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Abstract

In this paper, we explore bidding behavior for a repeatedly played keyword auction. In a key-
word auction in practice, a bidder does not know the current bids submitted by the others, and thus,
he cannot follow the greedy bidding strategy where he changes the bid to the one that produces the
most favorable outcome for the bidder, taking other bidders’ bids in the previous period as given.
We propose a secure greedy bidding that can be executed under such sealed bid environment. We
define a stable bid profile as the fixed point of the secure greedy bidding and show that even in the
sealed bid situation, the stable bid profile exists and satisfies several good properties. Moreover, we
also examine other versions of bidding behavior that needs neither the current bids of others nor the
values of other bidders. We show that the bidding behavior that involves with the trial increase of
the bid leads to the unique fixed point of the secure greedy bidding.

Keyword: keyword auction, sealed bid environment, bidding behavior, secure greedy bidding, trial
and error bidding

*Corresponding author. Waseda Institute for Advanced Study, 1-6-1, Nishi-Waseda, Shinjuku-ku, Tokyo 169-8050, Japan.
E-mail: kami-jo@suou.waseda.jp. Tel: +81-3-3203-7391



WIAS Discussion Paper No.2010-008 1

1 Introduction

Internet advertisements that are shown along with search results for a keyword or a combination of key-
words are sold through keyword auctions. Each time a user enters a search term into a search engine, an
auction mechanism allocates the advertising slots within that user’s search results. A keyword auction
is done more thah million times in a day all over the world and the Internet advertisement revenue via
the keyword auctions is a principal source of revenue of search engines.

The generalized second price auction (GSP) and the auction mechanisms based on it, are the most
widely used for selling advertisements on Internet search engines. Based on the bids that advertisers
submit for a keyword, the ad-slots are allocated according to the descending order of the bids, i.e., the
top position is allocated to the bidder with the highest bid, the second position is allocated to the bidder
with the second highest bid, and so on. Every time a search engine user clicks the advertisement, the
advertiser pays the next highest bid. Thus, the advertiser in the highest position pays the bid of the
advertiser in the second highest position, the advertiser in the second highest position pays the bid of
the advertiser in the third highest position, and so on.

Since the payment of each advertiser does not depend on his bid but on the bid submitted by the
advertiser in one lower position from him, the GSP auction has a similarity to the Vickrey auction for
selling one object (Vickrey (1961)). In fact, when there is only one ad-slot, the GSP is equivalent to
the Vickrey auction and thus, it has a nice property: for each advertiser, submitting his true expected
revenue from the sponsored link is a dominant strategy and thus, advertisers do not need to distress
themselves from determining their bids. However, when there are multiple ad-slots, the GSP does not
have the truth-telling property (Edelman, Ostrovsky and Schwarz (2007)). This indicates that the actual
bidding behavior in the GSP should exhibit the complicated figure. Edelman and Ostrovsky (2007)
reported that bids observed in the GSP are largely fluctuated and this can be caused by the bidders’
strategic behaviors.

In this paper, we explore bidding behavior for a keyword auction theoretically. As explained in the
previous paragraph, the bids submitted by advertisers varies over period. This suggests that we should
pay attention to the dynamic aspect of the bidding behavior. After describing the bidding behavior of
the advertises in a keyword auction, we argue whether the stable bid profile against the bidding behavior
exists or not, what property the stable bid profile possesses, and how long it takes until the stable bid
profile is realized.

Our analysis considers a simplified model of keyword auctions. We assume that the values (expected
revenue) per click of advertisers and the click through-rates (CTRs) of ad-slots are common knowledge.
In each period, an advertiser can change his bid according to the result of the keyword auction played in
a previous period. All the information that is available for the advertiser is his revenue, his payment to
a search engine and how the ad-slots are assigned to advertisers, in the previous period. The advertiser
does not know the actual bid profile of the other advertisers. This means that the advertisers cannot
follow the greedy bidding strategy where in each period, the advertisers update their bids according to
the best response dynamics. Since a keyword auction in practice askegded bidyeneralized second
price auction, advertisers update their bids according to the limited information.

We first propose a greedy bidding strategy in a sealed bid keyword auction. The secure greedy
bidding (SGB) is defined and the idea of SGB is partly from the balanced bidding proposed by Cary,
Das, Edelman, Giotis, Heimerl, Karlin, Mathieu and Schwarz (2007) for the open bid environment. We
show that the stable bid profile against the SGB (or the fixed point of their bidding behavior) exists, and
in the bid profile, the ad-slots are assigned to advertisers in the same way as the one if all advertisers
honestly announce their values, and the revenue of a search engine is the same as the one in the truth-
telling equilibrium in the Vickrey-Clarke-Groves (VCG) mechanism (Vickrey (1961); Clarke (1971);
Groves (1973)).
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Next, we examine whether their bids converge to the stable bid profile if they update their bids
repeatedly according to the SGB. In a synchronous model where in each period, every bidder changes
his bid according to the SGB strategy, we provide a counter example for the convergence. In this
example of three ad-slots and three bidders, the bid cycle over periods arises. On the other hand, if we
consider an asynchronous model where in each period, one bidder is randomly selected and this bidder
changes his bid according to the SGB strategy, the convergence of the bidding behavior is guaranteed
in the sealed bid repeated keyword auction. These are the same observation in a open bid environment
reported by Cary et al. (2007). Non-convergence in a synchronous model and the convergence in an
asynchronous model are found in a open bid environment.

A limitation of the results for the SGB is that it requires the information on the values of other
advertisers instead of the current bid profile. Since the balanced bidding does not need such information,
there is the trade-off between the SGB and the balanced bidding for the required information. Thus, we
explore other two types of bidding behavior that need neither the current bids of others nor the values
of other bidders.

The paper is organized as follows. In Section 2, we explain the model of a keyword auction. In
Section 3, we introduce the secure greedy bidding for a sealed bid environment and show the basic
properties of this bidding behavior. The convergence results are shown in Section 4. In Section 5, we
discuss other versions of the bidding behavior for a sealed bid keyword auction.

2 Model

An auction on a keyword, simply a keyword-auction, is defined by the following components. There are
N advertisers (bidders) participating in a keyword auction, each advertiseing a value or expected
revenuey; for a click of the ad. We assume that > v > ... > vy. There areK ad-slots with click-
through rates (CTRS); > a9 > ... > ak, Whereqy is the estimated probability of being clicked or

the estimated number of clicks per given period, for an advertiser ikrthed-slot. We also set;, = 0

forall k > K and assumé&’ = K. Each advertiser submits a bid to the auction. The bid submitted by

i is denoted by;. We denote the bid profile af advertisers by = (b1, ...,bn).

In the generalized second price auction (GSP), advertisers are allocated with the ad-slots in the
descending order of the bids, bo, ...,by. Let d(k) denote the name of bidder who submitgh
highest bid among. Thus, bidderi(k) acquires the ad-sldt. (Note that fork > K, bidderd(k) does
not acquire any ad-slot.) For each ad-slptdvertiserd(k) paysby11) for a click of its ad. Hence,
the paymenpy is axbg(x+1)- (Note that fork > K, bidderd(k) paysaxbi+1y) = 0 by the definition
of aS.) Thus, the advertiser obtaining the ad-giqtays the bid of the advertiser obtaining one lower
ad-slot for each click. The payoff of the advertiser obtaining/sisto; vy —pr = ok (Var) —bagk+1))-

3 Secure greedy bidding

In a keyword auction in use, each advertiser does not observe the actual bids submitted by the other
advertisers. Each advertiser only observes the positions of the others and the current payment for each
click, from which he can deduce the bid of the advertiser that is in the position immediately below from
him.

In this section, we propose bidding behavior of an advertiser in a sealed bid environment. The part
of the idea of the bidding behavior considered here is from the balanced bidding strategy by Cary et al.
(2007), which is some type of the greedy bidding strategy in the open bid environment. Since the actual
auction is in the sealed bid environment, the perfect greedy bidding strategy, where each bidder chooses
the bid in the next period that is the best response to the current bids of the other bidders, cannot be
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achieved by the advertisers. They can only execute the incomplete version of greedy strategy. A greedy
strategy in the sealed bid environment is that each bidder increases his bid so as to obtain the position
immediately above as long as this increment in the bid does not lead to the decrease in the payoff even
in the worst situation in the next period. This motivates the following definition of the greedy strategy

in the sealed bid environment.

Definition 3.1. Let i be in thek-th slot. Thei's secure greedy bidding for the slot immediately above
is to choose the maximized big satisfying the following condition:

apv; — P < ap—1v; — p—1b;. (1)

Thesecure greedy bidding for the slot immediately above (SGB for Ajs

523

b?(kvpk) = (1 -

Jvi +
Ap—1 Ap—1

= (1 - rk)vi + kad(k—i-l)

for eachk < K, wherer, = —% and to deal with the all slot uniformly, we defing = 2a;. For

Ap—1

k> K, we setry, = 0. Thus,b(k,py) = v; for k > K.

If b; satisfies condition (1), the payoff éfdoes not decrease afteobtaining slotk — 1 even if
his payment is in the worst case. The greedy strategy in this setting is that among the bids satisfying
(1), each bidder maximizes the possibility of obtaining the one higher slot. This is the definition of the
secure greedy bidding for the slot immediately above. One remark on the definitidtiopy, ) is that
it depends only on the identity of the bidder, his current position, and his current payment. The other
information like the bids of the other advertisers is needless for each bidder to execute the secure greedy
bidding for the slot immediately above.

Another interpretation ob (k, p;.) is that it is in a sense a weakly dominant strategy of bidder
Consider a situation that biddér= d(k) changes his bid so as to acquire one higher/slet1 and
ignore, for a moment, the bidders other thi@mdd(k — 1) and slots other thahandk — 1. Letb ;1)
be the current bid of biddef(k — 1). Then, ifbg,_1) = b (k, pr), any new bich; of bidder; satisfying
b > ba(k—1) is his best response tQ;,_1). And if byg_1) = b (k, i), any new bidb; satisfying
by < ba(k—1) becomes his best responsebtg,_;). Combining these two observatiorif;“,(k,pk) is
always best response to the bid of bidder in ¢let 1. Thus, choosin@{‘(k,pk) is interpreted as a
weakly dominant strategy of biddérconditional that he tries to acquire one higher &lot 1.

The next is the secure greedy bidding that aims to obtain the one-lower slot. The idea is that in
order to compare the payoffs in sloeind the payoff after obtaining slét+ 1, advertiseri deduces the
current payoffs of the biddei(k + 1), who currently occupies the slét+ 1. He deduces it from the
information on his current paymengg, from which he can know the bid of biddé(k + 1) is py /.
Moreover, he assumes that other advertisers also follow the secure greedy bidding strategy and thus
the current bid submitted by biddé(k + 1) is bdA(kH)(k: + 1, pg+1)- Thus, he can deduce the current
payments of bidded(k + 1) from the following equation:

Pk A -
—==b E+1
o d(k+1)( + apk‘-i-l)a

wherepy ;1 is the payments of biddek(k + 1) guessed by bidder From this, we have

Pr1 = Pk — (e — Q1) Vat1)-
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Note thatp;; can be negative.
The secure greedy bidding for the position immediately below is defined as follows:

Definition 3.2. Leti be in thek-th slot. Thei’s secure greedy bidding for the slot immediately below
(SGB for B) is as follows. If

apv; — Pr < Q1Y — Dk, (2)

then, choosé? (k, py,) defined by

bB (k, pr,) = max{(1 — O‘k+1)vi n Pk+170}
Qg Qg
= max{bygu1) + (1 = 7511) (Vi = Vagee)), 0}

Our concern is what happens in the repeatedly played auction when each bidder follows the secure
greedy bidding (for the position immediately above and below). To obtain the consequence from the
dynamics generated by the secure greedy bidding, we first examine the stable state from the bidding
behavior. The bid profile is stable under the secure greedy bidding if in the bid profile, no bidder
changes the bid according to the secure greedy bidding. This motivates the following definition:

Definition 3.3. The bid profileb is secure greedy bidding proof (SGBP)f b is stable under the SGB
of every bidder. Thus, at the secure greedy bidding proof priafdéeach advertiserwith d(k) submits
the bidb;, = b;“(k,pk), and for eachk, Inequality (2) does not hold, whepg andp., are calculated
from b.

The VCG mechanism has a more merit in the sealed bid environment than it in the open bid en-
vironment because truly submitting advertiser's own value is the best strategy irrespective of the other
bidders’ choices. The allocation of the ad-slots in the keyword auctitrmtisful-outputif the alloca-
tion coincides with the one in the VCG. Since the VCG allocated with the ad-slots in the descending
order of the bids and each advertiser submits his own value in the VCG, the resulting allocation of the
ad-slots becomes an assortative allocation, i.e., the advertisek-ththighest value acquires ad-slot
In this context, it is known that an assortative allocation is efficient (i.e., maximizing the social surplus).

Theorem 3.1. A SGBP allocation is truthful-output.

Proof. Suppose that a SGBP allocatibris not truthful-output. Then, there must exist someuch
thatvgky < vaa41)- In this case, Inequality (2) holds for thisbecause

eVaky — Pk — (Ch41Vd(k) — Dh+1)
= QVq(k) — Pk — Ukt 1V4(k)
+ (pk — (o — Qhg1)Vae41))
= (o — ap41) (Va(r) = Vd(k+1))
< 0.

This contradicts thab is SGBP. O

An important observation from the proof of this theorem is that Inequality (2) holds if and only if
Vi < Vg(k+1)-

The theorem mentioned in the above indicates that the dynamics of the secure greedy bidding should
stop at the efficient allocation.

The next result assures the existence of the the bid profile that can be a convergent point of the
dynamics generated by the secure greedy bidding.
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Theorem 3.2. There exists a bidding profikein a keyword auction that is a SGBP bid profile.
Proof. Consider the bid profile* defined by the following manner:
K4+l an
b= ey, (3)

A
heFk k—1

for eachk with 1 = k£ < K. Fork > K, b} = vy.

We will show thatb* is SGBP bid profile. Note that the allocation of the ad-slots*as assortative
since by the definition of;, andb; , 1 = k = K,

Q1 — akv 1 1

5 — b
b, —
+ -1 k-1 Qg

Qp—1 — Qg
= | gV — E (ahfl - Oéh)vh
Q10

K
Q-1 — Qg
— | arvr — E (ah—1 — ap)vy,
Q100

h=k+1

V

Qg1 — Qg
= ———agvg > 0.
Q10

We first show that for each = 1, b} = bi}(k, p}), wherep} is a payment of biddef who acquires
slot % at bid profileb*. By the definition ofb; (k, p}),

*

A O‘k Py
b (k,py) = (1 — )k +
A1 A1
ES
Qg k11
=(1- ok + -
Q1 Q1
K
Qg1 — O ak Qp—1 — Qp
= Vi + E Vh,
Q1 A1 h—ht1 Qg

(0% —
z : h—1 h
— Uh_b;;
h=k k—1

We next show that Inequality (2) does not hold for @yt b*. Since atb*, the allocation is
assortative, we have, for aky

Uk — Pk — (Qpy1Vk — Prt1)

= QpUp — Pk — Oh1Vk + (Dr — (k — Qpg1)Vk41)
=0.

O

The basic equilibrium concept adopted by Lahaie, Pennock, Saberi and Vohra (2007), Edelman et
al. (2007), Varian (2007) and other researchers in this field to analyze the keyword auction is a locally
envy-free equilibrium. A bid profil® = (b4, ..., by) is alocally envy-free equilibriunif the following
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two conditions hold for any > 1:

QpUk) — Wby = Qk—1Vd(k) — Wk—1bq(k)
d(k)’s current profit d(k)’s profit if he acquires ad-sldt — 1
with the current payment af(k — 1)
and
QkU4(k) — Okba(k+1) = Qk+10V4k) — Qk+104(k12)
d(k)’s current profit d(k)’s profit if he acquires ad-sldt — 1

with the current payment af(k + 1)

Thus, a bid profile is locally envy-free if each bidder is not better off by the exchange of his position
with the position of the bidder immediately above or below. This means that an equilibrium concept
when each bidder cares only about the neighboring bidders. This is very different from the Nash equi-
librium where each bidder cares all of the other bidders. However, it is known that a locally envy-free
equilibrium bid profileb is a Nash equilibrium of the normal form game with complete information
(e.g., see Fukuda, Kamijo, Takeuchi, Masui and Funaki (2009)).

Next theorem states some of the pretty properties of SGBP bid profile.

Theorem 3.3. Letb be a SGBP bid profile. Then,

() the revenue of the one shot complete information game of the QBB tite same as the revenue
of the VCG at the dominant strategy equilibrium,

(i) bis alocally envy-free equilibrium,
(iii) bis a Nash equilibrium of the one shot complete information game of the GSP, and

(iv) bis consistent in the sense that for edglp, = pi holds. In other words, the actual payment of
the bidder in slot equals the payment estimated by the bidder in/slot1.

Proof. (i). Supposéb is SGBP. Then, by Theorem &4 js a truthful-output, and thug; > b5 > --- >
by . By the definition of the SGBy, = vy, for eachk > K. Since the payments of biddéf is vk 1,
it must hold that

b = bé(K, OéK’UK_H) = (1 — TK)’UK + rKVK41-
From this, the payments of the bidderland his bid is determined as the following recursive manner:
fromk=K —1tok =2
Pk = agbri1

and
b, = b?(k,pk) = (1 — Tk)'l)k + kak+1~

It is easily checked that for eaéh= 1, b, = b; defined in (3). Varian (2007) shows thiitis a bid

profile that achieves the lower bound of the auctioneer’s revenue among the set of all locally envy-free
equilibrium. It is also known that this lower bound is the revenue of the dominant strategy equilibrium
in VCG (Edelman et al. (2007)).

(i) and (iii). From the proof of (i)b must be a locally envy-free equilibrium. It is a known result that a
locally envy-free equilibrium is a Nash equilibrium (see, Varian (2007) and Fukuda et al. (2009)).
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(iv). Becausd = b* (except for biddet), we have, by definition of, for eachk > 1,

Pk = Pr—1 — (p—1 — ag)vy
= 10y, — (ag—1 — ) g

K
B Qap—1 — oy
= o1 E o U (k-1 — o) g

h—Fk k-1

K
= Z(Oéhq — ap)vp — (Qg—1 — o)V
h—k
K

= > (on-1—an)oy

h=k+1

= agbpyy = P
0

In the definition of the secure greedy bidding, the choice of the bid of each advertiser is based on
the prediction on the payment of the one in the position immediately below from his. This means thatin
some situation, their behavior is caused by the wrong prediction on the others, and even in the SGBP bid
profiles, such kinds of inconsistency of the prediction with the actual behavior may happen. However,
Theorem 3.3 (iv) says that SGBP bid profile is consistent in the sense that at the SGBP bid profile, the
prediction on the payment coincides with the actual payment.

One important remark is that the bid profile defined in Eqg. (3) is a fixed point of the balanced bidding
by Cary et al. (2007) for the open bid environment. Therefore, combining our results and the results
of Cary et al. (2007), it is indicated that the stable bid profile in an open bid environment should be a
unigue stable bid profile in a sealed bid environment.

4 Convergence of the secure greedy bidding

In this section, we explore whether the convergence is attained in the repeatedly played keyword auc-
tion. We consider both a synchronous model and an asynchronous model.
The secure greedy bedding strategy in the repeatedly played GSP auction is as follows.

Definition 4.1. Given the current position of the slot and the current payment, the secure greedy bidding
(SGB) strategy of bidderwith d(k) = i andk < K is as follows.

e If the current profit ofi is negativej changes the bid to; in the next period,

e If the current profit ofi is non-negative and Inequality (2) holdsshanges the bid tQB(k:,pk) in the
next period, and

e if the current profit of is non-negative and Inequality (2) does not helchanges the bid tb{‘(k:, Dk)
in the next period.

And if i does not have any slot (i.é:,> K), he changes the bid tg' (k, p) = b{(k,0) = v;.

We first consider a situation that in each period, every bidder changes his bid according to the SGB
strategy (synchronous model). Similar to Cary et al. (2007), we show that there may be a cycle of bids
in a keyword auction.
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Example 4.1. Consider a repeated keyword auction where all bidders follow the SGB strategy and
change their bids in each period. Then, for some initial bid profile, there exists a bid cycle in a repeated
keyword auction.

Consider a situation where there are three bidders with values 100, v, = 80,v3 = 60 and
three ad slots witly; = 25, as = 20, a3 = 4. Thusr; = 0.5, = 0.8, r3 = 0.2. Suppose their initial
bid profile isb! = (74,64, 0). Then, the next bid profile i8> = (82, 16,48). Moreover, the third bid
profile isb® = (74, 64,0) = b*. Thus, the bid cycle occurs.

The previous example means that the convergence of the bidding behavior under the sealed bid
repeated keyword auction is not assured in a synchronous model. However, as discussed by Cary et al.
(2007), an asynchronous model is more appropriate than a synchronous model as a approximation of a
real keyword auction. In a asynchronous model, the convergence of the bidding behavior is guaranteed
even in the sealed bid repeated keyword auction.

Theorem 4.1. Consider a repeated keyword auction where all bidders follow the SGB strategy and in
each period, one bidder is randomly chosen and change his bid according to the SGB strategy. Then,
from any initial bid profile, the bid profile converges to the SGBP bid préfildefined in Equation (3).

Proof. The proof is in the appendix. O

5 Discussion

In the previous sections, we propose and examine new bidding behavior for a keyword auction under a
sealed bid environment. Our results (Theorems 3.1, 3.2, 3.3 and 4.1) indicate that even in the situation
where each bidder cannot know the current bids of others, a market outcome is the same as the one
suggested by Cary et al. (2007) for a keyword auction under the open bid environment. Because the
auction in practice is played under the sealed bid environment, our results support the researches in this
filed that use a locally envy free equilibrium outcome as their basic analysis. However, it should be
noticed that instead of the information of the current bids of others, the SGB strategy requires another
information, the values of other bidders, that it may be difficult for the bidders in practice to acquire. On
the other hand, the balanced bidding proposed in Cary et al. (2007) needs only the information of the
bids of others. Thus, there is a trade-off in the required information between the SGB and the balanced
bidding.

In this section, we explore other versions of bidding behavior that can be executed by bidders in a
real keyword auction where they know neither the current bids of others nor the values of other bidders.

5.1 Equilibrium bidding behavior

Letb be a locally envy-free equilibrium ang be the payments per click of slbt Then, from the first
inequality in the definition of a locally envy-free equilibrium, we have

Pk—10k—1 — PrOk
ar(Vaey — Pr) 2 k-1 (Vaky — Ph—1) = V) =
(k) (k) ) (k) p——
and from the second, we have

> PeOk — Pr410%41
o A — Qf41-

k(Vay — Pr) Z U1 (V) — Pry1) = Vae)
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Combining these two inequalities, we obtain

POk — Pk+10%41 Prk—10k—1 — PLCk
S gy = : (4)
Qg — Q41 Qg1 — Qg

Since the above inequality holds for ahy> K, we have

PKOK < PK-10K—-1 — PKOK <. < POk — Pk+10%k41 < p1og —p2a2'

(077¢ aKg-—1 — K o Qp — Oyl o Qa1 — Qg

A

(5)

From this, we can observe that at a locally envy-free equilibriugy,) = v should hold for any
k = K, and thus, the allocation of the ad-slots at a locally envy-free equilibrium is efficient.

From these observations, we have the interesting properties of the equilibrium bid profiles. First, if
we sean; as the expected number of the clicks per given pepgd; a1 — pray andag_1 — oy are
the increase of the cost and the number of the clicks, respectively, dfh¢nbtains one higher ad-slot
k — 1, and thus(px_1ax—1 — prax)/(ax—1 — o) can be seen as the marginal cost of clicksdk).

Second, from (5), the marginal cost of clicks is increasing. Third, from (4), the slots assigned to bidders
are consistent with their profit maximization because they obtain their highest ad-slots among the ones
where the marginal revenue (value) is greater than or equal to the marginal cost. (For more detail, see
Varian (2007))

Based on this equilibrium predictions, Varian (2007) implicitly introduced the idea of the bidding
behavior for keyword auctions. The idea is that if the marginal payments for obtaining the one higher ad-
slot calculated from the current bid profile is less than the marginal revenue (the value of the advertiser),
then the advertiser, sai(k), should increase the bid to the one that he should choose if he is in slot
k — 1. This with the idea of the SGB motivates the following definition of new bidding behavior.

Definition 5.1. Given the current position of the slot and the current payment, the equilibrium bidding
(EB) strategy of biddet with d(k) = i andk = K is as follows.

e If the current profit ofi is negativej changes the bid to; in the next period,
e If the current profit ofi is non-negative and

11 — «
v > Pr—10k—1 — PECQk (6)
Qp—1 — Ok

holds,i changes the bid tb'(k — 1, pj,_1) in the next period, and

e ifthe current profit of is non-negative and Inequality (6) does not helchanges the bid tay (k, py)
in the next period.

And if i does not have any slot (i.é:,> K), he changes the bid tg' (k, p) = b(k,0) = v;.

It should be emphasized that all the information that are needed for an advertiser to execute the EG
strategy is his value, CTRs of ad-slots, his bid, and his payment. He needs neither the bids of others
advertisers nor the values of others.

As is the SGBP, we define the stable bid according to the EB strategy.

Definition 5.2. The bid profileb is equilibrium bidding proof (EBP) if b is stable under the EB
strategy of every bidder. Thus, at the EBP bid prdfileeach advertiser with d(k) submits the bid
bi = b (k, pr.), and for eaclk, Inequality (6) does not hold.

The existence of the EBP bid profiles is easily proved.
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Theorem 5.1. There exists a bidding profikein a keyword auction that is a EBP bid profile.

Proof. From (ii) of Theorem 3.3, the bid profile defined in Eq. (3) is a locally envy-free equilibrium.
In addition, from the proof of Theorem 3.2, in this bid proftigy,) = bg(k)(k,pk) holds for anyk. Since
Inequality (6) does not hold for arfywhen the current bid profile is a locally envy-free equilibridm,
is a EBP bid profile. O

In contrast to the SGBP bid profiles, as the following example will show, the EBP bid profile is not
always a locally envy-free equilibrium. Moreover, it does not assure the truthful output (note that for
any locally envy-free equilibrium bid profile, the allocation is truthful output, see Varian (2007)).

Example 5.1. Consider a situation where there exist three bidders with their valuestea@0, vy =
25 andvs = 10 and two ad slots with CTRs beirng = 10 andas = 5. Thus,r; = ro = 1/2. Consider
a bid profile defined by

bs = 10,

1 1
by = b3H(2, anbs) = 5 X 25+ (1- ) x10=175,

and . .
by = b (1, o0by) = 5 X 20+ (1= ) x 175 =18.75.

For bidder2,
175 x10—-10 x5 P11 — P2
V2 = 2 § = .
10—-5 Q1 — o2
Thus, Inequality (6) does not hold and therefore, this bid profile is EBP. This bid profile is not truthful
output and thus, is not a locally envy-free equilibrium.

5.2 Trial-and-error bidding behavior

In the actual bidding behavior in a real world, an advertiser often raises the bid as a trial and this may be
a reason that the actual bidding behavior shows the complicated figure. To describe such a trial increase
of a bid, we assume that in the beginning of each period, there is a very short period, called trial period,
such that a bidder can change the bid and observe the resulting ad-slot assignment but this does not
affect the profit of the advertisers unless the advertiser keeps this trial bid as his bid of this period. The
combination of the trial-and-error and the equilibrium bidding mentioned in the previous subsection
motivates the following bidding behavior.

Definition 5.3. Given the current position of the slot and the current payment, the trial-and error bidding
(TEB) strategy of bidder with d(k) = ¢ andk < K is as follows.

e If the current profit ofi is negativej changes the bid to; in the next period,

e If the current profit ofi is non-negative; changes the bid tb{‘(k — 1,pg—1) in the trial period. If
this change in his bid lead to the change in the allocation of the ad-slots, he keeps this bid as the
bid of the next period. Otherwiséchanges the bid tbg“(k:,pk) as the bid of the next period. if
has the top position, the trial bidding is removed and he chdg$ds p;) as the bid of the next
period.

And if i does not have any slot (i.é:,> K), he changes the bid tg' (k, py.) = b (k, 0) = v;.

As are the SGBP and EBP, we define the stable bid according to the TEB strategy.
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Definition 5.4. The bid profileb is trial-and-error bidding proof (TEBP) if b is stable under the TEB
strategy of every bidder. Thus, at the TEBP bid prdfijeeach advertiserwith d(k) submits the bid
bi = b (k, pr.), and for eactk > 1, bé?(k)(k —1,pe—1) < ba(r—1)-

The TEBP bid profile has the same good properties as the one the SGBP bid profiles satisfies.
Theorem 5.2. The bid profile defined in Eq. (3) is the unique TEBP bid profile.

Proof. From the definition of TEB strategy, lifis a TEBP bid profile, it must satisfy the following two
conditions:

back) = V()
foranyk > K, and
bak) = bé?(k)(k, rba(e+1))

foranyk < K. Thus, from the proof of Theorem 3.2, it suffices to show thit assortative.
Assume thab is not assortative. Them, there existc K such thatvg, > vy,—1). For bidder
d(k), his trial bid is greater than the bid dfk — 1) because

b:?(k)(k — 1, akbgry) = (1 = rr—1)vg(ry + Th—1bak)
> (1= 7%—1)V4(e+1) + Th—1baek)
= bf(k—n(k‘ — 1, agbgq))
= bak—1)-
This is a contradiction. O
Next theorem shows that the convergence result also holds for the TEB strategy.

Theorem 5.3. Consider a repeated keyword auction where all bidders follow the TEB strategy and in
each period, one bidder is randomly chosen and change his bid according to the TEB strategy. Then,
from any initial bid profile, the bid profile converges to the TEBP bid prafildefined in Equation (3).

Proof. The proof is in the appendix. O
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Appendix
6 Proof of Theorem 4.2

We first introduce the following notation. For two bid profileandb’, we say thab’ can be realized

from b by SGB and writeb *9 by if b’ is realized fromb by some one player’s changing in his bid
according to the SGB.

Lemma 6.1. For any initial bid b°, there exists a finite sequence of the bid profiésp?, ..., b" such
that

1. foranys with0 < s < ¢, b° 2% b**+! and
2. b! satisfies the following two conditions:

(a) for any bidder: withi > K, b} = v;, and
(b) for any bidderi, he does not do overbid, i.8, < v;.

Moreovert does not exceeziV + K? - K.

Proof. To construct the sequence of bids in this lemma, we consider the several steps.

Step 1. There exists a sequence of bid profiles fodno b' such that? *%% pt 2, %9, ',
every bidder who does not obtain any slot submits his true valbé aandt! is less than or equal to
N.

To show Step 1, we consider the following procedure.

e Procedurel).

e Initial conditions are bid profiléd°, S} = {i : bidderi does not obtan an slotbf } and SZ =
{1,...N}.

e Repeat the following process from= 0 until S} N S? becomes an empty set:

— choose any; from S} N S? andi; changes his bid to;,.

— b'*!is the bid profile aftef,’s change in his bidStlJrl is the set of bidders that do not obtain
slots atb’™!, andSZ,; = S7 \ {i;}.
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Note that this procedure must be stopped in at mestV because in each time one elemensfn
is deleted and the cardinality of the initisf is N. Lett! be the period where this procedure is stopped.
It should be emphasized that for egchidderi; follow the SGB strategy becauses chosen from the
set of the bidders that do not obtain any slot at the current bid profile. This means that the sequence of
bids fromb? to b*" is caused by the SGB. Itis obvious from the definition of Procedure @t)l atvery
bidder who does not obtain any slot submits his true value.

Step 2. There exists a sequence of bid profiles foSito bt +** such thab!' 22, pt'+1 59, 9,

bt'+t*, piddersK + 1, K + 2, ..., N do not obtain ad-slots and submit their true values‘at’’, and
t? is less than or equal ty — K.

Let S3 be defined by{ K +1, K42, ..., N} {i : bidderi obtans an ad-slot & }. If 53 is empty,
skip this step and go to Step 3.9F is not empty, put? = |S3| and apply the following procedure)(

e Procedurel).
e Initial conditions areS3 andb’'.
¢ Repeat the following from = 0 to 2.

— choose any; from S} andi; changes his bid to;,.
— b*'+**1 s the bid profile afte#,’s change in his bid and?,, = S3 \ {i;}.

Note that for any € S3, the profit of bidder at bid profileb’f1 is negative because bid @K + 1)
atb’ is V(K +1) @ndvg g 1) must be greater tham. The same situation holds for aiybecause the
changes of bids af;, i, ..., i;_1 to their true values only makig's position to a upper slot ang keeps
the slot with paying more than his true valuebattt. This means that the sequence of bids figmto
bt'+t* is caused by the SGB of bidders. It is easily checked#hat N — K. It is obvious from the
definition of Procedure (2) that bt' +*, biddersk + 1, K +2, ..., N do not obtain ad-slots and submit
their true values and other bidders submit a bid more thap; .

Step 3. There exists a sequence of bids fight?” to bt +°+* such thab!'+t* 2%, pt'+*+1 9,
L9 R g profileb? +*+** satisfies conditions (a) and (b) mentioned in this lemma,tand
is less than or equal tA'2.

Let S be defined by(1,2, ..., K} N {i : bidderi does overbid ab* *** }. We putr = |54| and
S& = {iy,...,i,} where fork < k¥ < r, i), obtains the lower ad-slot thap atb® *** . Apply the
following procedure sequentially from to 4.

e Procedurey) for iy.

e i;, changes his bid according to the SGB until his bid is less than or equgl.td¢f ;. does not
obtain any slot after this repetition of the SGB,follows SGB one more time and submits his
valuewv;.

Consider Procedur@) for i;, and suppose that currently still does overbid and obtains slatWe
separately consider the two cases:ii), 1) = v, and (2)bq(,41) > v;,- In case (1), by the definition
of SGB, the bid in the next period ¢f is less than or equal tg, in both SGB for A and SGB for B. On
the other hand, in case (2), changes the bid according to SGB for B becaugg, 1) = bg(/41) > vi-
(The first inequality follows from the fact thal(¢ + 1) does not do overbid. This fact is because we
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apply Proceduré3) from bidders in lower position to ones in higher position.) As the result of SGB for
B, bidderi; must obtain the lower slot than the current dlatt the next bid profile. Thus, Procedure
(3) for i), should be stopped unless case (2) occurs in an infinite time. The infinite repetition of case
(2) is impossible because in each time, bidgesbtains the lower slot than the current one and this has
the limit of slot K (if i, does not obtain any slot at some period, his bid must be less than or equal to
vk +1). Thus, Procedur@) for iy, is stopped at mosk™ times repetition of changes &f’s bid.

From the discussion in the previous paragraph, the number of the repetition of the change in the
bids from Proceduré3) for i; to Proceduré3) for i, is not exceed K < K?2.

The final bid profile obtained after Step 3 satisfies all the properties mentioned in this lemma. This
bid profile is realized by modifications of bids according to SGB less than or eqi¥alHy — K + K2 =
2N + K? — K. Thus, the proof of this lemma is completed. O
Next, we will show lemmas regarding on the properties of the SGB strategy.
Lemma 6.2. Given some bid profilb, consider the SGB for B efwith i = d(k),k < K.
(i) if Prg1 = Prg1 @Ndbg(gy) = vy hold, thenb? (k, pry1) > vi41, and
(il) if Pry1 = prr1 @ndw; 2 bygeyay hold, b2 (k, Pry1) > bagero)-
Proof. (i). By the definition of SGB for B and the assumptions,

~ Of+1 Pk+1
bB (k =(1- SRS
i (ks Prv1) = ( o JVd(k+1) + o

= (1 = 7%41)0i + re41ba(rr2)-

Sincev; > vg 11 andby2) = Vi1, bP (k, Pry1) > vt
(ii). From the calculation in the proof of (i); = bg(4-2) impliesb? (k, pry1) > ba(k+2)- O
>

Lemma 6.3. Given some bid profile, consider the SGB for A éfwith i = d(k), k < K. If by(;11)
A
VK41, b5 (K, pr) > VK41

Proof. Sinceb;“(k,pk) = (1 = 7%)vi + Trbagkt1)s bagk+1) = vic+1 together withv; > vgeyy implies
bk, pr) > v 11 O

Lemma 6.4. Given some bid profilb, take bidders andj withi < j(v; > v;). Foranyk withk < K,
1. for anypg 2 0, bf‘(k‘,pk) > bJA(k',pk)
2. for anyp, andpj, such thatp, > pj, > 00 b;(k, pi) > b3 (k, p},).-

Proof. The proof of this lemma is obvious from the definition of SGB for A. O

Before moving to the next lemma, we prepare additional definitions. Fokawvith 1 < k < K,
bid profileb is k-consistent if for any: with h > K, d(h) = h, the values of bidderg(K), d(K —
1),...,d(k) are increasing (i.euq(x) < vg(x—1) < --- < V4(x)) @and they submit the following bids:

bany = va(n) foranyh > K,

bacrc) = Visey (K, aieba(ic 41))
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bak) = by (k> Akbagsn))-

Note that bid profildo! described in Lemma 6.1 & + 1-consistent. One important remark is that if bid
profile b is 1-consistent, this must W& defined in Equation (3). In other words, if we find the sequence
of bid profiles that ends up with-consistent bid profile, we end the proof of Theorem 4.2.

Lemma 6.5. Supposéd is k£ + 1-consistent and there is no bidder who does overbid at this bid profile.
Let bidder: currently occupy slok with £ < K andd(.) denote the assignment of slotsat

(i) The guess of to the payment of the bidder in slét+ 1, py.1, is correct. In other words,
DPr+1 = Pr+1, Wherepy is the actual payment of the biddéfk + 1) atb,

(ii) If bidder: changes his bid according to the SGB for B, then the following conditions must hold:

bagi+2y < bF (k, pr) < bager)-
Thus,i obtains slotk + 1 in the next period.

(i) If bidder i changes his bid according to the SGB strategy, the new bid profile idtehange in
his bid is stillk + 1-consistent.

Proof. (i). This holds becausg ; is defined by solution 08 ;1) = bg‘(kﬂ)(k: + 1,px+1) andb is
k 4 1-consistent.
(i). From (i) of this lemma, the SGB for B afis

Dk+1 Dk+1
bP (k. pr) = (1_7”16—1-1)”@""7; = (1—7°k+1)vz‘+7; = (1=rkp1) Vit Th41bagr2) = b7 (+1, preyr)

Sincev; 2 b; > byk+2), b2 (k, pi) is greater thawby . o).
Since follows the SGB for B, Inequality (2) must hold and thus < wvg11). Sinceb is
k + 1-consistenthg,.1) = bg‘(k+1)(k + 1,pr41). Then,b?(k,pr) < bgge+1) must hold because of
Lemma 6.4.
(iii). If bidder ¢ changes his bid according to SGB for A, his change of bid does not change the assign-
ment of slots for slok + 1, k£ + 2, ..., K. This means that after his changing a bid, the new bid profile
is still £ + 1-consistent. On the other hand, we know from the proof of (ii) of this lemma that if bidder
1 changes his bid according to SGB for B, the resulting bid profile iskstill 1-consistent. O

Lemma 6.6. Suppose bid” is & + 1-consistent, no bidder does overbid at this bid profile, and bidder
d(k) at the bid profilet” satisfies Inequality (2). Then, there exists a finite sequence of bid profiles,
b?, ..., b such that

1. foranyswith 0 < s < ¢, b* *% b**1, and
2. b! satisfies the following two conditions:

(a) b’ is k + 1-consistent
(b) any bidder does not do overbid,

(c) for bidderd(k) atb’, Inequality (2) does not hold (that is, if he is chosen as an active player,
he changes his bid according to SGB for A).
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Moreoveri is less than or equal to(K — k) — 1.

Proof. Forh > k, leti;, be bidder who occupies slétat bid profileb®. Since Inequality (2) hold for
bidderi in slotk atb® andb? is k + 1-consistent, there must exiét> k such that

Vige <Vige_q < ... < Vigyy <v <, <. < Vi t1

holds.

Step 1. There exists a sequence of bid profiles f8rto b’ such thab® *% bt 22, 29, pe—k,

foranyhwith0 < h < ¢ —k—1,b" 390, phtl s realized by biddei’'s SGB for B, and biddet is in
slotk + h atb”.

Givenh with 0 < h < ¢ — k — 1, suppose that” is the bid profile aftei’s h times change in his
bid according to SGB for B. Moreover, we suppose that this bid profike-ish + 1-consistent and
occupies the slok + h at this bid profile. If biddet follows the SGB strategy dt”, he must follow
the SGB for B because; < v;, < v;,,, ,. By Lemma 6.5, bidder obtains slot: + % + 1 after his
change in a bid and the resulting bid profté;!, is k& + h + 1-consistent, and thus, this must be also
k + h + 2-consistent. Applying this argument from= 0to h = ¢ — k — 1, we obtain the desired
sequence of bid profiles.

If ¢ =k + 1, bidderix 1 is in slotk at the bid profile*~* andv;,,, > v;. This means that** is
the desired bid profile of this lemma. Thus, we assémek + 1. Lett! = ¢ — k.

Step 2. There exists a sequence of bids fdmobtained from Step 1 to!' *(¢=*~1) sych thab®' b,

pt'+1 90, %90t (-k=1) for anyh with 0 < h < ¢ — k — 2, bt 7 %, pt'+h+ s realized by
bidderi,_,’s SGB for A, and biddei,, is in sloth’ — 1 atb! " for anyh’ with¢ > n’ 2 k+1, and
bt'+" is ¢ — h-consistent.

Note that in the case df = 0, b*~* is ¢-consistent by Step 1. Consider that bidéles,_1, ..., ij42
sequentially change their bids according to the SGB.Met™®, pt'+1 9, 90 pH(—k-1) pe
the resulting sequence of bid profiles. We first show Hﬁ;d‘tl < bﬁj,l- By the construction ob'',

- bi_l(ﬁ — 1, 41b},). On the other hand, becausg > v;, i, follows the SGB for A and thus

-1

bZ“ = b (€ — 1,001 bt). Sincev;,_, > v;, andb, > b, we have, by Lemma 6.5,

1 A A
bl Tt =0 (€ —1,0a01b)) <bj,

(€ —1,ap1bt) = b .
This implies thati;'s SGB for A does not change the allocation of slots.

Next, we show that giveh with 1 < h < ¢ — k —2,if b!,*" < bl", thend! *M*1 < pt’ .

By the construction ob®', b = b (¢ —h 1,051} ). On the other hand, because
Uiy > Vi_psr» i—n ToOllows the SGB for A and thusl, **+1 = b4, , (¢ —h -1, Oég_h_lejrh}:_l).

Sincev;, _, > v;, andp!' T < bgih, we have, by Lemma 6.5,

1W—h+1

tl4h+1 _ A
bith - biuh

(0—h—1,00_p_1bl )=0bl

1
(6 —h—1, CYffhflbt h ) < bA io_n 0—h—1"

LU—h+1 U—h—1
Applying the argument in the previous paragraph frbme= 1to h = ¢ — k — 2, we know that

for any h, bidderi,_, follows the SGB for A and the change of his bid does not affect the allocation

of the ad-slots. Moreover, bid profiletl+h is £ — h-consistent. Therefore, at the final bid profile
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btl”"“‘l, bidderij» occupies the slok + 1, and thus biddei;; occupies the slot. This means
that at this bid profile, Inequality (2) does not hold for the bidder in kldfloreover, this bid profile is
¢— (¢ —k—1)=k+ 1-consistent.

It is obvious that at the bid profile’ *~*=1, no bidder does overbid. Finalli + ¢ —k — 1 =
20—k)—1=2(K —k)—1. O

Lemma 6.7. Suppose bid is k& + 1-consistent, no bidder does overbid at this bid profile, and bidder
d(k) at the bid profileb? does not satisfy Inequality (2). Then, there exists a finite sequence of bid
profiles,b!, b?, ..., b’ such that

1. foranyswith 0 < s < ¢, b* *% b**+1, and
2. b’ satisfies the following two conditions:

(a) bl is k-consistent
(b) any bidder does not do overbid,

Moreover is less than or equal t8( K — k)(k — 1).

Proof. Consider the SGB strategy of biddéfk) from b' and let the new bid profile be'. By as-
sumption of this lemmaj(k) must follow the SGB for A. If the change in his bid does not change the
allocation of the slot$! is k-consistent and no bidder does not do overbid in this bid profile. Thus, we
assume that the allocation of slotsbatis not the same as onelat. Letiy,i;_1,...,4; be the bidders
that occupy the slotk, k — 1, ..., 1 at the bid profiled®, respectively. Then, there must exist k such

that at bid profiléd!, bidderi;, obtains slo?, bidderi;, with & — 1 < h < ¢ obtain sloth + 1, and bidder
hwith1 < h < ¢ — 1 keeps slot.

Letb®) = b’. Then, note that at the bid profit#"), the value of the bidder in sl@t is greater than
all the values of the bidders in slbt+ 1, k + 2, ..., K. Consider the SGB strategy of biddgr ; atb(®)
who occupies the sldt at this bid profile. We separately consider the two casesi,(%) follows the
SGB for A, and (2);_, follow the SGB for B. In case (1), if the SGB for A ¢f_; does not change the
allocation ofb™, and thus this new bid profile is desired one. On the other hand, if the SGB for A of
ir—1 changes the allocation bf andi,_; obtains slot; < k, let this new bid profile b&®. In case
(2), by applying Lemma 6.6, after less thaf< — k) times repetition of the changes in the bid by SGB
strategy, there appears bid protié”) such that this i& + 1-consistent, any bidder do not overbid, and
bidderj; in slot k at this bid profile does not satisfy Inequality (2). Then, we apply the argument in
case (1) to biddef; and bid profileb(!") instead ofi;,_; andb(!). As the result, the new bid after the
SGB for A of j; is the desired bid profile, d‘?) are defined.

Next, we apply the same argument mentioned in the previous paragraph for bid pfdfiend
bidderi,_o who occupies slok at this bid profile. The result is that either we obtain the desired bid
profile orb®) . Applying this argument sequentially unless the desired bid profile is obtained, there must
exist bid profileb*) such that bidder in sldt at this bid profile had already changed his bid according
to SGB for A in this procedure. Let the name of this bidderiband consider the SGB df atb®.

Then, by construction of this process and the fact that this bidder previously change his bid according to
SGB for A, at this time he must follow the SGB for A at this bid profile. Moreover, because payments
of each slof: with > k + 1 is non-increasing frob") to b(*), the SGB ofi* atb(*) does not exceed

bgi) that is the SGB for A at the past bid profile. Thus, the resulting bid profile is the desired one.

Therefore, we obtain the desired bid profile less than or equ@l(td — k) — 1+ 1) x (k — ¢) <
2(K — k)(k—1). O
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Lemma 6.8. Suppose bid° is K + 1-consistent, no bidder does overbid at this bid profile. Then, there
exists a finite sequence of the bibls, b?, ..., b’ such that

1. foranys with 0 < s < ¢, b* *2 b**1, and

2. bl is 1-consistent.
. 2 _
Moreover, is less than or equal t6- 5354,

Proof. Apply Lemma 6.7 fromk = K to k = 1, and we obtain the desired bid profile no more than

K K(K2+3K —4)
> 2AK - k)(k—1) = .

k=1

O

Finally, we prove Theorem 4.2. From Lemma 6.1 and 6.8, we know that from any initial bid profile,
there exist a sequence of bid profiles less than or equaNte- K? — K + w that realize
b* defined in (3). This means that for any bid profile, there exists a small probability greater than
thatb* is realized. This with the knowledge on the Markov process with infinite states guarantees that

the convergence tib* occurs almost surely from any initial bid profile.

7 Proof of Theorem 5.3

For two bid profileb andb’, we say thab’ can be realized frorb by SGB and writeéh b b if b is

realized fromb by some one plater’s changing in his bid according to the TEB.
For the proof of this theorem, it suffices to show the following lemmasbEt.é&te defined in Eq. (3).

Lemma 7.1. For any initial bidb°, there exists a finite sequence of bid profilgs b?, ..., b’ such that

1. foranys with0 < s < ¢, b* *% b**1, and

2. no bidder does overbid &
Moreovert is less than or equal tO.NV.

Proof. Let S be the set of bidders that do overbid at initial bid profife Take anyi € S and let
i = d(k). Consider TEB strategy of biddér We separately consider the two cases: i@ )profit
at b? is negative, and (2) it is non-negative. In case (1), biddehanges his bid te; and thus,
he does not do overbid after the change in his bid. In case (2), depending on the allocation after
the change of’s bid according to the TEB strategy, we separately consider the two sub-cases: (2a)
1 obtains new ad-slof that is higher position thak, and (2b)i keeps the ad-slat. In (2a), the
profit of i becomes negative becausdoes overbid ab” and now he obtain slat < k. Thus, if he
changes his bid according to the TEB strategy again, his new bid beagmies(2b), his bid is now
bA(k:,akbd(kH)) = (1 = 7%)vi + rbaps1)- His bid is less tham; becausé ;1) < v;. Therefore,
for any bidderi € S, he stops the overbid after at most two times of change in his bid according to the
TEB strategy.

We have the desired result becaiiSe< N.

Lemma 7.2. For any bid profileb® satisfying the following two conditions: for sorhe< N
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(a) no bidder does overbid,

(b) for any bidderi > k, 9 = b¥, and

(c) for any bidderi > k, d(i) = i at the bid profileh’,
there exists a finite sequence of bid profiles

teb
19, pm

b 1L pt L2
whereb™ satisfying the following two conditions:
(@) no bidder does overbid,

(b") for any bidderi > &, bj* = b}, and

(c") for any bidder; > k, d(i) = i at the bid profileb™,
andm is less than or equal tak + 1.

Proof. To construct the sequence of bids in this lemma, we consider the two steps.

Step 1. We construct a sequence of bids fiafhto b by the following procedure:

e Bidder k changes his bid according to TEB strategy repeatedly until the change of his bid does
not change the bid profile.

Since the number of the bidder is finite, this procedure will stop at a finite time. Moreover, the
number of the change in his bid is less than or equalaad thusn! < k.

Step 2. We construct a sequence of bids figin to b™ +m* by the following procedure:

e Repeat the following three stages until the termination condition is satisfied at Stage 1. Let the
current bid profile bd™ 3t and biddetk be in slot¢ at this bid profile.

e Stage 1. The bidder in slét+ 1, say bidderj, changes his bid according to TEB. Lt +3t+1
be the resulting bid profile. ™ +3+1 = pm'+3t stop this procedure arg® 31 is the final
bid profileb™ +™*. Otherwise go to Stage 2.

e Stage 2. Biddey changes his bid according to TEB at bid profif&' T3:+1, Let hm'+3:+2 pe
the resulting bid profile.

e Stage 3. Stage 3. Biddérchanges his bid according to TEB at bid proﬂﬂ@l+3t+2. Let
b’ +3+3 pe the resulting bid profile.

For the sequence of bid profiles constructed in Step 2, we will show the following claim.

Claim. Letd(.) be defined and fixed at the bid proﬂj@L1+3t. Let bidderk be in slot/ at this bid profile
and letj = d(¢ + 1). Assume thab™ *3! satisfies the following conditions

Lo 3 = b (¢, agb™ ), and
2. forie S:={d(1),...,d({ - 1)},

B S B0 — 1, g B,
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If v; > vy, bm' +3t+3 satisfies the following conditions:

1. kisinslotl + 1,

2 b b0+ 1, g b FIS) wherej! = d (€ + 2),
3. forie SU{j},

mi43t+3 A mi43t+3
bi > b, (f, ongk ).

For the simplicity, we use notatiotsinstead ob™ +3! andb’ instead ob™ 3% j = 1,2, 3.

We first consider Stage 1. The trial bid of biddets b7 (¢, ayb;) and it satisfied? (¢, asb;) >
bi (£, cgbj) = by sincev; > vy. Thus, in the new bid profile!, b} = be'(¢, ayb;), and; is in slot/ and
kisin slot/ + 1.

In Stage 2, biddej changes his bid again. His new mﬁimust satisfy the following

b = b (L, ayby,),

where note thali, = b}..
In Stage 3, biddek change his bid according to the TEB strategy. His trial biloz;:‘iSE, agby) and it
satisfies the following two conditions: for amye S,

b (0, cugby) < b (0, ap_1by) < by = b?
where the third inequality is from the assumption of this claim, and
bie (€, cugby) < b3 (€, agby) < 3.

Therefore j's trial bid does not change the allocation. Thbs= b (¢ + 1, ary1bg(e42)) andk is in
slot? + 1 atb®. Moreover, sincé? = b;! (¢ + 1, 4 1baer2)) < bit (¢, uby(es1)) = br, we have

b (€, cgb?) < bk (0, auby) < b3
foranyi € S U {j}. The proof of the clam is finished.

We can apply this claim until;, < v; is violated. Thus, this process is repeated less than or equal

to k times. It is easily confirmed that the resulting bid proﬁfé”””2 satisfying conditions (a’) and (b)
andm? is less than or equal ®% + 1. Thus,m' + m? < 4k + 1. 0O

Applying this lemma fromk = N to k£ = 1, we obtain the finite sequence from any initial bid
profile tob* where each change in the bid is realized by TEB strategy of some bidder and the number
of change in the bid is less than or equal to

> (4k+1) =2N(N +1) + N.

N
k=1

Final argument is the same as the last paragraph in the proof of Theorem 4.2.



