [2].

Notations: For a vector z, ||z|| denotes the Euclidean
norm. ||zfjg denotes the Euclidean norm weighted by
a matrix . For a real mmatrix P, P > 0(P > 0) means
P is symmetric and positive (positive-semi) definite.

2. Quadratic Cost OQutput Feedback Control
Problem

2.1. Problem Statement

We consider a bilinear system (X} of the form
Az + B(z)u, z(0) = 2o,
Cz,

@ =

(1)
y = (2)
where,

B(z) = B + {zG}, (3)

n
{zG} = ZmiGi, Gie R i=1,...,n(4)
i=1
z; stands for the i-th element of z.

z € R is the state, u € R" is the control input
and y € R™ is the measured output. A, B,C are
coeflicient matrices of appropriate dimensions. Ior
given matrices G;,1 = 1,...,n, there exist matrices
Hj,j=1,...,rsuch that

{zGlu = {uH }2,

for all z,u, where {ull} is defined as

{ull} = wjH;, Hi R, j=1,...,r. (6)
i=t
u; stands for the j-th element of u.

For the system (X), we consider a nonlinear output
feedback controller (I') of the form

¢ (&) + m(&u+n3(&)y, £(0) = &o,
u 91(‘5))

(7)
(8)

I



where 71(€), 12(€), 13(€) and 0,(€) are sufficiently
stnooth functions with () = 0 and 6,(0) = 0, which
guaranlees

To

o

)

N

(9)

where N is some matrix of appropriate dimensions,
which is specified in the following discussion.

J(u,zg,€0) = / (7 Qa + v Ru)dt < l
0 ,
Y(zg,&) € X ER” x R"?

2.2. Sufficient Conditions for the Exxstence of
Controllers

Now assume that the structures 1y(€), 12(¢) and
173(€) of the controller (I') are already designed. Here,
if we obtain a solution V{z,) satisfying the Hamilton-
Jacobi inequality,

av
Jmin 2 @) U () + falwa)e) o+ ol + lully
<0, (10)

for the augmented system that consists of the system
(X) and the controller (I'), given as

Lag = fl(za) + fZ(za)u'a
x Az
Tg = , Tg)=
=[5] sea= e oo
_ | B=) ]
Ja(za) = [ m2(8) |’
then ‘we have the controller (I') which guarantees
J(u,z0,€0) < V(za(0)).

It is not easy to obtain the solution V(z,) satisfying
the Hamilton-Jacobi inequality (10). In this paper, by
restricting a structure of the solution V(z,) to two
particular types, we obtain two solutions presented in

Theorem 2.1 and 2.2. The solution V(z4) for Theorem
2.1 has the structure

(11)

|

V(e,8) =€TS¢+77(2—-€)TPH(z~¢), (12)
and the solution for Theorem 2.2 the structure
V(z,8) :=2"Mz+9*(z-TT7 (€. (13)

These structures of the solutions are the same as
those of the linear Hy, control problem [1]. We might
think that the structures (12) and (13) are introduced
as the second order approximation of V(z,) with re-
spect to the linearization model in neighborhood of the
equilibrium point (z,€) = (0, 0) of the bilinear system
(1) and controller (7). This is not true, because the
linearization model of bilinear system (1) is generally
useless because of lacking the control input. In this
paper, we regard the state z in the bilinear term as an
unknown parameter, and the bilinear system (1) as a
linear system with an unknown parameter. We shall
prove the following theorems with the same technique
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“completing the square” as in the linear case. Belore
proving the theorems, we define an infernal stability
for the closed-loop systeni (I, I') as follows, which con-
siders a domain of state.

Definition (Internal stability).

Consider the closed-loop systemi (E,T). Let @ C
R™ x R® be a domain that contains the equilibrium
point (0,0). 1f the equilibrium point (0,0) is asymp-
totically stable and the solution (z(t),£(t)) starting in
the domain Q approaches to the point (0,0) ast — co,
we say ‘the closed-loop system (Z,T) is internally sta—
ble in the domain €.

Theorem 2.1 Consider the system (3). If there ex-
ists a domain ®; C R™ x R that contains the ori-
gin, and for all (z,£) € ®1,(z,£) # (0,0), there exist
S >0, P > 0 such that

(C11) Eqnyy (S, B(¢)) =

S(A+772PQ)+ (A+772PQ)TS

~S(B)RIBT() — 47 *PCTCP)S+Q < 0;
(14)
(C12) Eqny4(P) :=
PAT + AP — P(CTC —972Q)P < 0; (15)
(C13)
¢TEqnyy (S, BENE + 7 (= - T P!
[Eqnyo(P) + P{u(&)HY + {u(&)H}PIP~H(z — €)
7 *|C(z — &) — 77 CPSE|| <0, (16)

where p(€) 1= ~R™1BT(£)S¢,

then, the controller (T') of the form -

2= Az — B(z)R™'BT(2)Sz + v 2PQz
+PCT(y—Cz), 2(0) =zo,  (I7)
u=-R'BT(2)Sz (18)
guarantees

1(:20 - 33.0))

(19)

where Q; (o) is defined below. Moreover, the closed-
loop system (X, I') is internally stable in the maximuin
hyper-ellipsoid
Ql(O'l) =
{(z,8) 16756 +7°(=

that is contained in the domain ®;.

J(w,20,20) < 23 Szo + 77 (z0 — )" P
Y(zo, o) € Qi(o1),

— &P (w—€) <oy },(20)

Theorem 2.2 Censider the system (). If there ex-
ists a domain ¥, C R™ x R" that contains the ori-
gin, and for all (z,€) € @3, (z,£) # (0,0), there exist
M > 0,T > 0 such that
(C21) Eqngy (M, B(z)) :=

MA+ ATM — MB(z)R™*BT (2)M + @ < 0; (21)
(C22) Eqny,(T) B(z)) =



where n;(€), n2(€), 13(€) and 0,(¢) are sulficiently
smooth functions with 7(0) = 0 and 0;(0) = 0, which

guarantees

Tg

J(u, zg,&0) = / (T Qx + uTRu)dt < ¢
0 0

V(20,&0) € Q € R" x R

N 3
(9)

where N is some matrix of appropriate dimensions,
which is specified in the following discussion.

2.2. Sufficient Conditions for the Existence of
Countrollers ‘

Now assume that the structures 11(€), 172(§) and
173(€) of the controller (I') are already designed. Here,
if we obtain a solution V(z,) satisfying the Hamilton-
Jacobi inequality,

. 1%
ug;lll(lf) oo (za){f1(za) + falza)u} + H37”2Q + lull%
<0, (10)

for the augmented system that consists of the system
(X) and the controller (I'), given as

Tq :fl(:ra)+f2(xa)u, (11)

Tg = { 2 ] y Si(za) = { m(€) +Av;cs(£)0x ] ’
fe = @ |

then we have the controller (I') which guarantees
J(u,rg,fo) < V(IG(O))

1t is not easy to obtain the solution V(z,) satisfying
the Hamilton-Jacobi inequality (10). In this paper, by
restricting a structure of the solution V(z,) to two
particular types, we obtain two solutions presented in
Theorem 2.1 and 2.2. The solution V(z,) for Theorem
2.1 has the structure

V(z,8) =€TSE+ 7z - &Pz =¢), (12)

and the solution for Theorem 2.2 the structure

V(z,€) =2 Mz +7*(x - &TT " (z—€). (13)

These structures of the solutions are the same as
those of the linear Ho, control problem [1]. We might
think that the structures (12) and (13) are introduced
as the second order approximation of V{z,) with re-
spect to the linearization model in neighborhood of the
equilibrium point (z,£) = (0,0} of the bilinear system
(1) and controller (7). This is not true, because the
linearization model of bilinear system (1) is generally
useless because of lacking the control input. In this
paper, we regard the state z in the bilinear term as an
unknown parameter, and the bilinear system (1) as a
linear system with an unknown parameter. We shall
prove the following theoremns with the same techuique
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“completing the square” as in the linear case. Belore
proving the theorems, we deline an internal stability
for the closed-loop system (X, T) as follows, which con-
siders a domain of state. -

Definition (Internal stability).

Consider the closed-loop system (X,I'). Let @ C
R" x R" be a domain that contains the equilibrium
point (0,0). 1f the equilibrium point (0,0) is asymp-
totically stable and the solution (z(t),£(?)) starting in
the domain € approaches to the point (0,0) as ¢ — oo,
we say the closed-loop system (I, T') is internally sta-
ble in the domain €.

Theorem 2.1 Consider the system (). If there ex-
ists a domain ®; C R"™ x R® that contains the ori-
gin, and for all (z,&) € ®,(z,€) # (0,0), there exist
S > 0,P > 0 such that
(C11) Eqnyy(S, B(§)) =
S(A+772PQ)+ (A+ 72 PQ)TS
~S(B(E)R™'BT(¢) =y 2PCTCP)S+Q < 0;
(14)
(C12) Eqn4(P) := ,
PAT + AP — P(CTC —y72Q)P < 0; (15)
(C13)
"Banyy (S, B)E +7*(= - TP~
[Eqn;5(P) + P{u(O)H)T + {u(OH}PIP™ (=~ §)
. =7lIC(z =€) = T*CPSE| <0, (16)
where v(€) := ~R™1BT(¢)S¢,
then, the controller (I') of the form -
&= Az — B(z)R'BT(2)Sz + 7177 PQz
+PCT(y — Cz), z(0) =z,
uw=—-R'BT(2)Sz

(17)
(18)

guarantees

J(u,z0,29) < 28 Szo + 7220 — 29)T P (20 — 24),
Y(zo, 2p) € (o), (19)

where €2y (o) is defined below. Moreover, the closed-
loop system (X, I') is internally stable in the maxinnun
hyper-ellipsoid

Ql(Ul) =
{(2,) 1756 +7%(z = )T P} (z =€) < 01 },(20)

that is contained in the domain P,.

Theorem 2.2 Consider the system (). If there ex-
ists a domain ®, C R™ x R"™ that contains the ori-
gin, and for all (z,€) € ¥4, (x,€) # (0,0), there exist
M > 0,T > 0 such that
(C21) Eqng; (M, B(z)) :=

MA+ ATM — MB(z)R™'BT (2)M + Q < 0; (21)
(C22) Equyy(T) B(z)) =



TAT 4 AT
~T(CTC =y *MB(z)R™' BT (2)M)T < 0;(22)
(C23)
2T Eqny, (M, B(z))z
+7°(z — &7 T~ [Equy,(T, B(z))

AT EH)T + {2(&)H)TIT (2 — £)
HIR™H (BT (z) Mz ~ BT(E)ME)IR
—IR7' BT (2)M(z - Ok - IIC(x - I <0,

(23)
where 9(¢) == ~R™!BT (¢)M¢,

then, the controller (I') of the form

&= Ai— B(&)R'BT ()M
+TCT(y - C#), #(0) =&y, (24)
u=-RIBT(2)Mz ; (25)

guarantees

J(u, zg, &g) < ;L‘OT/Va:O + 9% (zg — i‘o)TT"I(a:O — &),
V(:L‘Q, :i‘()) S 92(02), (26)

where Q,(03) is defined below. Moreover, the closed-
loop system (I, ') is internally stable in the maximum
hyper-ellipsoid

Qy(og) ==
{82 Me+ 7%z - )TT (= - £) < 03 },(27)

that is cortained in the domain D,

Remark 2.1 In Theorem 2.1, we use the conditions
(C11),(C12) to construct the controller (I') and the
condition (C13) to evaluate the domain in which the
closed-loop system (X, T') is internally stable. In the
same way, in Theorem 2.2, the conditions (C21),(C22)
construct the controller (I') and the condition (C23)
evaluates the domain. The conditions (C11),(C12)
and (C21),(C22) correspond to two Riccati inequali-
ties, which let By = 0, in a linear H, control problem

[1].

Remark 2.2 If the parameter v is taken as v — oo,
then both controllers (17),(18) and (24),(25) coincide
and become the controller of so-called LQG type.

3. Controller Synthesis Algorithm

In Section 2.2, we showed two theorems which
present the sufficient conditions to obtain the nonlin-
ear output feedback controllers (I'). To construct the
controllers (I'), from the sufficient conditions, we must
solve the Riccati inequalities that depend on the state
z (or £) of the controlled system (or the controller). In
this section, we focus on Theorem 2.1 and propose an
algorithm to obtain the solutions satisfying the Ric-
cati inequalities (14),(15) via specifying an admissible
domain of the state £ and solving constant coefficient

Riccati inequalities. The algorithm gives also the do-
mains € in which the closed-loop system is internally
stable. For Theorem 2.2, a similar algorithm can be
developed, but that is omitted due to the space limit.

Algorithm
Stepl. Set a domain @él C R» that contains
the origin. TFor all ¢ € ®!!, find B such that
B(&)R™'BT(&) > BR™'BT, and § > 0,P > 0,A, >
0,A, > 0 such that
qu]ll(s,_ﬁ)’*‘él = 0, ¢ (28)
Eqni,(P)+ 4, =0. (29)
At this time, the obtained S, P give a controller (I') in

the form of (17), (18).
Step2. Find oy such that

Q(o1) = {(2,€) ]
156+ - )7
2 is a domain in which the closed-loop system (I, T)
is internally stable, where ®; is an admissible domain
that contains €, defined as ®; := (R" x (Dél) noiZ,
Here, ®1? is defined as

= {(=,9)
[S(B( HRBT(¢) - BRT'BT)S + A )¢
7z — T PP H}T + {u(OH}P - A,)
“Ha =€) = IC(z — €) — 7y~ 2CPSE|| < 0}, (31)

P Hz—€& <01} C®. (30)

which is given by substltutmg (14)(15)(28)(29) into
(16).

Remark 3.1 A basic idea of the algorithm is to solve
the constant coefficient Riccati inequalities in stead of
the Riccati inequalities that depend on the state ¢,
by setting the admissible domain for £ and evaluating
the nonlinear term with respect to £ in the admissible
domain. It is a key point of the algorithms how large
admissible domain we set for ¢:

For example, in Algorithm, if there exists B such
that B(&)R™!BT(§) > BR™IBT for all £ € R, then
we get Eqny (S, B(¢)) < Eqny(S,B). Therefore, by
solving the inequality Eqn,;(S, B) < 0, we can solve
the inequality Eqnll(S B(£)) < 0. Note that the
smaller HBR 187|] is, the more difficult to obtain the
solution is; conversely, the larger [|[BR™!BT]| is, the
smaller the admissible domain is.

Remark 3.2 To obtain a domain in which the system
is internally stable (that is, to get o in Algorithm),
we solve a nonlinear optimization problem given as

oy = (x'?)]éxé% [€7SE+ 7z - &)TP (2 - 8)]. (32)

4. Numerical Example

In this section, we demonstrate efficiency of the pro-
posed algorithm through a numerical example.
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Figure 2: Comparison between BLS/NLC, BLS/LZC and LZS/LZC for 2o = [0, —O.QT]T

We consider a bilinear model [2] of a continuously
stirred tank reactor (CSTR) given as

z = Ax+(B+x1G1)u, x(O):l‘o, (33)
y = Cz, (34)
[ 13/6  5/12 [ -1/8
A‘"[ —50/3 —8ﬂ}}’B“[ 0 }’

Gl:[”l],c:[o 1]
0
and a quadratic cost function

Q= { PR } CR=1,v=20. (35
Now, by using Algorithm proposed in Section 3, we
solve the quadratic cost output feedback control prob-
lem and obtain the nonlinear output feedback con-
troller. To show a potential of the nonlinear controller,
we also construct a linear controller for a linearized
system, which lets G{ = 0, of the bilinear system.
Figure 1 and 2 show results of computer simulations
for different initial states. In these figures, BLS/NLC de-
notes responses of a closed-loop system which consists
of the bilinear system and the nonlinear controller,
BLS/LZC the bilinear system and the linear controller
and LZS/LZC the linearized system and the linear con-
troller. The figures show that responses in BLS/LZC
change largely in comparison with those in LZS/LZC,
because the linear controller does not consider the bi-
linear term and so does not guarantee theoretically
certain cost value for the bilinear system. The non-
linear controller presents good results, which gives a
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guaranteed cost function for any initial states in a do-
main §2;(c;) given by (32). Therefore, we can feel it
better to use the nonlinear controller. An advantage of
the proposed approach was shown through the above
result.

5. Conclusion

We considered output feedback control problem for
bilinear systems with quadratic cost function. We de-
rived two types of nonlinear output feedback controller
that guarantees an upper bound for the performance
functional. We proposed an algorithm to obtain the
solutions satisfying the Riccati inequalities via speci-
fying a domain of the state and solving constant coefli-
cient Riccali inequalities. Based on the algorithin, we
also discussed the numerical example for the bilinear
model presented in the work [2].
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Synthesis of Nonlinear State Feedback Control via Extended Quadratic Lyapunov Function
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We show a synthesis method of nonlinear state feedback control for input-affine polynomial-type nonlinear systems. The
method consists of having this problem result in convex programming and solving linear matrix inequalities. To demon-
strate efficiency of this method, we also show a computer simulation for a bilinear model of a continuous stirred tank
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FRAMIFRE Y 27 4 (D)
z = A(z)z + B(z)u,
LT, FREME

z(0) = zo, (1)

ﬂuw@=i/m@;CT@KXﬂx+uTR@ﬁQM (2)
o}

OFERELRET HIERIRET 1 —F Ny Z5IHEYZ
25, re RMTIREE, we RIEHEIHWAD, BFaiidY s
KA OFFTHA. R(z)id, R(z)>0,Vz € B,z #0
ThoETH. 115 A(z), B(z), C(z), R ' (z) DBREE
12, s DEFIIETAEHEA LT3,

2.2 FERMREET « —F /Ny JSIEMEO RN
K OEBEERLALER L DEDL I EHETS.
[EF] AFL (D) BT, BREELTFESz =0
FECER QCROFEEQIPSHRET L8 2(t) V1V F
SIZETBEE, YAF L (D) BER QTHBEETDH
HEWVS,

FERIIKEE 7 4 — F v HEMBEOTHEFL, 250
EETHEIONS.

(EI22.1) A7 4 (D) I2BWT, d2EEHyBLUHE
BB CR'PHEL, BEDz e B,z #0118 LT, 2
02T Plz), Y() "EETLbOET D,

(C11) P(z) >0, (3)

(C12) P(z) <~l, (4)
Fi(Y(z),2) Y(2)C"(z)

(C13) C@)Y () L ]<o,(w

772l Fy(Y(z),z) = Al2)Y T (z)
+Y(2)AT(z) - B(z)R™ (z) BT (2),

(C14) YT (2)XT(P(z),z)z = =, (6)
RrEL,
X(P(z),z) := P(z)
+%[§§un @]

TR 0011/97/3311-1111 © 1996 SICE
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Thb, ZOLE, ERBKET (- F /5y 7 5IH

w=—R Y (z)BT(z) X7 (P(z),z)z (8)
ILEoT, YAF L& (L) i}, HEBIIE TN ABAOER
Q(a1) = {z|z" P(e)zr <} C By . (9)

THEEE, »2, 2E0ER2FMBEBMEE L.
J(u, zo) < z3 P(zo)zo < yza To,VTo € Qi (). (10)

(B&EE) ¢ CBHIBWT, MK V(z) =2TP(z)z %%
25, Vi) ¥ BEEILE - THEES T4 &,

4

dt
EBZEIEELY, (5) 12 Schur Complement ® % F\»
THONE )y FT5A%ERE (8) 2HVD L, Eikgyn
FHEROFR LG L2 o CARERIGTFR T2, 1
(& 21) BRAOyEROIE, FE2.1E, R Q(a)
KEITNDTRTOWMRE 2ol LT, SFMME (2) %
BAMET BIEBTIREE 7 4 — F Xy 2 SIHBSEORE 52 2.

3. BWTIAREXRMEADEHR

V(z(t) = tT XT(P(z), 2)z + 2T X (P(z), z)&

EE210%&MHIIE P(z) £ Y(z) OHOEE Lo &4
(Cl4) ¥ &H, T0F F T, B 4) OFETIRL HEIAT
PIMER ez, 220, FH210%464% V()
PRI TAEMIBERALIELER S,

(#73.1] #k B C R #FHEL, Y(z) > 0, Vz €
Bz#0,%bY(@) 520035,

1
P(z) := / 2kY " (kz)dk (11)
[¢]

EERTH, 0L E P(x)i, Ple)>0,Vz € Bz #£0
Tl E512Z(Y N =), z) PR ST (6) 2 iBRT
5. 727l

8z CE
(REEH) (11) 29 Y(@) > 046, Pe)>0&%52
Wb b, 51, Z(Y ), ) DL © X OGS

/I 2UY " (k)z + K Z ["’Y—’ (kx)x,-] m} dk

6k.’1:,'
' d
:/ “{kQY_l(kx)x}dk::Y—l(:c)x
o dk

Z(Y”l(z),z):=[ay—l($)m ayﬂl(m)m]'(m)

i=1

rHIUE, (1) 2 XT(P(z),z)z = Y~ Y 2)z, T4%bL
(6) %Wt L 2 HETEL, |
[(#E3.2] (11) 12BVT, HAEEHYB L UHEE B C
RMSHEEL, Y z) < v,V € B,z # 0 % &1,
Plz)<~yI,Vz € B,z #0Td 5.

((E9)  HEOXHL), B0z e Bz #£0, ke (0,1)
LT, 2kzTY "M (kz)z < 2kyzTz EH G,

1 _ 1
/ 2kzTY "V (kz)zdk < y2Tz / 2kdk
0 0

November 1997

&Y, 2T P(x)r < vzTz. TNEN, P(z) < vI,Vz €
Bz #0%185. |
LEOHBEREV L, EE210&BIMT L5954 -
LT, 2&FDFEHICRTIRERERFTIASR &8 2
CENTED, TOEMFIE, XH4) OFEICLNEBETR
Tha. '
(E¥3.1) Y2724 (D) LBVT, H2EEHYBLUH
BB CR'WHIEL, FEDz € B,z £ 018 LT, o
EOEMEFBET Y@ DVPHEETHLDELET S,

(C21) Y(z)> 0, (13)

(C22) [7] ! }>o, (14)
I Y(z)

(C23) Fi(Y(z),z) Y(z)CT(z) <o, (15)
C(2)Y (z) -1 ’

(C24) Z(Y ™Y (z),z) piHr. (16)

72720, Fi(Y(z),z) REE 2UIBVT, Z(Y Hz),) 1d
(12) CEH SN TV 3D,
IOk E, FEMIRET + - F 5y s8I0

u= R Y z)BT(z)Y "Hz)z (17)

ZEoT, YRA74 (Z) 3, BIEThABRKDER (9)
THAREE, »2, FRLFEEEE (10) 2bo. 77701,
P(z) = [] 2kY"!(kc)dk TH 3.

(EE3.1) %M (C24) PHELLBVE i1, (6) PHIY
F,(11) 1285 3 dV (2(2))/dt DEBIH - 2E O®e)| |25
BMENE. TIT, Ofe) e 2K (72721, O(0) =0)
THY, BeldA(z) := Z2(Y " Yz),2)-2Z2T (Y }(z),z),Vz €
BiOKES (BHEOHEIEDRAM) BT A, L
HoT, (C24) BRI LEVHETY, Alz) HFHIThs
WEEITI, dV(z(t)/dt < OAMBEES M Bw, 3.1
DEERIIEFOT E/RIT S,

4. B &

EHIUIETT, EHEERRICE (CSTR)Y 247
LIERBIRE7 1 —F Ny 7oy bo— 558t 2,
ZITHEBE AT 4 (D) i, B A7 4 (Se,)

i = Az + (Bo + z1 B1)u, z(0) = zo,
13/6 5/12
:E:I:IE] },A: / / J’
T2

—-50/3 —8/3
o[-

-1 } (18)
0

ThE. BEER s, 02, 2R EICERIEO IR

DBRFBERBEEERT. AHvid, ot bhodysry

FAOBERORR R, FERKIEOE 5L bR,

J(u,zo) = / ("CTCz + u” Ru)dt,
0
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V1000 0
C= 0 V1000 |, R =1, (19)
0 0

EBIIOEHYBTHY () ¥ o T A r=0,1,2
KREFFATHE LT, X 4) TRLAFHEICL kD
F7, T ABRMERIT R o, HMERTE IR, MAT-
LAB, LMI Control Toolbox * W7z, RKEEz OFEHE
B oo =005 05T0bET, F5N72BADyE Table 1
WKRL, £0L 201 XREHABY (2) = Yo+ n1 Y1 +12Y2
DREATH A D EIZRT.

v _ [ 87651 x 107*  1.0397 x 1073
7 | 1.0397 x107® 7.8280 x 1073 |’
v _ | 80592x107° 8.9060 x 107
"7 | 89060 x 107° 13159 x 107* |
v [ 15673 % 10720 4.4523 x 10~
27| 44523 % 10719 7.5504 x 10718

B, TORIEE (C24) 2HELLTVRVH, Alz) ¥+
GhE WD, EEIITEXCEHICLY, EHIIOHE
%5,

EREEE o = [0 —0.27)T & BU, B507r =0,1,2
REEXBY(2) ¥ BV Iialb—Vs VR Fig. 112
R, BRBREAIGLT, yOEIZSHENEDC Lo
2 (Table 1 DKRFIEE), Y(z) DkBrrkE<{THL,
FIEARE AR, BRELTOE I EPHETES.

DE, WY AT L (Sy,) EMEEMULAV AT 4
W LT, FFERE (19) b ETRBLFa L — & 2K

Table 1 Degree r of Y(z) vs. Minimum v

-
2.348665429976481 x 103
2.348665429976472 x 103
2.348665429989249 x 103
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T, 1LREERB Y (2) \CLAFEHBIREE 7 41— F sy 242
L B#ER (NLSF r=1) %18 LK% Fig. 2 (TR 7. EH
FARRE 7 4 — F /3y oRIENIC X 2 RD, FOMOBEICHK
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Abstract

In this paper, we consider semi-global L? gain anal-
ysis and semi-global state feedback H* control design
for nonlinear systems described as linear systems with
self-scheduling parameters. First we show a method to
convert linear systems with self-scheduling paramecters
into linear systems with scheduling parameters based
on evaluation of the domain of the self-scheduling pa-
rameter. Second, using the tools for linear systems with
scheduling parameters, we discuss semi-global L? gain
analysis and semi-global H* control design and propose
an approach together with feasible formulas of compu-
tation.

1. Introduction

L? gain analysis and H® control problem have
been focused on and many results of importance have
obtained in recent researches concerning linear sys-
tems with scheduling parameters(called linear param-
eter varying systems: LPV systems)[1] [4] [8] [13] [15].
In linear systems with scheduling parameters, it is as-
sumed that scheduling parameters and/or their time
variations are bounded and the domains are obtained a
priori. Most of the results for analysis and synthesis in
linear systemns with scheduling parameters are derived
based on this assumption. In this paper, we are con-
cerned with nonlinear systems which can be described
as linear systems by regarding some of the state vari-
ables as parameters, which we call lincar systems with
self-scheduling parameters. Here note that linear sys-
tems with self-scheduling parameters look but are not
linear systems with scheduling parameters, because self-
scheduling parameters, which are some of the state vari-
ables, may be unbounded and the domain are not given
a priori in general.

In this paper, we deal with the nonlinear system
which can be expressed as linear systems with self-
scheduling parameters as follows,

& = A0 (2))x + B1(6:(x))w(t) + B2(0:(z))u(t),
z = C(0z(2))x + D(0:(x))u(t),
6.(z) = hz.
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f:(z) is the self-scheduling parameter and is given as a
linear functional of the state variable, and discuss L2
gain analysis and state feedback H® control synthesis.
Considering that this system is nonlinear, in particular,
we constrain the disturbance w to an ellipse and con-
sider semi-global L? gain analysis and semi-global
control problem. In our approach, we first describe lin-
car systemns with self-scheduling parameters as linear
systems with scheduling parameters by evaluating the
domain of the self-scheduling parameter based on the
output reachable sets analysis[14]. Once description of
linear systems with scheduling parameters is obtained,
useful techniques are available. We next apply the tech-
niques to our semi-global L? gain analysis and semi-
global H* control problem and establish an approach,
together with feasible forinulas, to the analysis and con-
trol synthesis. Semi-global L? gain analysis and semi-
global H* control are characterized by solutions to pa-
rameter dependent Linear Matrix Inequalities(LMIs).

In section 2, we introduce a linear system with a
self-scheduling parameter. In section 3, we present the
technique to evaluate the domain of the self-scheduling
parameter. We discuss semi-global L? gain analysis in
scction 4 and semi-global H® control problem in sec-
tion 5, and propose an approach to the analysis and
synthesis.

2. Linear Systems with Self-Scheduling
Parameters
2.1. System Description

Consider the following nonlinear system,

&= A(hz)x + By (hx)w(t) + By(ha)u(t), z(0) =0,
"z = C(hx)x + D(ha)u(t),

where z € R, 2 € R}, w € R™, v € R™ and h €
R'™ " Note that hz is a scalar. z is the state, z is the

output, w is the disturbance and u is the control. We
assume that A(hx), By (hx), By(hz), C(hz) and D(ha)



are given in the following forms,

A(hz) = Ag + ay(h) Ay + - + ar, (hx) A,
Bi(h) = Bio + byy (ha)Biy + -+ + by, (h3) By,
By(hz) = Bag + ba1 (hx)Bay + - + baryy (h) By,
C(hz) = Cy + a1 (ha)Cy + - + ¢ (hx)Cr s
D(hz) = Do + dy(ha)Dy + -+ + dp (hx) D,y
(1)

where each of a;, by;, bei,c; and d; : R = R is a contin-
uous function and A;, Byi, B2i, C; and D; are constant
matrices with the appreciate dimension.

In this paper, we express the nonlinear system X
as linear system with a scalar self-scheduling parameter
given as follows.

Linear systems with self-scheduling parameters:

& = A0 ())z(t) + Bi(02(x))w(t)
+ By (6 (2))u(t), 2(0) = 0,

z = C(f:(z))x + D(0(x))u(t),

f.(z) = hz,

Yss:

where 6,(z) is the self-scheduling parameter of ¥1ss,
which is given as a linear combination of elements of
the state vector z.

If the domain of the parameter 6 (z(t)) and its time
variation éx(a:(t)) are given a priori, the system Y55 is
described as the linear systems with a scheduling param-
eter, called the linear parameter varying(LPV) system,
given as follows. :

Linear systems with scheduling parameters:
= AB(t))z + B (6(t)w(t)
+ B2 (6(t))u(t), z(0) = 0,
z = C(0(t))z + D(O(t))u(t),
0(t) € a1, as], "[t, 00),
6(t) € |81, Ba), "It o).

Xrs:

For ¥, s, the recent researches [1] [4] [8] [13] [15]
have already developed several powerful tools of L? gain
analysis and H® controller design. In this paper, we
first describe the given systems ¥ ss as in the form of
Y1s by evaluating the domain of 8, (z(t)) and 8,(z(t))
, which is done in section 3. Then, L? gain analysis and
H®> controller design for £ 55 (or ¥) are performed by
applying the tools developed for L, s, which is done in
section 4 and 5.

2.2. Constraint Set of Disturbance

For the general nonlinear system T (I s5s), it seems
difficult to discuss system performances(e.g., L* gain
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performance) globally against the disturbance and ap-
propriate to consider some coustraint on the distur-
bance. We assume throughout this paper that the dis-
turbance w(t) is constrained to the following ellipse,

w(t) € W, Yt € [0,00),

: 2
W= {w|wWw<1},

where W is a given positive definite matrix. In order
to specify that the disturbance w(t) is constrained to a
given set W, we use the prefix ”semi-global”, e.g. semi-
global L? gain, in the following discussions. We empha-
size that our discussion based on a prescribed constraint
set W will be different from the so-called "local” one.

3. Evaluation of Self-Scheduling

Parameters
In this section, we consider the following linear sys-
tem with a scalar self-scheduling parameter.

sl i = A(0,(2))z + Bi (0 (x))w(t),z(0) = 0,
Lss: 0.{z) = ha,

where w(t) is constrained to (2). The domain of 8. (z(t))
and the domain of the time variation of 8, (x(t)) can be
evaluated as follows.(Sce [3] for more details and proofs.)

Theorem 1. Assumne that there exist ¢, > 0, >
0,0 > 0 and gy > 0 which satisfy the following in-
equalities,

AD)Q, + Q. A'(0) + aQ, DBy (0)
[ B(9) —aw | S0 (3)
Qz th/
[,LQI - ] >0, (4)
20, 0 20, A'(B)
0 oW1 ZI’V‘IB; (9)/1,' >0,
MAG)Q. 2B (9)IV ] 2
(5)

Y6 ¢ (v, Vi ]

Then the domain of 8, (2(t)) and 6. (x(t)) are given as
follows,

© C [-v90, V0 ], (©)
¥ C -V, Vi - (7

Though the domain of 8, (x(t)) and 0, (z(t)) is char-
acterized as in Theorem 1, it is not easy to obtain
solutions which satisfy the inequalities (3), (4) and (5).
The main difficulties are that (3) is a nonlinear(bilinear)
matrix inequalities and the inequalities (3) and (5) are
dependent on the parameter §. As for the parameter
dependence, we will discuss this problem later ( See Re-
mark 5). As for the nonlinearity of (3) and (5), we put
aside this problem by adopting a recursive calculation
as follows. '



Corollary 2. Assume that there exist @, > 0,a >
0,90 > 0 and gy > 0 which satisfy the following in-
equalities for given Q; > 0,gp > 0 and gy > 0,

(A0)Q: + Q:A'(0) + aQ:  By(6)

_ B! (6) —a| S0 (8)

[ Q= th’

hQ. g |20 ©)

20, 0 20, A'(O)I

0 21y -1 QW 1B O | >0,
20 A(0)Q, 2hB,(6) V! a0
(10)

Qs < Qs (11)
g0 < go, (12)

Ve € ['"\/—q-;v \/51;]

Then the domain of 6,(z(t)) and 0, (z(t)) are given as
follows,

0C {“\/65; \/(—IE]’ (14)
V-V Vav |- (15)

Remark 3. Corollary 2 implies that the domains

(—v9, Vao ) and [— /Gy, /Gy ] are included in the do-
mains [—v/qg, Vs ], [=/Gw, /@y ] respectively. Thus,

using Corollary 2 recursively, we can expect to obtain
the smaller domains.

Remark 4. From Theorem 1, the system £} ¢ is de-
scribed as the linear system with a scalar scheduling
parameter given as follows,

z = A(@(t)z + Bi(8(t)w(t),
E},S : e(t) € [“\/651 \/q_O }, '
o(t) € [=vaw, Vae |-
where w(t) is constrained to (2). Thus semi-global L?
gain analysis and semi-global H* control problem for
the nonlinear system I} ¢ is characterized by L? gain

analysis and H® control problem for linear system with
a scalar scheduling parameter (16).

(16)

Remark 5. Since system parameters A, B; are given
as {2.1.), the inequalities (8) (10) in Corollary 2 can
be written in the form of the parameter dependent LMI
condition,

Fo(Qu) + 1) F1(Qu) + - + [ (D) Fr(Qu) <0,
where @ is the parameter that satisfies {In this case,
s=1.)

G0, b=1[3 0~ 4] 10 [arm,oree]).
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fi: * = Ris a continuous function ofé, and a symmet-
ric matrix function F; depends affinely on the unknown
matrix Q. It is shown in [2] that this type of param-
eter dependent LMI can be reduced to a finite number
of parameter independent LMIs. Thus solutions to the
conditions in Corollary 2 can be computed by using
CAD tools, e.g. LMILAB[G].

4. Semi-global L? gain Analysis

In this section, we consider the following linear sys-
tem with a scalar self-scheduling parameter.

T = A0, (x))zx + Bi (0, (x)w(t), z(0) = 0,
Tiss: z = Cllz(x))z,
0.(x) = hz,

where w(t) is constrained to (2). We define the internal
stability of £% ¢4 and the semi-global L? gain of £% ¢
as follows.

Definition 6. Let iiss be the following linear system
with a scalar self-scheduling parameter,

&9 . T = A(gz(l))T(t%
LSS g, (x) = ha,

and let M be the set defined as follows,
M={zeR"|z'Mz <1},

where M is a positive definite matrix. The system £7 ¢¢
is said to be internally stable in the stability region M
if all trajectories of i%ss starting from an initial state
within M converge to the equilibrium point 2 = 0 of

2
ELss-

Definition 7. If the system T2 oo is internally stable,
the L? gain of £% 4 is defined by

Iz lle>
lwllee’

sup
wel*nw
w#0

G(2%ss)

and called the semi-global L? gain. Note that W denotes
the constraint set of the disturbance w.

Combining the result in [13] [15] with Theorem
1, we have the following result for semi-global L? gain
analysis of the nonlinear system £ g5. (See (3] for more
details and proofs.)

Theorem 8. Assume that there exist @, > 0,a >
0,90 > 0,gy > 0 and a continuously differentiable ma-
trix function Q(#) which satisfy the following inequali-



ties,
[A(0)Qs + Q: A'(6) + aQ, By (f)
B BL(6) Caw| SO (17)
[ Qx th,
hQ. @ |20 (18)
[ 20, 0 20, A"(O)h
0 2 -1 2W 1B (O | >0,
|2hA(0)Qx 2hB ()W 1 qy
(19)
Q) >0, (20)
A'(6)Q(0) + Q(6)A(6) ,
( 4 (\/‘ﬁ%%(g)) ) QB (0) C'(9) <0
B} (0)Q(0) —y1 0 ’
c) 0 -1
(21)

V9 € [_\ﬁja’ \/—(ia ]1

where the notation () indicates +(-) and —(-) in the
inequality.

Then the linear system with a scalar self-scheduling
parameter ©7 ¢ is internally stable in the stability re-
gion M3 o,

Miss = {z | 2'Q7 2 < 1},
and the semi-global L?gain is less than 7.

5. Semi-global State Feedback H®

Control
In this section, we cousider the semi-global state
feedback H control problem for the linear system with
a scalar self-scheduling parameter S{or X1 55). We con-
sider the following state feedback controller for Xpss

T u(t) = I(0,(x(1)2(t),
0. (xz(t)) = hz(t),

(22)

where I((6,(z)) is a continuous matrix function of
6.(z). Then the closed loop system (XI')1ss is given
as follows,

& = Ag(8:(z))z + B1(0-(2))w(t),z(0) = 0,
(D) ss : z = Co(0z(2))z,
0. (z) = ha,
(23)

where

Aa(02(2)) = A(0x(2)) + Ba(0z(2)) K (82 (2)),
Ca(0:(x)) = C(0:(2)) + D(0z(2)) K (0= (x)).

We can obtain the semi-global state feedback H>®
controller for Y55 as follows.
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Theorem 9. Assume that there exist (), > 0,a >
0,99 > 0,qy > 0, continuous matrix function W, () and
W,(8) and a continuously differentiable matrix function
Y () which satisfy the following inequalities,

A0)Qz + Qz A(6) + oy

(Bz(emn 6) + w;w)Bg(e)) Bl <o, (24
i B (0) —aW
| Qz Q:chl 95
I A } >0, (25)
i 2{Q: A'(8)
20 0 (+W{(9>B;<e>}h’)
0 2! 2V BN
2 {A(0) Qs )
_<+B2(9)VV1 (9)}> B OW B
>0, (26)
Y(8) > 0, (27)
A@)Y(0) + Y (0)A'(6) Y (0)C'(0)
+ (/74 (6) Biey (OO
(132(e)wz((\g)—vfxevg(e))z;’;(e)) 1 <+n 1(6)D' (6)
B;(ez ) —~2I 0
Co)Y (6
(+D(0)Wg(9)> 0 -1
<0, (28)
W) Q' = WL ()Y ()", (29)

Y0 € [~va0, Vo s

where the notation +(-) indicates +(-) and —(-) in the
inequality.

Then the closed loop system (BI')ss is internally
stable in the stability region Mgy,

Msgr = {z | o' Q7 e < 1},

and the semi-global L?gain is less than . The feedback
gain K (0.(x)) is given as follows,

K{#,(z)) = W, (0 (2)Q7" = Wa(B(2))Y (s (x)) L.
(30)

In addition to the same computational difficulties
as the conditions in Theorem 1 Theorem 8, there is
another difficulty in computation in Theorem 9, that
is, the condition (29). So we rewrite this theorem in the
form of recursive computation as follows.

Corollary 10. Assume that there exist a continuously
differentiable matrix function Y () and a continuous
matrix function W,(8) which satisfy the following in-

)



equalities for given ¢p > 0 and ¢y > 0,
Y(8) > 0,

AB)Y (0) + Y (6)A'(0) -
* (/3 5 (6) B1(6) 9)C (¢
(Bz(e)lvz((\{v)zfﬁf;(e))ﬂg(e)) <+Wz(9)D (9)>

(31)

Bi(6) —~2r 0
()Y ()
<+D<9>Wz<9)) 0 !
<0, (32)

Vg € {M\/a;’ \/q;]:

where the notation +(-) indicates +(-) and —(-) in the
inequality.

Then if there exist ¥; > 0,a > 0,q9 > 0 and gy >0
which satisfy the following inequalities for given Y, >
0,49 > 0 and gy > 0,

( Y (0){YzA(8) + A'(0)Yx

+a¥ )Y () + )’(9))’;132(9)1’%(9)) Y(9)Y: DB, (8) <0

+W3(0)B5(8)Y. Y (8)

Bi(9)Y=Y(6) v
(33)
n)fm ’ll
L ]l, qg Z Ov (34)
- - X 2{)/(9)14,(6)
2Y(6)Y.Y (6) 0 (+W§(9)B;(9)}h,)
0 21y~ 2W B0
2h{A(0)Y (9) B
_(4‘32(6’)"{/2(9)}) 2h B ()W 1 7
| >0, (35
2 (36)
90 < Go, o)
q‘/’ S qw, (38)
Y0 € [-vVdo, Vo ),

the closed loop system (XI')psg is internally stable in
the stability region Mgrp,

Msgr = {z | 2'Yoz <1},

and the semi-global L?gain is less than y. The feedback
gain I{(0,.(z)) is given as follows,

K (02()) = Wa(8a(2))Y (B (2)) "

6. Conclusion

In this paper, we considered semi-global L? gain
analysis and semi-global state feedback H* control
problem for a class of nonlinear systems, which are de-
scribed as linear systems with self-scheduling parame-
ters. We developed first the technique of evaluating the
domain of the self-scheduling parameter and the time
variation of the self-scheduling parameter. By using this

(39)‘
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technique, we next established the approach together
with the feasible computation algorithius to semi-global
L? gain analysis and semi-global state feedback H*
control problem for the class of noulincar systems.
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based on Reachable Set Analysis
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Abstract: In this paper, we define the kth-degree system
which is regarded as Taylor series up to the kth-degree term
for the nonlinear system, and propose an analysis technique
of the semi-global L, gains based on the reachable set anal-
ysis for the kth-degree systems with the constraint sets on
In this technique, the upper bounds of
the semi-global L, gains are obtained by solving linear ma-

the disturbances.

trix inequalities. We also illustrate the effectiveness of the
proposed method with a numerical example.

1 Introduction

In the nonlinear H, control problem which extends the
Hy, control problem into the nonlinear systems case,
we alm at the L, gains that evaluate the system re-
sponses for the worst disturbances. The condition that
the L, gain is less than a positive real number (the
bounded real condition) is expressed by the Hamilton-
Jacobi equation/inequality[1] in the nonlinear Hy, con-
trol problem. Generally speaking, it is difficult to solve
the Hamilton-Jacobi equation/inequality. Additionally,
the Ly gain of the nonlinear system is dependent on the
size of the constraint set on the disturbance, so that the
L4 gain is estimated only in the local sense. Then, here
arises a need of developing a feasible technique for an-
alyzing the Lo gains for nonlinear systems in the case
when the constraint sets on the disturbances are given.
We call the Ly gain for the constraint set on the distur-
bance the semi-global L, gain.

In this paper, we consider the kth-degree system (k >
2) as one of the nonlinear systems and propose an anal-
ysis technique of the semi-global L, gains for the kth-
degree systems. The kth-degree system is regarded as
Taylor series up to the kth-degree term for the nonlinear
system. We assume that the kth-degree system incurs
the disturbance which is restricted by a constraint set.
The analysis technique is given as follows. First, we an-
alyze the reachable set of the state for the kth-degree
system by using LMI (Linear Matrix Inequality). From
the result of this reachable set analysis, we can eval-
uate the size of the nonlinear term in the kth-degree
system. Then, by regarding the nonlinear term of the
kth-degree system as the parametric uncertainty in the
linear systemn with the parametric uncertainty, we can
finally analyze the semi-global Ly gain of the kth-degree
system. We also illustrate the effectiveness of the pro-
posed method with a numerical example.
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Notation: I, denotes the identity matrix of R"*".
® stands for the Kronecker product. For a matrix AVl ¢

%”mxmm, nll = mb+1 § =2 ~ i define the following

matrix: 9
H Al
j=i

For matrices A € £"*" and @ € ®R"*", define the ma-
trix function S(A,Q) = QTAT + AQ € R, For
matrices Al € R i =2 ~ &k, Q € R"*" and a

i1

e R, 1 = 2 ~ k, the matrix function

AlIAL-1 | Al2)

vector ﬁ%z%
H(A[i],ﬂ%g, Q) € R¥*" is defined as follows:

k
H(AW BH.Q) = S At diag(sl]) © QAT
1=2
For a positive definite matrix P € R"*" the set £(P) C
R is given by E(P) = {¢£ € R |7 P¢ < 1}. For inte-
gers h and j, the set 7] is defined as 7] = {i|h < i <
J, 1 is an integer}. The Ly norm for a time function £(t)
1
is defined as ||¢]]; = UOOO €T ()e(t)dt|”. Ly denotes the

Ly norm space. .

‘2 kth-degree System

In this paper, we consider a kth-degree system (k > 2)
of the state space form
z(t) = A(z(t))=(t) + Bw(t), 2(0) = 0
w(t) €W = E(W), Yt € [0,00)
z(t) = Ce(t), z2(0)y =0,
where z(¢) € R" is the state, w(t) € N is the distur-
bance with the constraint set W and z(t) € R is the
output. The matrix function A(z) is defined as follows:

k 2
A(z) = A3 AU T AVl (), (2)
i=2 j=i

A[Z](x) = In ®A[i_1](x), A[l](:l)) =,
where Al € ®rxn" i =1 ~ k and All(z) e ">
i=2~k. ~

e (1)

3 Reachable Set Analysis

In this section, we present an analysis technique of the
reachable sets for the kth-degree systems ¥j. This anal-
ysis technique is applied to the semi-global L4 gain anal-
ysis of the kth-degree systems X which will be dis-
cussed in the next section.



Definition 1 [3] A state z; is reachable from z(0) = 0
in the kth-degree system Iy if there exist a finite time
ty > 0, a piecewise continuous disturbance w : [0,%;] —
W and a corresponding solution z : [0,¢1] — R" to (1)
such that z(0) = 0 and z(t1) = 2.

Definition 2 The reachable set for the kth-degree sys-
tem g, R(Zg), is defined as follows:

R(Zk) = { ¢ € R | z is reachable from z(0) = 0
in the kth-degree system X }.

Then, we formulate the analysis problem of the reach-
able sets.

Problem 1 Evaluate the reachable set R(Xy).

For the evaluation of the reachalbe set R(Zy), we
need the following lemma.

Lemma 1 For a given posmve definite matrix U €

R>7 if there exists a vector ,6 e R, ,B[[;;]]j >0
h = 2 ~ i such that
ding(A)) > diag(8l)_po U,  VheTZi (3)

then the following inequality holds:

o]

. i R - ~1
< PA [diag(8) @ U] AV P+ [ding((])]
VieZr YseD=EWU™Y), VP >0e RV (4)

AP p 4 p Al HAU
Jj=1

By combining Lemma 1 with Lyapunov Approach{2]
to the reachable set analysis for the general nonlinear
systems, we obtain the following theorem for Problem 1.

Theorem 2 If there exist a positive definite matrix
Q € R**", a nonnegative real number o and a vector
ﬁ{;}] € m”hml,‘ﬂ[;]‘ >0, h=2~1i, i =2~ ksuch that

(AN, Q) + o
( 1AW, ) ,Q)> ooene
BT —aW 00
1) 0 0 ﬂ%zg <0; (5)
: . —diag
i Q o \gh/

2) diag(Bfy) > diag(6l)_,) © Q,"h € T3, i € T, (6)
then the reachable set R(Xy) satisfies
R(Ze) C EQ7) (7)

Since Theorem 2 evaluates the reachable set R(Xy)
via the upper bound £(Q 1), it is important to find the
least upper bound £(Q!). On the other hand, the con-
ditions of Theorem 2 are described by BMI conditions,

and it is known that BMIs are difficult to solve numer-
ically. To solve these problems in the practical evalu-
ation, we propose the following algorithm, which leads
us to less conservative evaluation of the upper bound

£(Q™1) for the reachable set R(Zx) by solving LMIs.

Algorithm 3

Step-0: Input a positive definite matrix Q(O) € jx.
Set ¢ =0 and @ = Q(,)-

Step-1: Set ¢ = g+ 1. For the positive definite matrix
@, find a positive definite matrix Q E 8?:’”‘" a nonneg—
ative real number « and a vector ﬁ[h c R/ , ﬂ
0, h=2~1, i =2~ k such that

S(AM, Q)+ aQ ]
a1 = | B
<+H<A[ 41 9) @
BT —aW 00
1 2 <0; (8
: 1
{#]
L @ 0 Piai) |
2) diag(Bl) > diag(8l}_,) @ Q,"h € 73,V € 75: (9)
5Q<T, (10)
and set Q(q) = Q.
Step-2: If @,y converges, then set @ = @y, give

£(Q1) and stop; else, continue.

Step-3: If Q(q) < Q-1 then set Q = Q(q) and go to

Step-1.
4 Semi-global Ly Gain Analysis

In this section, we present an analysis technique of the
semi-global Ly gains for the kth-degree systems Y.

Definition 3 The semi-global L, gain for the kth-
degree system Xy, G(X), is defined as follows:

G(Ek) — sup Hz”2
weLNW, w#0 llwll2”

Then, we formulate the analysis problem of the semi-
global L, gains.

Problem 2 Evaluate the semi-global L, gain G(X;).

By applying Lemma 1 to the bounded real theorem,
we obtain the following theorem described by the LMI
conditions.

Theorem 4 Assume that the reachable set R(Z) sat-
isfies the condition (7). For a given positive real number
v, if there exist a p031t1ve definite matrix Y € R"*" and
avectorn%h e g n[[]] >0, h=2~4i=2~k
such that o
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) o ]
(ws(%ﬂ,%%:}),cz)) By ver
BT —42I, 0 --- 0
1) y 0 A\ 0 |<0;(11)
: : —diag|
Y 0 ns/ O
i cy 0 0--0 -I]

2)diag(nf)) > diag(nly_,)) © Q, Yh e T3, Vi € 7§, (12)
then the semi-global L, gain G(Xy) satisfies

G(Xy) < 7. (13)

5 Numerical Example

In this section, we illustrate the effectiveness of the pro-
posed technique with a numerical example.

Consider the cubic system X3 whose each coefficient
matrices are given as follows:

ny_ [ -4 —4 o _ [ 020702 —04
AT=1 ) A= 030503 01 )
A[g] [ 003 -0.04 0.03 —-0.02 -0.04 0.02 0.03 0.02
— | 002 0.01 001 002 005 001 001 ~0.01 }°
[4 2 3 3
B= 05},0:[01],14/:[37],

and evaluate the semi-global Ly gain G(23) actually.
Fig. 1 shows the time responses for the cubic system

23. Fig. 2 shows the constraint set W and the trajec-

tory of the disturbance w(t). We evaluate the reachable

set R(¥3) by Algorithm 3 with Qo) = 5.000I2. Then,

we obtain the sequence {Q4)}32, and the following pos-

itive definite matrix:

~2.198x 1072

Q = Qs = 1.039x 107"

7.233x107}
~2.198x 1072

Fig. 3 shows the upper bounds E(Q(q%) of the reachable
set R(X3) and the trajectory of the state z(t). From
Fig. 3, we can conclude that the trajectory of the state
z(t) for the cubic system L3 satisfies the following con-
dition:

z(t) € £@Q7YH, Yte[0,00).

We evaluate the semi-global L, gain G(Z3) by Theo-
rem 4 with Q. Then, we obtain the least upper bound
v =5.838 x 1071,
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via Extended Quadratic Lyapunov Function
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Abstract. Using extended quadratic Lyapunov functions, we consider H s control synthesis prob-
lems for input-affine polynomial type nonlinear systems, and characterize nonlinear Ho, controllers,
in the state feedback case and the output feedback case, via Riccati type matrix inequality condi-
tions. The controllers can be given by solving linear matrix inequalities which are given at vertices
of a convex hull enclosing a domain of states. We also determine a domain of internal stability. We
finally show that the proposed method is effective through a numerical example for output feedback

control problem of bilinear system.

Key Words. nonlinear control systems; Lyapunov function; H-infinity control; convex program-
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1. INTRODUCTION

Robust linear control theory has been remarkably de-
veloped to cope with disturbances and model uncer-
tainties with respect to linearized models of nonlinear
systems. The linear control design methods are suc-
cessfully applied to practical control problems. Lin-
earized models of nonlinear systems, however, do not
generally give enough information to design control
and lose the essence of considered problems. For one
example, linearization of bilinear systems loses gener-
ally the true meaning because the linearized models
ignore easily control inputs. We need treat nonlinear
systems as they are.

One approach {or robust nonlinear control is game the-
ory one (Basar et al., 1995), which generalizes robust
linear control theory. If we take such approach, we
need usually solve Hamilton-Jacobi-Isaacs (HJI) in-
equality to design nonlinear control. It is generally
not easy to obtain a solution satisfying the HJI in-
equality. Many works (e.g., (Kang et al., 1992; Huang
el al., 1994)) obtain Taylor series expansion solution
satisfying the HJI inequality. The Taylor series gener-
ally can not have arbitrary degree of expansion, and
does need infinity expansion. Therelore, we decide a
degree of the expansion and obtain only an approxi-
mate solution. Those methods generally obtain a local
solution and does not consider any domain to guaran-
tee feasibility of the solution.

[ this paper, by using extended quadratic Lyapunov
functions, we consider H. control synthesis prob-
lems for input-affine polynomial type nonlincar sys-
tems and derive tractable conditions for noulinear H
controllers to exist. We also give 2 numnerical method
to construct the controllers. Our approach to design
the control systems consists of the following two steps.

First, by using an extended quadratic Lyapunov func-
tions, we characterize a nonlinear H. controller, in
the state feedback case and the output feedback case,

via Riccati type matrix inequality condition. Since the
structure for the extended quadratic Lyapunov func-
tion is chosen to correspond to that for the system,
we can obtain results that is naturally extended from
those of linear quadratic problems. This also makes it
possible to rewrite the Riccati type matrix inequality
to a linear matrix inequality that depends on the state
(Boyd et al., 1994).

Next, we construct the controller by solving the state-
depended linear matrix inequality. Considering that
the inequality is linear matrix inequality type and de-
pends polynomially on the state, we can construct the
controller by enclosing a domain of state in a convex
hull and solving linear matrix inequalities which are
given at vertices of the convex hull. Then, we can also

t obtain a domain of internal stability.

" This paper is organized as follows. In Section 2, we
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state nonlinear H,, control problems for input-affine
polynomial type noilinear systems. Section 3 ap-
proaches generally to the problem via minimax design
{Basar et al., 1995) and discusses techniques to obtain
solutions for the problems. In Section 4, focusing on
Lr-gain analysis, we characterize a condition for the
problem to be solvable via a linear matrix inequality
which depends on state. We show that the solution
is given by enclosing a domain of state in a convex
hull and solving linear matrix inequalities at the ver-
tices of hull. Section 5 discusses state feedback control
problems. Section 6 discusses output feedback control
problems for nonlinear systems depended linearly on
unmeasurable states. In Section 7, finally, efficiency of
the proposed approach is shown through a numerical
example for bilinear system that is a special class of
the considered system.

Notations: [ denotes an identity matrix of suitable
For a vector ux, ||z|| denotes the Eu-
clidean norm. || - ||, denotes the norm of the space
of square integrable signals, and is defined as ||z]]2 :

dimensions.



[o =P dt) e Ly. Lz, denotes the set of
bounded functions with [[z(¢)]} < p for all ¢ € [0, o0).
For a vector ¢ € R™ with positive elements, B} de-
notes {r{lr] < o, i = 1,...,n}, where z; and o
stands for the i-th element of the vector, respectively.
When there exists a domain B]' ¢ R™ which con-
tains origin, for a continuously differentiable syminet-
ric matrix-valued function P(y) : BJ' — R™™" a no-
tation P(y) > 0.Vy € B}’ means '.L‘TP(U)'.L' > 0,Yy €
BI'Vr e R" r#0.

2. PROBLEN STATEMENT

\We consider an input-affine polynomial type noulinear

system (Z) of the {orm
o= Aly)r+ Bi(y)w + Ba(y)u, (1)
s o= G + D), 2)
y = Cor (3)

whose equilibrium point is (z,w, v} = (0,0,0). ¢ €
R+ is the state, w € R"™ is the exogenous input,
w € R"™ is the control input, z € R"* is the con-
trolled output and y € R™ is the measured out-
put. We assume that each matrices are of suitable
dimensions and satisfy Dg(y)C'l(y) = 0, R(y)
DL (y)Diwa(y) > 0,Yy € ByY C R"v, where BLY is
a domain of interest. We also assume that entries of
A(y), Bi(y), Baly), Ci{y) and R™!(y) are polynomial
functions with respect to elements of y. In this pa-
per, we call the matrix whose entries are polynomial
functions polynomial type matrir.

In this paper, we consider two cases of feedback
form for the system (Z): state feedback case with
C, = 1, ie. y = z; output feedback case with
Cy =1, 0],n, < n,.

For each system, we consider a controller (I') of the
form; in the state feedback case,

= L'(z)r (4)‘

where K'(z) is a sufficiently smooth function;
in the output feedback case,

(& y)E -+ ml& v)u +n2(& vy, (5)
8(y)¢, (6)

where & € R and m (&, ), 72(&, y), n2(&, y) and 8(y)
are sufficiently smooth functions. An augmented sys-
tem that consists of the system (Z) and the controller
(I') 1s given as

< —
IS =

u =

1 (Jc1)1u+Bul( u)(U’{"Bu')(fu) (
o= C{ze)ra+ Dialza)u, (8)

Ta =

-~
~—

where in the state feedback case,

re=1x €R" n=n,

flu(fu) = Afr), Bul(lfu) = 31(‘11), B(LQ(I“) = Bo(]:);

in the output feedback case,

o '[' R
Lo = {J,'T, fr] ER" n=72n,,

L \( ) )
,~“‘(J(u) - [ ( g, ( ,]1( Crzl:) ] )

For the closed-loop system (I, I'), an internal stability

considering a domain of state is defined as follows.

Definition 2.1 Let § € R" be a domain that con-
tains the equilibrinum point. Consider the closed-loop
system (Z,I) with «w = 0. If the equilibrium point
is asymptotically stable and €2 is contained in a do-
main of attraction of the system (Z,I'), we say that
the closed-loop system (3,T') is internally stable in the
domain .

In this paper, we counsider the following problem (van
der Schaft, 1992; Basar et al.,, 1995).

Nonlinear H., Control Problem [P]

Consider a system (I). Given a positive constant v,
find an output feedback controller (I'} satisfying the
following conditions (P1) and (P2), and obtain a do-
main £ satisfying the condition (P1).

(P1) The closed-loop system (Z,T) is internally sta-
ble in a domain 2 C R" that contains the equi-
librium point z, = 0.

(P2) Whenever z4(0) = 0, there exists some positive

constant p and ||z|]2 < v||wl||2 for all w € Lap.

3. MINIMAX CONTROL

Now assume that the matrix Cy is decided and the
structures of the controller (I') are already designed.
Then, the minimax approach (Basar et al., 1995; Ko-
jima et al., 1992) leads us to that the problem [P] is
solved by obtaining a positive definite solution V{z,)
satisfying the Hamilton-Jacobi-Isaacs (HJI) inequal-
ity

min m

: ov N
u=u(xg,) wzw(a.;:):,u) [a]’a (La){Aa(I)a)Ia
+Bai(za)w + Baa(za) } +20? - ‘fgﬂwnz} < 0.(9)

Then, V(za) is a Lyapunov function.

This paper restricts a structure of the solution V{z,)
to an extended quadratic form z:P(za)z,, and solves
the inequality (9) in the form of Riccati type ma-
trix inequality. Since the structure for the extended
quadratic functional is chosen to correspond to the
structure for the system (L), we can obtain re-
sults that is naturally extended from those of linear
quadratic problems. This also makes it possible to
rewrite the Riccati type matrix inequality for P(z.)
to a linear matrix inequality that depends on the state
r. If we can obtain the solution P{z.
Lyapunov function V(x.) = £1 P(z4)za that satisfies
the inequality (9).

), we obtain a

Remark 3.1 Works (Qu et al., 1996; Patpong et al,
1996; Lu et al., 1995) let 3V (xa)/0za = 25T N{zq) in
the inequality (9) and derive a Riccati type inequality
or a linear matrix inequality for X(zq). However, we
can not generally obtain a Lyapunov function V{z)
even if we can obtain the solution X{x.).

4. EXTENDED QUADRATIC LYAPUNOV
FUNCTION AND CONVEX PROGRAMMING

Now, in order to shimplify notations, we describe a
closed-loop system, which consists of the system (I)
and the coutroller (T'), as a nonlinear system (Z.) of
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the form

r = Az)r+ B(x)w, (10)
: = C(r)r+ D{z)w, (11)
where A(x), B(x), C(r) and D(z) are polynomial type
matrices of suitable dimensions. (Note that in the fol-
lowing sections, controllers are not always polynomial
type, and so closed-loop systems (Z.) are not poly-
nomial type even if systems (£) are polynomial type)

In this section, we focus on Lz-gain analysis for the
system (I, ) and present a basis of our approach. The
analysis problem is characterized by an inequality

(1?){/-1(;5)'1,‘ —+ B(I)LU}

av
max —_—
w=uw{z,u) | O

H? = el p <0 (12)

which corresponds to the inequality (9). We restrict a
structure of the solution V() to the form z7 P(z)z,
and solve the inequality (12) by a linear matrix in-
equality which depends on the state.

The following theorem characterizes an Lo-gain for the
system (Zy).

Theorem 4.1 (Sasaki et al., 1997) Consider a system
(Xcr). For a given positive constant v, if there exist a
domain By C R™ and a matrix-valued function P(z)
such that

(1) P(z) >0,z € B}, 5 #0 (13)
Fa(P(z),z) X(P(5),z)B(z) CT(x)
(2)| BT (2)XT(P(z),z) —21 DT(z)]<o0.
Cl(x) D(z) -1
z€BYz#£0, (14)
where
Fa(P(z),z) :=
X(P(z),2)A(z) + AT(z)XT(P(z),z), (15)
N(P(z),z):= P(x)
5[ L o Z@r ], (o)

then the system () is internally stable in the max-
imum supersolid

ch(acl)::‘:{z]zTP(z)zSacl} (1

-}
s

that is contained in the domain B2, and when {0)
0, there exists some positive constant p and ||z||»
wilz for all w € Ly,

IN

Theorem 4.1 is an extension of the corresponding re-
sult for linear systems. An Ly-gain analysis (Theorem
2.2) in the work (Lu et al., 1995) needs .X(P(x),x) > 0
instead of P(z) > 0 and does not give a method to
construct directly a Lyapunov function as remarked
in-Remark 3.1. Ou the other hand, Theorem 4.1 gives
a Lyapunov function £¥ P(z)z if we can obtain P(r).
Moreover, the following lemma shows that a condition

X{P(z),z) > 0is more conservative than P(z) > 0.

Lemma 4.1 (Sasaki et al.,, 1997) If there exist a do-
main 87 C R™ and N(P(z),z) > 0lorallx € B!+ #
0, then P(x) > 0 for all z € B}, z # 0.

Remark 4.1 We discuss a bound p of an external in-
put w, here. The system () is stable for an external
input w such that the state z does not leave the do-
main Qe (aa). The proof leads to that a Lyapunov
function V{(z(r)) = x(r)P(z(r))z(r) at some time r
satisfies V(x(r)) < 42 for fhw()|]>dt when z(0) = 0.
The definition (17) means that the system (Z4) is sta-
ble while V(z(7)) < any. Consequently, those leads
us to that the system (Zu) is stable for an exter-
nal input such that (ﬂ)r lw(O]Fd? < Jaa/y at
some time 7. This means that an external input
need satisfy limr_m(fo" ”Lu(t)u?d()llz < oo /y. For
one example, an external input such that [Jw(t)|| <
Vaa/v - et satisfies the above condition. The in-
put satisfies [Jw(t)|| < /aa/v,¥t € {0, co), which
gives an upper bound of p.

Next, we show that a convex programming technique
can give a solution P(z) in Theorem 4.1.. Now, we as-
sume that P(r) is some r-degree polynomial type ma-
trix Pr(r),r=0,1,2,.... When+ =0, P(z) denotes a
constant matrix Fo. To simplify notations, we denote
by P5°/ all coefficient matrices Po, Piy..., Py, ... of
the r-degree polynomial type matrix. Note that the
coefficient matrices of the system (T} are polynomial
type and conditions in Theorem 4.1 are affine in P(z).
Then, we can restate the conditions in Theorem 4.1
as

q

F(PE? () 1= Fo(Po) + ) _wilz) Fi(PE°) < 0,
=1

(18)

where

P(z) = [xl,zg,,..,rn,x%,xlig...}T € R (19)

(4 k-1 R
q::zm‘ (20)
k=l

7 is determined by the degrees of coefficient matrices
in the system () and the polynomial type matrix
Pr(x). ¥i(x) denotes i-th element of ¥{z).

The following theorem shows that a solution in Theo-
rem 4.1 can be given by solving linear matrix inequal-
ities (Boyd et al., 1994) at vertices of a convex hull
enclosing a domain of state.

Theorem 4.2 (Watanabe et al., 1996; Sasaki et al.,
1997) Consider a ¢-dimeunsional convex hull &, with
27 vertices, that contains W(B}) = {¥(r)]z € B2}
Assume (1¢, -, qub) denotes 27 vertices of ®. If there
exist matrices P/ satisfying

FA(PE2g)y <0, j=1,...,2" (21)

where 7¢ denotes j-th vertex of ®, then the matrices
PE77 satisfies the inequality {(18).
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Using this theorem, we solve the conditions {13) and
(14) with respect to P(z), and obtain a solution
Vie)=1zTP(z)r <atx<fymg the inequality (12) for all
state in the domain B}

The following sections discuss control synthesis prob-
lems for the nonlinear systems () and show condi-
tions for the problems to be solvable. The conditions
are given as polynomial type linear matrix inequalities
that depend on states. We can obtain the solution by
solving linear matrix inequalities at vertices of a con-
vex hull enclosing a domain of state, in parallel with
the procedure of L2-gain analysis discussed in this sec-
tion.

5. STATE FEEDBACK CONTROL PROBLEM

This section discusses a case of Uy = I, l.e. state feed-
back control problem. The following theorem gives a
state feedback controller solving the problem [P].

Theorem 5.1 Consider a system (Z). For a given pos-
itive constant v, if there exist a domain B;* C R"*
and a matrix-valued function ¥ (z) such that

(1) Y(z) >0, Yz € Bz",z #0, (22)
o [ EsV@ D YR
D1 C)Y(e) —1

Y€ BgT,x#0, (23)
(3) Z»(Y“l(r),z) is symmetric,Vz € By, #£ 0, (24)

where,

Foy(Y(z),z) = A(r)) (z) + Y(2)AT (2)
—Ba(z)R™(2) B3 (2) + 77" Bi(2) B{ (z), (25)

2(Y " (z),2) = agrl (z)r - @ainx (z)z | ,(26)

then a state feedback controller solving the problem
[P] is given as
v =R (z)BI (z)Y Y (z)z. (27)

Moreover, the closed-loop system (¥, ') is internally

stable in the maximum supersolid
Quylass) = {z | 2" P(r)z < oy} (28)

that is contained in the domain B, where P(z) =

J) 2k T (k) dk.
Proof of Theorem 5.1 use the following lemma.

Lemma 5.1 When there exist a domain B}* C R"*
and a matrix-valued function Y(z) such that Y (z) >
0, Vo € BJ*,z # 0, we define as

1
P(z) ;=/ Y " kz)dk. (29)
v

Then, P(x)satisfies P(x) > 0,Vx € Bl=,z # 0. More-
over, if Z(Y"Hx), z) is symmetric, P(z) satisfies

YT () XT(P(5), 2)c =, (30)

where Z(Y "'(x),z) and X(P(z),z) are defined in
(26) and (16), respectively.

The conditions in Theorem 5.1 are not affine in Y ()
because of the condition (24). We discuss how to treat
the condition (24).

If Y(z) does not satisfy the condition {24), we can not
obtain P(z) satisfying the condition (30). This adds
a new term O(¢)|[z||* to an expression of dV/{(z(t))/dt
that is derlved by the definition (29). Here, O(¢) de-
notes a quadratic equation of € {where O(0) =0). An
integer ¢ is proportional to a maximum absolute value
of eigenvalue of the matrix A(z) = 'Z(Y ~(z),2) —
ZT(Y~Y(z),),Yzr € B}*. Even when the condition
(24) does not hold, however, if A(z) is sufficiently
small, dV (z(t))/dt < 0 holds, and so Theorem 5.1
validly concludes. On the other hand, if we can re-
strict a structure of ¥'(z) to that to satisfy the condi-
tion (24), we use a variable gradient method (Schultz
et al., 1962) and can obtain Y7(z), which satisfies the
conditions (22) and (23), by using the convex pro-
gramming technique in the Section 4.

6. OUTPUT FEEDBACK CONTROL PROBLEM

This section discusses a case of C; = [I, 0],n, <
nz, i.e. output feedback control problem. We derive
two types of output feedback controller (I') solving the
problem [P].

Using two types of Lyapunov function of the form

Vg, &)= 2" X o+ ¥ (2 = )T T(z = §(= - €),(31)
V(z, &) =TS e+ 47 (2~ TPz —¢) (32)

where X, S, P are constant matrices and T(z — &) is
a matrix-valued function, we give conditions for the
controllers to exist in Theorem 6.1 and 6.2, respec-
tively.

Here, in'order to simplify notations in Theorem 6.1,
we define matrix-valued functions of the form

QW) = [ Q) @ ] € R™=7", (33)

Q Qe
vama=| %) 2. o)
where,
AER™, Qa(X) € R,
Qy € RMX(e=my) 0 g Rine )X (e mny)
Gald) 1= Qu(n) + 2 PR L. FHN] (35)

Theorem 6.1 Consider a system (). For a given
positive constant v, if there exist a domain (B5Y x
R7M=7Mv) x (BLY x R™=7"v) C R™ x R™, a matrix
X € R"=*"= and a matrix-valued function Q(y—y¢) €
RP=X"= guch that

[ Fux,y) XCI(y) By
(1) Ci{y) X —I 0 < 0,Vy € B,Y,
Bl (y) 0 -1

(36)
I (3(Q(u-ye),y~y5),y)
( Y

Y (QMy — ye) v — ve)
Cl("J)
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Y(Qly = ye)oy —ve)Bily) CT(y) J
-1 0 < 0,

0 -1
Y(y,ye) € Bo¥ x BLY, (37)
, Y(Q(y —ye) y — ye I
3| YQU yf) v = ye) Ay } >0,
V(y,y¢) € Bo® x BY, (38)

where

Fi(X,y) = XAT(y) + A()X = B2 () R () BT (),
Fa(Y(QUy ~ ye)y — ye)r y) =

Y(QUy ~ ye), vy — ye) Aly)

+ATWY QU — ve), vy — ye) = CF Ca,
ye = C2¢,

then an output feedback controller (I') solving the
problem [P] is given as

i=A(y)E - Ba(y)R7Hy) BT (1)X '
+7 77 Buy) BT (v) X s
HY Q= 0y =) -y XTTIC (g — Cat)
Y QU -9y —8) TN T x
X7'Eqn (X, y)X 1%, (39)
w=—R"Ny)B] (y) ¥ . (40)

Moreover, the closed-loop system (X, ') is internally
stable in the maximum supersolid

Qosi(aos1) = {(z, )|
TX s 4 72(1 - E)TT(I =z~ &) Soop} (41)

that is contained in the domain (BJY x R™=~"v) x
(B2¥ x R™ "), where

T(z—¢) = Q(Caz = &)) -+ X7,
g := Ok,
Equ,(X,y) := YA (y) + A(y)X
—(Ba(y)R™ () B3 (y) — v > B1(y) B (v))
+XCT (y)Ci(y) X,

Il

Theorem 6.2 Consider a system (L). For a given
positive constant ¥, if there exist a domain (BZ” X
RP=TTvY x R™E C R™ x R™ and matrices X €
Rr=XN= P RPEXTx gqch that

[ Fi(Ny) XCT(y) Bity)
(1 CGi(yX -1 0 <0, Yy € B;Y,
Bl(y) 0 —-4*1
(42)
[ F(Py) PBily) CFy)
(2)| Bfwyypr  ~I 0 <0, Vy € ByY,
Ch(y) 0 ~v*1
(43)
P
(3) I 1 72‘\’ > Uv (44}
where

Fi(X,y) = XAT(y) + A() X = Ba(y) R (y) BY (y),

F3(P,y) = PA(y) + AT (y) P — C3 Ca,

then an output feedback controller (I') solving the
problem [P] is given as

= A(y)z - B2(y)R™' (y) B ()5 ™'
+y PP ()G W)z + PTCY (v — Cax)
+y T PT EBquy (P y) P ST, (45)
u=-R7'"(y)B] (y)S™'x. (46)

Moreover, the closed-loop system (£, ') is internally

stable in the maximum supersolid

2 |
7574+ 4%z — T Plr = &) < aop2} (47)

. . . . 123 B - B
that is contained in the domain (Bs¥ x R™= "¢ )x R =
where

§i=X—477P7,
Eqn,(P,y) := PA(y) + AT(y)P
—(CF Cr =17 CT ()01 () + PBi(y)B] (y) P.

We can see that the condition in Theorem 6.2 is a
sufficient condition for Theorem 6.1.

In Theorem 5.1 for state feedback control problem,
the condition (24) is a condition to obtain P(z) from
Y (z), which gives a Lyapunov function. Theorem 6.1
does not require any condition that corresponds to the
condition (24). This is because a‘matrix X does not
depend on a state z.

Remark 6.1 H., output feedback control problems for
nonlinear systems are considered in works (Isidori,
1994; Imura et al., 1994). The works give true local so-
lutions and do not consider domains for the solutions
to exist. A work (Lu et al., 1995) also discusses out-
put feedback control problems on the basis of a state
depended linear matrix inequality. The work derives
necessary condition for a nonlinear controller to exist,
and gives a constant coefficient controller under some
sufficient condition.

7. NUMERICAL EXAMPLE

This section shows efficiency of the proposed method
through a numerical example for a bilinear system
that is a special class of polynomial type system (I).
We also present simulation results from works (Sasaki
et al., 1996a; Sasaki et al., 1996b) to compare with
results in this paper.

We consider a noulinear system (Zu) of the form

(Sasaki et al., 1996b)

t = Az + Biw+ (B + yBa)u,
z pd CL.L“{— Dn‘LL,
y = Iy,
L6 s/12 _ _| —1/8
A“{—s»o/:; —8/3 ] By=1, Bao “[ 0 } :

-1] . 5 o o
=[] e=[3 2] 0e=]?]

which is a bilinear model of coutinuous stirred tank
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Fig. 1. Comparison of responses between three ap-
proaches

reactor (Hofer et al,, 1988) with process noises.

By using the convex programming technique in Sec-
tion 4, we obtain a solution

X =

43241 x 1072 29024 x 107}
—2.9024 x 107! 2.3074 ’

1.7565 3.3662 x 107!
3.3662 x 1071 8.6542 x 1077

with v = 25, which satis{y the condition in Theorem

6.1 and construct a controller (39)(40). (The solu-

tion also satisfies the condition in Theorem 6.2 and

construct another controller (45)(46))

Fig. 1 presents computer simmulation results when an
impulse-like process noise w;(1) = 0.2 disturbs the
system (Lu). In the figure, Convex hull denotes re-
sults in this paper. We see that the controller works
very well. LFR and ARE denotes results from works
(Sasaki et al., 1996b; Ghaoui et al., 1996) and {Sasaki
et al., 1996a; Sasaki et al, 1996b), respectively. A
controller in ARE sufficiently attenuates amplitude of
state because the method focuses particularly on a
structure for bilinear system. The controller, however,
gives a high gain as we see in Fig. L. In this example,
all three methods use quadratic Lyapunov functions.
Even when we use quadratic Lyapunov functions, the
proposed approach gives very good results.
8. CONCLUSION

By using an extended quadratic Lyapunov function,
we considered H., control synthesis problems for
input-affine polynomial type noulinear systems. We

characterized nonlinear H., controllers, in the state
feedback case and the output feedback case, via Ric-
cati type matrix inequality conditions. We showed
that the solution could be given by solving linear ma-
trix inequalities at vertices of a convex hull enclos-
ing a domain of state. We showed that the proposed
method was effective through a numerical example for
output feedback control problem of bilinear model for

CSTR.
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Abstract: In this paper, we consider semi-global L? gain analysis for nonlinear systcmns
described as linear systems with self-scheduling parameters. The term semi-global
denotes that the disturbance is constrained to a given set. First we show a method
to convert linear systems with self-scheduling parameters into linear systems with
scheduling parameters based on evaluation of the domain of the self-scheduling
parameters. Second, using the tools for linear systems with scheduling parameters, we
discuss semi-global L? gain analysis and propose an approach together with feasible
formulas of computation. Finally, we show a numerical example.

Keywords: Nonlinear systems, Linear systems with self-scheduling parameters,
Linear systems with scheduling parameters(LPV systems), Semi-global L? gain

{

1. INTRODUCTION

L? gain analysis and H% control problem have
been focused on and many results of impor-
tance have obtained in recent researches con-
cerning linear systems with scheduling parame-
ters(called linear parameter varying systems: LPV
systems)(Apkarian ¢t al., 1995) (Becker et al.,
1993) (Packard, 1994) (Watanabe et al., 1994)
(Wu et al,, 1995). In lincar systems with schedul-
ing parameters, it is assumed that scheduling pa-
rameters and/or their time variations are bounded
and the domains are obtained a priori. Most of the
results for analysis and synthesis in linear systems
with scheduling parameters are derived based on
this assumption. In this paper, we are concerned
with nonlinear systems which can be described
as linear systems by regarding some of the state
variables as paramecters. We call such nonlinear
systems linear systeins with sclf-scheduling pa-
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rameters. Here note that linear systems with sell-
scheduling parameters look but are not linear
systems with scheduling parameters, because self-
scheduling parameters, which are some of the
state variables, are unbounded functions of the
state variables and the domains are not given a
priori in general.

In this paper, we deal with the nonlincar systemn
which can be expressed as linear systems with sell-
scheduling parameters as follows,

i = A(0:(z))z + B8 (z))w(t), =(0) =0,
z = C(b:(z))x + D (b (z))w(t),
6.(z) = hz,

where 0, (z) is the self-scheduling parameter and is
given as a linear functional of elements of the state
variable, and discuss L? gain analysis of this non-
linear systemn. Considering that this system is non-
linear, in particular, we constrain the disturbance
w to a given set and consider semi-global L? gain



analysis. In our approach, we first describe linear
systems with self-scheduling parameters as linear
systems with scheduling parameters by evaluating
the domain of the self-scheduling parameter based
on the output reachable sets analysis(Watanabe
et al., 1996). Once description of linear systems
with scheduling parameters is obtained, useful
techniques are available. And we discuss our semi-
global L? gain analysis based on the technique
of linear systems with scheduling parameters. In
this paper, we establish an approach, together
with feasible formulas, to the semi-global L? gain
analysis.

In section 2, we introduce a linear system with
a self-scheduling parameter. In section 3, we pro-
pose the technique to evaluate the domain of the
self-scheduling parameter. In section 4, We dis-
cuss semi-global L? gain analysis and propose an
approach together with feasible formulas, to the
analysis. In section 5, we demonstrate the efficacy
of the proposed approach in a numerical example.

2. LINEAR SYSTEMS WITH
SELF-SCHEDULING PARAMETERS

2.1 System Description

Consider the following nonlinear system,

&= A(hz)z + Blha)w(t), z(0) =0,

Y~ Clha)e + D(ha)w(?),

(1)
where z(t) € R™ is the state, z(t) € R' is the
output, w(t) € R™ is the disturbance and h €
R'™™ is a constant matrix. Note that hz is a scalar
because the dimension of the constant matrix h is
1 x n. We assume that A(hz), B(hz),C(hz) and
D(hz) are given in the following forms,

A(hz) = Ag + ar(hz)AL + -+ + ar (hT)Ar,
B(hx) = By + by (ha)By + - + by, (hz} DBy,
C(hz) = Co + ¢;1(he)Cy + - + ¢, (hz)Cr
D(hz) = Dy + di(ha)Dy + --- + d,,(hz) Dy,

(2)

where each of a;, b;,c; and d; : R — R is a contin-
uous function and A;, B3;, C; and D; are constant
matrices with the appropriate dimension.

In this paper, we express the nonlinear system
as a linear system with a scalar self-scheduling
parameter given as follows.

where 6.(z) is the self-scheduling parameter of
L1ss, which is given as a lincar combination of
clements of the state vector z.

If the domain of the self-scheduling parameter

- 0,(z(t)) and its time variation 6, (z(t)) are given

Linear systems with self-scheduling param-

eters:
= A(0(z))z + B(8,(z))w(t), z(0) =0,
Trss: z=C(0:(z))z + D(0(z))w(t),
0.(z) = hzx,
(3)
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as © and ¥ a priori, the system I pgs is described
as the linear system with a scheduling parameter,
called the linear parameter varying(LPV) system,
given as follows.

Linear systems with scheduling parameters:
i = A(8(t))z + B(8(t))w(t), =(0) =0,
z = C(0(t))z + D{O(t))w(t),
LS50y e @, [t o),
o(t) € ¥, Y[t, co).
(4)

For linear systems with scheduling parameters,
the recent researches (Apkarian et al, 1995)
(Becker et al.,, 1993) (Packard, 1994) (Watanabe
et al., 1994) (Wu et al,, 1995) have already de-
veloped several powerful tools of L? gain analysis
and H™ control problem. In this paper, we first
describe the given system Tpss as in the form
of B1s by evaluating the domain of 6. (z(t)) and
f,(z(t)) , which is done in section 3. Then, L?
gain analysis for Tpgs (or ¥) are performed by
applying the tools developed for £p5 (Watanabe
et al., 1994) (Wu et al., 1995), which is done in
section 4.

2.2 Constraint Set of Disturbance -

For the general nonlinear system X (Zpss), it
seems difficult to discuss system performances(e.g.,
L? gain performance) globally against the distur-
bance and appropriate to consider some constraint
on the disturbance. We assume throughout this
paper that the disturbance w is constrained to
the following ellipse,

w(t) € W, Yt € [0,00),

;
W= {w | wWw < 1}, ®)

where W is a given positive definite matrix. In
order to specify that the disturbance w is con-
strained to a given set W, we use the prefix "semi-
global”, e.g., semi-global L? gain, in the follow-
ing discussions. We emphasize that our discussion
based on a prescribed constraint set W will be
different from the so-called "local” one.

3. EVALUATION OF SELF-SCHEDULING
PARAMETERS

In this section, we consider the following linear
system with a scalar self-scheduling parameter.



& = A0 (z))x + B(0:(z))w(t), z(0)
8.(z) = hz,

0
1 . ?
Liss

(6)
where the disturbance w is constrained to (5).
We evaluate the domain of the self-scheduling
parameter by using the output reachable sets
analysis(Watanabe et al., 1996). If the domain is
obtained, the system ! o is expressed as linear
systems with a scalar scheduling parameter.

First we evaluate the domain of the self-scheduling
parameter 8.(z(¢)). By regarding 6,(z) = hz
as the output equation of T!sc and using the
output reachable sets analysis directly, we have
the domain of 6, (z(t)) as follows.

Lemma 1. Assume that there exist Q@ > 0,a > 0
and qg > 0 which satisfy the following inequalities,

AO)Qs + Q. A'(6) + aQ. B(O)

[ B'(6) —aw) S0 D
Q= QN

5 %] 20 ®)

"0 €~V v |-

Then the domain of 8,(z(t)) is given as follows,

©C-va, Vs |- (9)

Second we evaluate the domain of the time vari-
ation of the self-scheduling parameter 8,(xz(t)).
In the L? gain analysis of linear systems with
scheduling parameters (Watanabe et al., 1994), it
is shown that we can obtain less conservative re-
sults by considering the time variation of schedul-
ing parameters. Thus it seems that we can get the
same result by considering the time variation of

the self-scheduling parameter in our semi-global |

L? gain analysis.

From 6, = hz, the time variation of 8,(z(t)) is
given as follows,

02 (z(t)) = hi(t)

= hA(G, (z(t))z(t) + hB(0(z(t)))w(t).
(10)

The domain of the time variation of 6, (z(t)) is not
obtained directly by using the output reachable
sets analysis because the time variation of 8, (z(¢))
depends on w(t). We need another consideration,
and so prepare the next lemma.

Lemma 2. Assume that there exists Y > 0 which
satisfy the following inequality for given C, D, Q >
0, >0,

2Q 0 2QC"
0 2w 2w-ip'| >0, (11)
20Q 2DW ! Y

where Q € R™™*™, W € R™*™ and each of C
and D is a matrix with the appropriate dimension.
Then the next condition is satisfied
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Y'Y~y <1, y=Cz + Duw, (12)
for any =, w which satisfy
z€{z|a'Q 'z <1},
we€ {w|wWw<1}. (13)

The domain of 8,(z(t)) and that of 6, (z(t)) can
be evaluated as follows.

Theorem 3. Assume that there exist Q; > 0,a >
0,99 > 0 and gy > 0 which satisfy the following
inequalities,

[A(6)Qz + Q. A'(0) + aQ. B(9)
_ B'(9) —aw| S0 (1)
FQI Qxh, .
hQ. a0 |2 (15)
[ 20, 0 2Q:A' ()N

0 2t 2w iB(O) | >0,
| 2hA(0)Q, 2hB(O)W ! qy

(16)

0 € [~V Vs |-

Then the domain of 6,(x(t)) and that of §,(z(t))
are given as follows,

@C[—\/ﬁ, \/(]—9}’ (17)
Y Cl-vay Vvl (18)

Though the domain of 6.(z(t)) and that of
0 (x(t)) are characterized as inequality conditions
in Theorem 3, it is not easy to obtain solutions
which satisfy the inequality conditions (14), (15)
and (16). The main difficulties are that the in-
equalities (14) and (16) are the bilinear matrix
inequalities which depend on the parameter 4
and the domain of 8 depends on the unknown
parameter gg. As for the parameter dependence,
we will discuss this problem later ( See Remark
7). As for the nonlinearity of (14) and (16) and
the dependence of the unknown parameter qq, we
put aside this problem by adopting a recursive
calculation as follows.

Corollary 4. Assume that there exist Q; > 0,a >
0,96 > 0 and ¢, > 0 which satisfy the following
inequalities for given Q2 > 0,4 > 0 and Gy > 0,

A(H)Q1+QxA,(6 +an B(B)
_ 5oy N
Q= Qxh',
1hQ. g >0, (20)
[ 2Q. 0 2Q:A'(O)1
0 W=l 2WwTIB(O)h | >0,

21 A(0)Q, 2hB(O)W ! Ty

(21)



90 < o, (23)
qy < Gy, (24)

vg € [_\/(_57 \/—(-i—(;]

Then the domain of 6, (z(t)) and that of §,(z(t))
are given as follows,

©C-va, Vo ], (25)
(26)

¥ C -y vl

Remark 5. Corollary 4 implies that the domains

(-9, @ ] and [-/Gy, /Ty | are included
in the domains [~v@, V@ |, (-3, Vi ]

respectively. Thus, using Corollary 4 recursively,
we can expect to obtain the smaller domains.

Remark 6. From Theorem 3, the system X} oo
is described as the linear system with a scalar
scheduling parameter given as follows,

& = A(6(t))x + B((t))w(t),
D 0(t) € [-vas, V@ ), Tte0, 00), (27)
0(t) € [y, Vaz 1, "t€0, o).

where w is constrained to (5). Thus semi-global
L? gain analysis for the nonlinear system £} g is
characterized by L? gain analysis for linear system
with a scalar scheduling parameter (27).

1
Z:LS

Remark 7. Since system parameters A, D are
given as (2), the incquality conditions (19) and
(21) in Corollary 4 can be written in the form
of the parameter dependent LMI condition,

FO(QU) +f1(é)F1(Qu) BN

+ £ O)F(Qu) <0,  (28)

where 6 is the parameter that satisfies

!

é I é, é = {[él 52 .. (;3] ‘ éi € l:é;nin’é;nax} }
In Corollary 4, s 1. fi - B - Ris a
continuous function of 9, and a syminetric ma-
trix function F; depends affinely on the unknown
matrix Q.. It is shown in (Azuma et al., 1997)
that this type of parameter dependent LMI can
be reduced to a finite number of parameter inde-
pendent LMIs. Thus solutions to the conditions
in Corollary 4 can be computed by using CAD
tools, e.g., LMILAB(Gahinet et al., 1995).

4. SEMI-GLOBAL L? GAIN ANALYSIS

In this section, we consider the semi-global L?
gain analysis of linear systems with a scalar self-
scheduling parameter X1 ss. We define the inter-
nal stability of 155 and the semi-global L? gain
of Yss as follows.
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Definition 8. Let Srss be the following linear
system with a scalar sclf-scheduling parameter,
- % = A{f0,(x))z,

z :
L5s 0:(z) = ha,

and let £ be a set defined as follows,
E={zeR" |z Px <1},

where P is a positive definite matrix. The system
¥ 1ss is said to be internally stable in the stability
region & if all trajectories of i)LSS starting from an
initial state within £ converge to the equilibrium
point £ = 0 of LSS,

Definition 9. If the system Xpss is internally
stable, the L? gain of Zpss is defined by
sup Il = lire

G(ZLss) = :
wel?nw | w2
w30

and called the semi-global L? gain. Note that W
denotes the constraint set of the disturbance w.

We evaluate the semi-global L? gain for s
by using the result of L? gain analysis for linear
systems with scheduling parameters (Watanabe et
al., 1994) (Wu et al., 1995), which is summarized
as follows.

Lemma 10. (Watanabe et al., 1994) (Wu et al,
1995) Consider the linear system with a scalar
scheduling parameter given as follows,

& = A((t)z + BO(t)w(t),z(0) = 0,

z = C(8(t))z + D(6(t))w(t),

g(t) € [al, C!Q}, AL € [O, OO),

6(t) € [B1, Ba], "t €[0, ).

This system is internally stable and the L? gain
of this system is less than ~ if there exists a
continuously differentiable matrix function ((6)
such that

(29)

Q9) > 0, (30)
A(0)Q(0) + Q(6) A(6)
dQ Q)B(#) C'(9)
+PE§(9) <0,
B'(0)Q(9) -’ D'(6)
c(9) D(9) -1
(31)

Vg € [al) a2]1 p= ﬁly,ﬁQ-

Remark 11. Inequalities in Lemma 10 can be
written as in the form of the parameter dependent
LMI condition (28) (Azuma et al., 1997). Thus we
can compute (8) which satisfies (30) and (31) for
all 8 € [ay, o3

Combining - Lemma 10 with Theorem 3, we
have the next theorem.



Theorem 12. Assume that there exist Q, >
0,0 > 0,90 > 0,9y > 0 and a continuously
differentiable matrix function Q(8) which satisfy
the following inequalities,

AD)Q. + QA (0) +aQ. B(F
[ 0)Q a@+aq 2O o, @)
Q:c th'
[th %0 ]20’ (33)
20, 0 2Q.A"(9)h'
0 2wl 2w TIB(@N | > 0,
2hA(0)Q, 2hB(O)W ! Qv
(34)
Q(8) > 0, (35)
A'(0)Q(6) + Q(O) () ,
s (o) AOPOCO)
B'(9)Q(9) —y*1  D'(9) ’
C(9) D)  -I
(36)

"0 €~V vao |,

where the notation £(-) indicates +(-) and —(-)
in the inequality.

Then the linear system with a scalar self-scheduling
parameter Y ss is internally stable in the stabil-
ity region M,

M={z]2Q 'z <1},

and the semi-global L?gain is less than 7.

Corollary 18. Assume that there exist @, >
0,0 > 0,99 > 0,9y > 0 and a continuously
differentiable matrix function Q(#) which satisfy
the following inequalities for given QI >0,Gs >0
and Gy > 0,

A0)Q, + QA () + Q. B(F "
_ e B’((})( ) -CELH <0 (37
L/LQQJ::: Q(IIOh Z O) (38)
[ 2Q. 0 2Q. A (N
0 21y ! QW“‘B’(Q)IU} >0,
|2hA(6)Q, 2hB(9)W ! qp
(39)
Qs < Q, (40)
g0 < qo, (41)
qy < 4y, (42)
Q(0) >0, (43)
AN0)Q(0) +dQ(0)A(0) ,
+ (mgfgg(”)) Q(O)B(8) C'(9) <o
B'(6)Q(0) —y*1  D'(9) ’
c(8) D)  —I
(44)

Vee {"\/5;’ \/(—j;]

where the notation +(-) indicates +(-) and —()
in the inequality.
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Then the linear system with a scalar self-scheduling
parameter % sg is internally stable in the stabil-
ity region M,

M={z|2'Q 'z <1},

and the semi-global L? gain is less than +.

5. NUMERICAL EXAMPLE

Consider the following linear system with a scalar
self-scheduling parameter,

¢ = {=1-e’ )z + {1+ 0.50,(z)}w(t),
DI z(0) =0,
P72 = {20,(z)}z + 0.2w,
0. (z) =z,
(45)

where the disturbance w is constrained to the
following form, ~

w(t) € {w | ww < 1}, Yt € [0,00).

We evaluate the semi-global L? gain of this system
by using our approach. We restricted (J(8) in
Corollary 13 to the following two types,

Case 1) Q(8) = Qo + exp(6)Qy,
Case 2) Q(8) = Qo.

In Case 1, we evaluated v (the semi-global L2
gain of this system), ©(the domain of the self-
scheduling parameter) and ¥(the domain of the
time variation of the self-scheduling parameter)
by using Corollary 13 recursively. We obtained
the following results,

v =0.378,
O =[-0.503, 0.503], ¥ = [—2.589, 2.589).

In Case 2, we evaluated v and © because the
semi-global L? gain in Case 2 does not depend
on V.

v =0.677, © =[-0.503, 0.503].

These results show that we can evaluate less con-
servative semi-global L? gain in Case 1 than in
Case 2, namely, conservativeness of the evalua-
tion of semi-global L? gain is improved by con-
sidering the domain of the time variation of the
self-scheduling parameter.

The simulation results are shown in Figure 1,
where the disturbance w was given as Figure 2.
These figures show that the trajectories of the self-
scheduling parameter 6, (z(¢)) and its time varia-
tion 6 (z(t)) are included in © and ¥ respectively
. Note that Q(f) in Case 1 or Case 2 depends
on the semi-global L? gain but not the domain of
the self-scheduling parameter and that of its time
variation.
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62 ((1))

(c) Output z(t)

Fig. 1. Simulation results

Fig. 2. Disturbarnce w(t) constrained to W
6. CONCLUSION

In this paper, we considered semi-global L? gain
analysis for a class of nonlinear systems, which are
described as linear systems with self-scheduling
parameters. We proposed first the technique
of evaluating the domain of the self-scheduling
parameter and the time variation of the self-
scheduling parameter. By using this technique, we
next established the approach together with the
feasible computation algorithims to semi-global L?
gain analysis for the class of nonlinear systems.
The approach was demonstrated in a numerical
example.

We focus on semi-global L? gain analysis; our
~ approach can be extended to the semi-global state
feedback H controller design, which is discussed
in (Azuma et al., 1998).
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- SUBD A
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1. QU

FAYART Y a—=) i, BESOBEI VB
VAL T BIRTE Y A 7 AT 5 Bl 4 5E Tk

THb. CNETHOONTELY A VA Va—) v

FOREE, DEBE AT LALS, W OpDE{ES
KBVTRAAETVERE, 2) EREAET VI L
THIEHBAIZZEL, 3) BB EFHM (A Ya—
VoT) Fh, LWIRTFyTGhb, BEIZELRD
Ay Vo= ENIHBMEE, Ay Va-) T HE
8l (scheduled controller) & ¥EA TV 3. HE, LPV o
A 7 & (Linear Parameter Varying system) & F:iEf 5
Ay Pa—= TN A—8 2 BOBIKRICEDLETY
YL uNA M FHBROBREORE LSBT OV
LWy A A5 Ja— ) v IRt REnTwas, HlL
WALV ArYa=y ik, EBTEY AT A, S LPV
VAT LEBEBLAT T E, LPV VAT LI LTEE

HEN AT A2AT T DEL 5. HLWY A2,
Pa— T T, AFVa— )Y r N5 A—sh (FL

TLPV Y27 46%) REL TS HEB 2 ET AL
WIONRIL 2 720, BRI A A Sa—-) v o
A7 w7 (EE1), 2), 3)) LAINEFEAHIZ 2 B 45, HA
BaEXHEIEboTHVLZWL, LW A A7 Ja—
Vo 7ob ) o0, SEEaEOFmIC L2 4 4
YHRAVONAETHL. ABOE1IOEER, oF
LW AR Va- Y 0V OBELY, SELMBEL
TERFELTFLICBNTAIETH S,
TAYAyVa—)vFid, 5 4>CTESRL X
TUa— )TN A= s OEILIE D THE S LS HIE
MZEHS X520, VEODDRBCHMEE L B I & A
T&BY, FLAFVa—)ryNg A—5id, 1k 212
BESOBIERBT DL IIEBIEN L0 6, £ D

* BREAYE BIEHR
* EMNEBREBEIYE () WHEHD
(BT, KEA%E K%K ITHWEs)
Key Words: gain scheduling, LPV system, LMI, adaptive
control nonlinear, control.
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BTN CRBIKET 555 A-5ThHY, #4122
TVa= UV EREHBEEELL I L L TE B2,
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(X 20) 13175 X HIEE (FEE) ThbI &t ER
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2. ARG Ta—1)2TINT A -2 EEDOER
VAT LERF T a1 T HIHRSER
21 Ay Ta— TNSA—EEOBES

A7 L (LPV Y A7 L)

FLOWY A Ay va—) vy oRRE, §lEgsg
EAT TV a=) NG A= EEOBE L AF ATE
TMET B ETHE, FOEFNMIE, DED LI 15
AL,

(Do) () = Ao(B(E)(6)+ Bo(6(®)ult)

y(t) = Co(6(t))=(2)

o(t) 1HKAE, w(t) HAS, FLT yt) BEHTH 2.
6(:)={0(t), t€[0,00)} HAT V2= Y FNF A—4%
THH, TOMOWMY B LHFEHE, S5 FOELED
EEMRICOWTHAI BB L FOMENTEL. 22T
g(t) 12XH [0,1] TEOfEZEBLDEL, 514D
ZRRBOED L ) 2 E IS LI A DhoTWVD Y
DEEET L,

l%e(t)] § Vmax

IOEIRAr VA=) T NT A8 6() DT A%
CRES
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A Ay VA= s

LPV Y AF L BWTId, AFTa— v rinNg i—

i%ﬁmri%&ﬁ“t%&én5#,~&um,m
L WBH A EOPEFFICVIEET 51D, aBAMTH
17/1—0/7n7x—7u1ﬁﬁtféﬁ,N?%

NOBEND—EILIEESH THHY.

2.2 R ia-—1 7 HEEE

LPV ¥ A7 4 (Zo) (BRI 0 BET 0 720 0 1 A
PR —AL LPV U AF L AL L.

(®)  Sat) = ACE)()+ Br(6(e)u(®)
+B 0, 5(0) =
2(8) = C1(0()(t) + Dra(8(0))u(t)
y(t) = C2(8(t))z(t) + D21 (6(t))w(t)
o(t) AR, w(e) R AT, w(e) B5EL, z(t)

WL, FLTy@) HBRURNTHE. A7 a1

YINRTA=F ) ITAOLETA. IITYH
FKEEIEIEELTWVWLA, JHIELTIIR~<S L2 4

Ak o THIHMERLFET 27O TH L.

Ay Ta—=) ry T A= SIS R OB
WIS TEETALOT, I3 40 THE 260, licE
AENDHDTIELZY. L2A>T, LPV VAT 4 (D)
T AHIEBIOEEIBWT, LPV VAT 4 (T) %
WhWABEREL AT LLELR L THEEBEY A7 A
AT AR L HEEINE T ERT A LR TE R

F/o, BIEHBIONT A—F~DOEEHRIT, A5 4 0T
FOENBEZONAEIEIFELEVESIIL, BEREL
WhoTboThrniltohw, Lo T, FEEN
AEIHAEI > EORRXTELS.
d

() E;xc(t) = Ac(8(t))zc(t) + Be(6())y(t),

zc(0) =0

u(t) = Cc(8(t))zc(t)
(EICHREERTE B84, RET +—F 3y Z 8

Al u(t) =Ce(8(t))x(t) £EZB.) INAAT Va—1)
YUHEIBATH A, Ay Ya—) y T HIEREAR -8
fLLPV ¥ 27 4 (Z) 23 L THIEA (D) 2R L, B
V=TV A5 L (IT) & (RE) RELLTERENS
HHtERETERTEIETH ALY

LAWY A YAy V2= v rTiE, V=727
L (Z0) O#lEtEReEx L2 7 A4 v CHET 5. L2V 1
W, 85 A=y 9() REETAITEI, DEDLIIE
e g (-

G(XTI'):=  sup Jellpz
weL2wso llwl2

L2 44>

X AHEMRESEMoZ SIS OVTIE, T
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Robust H,, Control for Linear Systems with Uncertain

Parameters and Scheduling Parameters*

Takehito AzuMa** Ryo WATANABE*** and Kenko UCHIDA**

In this paper, we consider a scheduled robust Hs, control problem via state feedback controllers
in linear systems with uncertain parameters and scheduling parameters. Controllers are character-
ized by parameter dependent Linear Matrix Inequalities (LMIs), and a feasible approach to solving
parameter dependent LMIs is proposed. A numerical example of fuel diverter and return valve of

turbofun engines is discussed.
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T(t) = A(6(¢),6(2))x(t) + B(O(t),6(t))w(t)
z(t) = C(6(¢),6(t))z(t)
FMATE. JIT, 0(t) HAL V2= YT NG A= ¥

TERL, AV TAVTRAFTER VT A5 2T
ELPEONLVIT A= ERFENPLINT A5 §(t)
THELTYS., 72, BLRATLNFT A5~ DI BIV
§ DIRIFIITEFMEO R L RE L, 6§ 1ML T 21
B (F T, SRR L TRINAES) 2IREL
AV, DEL, CORENPLRT A-FE AT a—) v
TINTG A= FE2FOBT L AFLIZHL, A7 FAD
PENASIIHLTHLV-TRONRETERE L? ¥ 1~
CHET A —EOREEESRIET A Va1 v
» b1 — 3 (scheduled controller) MFLEIME, T4 b
LAy V2= 7 ONRA Ho HIBHEEIZDOWTEE
T 5. TiY, Ar¥a—Y»y7u/s)xAh Hy
O—F %7 A=Y {KFELEBEETHA%ERX (Linear
Matrix Inequality: LMI) &G OB CHET 5. &Kk
:mﬂaxwymﬁmmu%ﬁmﬁﬁ&%aé.t<\
NT A= S KELMI &HOREICLEROMEEEROH L
CIRRE R IRET 5.
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wwméﬁi5.afuﬁww&mt
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SITH, KRXTHVA BIUMBETERT .
KRBT TIRDEETTHVL, ||| k-2 F /L
LAEET. |-l 22 ETHSEN L 0/ LLEX
L, kX TEFHT 5.

HIM,=<AmuxunPa>

2.

‘.a%

T

reL?

t

F7, Kiw imeéW£§UTTEﬁT%
[m§11 V(z,n) & R* x R® DR

M= {(z, )€ R" x R® |

lzll< K1, | nll< K2, K1 >0, K2 >0}

TEHEINAERBELY L AERMATRLHEEE T 5.
lzll< Ky CEESN ¢ OERBEERMET w(z) T

w(0) =0, w(z) > 0(z #0)
fééiﬁ&&m#ﬁELf,onu
V(z,n) > w(z)

DL TALEE, Vi) REEBETHL L.
~V(z,n) PEZEETHLEE, Ve BHEE
v,

EA
THb

(5% 2] Q) % R® O#HE ||n||l< K TEFIN
R ﬁz*%;%m%T%fﬁW@ﬁ&Té D

L&,
V(z,n) =2'Qmz, (z,n) €M

THEFEANLEE V(en) PEEBENE E, Q(n) FRERE
ThbLwvn, KOLHIIERT S,

Q(n)>0

£/, —Q(n) FEETHHEE, Q(n) HAETH AL
Wy,
3. X4 T2—YLTanNzxbh Hy #4

3.1 AHEHPENTA—FREXNTa-12TN
SA—REBOBE AT A
ST, UWTOREIRNST A= EAr Y a—1
/7A7X—7%ﬁ0ﬁ%/XTALﬁL,%6771
OTREIS I LTV -7 RONEREEE L2 7 A
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YIS T AN A RIET AIRET A —F Xy s O
bO— 5 OEIMEIOVWTERT .

B(t) = A(6(t),6())z(t) + B1(6(2),6(t))w(t)

2K +Ba(8(t),8(t))u(t),z(0)=0 (1)
z(t) = C(6(t),8(t))x(t)+ D(6(¢),6(¢))u(t)

T IBWT z(t) € R HREE, z(t) € RY A HEMIBE,

w(t) € RMvw 13908 A S, u(t) € R™ BHRIMAS & RT.
) IE S DAY a— v FNT A=5THD,

(1) 6(t) €6, Yt€(0,00) '

(2) 9(t)ew, "te(0,00)
T bort s, 727 L, OCR WERMEST
H1), UCR 1t {y1,¢a, WL, HLy 2s+1) ETAMIC
BOoLZFEHETHA.

Ly Ly
v = {Z/\z'@bi | Z/\i =1, A\; >0}
=1 i=1
5(t) EFREEN SR ETNT A—=FTHY,
s(t)e A, Vtelo,00)

T bort s, 12750, ACRYEHERMEST
b, 37, TOEVAFLINT A= A B;,By,C,D
£ (0.6) ItMLTEKTHHET A, LA>T, (0,6)
NERTHLIEDNEL, FYATLNTA-FTEERT
H5.
3.2 HREMOEN
IITHE, DBV Tut)=0 L LAUTOY AT A
NHEEEIOERL L2 XA V2FTHE (FRETH
3) 12O+ SEEIIDOVWTERET L.
z(t) =
PR
z(t) = C(6(t),6(t))=(t)
SAF L K, ODRREERE L2 741 V2 RTERT S
(35 3] VAFL Zo PWABKELIE, KOBSH
BRAOEBRFERHLKETCHLEEE V).

A(8(2),6(t))x(t) + B1(6(t),6(£))w(t),
z(0) = (2)

$(t) = A(6(¢),6(¢))=(t)

(% 4] AT L Sq HBEENEE, £, D L?
YAy G(E) ¥ RTEHT .
G(Za)z “ z ”L2

wel?, weoll wllL2

YAF L E 2 BWT, Ay T a—- )y TNT -5 §
A VT4 VTAFTRETHY, FEIR/IST A5 S
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BUTT ) TMEOBERE LT TFORY a1 oy
185 A= 5 HRAR L 2L 2

V(x(),0(t)) =z'(t)Q(8(t))x(t) (3)

RHEZAE, T, DATHREEIZML TRARTT 5. =
STk FEEO S AT A X, DO S A NEREML
2 REERMEDTRET 5.

(2R 1] Y AFL Z, AMEED Se A 2 LINIE
ETHY, POy UTOL2X A 28T 5000+5
SR, LTRSS+ RO IZliy & 55D
ORI RERATHIME QO) W EHEFT A ETH 5.

Q(6)>0 (4)

A'(8, 5)Q(9)+Q(9) (6.6)

+29 W(Q C'(6,6) Q(0)B1(8,6) .
) iy . ,
B1(8,6)Q(8) 0 -3

Yoco,Yew, "5e A

(REF) 29, LEROENANFBILIT AL &, KOS
7 g

£(t) = A(0(¢),6(t))z(t) (6)

PHEED §eA IIH LIERFALEETH LI L &R
ITHE, Q)R TT I/ TEBRTHL EERT.
be@ IZBVT Q) WEETHAZ ENS,

Ecl >0 s.t.
cullz()1? < V(x(t),6(t))

72, (6) ROMEE BT 3)RNETBHMT T2 &L
TAMET A, I TUE, (5) 3012 Schur Complement
DWED LA T VD LIZEET 5.

d

o Y (@().6(1)

=&/ (4’ (6(),5())Q(0(0)
QBN AW(D,5(1) + 22 (0)) (0
<2 (O[=C"(8(6),8()C(B(1),8(1))
1 QU) B (0(0),6(1)
B1(6(6),6(1)Q8()) (1)
<0,76€0,%5en (7)

L7ed>T, )Rz 777 7MEcEnh, (6) RIFE
BDSe A ix LIEMBERET A b bMBEETH 5.

£7:, Bi(8,6), C(6,6) DITRMEDS £, O w, 2 1244
LTI T 5,

sel? Twel? (8)
L7cA T, FEMRIME J
J=121E s =2 felEe. we L2, 5> 0
BATHTH ), FED IO A LUTAKIIT 5.
s= [Tl a0 - ool
= [T st =2 0w

+(%{1:’(t)Q(9(t))I(t)Hdt
~1'(c0)Q(8(c0))z(oc)
<0 (9)

L7cH>T, YAFL S, i3y UTFTO L2 XA 287
5. N
SIT, O OFFERR Y N {U1,Ye, U, ) FHA
DN ERAERTHIIEYERTHE, VAFL I,
DHERERIIEMLTRIRLT 5.

(EX 1] A7 L 5, #EED S A LAHE
ENPD vy ULTO L2 XA 28T H-00+5%&1411,
FTARTD o (k=1,2.-- L) 2L, LFORERLH
72 RV AL R & B ER DSRS0 AE 2 1T 5 I
Q) "HHETAHZIETHA.

Q(8)>0 (10)

A(6.6)Q(0)+Q(6)A(6,6)

<0,
C(6.6) ~I 0
B1(6,6)Q(8) 0 -2
(11)
9eO@, Yse

(R8EB8) Schur Complement O # #EHY% H v 5 & |
(1) ULEED 40128 L

€' [A(8.8)Q(8) +Q(60) A8, 5)+C'(9 5)C(9 5)

+77°Q(8)B1(6,6)B1(8,6)Q(8 +§)m, 9>£<0
(12).
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E'F(8,6)¢+ (i, f(£,0)) <0
77iL,

F(6,8) = 4'(8,5)Q(0) + QO)A®,5) + C'(6,5)C(0,6)
+772Q(O)BL(0.6)54(0,6)0(0)
0 , 0 !
fe0=[e S0 ¢ g8 - €520

THhHbH., ZIT,

Ly

D Ae=1, 20
k=1

BT A FAV, TRTO o (k=1,2,---,Ly) 124
LRSI T AL ERTHE, UTFTAHILT 5.

Ly .
S Ak [€/F(8.6)6 + (k. £(£,6))] <O
k=1 Lw

& EF(0,6)6+(>_ A, f(£,6)) <0

k=1

(13)

' @f&f@g?’{ 9 A wk(k=1y211L'¢') @&%’fi\

Ly Ly,
0= Mk, ) Ap=1 220
k=1 k=1

THETIENTELIEXERTALE, (1) RNEEED
0cObel,6eA LT (B)RPVRITAIEERL
Twh., L7z7-T, ME1LIVEEFRZTA. O
3.3 3> hOo—7mixEt

SITH, VAT LA D ICHULTERLLAL-T R
B, BDHYITAOTRE,SIZ3TL

e AREETHY,

oy LT L2 AV 2HTA
EIRRET—F Xy rarbu— 7 OREHBEILD
WTEET S,

AL T a— TN A—F OHF T A TAF
HETHLIERERBL, VAFL DT AREY 1—
FoRyraryro—3E L TREEZS.

Iu(t) = K(0(t))z(t) (14)

L, K(O) i 0 L TERTHLET A,
SO IPO—FTREHVWAERN TR IOIILTOL
Ik B,

2(t) = Aa(6(t),6(t))z(¢)
+B1(8(t),6(t)w(t),z(0) =0 (15)
z(t) = Ca(8(1),6(t))z(t)
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Aa(6(2),6(t)) = A(8(¢),6(t)) + B2(8(2),8(¢)) K (6(t))
(16a)

Ca(6(t),6(t)) = C(8(t),6(t)) + D(6(¢),6(t))K(6(t))
(16b)

SAFL DT LASYa—) 7N He
RiET 4 —F Ry rar b O—SHEETLLDOTS
EHIZLUTTEZLNA.

(£’ 2] AFD ScA XHLEHANM-TR I HH
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BE74—FNyrarybo—3 T PFFEETAIZOO+T
S, TXTO Pp(k=1,2,--,Ly) 23t L, LLTOA
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Y(8)>0 (17)
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+A(8,6)Y(6)
+B2(8,6)W (6)
+W'(8)B(6,6)

: Y
= ki (0)
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C(6,6)Y(9)
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@D 00
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i=1 M

EED»S Y-UO)(=Q) &L, (16)X, (19) Xz H
Wik, RM¥ELND.



B U - NH TS

BING A=Ay Va—= ) VNG A= 2 BB AF LT LT Ho, Hil

Aiz (9,6)@(9) + Q(O)AG (07‘5) + C:J.(er(s)ca(gvé)
+7*2Q(9)Bl(9 8)B1(8,6)Q(8)

—Z?ﬁsz(g 6Q_

(20)
T,

—Zwm ili)m

TdHHI & %ER L Schur Complement D #H4) % v
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Analysis of State Reachable Sets for Quadratic Systems

Ryo WATANABE*®, Kenko UCHIDA™* and Masayuki FuJITA***

For a nonlinear/linear system the disturbance to which is restricted to a finite domain, the reachable domain
in the state space from a given initial state is called a state reachable set. Though some theoretical approaches
have been proposed on investigating state reachable sets, it is difficult to evaluate the state reachable set actually
for general nonlinear systems by using these approaches directly.

In this paper, we introduce a quadratic system based on a quadratic approximation for nonlinear systems.
Then we propose an approach based on linear matrix inequalities to investigate the reachable set of the quadratic
system the disturbance to which is restricted to inside of a unit disc. In numerical case study, we demonstrate
efficacy of the proposed approach by evaluating the state reachable set actually for a given quadratic system.

Key Words: state reachable set, quadratic system, quadratic approximation, linear matrix inequality
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