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Abstract

Two new finite difference schemes based on the method of characteristics are pre-
sented for convection-diffusion problems. Both of the schemes are of second order in
time, and the matrices of the derived systems of linear equations are symmetric. No nu-
merical integration is required for them. The one is of first order in space and the other is
of second order. For the former scheme, an optimal error estimate is proved in the frame-
work of discrete L2-theory. Numerical results are shown to recognize the convergence
rates of the schemes.
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1 Introduction

Convection-diffusion equation describes phenomena including both convection and diffusion
effects, and appears in various fields of natural sciences, e.g., heat transfer, weather prediction
and atmospheric radioactivity propagation. It may also be treated as a simplified model of the
system of the Navier-Stokes equations, which are representative equations in fluid dynamics.
Although the convection-diffusion equation is linear, numerical difficulty caused by convec-
tion effect is still remained. Nowadays, to deal with convection-dominant problems several
upwind type ideas have been developed for flow problems, e.g., upwind methods [2, 7, 8, 15],
characteristics (-based) methods [1, 4, 5, 6, 9, 10, 11, 12, 13, 14] and so on. We focus on the
approximation based on the method of characteristics. The idea of the method is to consider
the trajectory of the fluid particle and discretize the material derivative term along the trajec-
tory. The method has such a common advantage that the resulting matrix is symmetric, which
is especially useful when we employ implicit schemes for the benefit of a good stability.

The characteristics finite element method of first order in time has been well studied in
[4,9, 10]. As for the scheme of second order in time, a multi-step scheme has been considered
in [5] while a single-step scheme has been developed in [13], where they have pointed out that
the conventional Crank-Nicolson method is not sufficient and that an additional correction
term is indispensable in order to obtain a real second order scheme. In this paper we extend
their idea to the finite difference method, and present two new characteristics schemes with a
proper additional correction term for convection-diffusion problems in 2D.

In general, the finite difference method has less flexibility in the shape of domains to be
applied and is less familiar in L?-analysis than the finite element method. The reason why we
consider the finite difference method nevertheless is that it requires no numerical integration
in the execution. Every characteristics scheme includes a composite function term. When
we employ the finite element method, some numerical integration procedure is often required
to compute the integration of the composite function, since it is not a polynomial in each
element. In the papers [16] and [17], they have remarked that much attention should be paid
to the numerical integration, because a rough numerical integration formula may yield oscil-
lating results caused by the non-smoothness of the composite function. In order to overcome
such a problem a characteristics finite element scheme without numerical integration has been
presented in [12], where a mass-lumping technique is used to P1 element and L™-theory is
applied to establish the convergence. For the application to flow problems and higher order
elements, L*-analysis is preferable. Our two finite difference schemes require no numerical
integration, and they are analyzed by a discrete L2-theory.

Both of the schemes have such advantages that these are of second order in time and
the resulting matrices are symmetric and positive definite. The extension to 3D problems
is straightforward with the expense of a little complicated notation. The difference of the
two schemes is accuracy in space. The one is of first order in space, and the stability and
convergence theorems are proved in the framework of a discrete L>-theory. The other is of
second order in space by the use of a quadratic interpolation in dealing with the composition
of functions. The convergence orders of both schemes are observed by numerical results.

Let m be a non-negative integer. We use the Sobolev spaces W!(Q) and H"(Q) as
well as C"(Q). For any normed space X with norm || - ||x, we define the function space
C™([0,T];X) consisting of X-valued functions in C™([0,T]). We often omit [0, 7] if there is
no confusion, e.g., we write C/(C"(Q)) in place of C/([0, T];C"(Q)). We introduce function
spaces Z" and Z%,

Z"={9p cH/(H"/(Q)); j=0,---,m, ||§]|zn < +oo},
m={pecC/(C"IQ): j=0,-,m, 11611 < tool,



where the norms || -[|z» and || - ||z are defined by
|@]lzn = j:n(}ja_)‘(’m”‘p”H/(H’"*-/(Q))v 101122 = jzl}}ﬁfm||¢||c.f(cm—.f(§))-

The partial derivative d¢ /dx; of a function ¢ is simply denoted by D'¢. We often consider
a continuous function in Q as a function defined on lattice points in Q. &; (i,j = 1,2) is
Kronecker’s delta, and Z* = {Z+ o} for ¢ € [0,1). The abbreviations LHS and RHS mean
left- and right-hand sides, respectively.

2 A characteristics finite difference scheme of second order
in time

In this section we present a characteristics finite difference scheme of second order in time
and of first order in space.

Let Q C R? be a bounded domain, I' = dQ be the boundary of Q and T be a positive
constant. We consider an initial boundary value problem; find ¢ : Q x (0,7') — R such that

%ﬁfﬂ.wp_m(@:f in Qx(0,7T), (1a)
=0 on I'x(0,T), (1b)
¢=¢" in Q atr=0, (Io)

where Vv is a positive constant, and u : Q x (0,7) — R?, f: Qx (0,T) — Rand ¢°: Q — R
are given functions.

To begin with, we summarize conditions to be used in the paper for the functions u,
¢°, f and ¢. Each condition is referred to simply by, e.g., [Ho(x)] in place of Hypothe-
sis 1 [Ho,1 ()].

Hypothesis 1 (u).
[Hoi(w)] ueC®(C'(Q)), [Ho2(w)] ueC’(C*(Q)), [Hos(u)] ueC(C(Q),

Hic(u)] uezk, [Hac(u)] ueZ, Hr(x)] u=0 on T'x[0,T].
Hypothesis 2 (¢°).

[HO,F(q)O)} 0° e C®(Q) and ¢° =0 on T.
Hypothesis 3 ().

[Hoo(f)] feC(CY(Q)), [Malf)] feZi

Hypothesis 4 (¢).
Hoi(¢)] ¢<€C(C'(Q), [Hoa()] ¢eC(C*(Q)), [Hos(9)] ¢eC(C(Q),
Hoa(9)] ¢ €C(CHRQ)), MHio(¢)] ¢eC(COQ)), [Hic(9)] ¢€Z,
Hic(V9)] Vo ez, [Hac(A9)] A¢ € Z2.

For the sake of simplicity we consider a rectangle domain Q = (0,L;) x (0,Ly) for pos-
itive numbers L; and L. For i = 1 and 2 let N; be a positive integer and #; = L;/N; be the
mesh size of x;-direction. We set lattice points x; ; = (il jhz)T foriand j € ZUZ'?, and the
minimum and maximum mesh sizes i, = min{h;,hy} and A = max{h;,h, }, respectively,

where the superscript “7T”” means the transposition. The following hypothesis is for a family
of meshes.



Hypothesis 5 (h1,hy). There exist positive constants ho, y; and Y such that
hy
hishy € (0ho] and 9 < 2= <.
1

We assume that Hypothesis 5 holds for the family of meshes to be considered in the paper.

Remark 1. For a positive constant Yy = max{1/v, Y2} it holds that
hmin S hi S yohmin (l = 1, 2) (2)

Let Az be a time increment and Ny = [T /At] be a total step number. We set 1" = nAr for
n€ ZUZY?, and ¢" = ¢(-,¢") for any function ¢ defined in Q x (0,T). Let U> and U;° be
constants defined by

Ug” = max{ |u(x,1)]w; x € Q, 1 €[0,T]},
U = max{|Vu;(x,1)]1; x€Q, 1 € [0,T], j=1,2},
where, for a vector a € R?, |a|. = max{|a;|; i = 1,2} and |a|; = L7, |a;|. Before the pre-
sentation of the scheme we summarize conditions on Af.
Hypothesis 6 (Ar). Let Cy be any positive constant independent of h and At.
Hu(An)] At <1/||ullcowr=qy): [HwerL(Ar)] A < Cihwin /Uy,
[HCFL(AI)] At < hmin/U(;o.

Remark 2. (i) [H,(At)] guarantees that all upwind points to be used in our schemes are in Q
(cf. Proposition 1). (ii) [Hy,crr(At)] with Cy = 1 is the same as [Hcrp (At)), which is so-called
the CFL condition (cf. [10]). Since Cy > 1 can be chosen, we call [H,,cpr(At)] “weak-CFL
condition”, whose abbreviation is put in the subscript.

Let X : (0,T) — R? be a solution of the ordinary differential equation

dX

— = u(X.1). )

Then, for a smooth function ¢ we can write

(% +u-V)¢(X(t),t) = %MX(I)J)»

which is a basic idea of the method of characteristics. Let X (¢;x,¢") be the solution of (4)
subject to an initial condition X (") = x. Approximating the value X (#"~!;x,") by the Euler
method and the second order Runge-Kutta method, we obtain

At
X{@) = x—u' (A X8 =x—u P (x— (0 )
Remark 3. Instead of the second order Runge-Kutta method we can also use the Heun

method,

X3 (x) =x— {u”(x) ! (xfu"(x)At)}%.

The following result has been proved in [13, Proposition 1] for any bounded domain
QCRY(d=2,3).



Proposition 1. Suppose [Ho 1(u)], [Hr(u)] and [H,(At)]. Then, it holds that
X'(Q) =X (Q)=Q.
For a pair (&, B) € {(0,0), (1,0), (0, 1)} we define sets of lattice points (cf. Fig. 1),

QP ={x;e0 i) ez +ayx{z+B}}, Q=07 (5a)
ﬁfﬁ)z{ﬂJGQ;@j)E{Z+a}X{Z+B}} Q=0 (5b)
r*P =g *Ph\ P, =10 (5¢)
S0 = QO () € (=172, Ny +1/2) x {0, N2} ), (5d)
00D =Y U L (1 J) €00 Ny} x {172, Ny £ 172}, (5e)
and function spaces,
Ve = fy, . 9P SRy, v, =V, (6a)
Vo™ = {m € VP vl iy = 0}, Vi =V, (6b)
VieP) = {v,: ol LR}, Vor = Voo, (6¢)

The space Vj includes the essential boundary condition (1b).

1 Iy (1 —(0.1
Figure 1: The sets of lattice points, £y, Qiz’o), Q,(lo’ 2), Q, Qﬁlz 0 and Ql(lo’z) (left to right, top
to bottom). The bottom three figures also exhibit locations where function values are used in

1 1
the interpolation operators, Hgll), H;lz 0,(1) and H20’2>‘(1).

Let n(-i,h) : R — R (i € ZUZ'Y?, h > 0) be a function (cf. Fig. 2),

1+ ¢ ;ih (€ € [(i—1)h,ih)),

nEin=1, & ;"h (€ € [ih, (i+ 1)h)),

0 (otherwise),




and K; ; ((i,7) € ZUZ'/?) be a closed rectangle,

(=) ()] <[ ) (54 )]

Ki,j

(i-Dh ih  (i+1)h
13

Figure 2: The graph of the function n(&; i, h).

For each (i, j) we define a function ¢; ;(x),
i j(x1,%2) = N (xsi, )N (x2s j, ha),

whose support is Ug—;+1/2,g=j+1/2Kq g. We define a bilinear interpolation operator Hzl) :
Vi, — C°(Q) by

H;ll)VhE Z Vh(xi,j)q)ﬁj'

X,"jeﬁh
We also define bilinear interpolation operators H;la'ﬁ HOP Vh(a’ﬁ ) 0 (Q) by
H}(loc,ﬁ),(l)vh = Y uu(x)e
Xi, j Eﬁ;laﬁ)

for (o, ) = (1/2,0) and (0,1/2), where

vh(x,;j) Xij € Q 27 >UQ< 72))

2vy, xl/zj)—vh()@/z’]) X; GQZ’) i=—1/2),

2vn (%1 /2) — va(xi3/2) x,JeQ ) j=-1/2),

(
(
(
(x

(
(i,
n(¥i.j) = 2vn(xn, —1/2,5) = Vi (v, -3/2,7) (x,/Gth’)aiZNHr]/Z),
(
( 3)

XiNy—1/2) = Vi(Xin,-372)  (Xij € Q , J=N2+1/2).

For (e, B) € {(0,0), (%,0), (0,1)} and x € Q we set A®P)(x) by

AP ) = {(0,), i+ 1,4), (i j+1),(i+1,j+1) € 2% x 2P
x1 € [ihy, (i+ 1)h1), x2 € [jha, (j+1)h2) }.



Remark 4. The functions {¢; j}i ; are called bilinear basis functions in the finite element
method.

1
Remark 5. The superscript “(1)” of the operators HEI ), H< 1) and H< D means first
order approximation in space, i.e., bilinear basis functions are used in the interpolation op-
erators, and we often omit the superscript “(1)” if there is no confusion. A biquadratic inter-

. ) . . : . = (3,0),(1) =(0,3),(1)
polation operator 11, and modified bilinear interpolation operators 11, and 11,

appear in section 6.

We use the symbol o to represent the composition of functions, e.g.,
(9 oX7")(x) = ¢ (X]'(x)).
Let e; = (8;1,62)" (i = 1,2) be unit vectors and Tah’i be a translation operator,

(T (x) = v(x + ahe;).

For a discrete function vy, and an integer n (= 1,--- , Ny ) we set finite difference operators,
1 phit _ phil
(Vi Ay ve) () = {2 (1/2}17171/2 v ) = (), (7a)
1 Th2 _ ph2
(Vi v ) = {0 (S22 ) e (), (7b)
hy
v (A = (V) (an), Vi (an) T (7c)
Vii = 6;:,')(0) (i=1,2), Vi = (Vi th)T7 (7d)
2
A =V, V(A (i=1,2), A (A =Y A% (an), (Te)
’ =1
2
Ani=Vig (i=12), A=Y My (79

At is often omitted from above operators, e.g., ﬁ;l") = @El”) (At). For {¢} gio C Vj, we define
finite difference operators,

g, _ = zliq:,z“)oxg (s0)
gn 12 ¢h = _*(Ahq&h +A )7 (Sb)
L P = - VzA’{Zl(D"u?>Ah,,»+(Dzu'HDlu’%)V(zthuh)z} B (8
e 1/2,(1 ¢h 7 1/2,1 )+"%21_1/2)¢h’ (8d)
%n 1/2,(1) E///: 1/27( )+‘$hn—1/27(1). (8e)

Remark 6. (i) For i =1 and 2 we can write

Th i Thl,l

_ 1 h; h;
Vii= %, ie., (Vpivy)(x) = ;{vh (x+ zle,') —vp(x— Elei)}’
1 1



1

& (n 1,001 n el 0,1),(1 ,,
V}(ﬂ)vh = (sz I )Vhlvh) OXl s V;;z)"h = (Hl('z 2l >V,12vh) OX] .

1 1 1 1
(ii) We note that, for v, € Vi, Vv, € Vh(zjo) UV()<hz 70), Vv € Vh(O)2> UVO(I?.’ 2) and V(Zh)l V<2h>2vh, Apvy

and Ag:ﬂvh <€ Von-
Remark 7. .Z” 12 oy, ie.,
VAL (& _
—T{Z(Dl“?)Ah,i+(D2M7+D1M2) 1Y (2n)2 }‘Ph b
=

is an additional correction term in order to obtain a real second order scheme in time, which
will be shown in section 5.

A characteristics finite difference scheme of second order in time for (1) is to find {¢}' } neo C
Vo such that, forn=1,--- Ny,

Py = (f”+f”"oX{“) on Q, (9a)

o) = ¢0 on Q. (9b)
The equation (9a) is equivalent to

0 — (I, ") o x5
At

2
{ (D) A0+ (D + D)V iy Vi 05 ()
i=1

()= 2 (07 + &) 977) ()
VAt

v
1

=S+ X)), xE Q.

We also consider a scheme corresponding to (9) for general initial values and right-hand

sides. Let a, € Vi and {.7,, 2 1/2}
Vo such that, forn=1,--- 7NT,

M Vo be given. A general scheme is to find {o) }n 0 C

2o, =7 on @, (10a)
o) = ay, on Q. (10b)

Then, ¢, = {9} }NTO is called the solution of scheme (10) with (ay,, 7' -1/ 2) Obviously, the
solution ¢, = {¢} }n L, of scheme (9) is the solution of scheme (10) with (d)o L S(f"+ + 1o
XP))-

3 Main results

In this section we give a stability theorem for scheme (10) and an error estimate for scheme (9),
whose proofs are shown in sections 4 and 5, respectively.

For a set S, of lattice points and functions v, and wy, in a function space {vj : S, — R},
we define an inner product by

(Vs wh)s, = hiha Z Vi (xX)wp(x).

x€Sy,



Let (a, B) € {(0,0),(4,0),(0,4)} be a pair of numbers. We define norms and seminorms,

e, = {mmgen ) 0w € V=P,
||Vh||12 aﬁ) { Vi, Vi) Q<aﬁ }1/2 (vn evo(;lx,ﬁ)uvh(a ﬁ))’
- ||/2 @) E|| || @y’ ||'H12(Qh)5H'||12<Q§lu0>)>
1/2
”Wh||12(§,(,%‘0))x12(§£0’%)) = {||Wh1||122(925‘0>) + ||Wh2||122(920’£))}

Lo 0,1
(wh = (wn1,wi)" € Vh(z' ) x Vh( 2>)1

1/2
”Wh” 1 Ly = {Hwhll|2 1 ||Wh2||2 1 }
0))><12(Q£lo’2)) 12(9(7’0)) 12(5220’7))

P (

o= wawin)” € (Vg Vg ) < (v 00 )),
Vil @, = ||th11||12(§§1%,0)>X12(§;0‘%>) (v € V),
[valni (@) = ||Vth||12(Q(%,0)>X12(Q$>%)) (v € Vio),

[9nll=(2y = max ||¢h I, (@n= {8 }nTo C Vor UVio),

n=0,-
|G o=ty = zgl Wh i@y (8= {¢;'f}i,vio C Vi),

Nr 1/2
10l = {Ar Y ||¢;:||,%<Qh)} (90 = {90}, © Vor UVio),
n=1

Nt 1/2 .
I, = {8 L 1903, p (0= (071 < i)

Nr Vh¢n+§(n) n—1, 1 1/2
N=d AL ¥ Th Fh | |
|@nl 2 a1 { ; > 23 @)

(0n = {0127 C Vio).

We use the same notation || - [|2(2) for ¢, = {0, 1/ 2}NT C Von U Vi, which represents

20 1/2
n—
191lli22) = {At L 9] Ilz(gh)}
Remark 8. We note that
Vall gty = IVall 2 sy (v € V@),
(3.0) 0.3
v =W wp €V, 2 XV, 7
90l qd0 oy = Pl b oy (o € Vig ™ x Vi)

and, especially,

|thh|hl(9h) = |thh‘h1(§h) (vh € Vho).



Theorem 1 (stability). Suppose [Ho 1(u)], [Hr(u)], [Hu(At)] and [Hycrr(At)]. Let aj € Vi
and {ﬂ:il/z}NT C Von be given. Let ¢, = {(P,;'}i,vio C Vyo be the solution of (10). Then,

n=1
there exists a positive constant ¢ = c(|[ul|co(c1))). independent of h and At, such that

[[9n 1 (12) + V VAL @n o 1) + vV B2 1)
< c(llanllizq,) + VVAlanyi o, + 170l 2 02))- an

Corollary 1. Suppose [Ho,i (u)], [Hr(u)], [Hoo()}, [Hor(6®)), [Hu(A)] and [Hycrr (A1)
Let ¢ = {9} i,vio C Vio be the solution of scheme (9). Then, there exists a positive constant
c=c(l[ullco(cr@y))- independent of h and At, such that

[19n 1 (12) + V VAL @ o 1) + VI DLz 1)
<c (6%l +VVAI Loy + If 22, (12)

Theorem 2 (error estimate). Suppose [Hac(u)], [Hr(u)], [Hzc(9)], [Hac(A9)], [Hy(At)] and
Hycri(At)]. Let ¢, = {9} QILO C Vio be the solution of scheme (9), and ¢ be the solution
of (1). Then, there exists a positive constant ¢ = c(||ul| 2 ), independent of h and At, such that

19 — @nll2) + VVALS = By + VIO — Bl )
<c (A +h)(19] 5 + 11491l 2)- (13)

Corollary 2. Suppose [Hio(¢)] and [Ho2(9)] instead of [Hsc(9)] and [Hac(AQ)] in the
assumptions of Theorem 2. Then, it holds that

19 — Onll2) + VIO — Bul2gry = 0 (R ]0). (14
Corollary 3. RHS of (13) can be replaced by
(A + ) (191l + 149 ] 22)- (15)
Remark 9. Since the relation [Hy,cpr(At)] is assumed, RHS of (13) can be written as

ch(ll9llzz +11491122),

and h | 0 in (14) is equivalent to the condition that h and At | 0 under that relation.

Throughout the paper, we use ¢ with or without subscript to denote the generic positive
constant independent of & and A¢, which may take different values at different places, e.g.,
¢(A) means a constant depending on A. We prepare positive constants,

co = CO(||”HCO(CO(§)))7 c1 = CI(HMHCO(Cl(ﬁ)))» = CZ(HMHCO(C2(§)))’
c3263(||”Hc0(C3(§)>)’ C4:C4(HM||Zé)a cs:cs(HM”Zé),
¢ = ¢6([|ull o3 @pnz):

and sometimes add ““/ (prime)” to the constants, e.g., c6.

10



4 Proof of Theorem 1

In this section we prove Theorem 1 and Corollary 1 after preparing three lemmas. A key of

the proof is Lemma 1, which describes a property of the bilinear interpolation operator Hfll).

For a vector w € R2, mesh sizes 4, and /i, and a time increment Az, we define a “propor-
tional weight” of the w-upwind point of a lattice point x; ; with respect to a lattice point x; ,
by

7wy A b ho) = G (i — wAt), (16)
whose properties are summarized in Lemma A.1 of Appendix A.1.

Lemma 1. Suppose Ho (u)], [Hr(u)], [Hu(At)] and Hycrr(At)]. Then, for any function
vp€Vy,n=1,--- Nrand k=1 and 2, it holds that

[(Tpva) o X Nl 2,y < (1+c180)[vall 2 g, - (17)

Proof. Let C; be the constant in [H,,crr(At)]. We consider the case k = 1, as the other case
is treated similarly. Let n (< Nr) be a positive integer and x; ; € €, be a lattice point. Since
we have X|'(x; ;) € Q by [H,(Ar)], it holds that, from Lemma A.1 (iv) with w = u" (x; ;),

(Hhvh)OXk xl] Z Cl " xl] Vh(xl,m)v (18)

X, mGQh

where ¢/ = /" (-1 At,h1,hy). Using the properties of {c;"(w)}; s in Lemma A.1 and

the Schwarz mequahty, we have

2
(LHS of (17))* =huhy Y { Y (xi)) Vh(xl,m)}

Xij€EQ X mEQy,
l,m 2
< hihy Z { Z Ci,j x,j Z c "(xi ) vh(xl)m)}
xi,jEQh meEQh XImEQ'h

(by Lemma A.1 (i)
<mh Y, Y (W (xi) va(xm)® (by Lemma Al (i)

Xi, ]EQh xl’mEQh

=hhy Zﬁ vh(xlm Z c xw

xlmegh Xi, ]GQh
=hihy Z Vh(xl,m)2+hlh2 Z Vi xlm { Z C x,J 1}
X1 m€Qy, X mEQ X j€EQy
<mhy Y, vi(xim)?
X[.mEEh
+hihy Z Vi (%1 m) { Z c x,j Z c sz)}
X[YmGQh x,JGQh x,JGQh
(by Lemma A.1 (iii))
<hhy Y wium)?+thhy Y vilam)?® Y 571 ; (19)
X1mE X m€Qy, X j€EQ,

where él i |cf;"(u" (xi)) —cb (" (xgm))|- Let B , Z5™ and Z" be sets of lattice points,

El {xlj c th élm } Eém = {x,"j Gﬁh; Cf: ( (x, /)) 7§ 0}

11



Ell’m = {xi,j € Qy; Cf;n (“n(xl,m)) # 0}7
and €} and Nz be integers,
Ci=[Cipl+1, N==2(2C; +1)% (20)
We note that, from an inequality
"< (26 +1)% (k=0, 1),

it holds that
HELM < $EC 4 RN < Ng. 1)

Therefore, from Lemma A.2 and (21) the sum &, 511;" is estimated as

Zﬁéi{}m: Z é,J = Z 7J = Z é + Z éljm

xi €, xj j€glm P oilong x; jEEL™ x; j€Eh™
< (FEL" +4EV™)2U7 (C+0)Ar (by Lemma A.2)
<2NzU7(Ci+m)At (by (2D)). (22)
Combining (22) with (19), we get (17) for ¢; = N=U;*(C1 + o). O

Applying Lemma 1, we have an estimate on Vvy,.

Lemma 2. Suppose Ho 1(«)], [Hr(«)], [Hu(At)] and Hycrr(At)]. Then, for any function
v, €Vyandn=1,--- Np, it holds that

1/2
{H vah OX] H +H 0.2) VhZVh oXl H Q(O; )}
h
< (1+C1At)|vh|h1(§h>. (23)

(3.0

Proof. Regarding I,>™ and Vv, as I, and v, in Lemma I, respectively, we have

(3.0
2%, v, oX"H < (M) Vvl (24)
|, oXi|, gt S A+as)Iunl g

which implies the result. O
Remark 10. Ifv;, € Vi in Lemmas 1 and 2, the inequalities (17) and (23) become

||(Hhvh) OX/:'le Q) < (1 +C1At)||vh||l2 (Q)°

1/2
(o vmoxt]] o+ vimmoxt]], o
h h
= (1 +C]At)|Vh|hl(Qh>.

In the next lemma we present discrete formulas of integration by parts, whose proofs are
given in Appendix A.2.

Lemma 3 (summation by parts). For vy and wy, € Vg we have
(Ai Evhawh)ﬂ (V]il)vhavhlwh)g(%.o); —(A,if'ﬁvh,wh)gh = (6;(13)Vhavh2wh> RO
‘h h
(25a)
= Va2V ivewi)e, = (Vo ivis Vanawn)o, = (Van2ve, Vo iwh) e, (25b)

12



Now we prove the stability theorem and its corollary.

Proof of Theorem I. Multiplying both sides of (10a) by h1hx¢; and summing up for all
x € Q;, we have

(7 o, 0o, = (F0 2 01, (26)

The definition of szh"*l/ 2 Jeads to

Hh(]);ll* JoXZ
At ) ¢h>

LHS of (26) = <¢’;l_( §<Ah¢,:’+ﬁ,§” el ¢h)

VAL (& . .
- 7 ({Z(Dluz )Ah,i+(D2M1 +D1M2>V(2h>1V(2h } s (Ph)
=l Qh
=L+hL+15.
Let Dy, be the backward difference operator

¢n ¢n 1

5 n_
N A

Lemmas 1, 2 and 3 imply the estimates,
n 1 n n— n— n
Iy > DAt(EH‘Ph ||[22(Qh)> —cill¢y 1H122(g, 2A[||¢h (97" ) 0 X3 ||[22(Qh)’ (27a)

_ VAt n n—
L > DA,(TWh |i'(9h>) _CIVAtl‘Ph l|i](§2h)

Vit + Vi o2
va 2@'2%)xp @)y 7o)
1 _
L SC]VAI(@M)Z’ l‘i](gh)+50‘¢/:l|hl<gh)), (270

for any positive number &y. Here we have used the following inequalities to obtain (27¢), for
Vi € Vo,

(Veamyvn, Vemivn) g, < ||Vh1Vh||122<Q(%.0))a
‘h

(V(2m2vi; V(2h)2Vh)Qh < |IViava ||122(Q(0%)) .
h

It is obvious that

< %

1 n—1/2
< Z168 1R, + 55170

RHS of (26) = (Z /2 ¢/)q, I,y @9

Combining the inequalities (27) and (28) with (26), we have

N 1 n|2 VAt n|2
Du (516012 0 + 5198 1))

Vaor+ VP ent o

1 -
50 19— (o) o X33 g + v |~

.1

1
20,

2
12(Q,

n n n— 1 n—
< er{ 801193 s+ VAI08 G ) 107 e+ VA (1 5107 i }

13



1 an—1/212
g 12 i, 29)

Applying the discrete Gronwall inequality (cf. [18]) to (29) with a proper &, we get (11). O

Proof of Corollary 1. Since ¢, is nothing but the solution of (10) with (¢°, %(f” + ] oX()),
it holds that

LHS of (12) < ¢ ([9°[l2(q,) + VVA9° |1 (0, + | Zilleg2))-
From Lemma 1 we have

||}‘:*1/2 (fn +fn—l OX]n)

[ ‘ P

1
2
{17y + A+ b)) | f* pg, )

<

N —

which implies

| Zillaqe) < eallflzge,

5 Proof of Theorem 2

In this section we prove Theorem 2 and Corollaries 2 and 3. The choice of a proper evaluation
point of the scheme plays a key role.

For functions u € C°(C°(Q)) and ¢ € C'(C%(Q)) NC°(C*(Q)) we define an operator
27"~/ and a function Y} (x) by

P} n—1/2
JZ7n—1/2¢ = 87? +u”_1/2-V¢"_1/2—qu)"‘l/z,
b TEXP()
Yi'(x) = Tl

We evaluate scheme (9) at a point P*~'/2(x) = (¥]*(x),"~/?) (cf. Fig. 3).

Remark 11. Y/'(x) approximates X (t"~'/%;x,1") in O(At?),
A2 1 1 At
Y (x) = X ("2, — T/ dsi / X"(t’“l/z—|—sz?;x,t")dsz7 (30)
0 S

since both sides are equal to

At At
—=X{"-X'("—.
= X(") - X"

x—u"(x)

Let ¢ be the solution of (1), ¢, = {¢}'}"", C Vo be the solution of (9) and e, = {e} }T, C
V1o be a function set defined by

eh(x) = ¢ (x) —9"(x)  (xe Q). (31
From (9) and the fact that

ﬂn71/2¢:f"71/2 in 97

14



n X
t /
n-1/2
!t /Pn—]/Z(x)
tnfl s QCRZ
X/'(x)
un

Figure 3: The evaluation point used in the proof of Theorem 2

we have, forn=1,--- Ny,
o) ey =Ri4 R, (32)
where
_ 1
Rp= 7y P oyt = S (11 o X]) = o, (33a)
4 8
R, = (" Pg)ox — o) Po=Y RI+VY R, (33b)
i=1 i=5
D n71/2 D nfl/z
= F(f oyln_—‘f (X" V2%0m), (33¢)
D¢n71/2 4 ¢n*¢n71(X(t"71;~ tn))
Rl=—"" X (V2 ) — ’ 33d
2 Dt ( (t N3 )) At ) ( )
¢n—1 OXS _ ¢n—1 (X(tn_l; .’tn))
R: = 33
3 At ) ( 6)
II n—1 X" _— n—1 ) &
RZE( 1y )oAz ¢ o27 (33f)
2
1
RS = E(Ah—A)WZ (33g)
1,
Ro= S {&) 9" V- (Vo "oxi)}, (33h)
1 2
R = 5{v. (Vo' NyoX) +AtY (D) Ay 9"
i=1
+ AL (D*ul} + D'u3)V 01 Vianp " — A" o XT', (331)
1 - n n— n :
R’gzi(Aq)”—i—Aq)” Loxl) —A¢™ 2oyy. (33))

In order to prove Theorem 2 we prepare two lemmas, which give estimates of [|[Ry| 22
and ||R£/||12(12).

Lemma 4. Suppose [Hy 1(u)], [Hr(u)], [Hac(f)] and [H,(At)]. Then, there exists a positive
constant My such that

IRfll 22y < cA* My, (34a)

15



where My satisfies
My < c1llfliz2; ¢ilIfllz- (34b)
Proof. Let go and F be functions defined by

go(x,t) = fx— (" —1)u"(x),1), (x,1) €Qx (1" 1,11,
F(s) = F(s;x,0") = go(x, 1" /? 4).

Then, it holds that

RE(x) =T (F(:5x,1");At),

where I'; is given by (A.5a). From (A.6a) and the relation

192 At 2 " 92
e 80 n—1/2 AE N2, 4 80 2
/ F"( sxt Vds = / 30 (x,t + 2s) dS_At Xn—l P (x,1)"dt,

we have

A2 " 9% 1/2
IRy < 5| {& [, Sobtn2an)

At2 Nt " 9%g 5, 11/2

- [Achlhzxe% E/tna S (x,1) dt}

fAtz / H82go .
or?

12(12)

2 1/2

12<Qh) dt}

\fAl‘z 82g0
- H or?

L2(0,T32(y,))
which leads to (34a) for

3280
My = H or2

L2(0,T32(y))
The first inequality of (34b) follows from f € Z% and an identity

2
290 ()= {24000 V) T} ("=l (9.1,

Since any sequence of Riemann sums {||dgo/d¢>(-,t) l2(q,) tnio converges to |02g0/91*(-,1) l2(0)
there exists a constant i, = h.(go) > 0 such that, for any & < h,,

|2

8280
or? H

01?2

L2(0,T312(Qp)) L2(0,T3L2())

Transforming the variable x into y = x — (#* —¢)u" (x) and evaluating the Jacobian by 1+ ¢ A,
we have

|52

t}’l
< d
ot 20,112 Q))*CO[Z L

n=1

2

JAGE B G+ (i) Yo -weanad

i=1

16



(92f 9% f 2 %f \2 1/2
< coll +1lr) /‘”/ 5) L (atax,) i‘izl<ax,-axj> ponas)
<callfllz,

which implies the second inequality of (34b). O

Remark 12. In the following Lemmas A.7-A.14 we omit similar discussions to prove in-
equalities corresponding to the second one of (34b).

Lemma 5 (truncation error of <7, 172y, Suppose [Hac(u)), [Hr(w)], [Hac(9)], [Hac(Ad)],
[H,(At)] and [Hycrr(Af)]. Then, there exists a positive constant Mo such that

IR 22y < c1 (AP +h) Moy, (35a)
where M . satisfies

Mo <59l +11A91122), c5([0]l + 149 ] 2)- (35b)

Proof. Let My = Z M + le sM; (cf. Lemmas A.7-A.14 for M;). From (33b) and
Lemmas A.7-A.14 we have

4 8
R ll22) < Y [Rill 22y +v Y [Rill 22y
i=1 i=5

< AIZ{C(Ml + M+ M3+ vMg) + C1VM7}
+ h{cVMs + co(Ma + VMe) + ¢ VhM; }
< Cl(At2 +h)M£{,
which leads to (35a). From Lemmas A.7-A.14, (35b) follows. O
Now we prove the error estimate.

Proof of Theorem 2. Let e} € Vi, R"} and R”, be functions defined by (31), (33a) and (33b),

respectively. Then, (32) implies that e, = {eZ}iI\ZO C Vjo is the solution of scheme (10) with
(0,R}+R?,). Applying Theorem 1 for e, we have, from Lemmas 4 and 5,

LHS of (13) < 1[|Ry + Rurll2) < 1 (IRl + IRl
<ci(A?+h)M
where
M=My+ My < es((19] 2 +]186]2). (36)
Therefore the inequality (13) holds for a constant ¢ = c5 independent of z and At. ]

Corollaries 2 and 3 are proved as follows.

Proof of Corollary 2. Let € > 0 be any fixed number. It holds that

10— @ullx <119 = 9°llx +116° — 87 llx + 1195 — dullx, (37

where || - ||X = | g2y + VI |21y, 6 > 0 is any (small) number, ¢ is a mollification
of ¢ [3], ¢0 = {¢5”}NT0 is the solution of scheme (10) with (¢90,1(f%7 4 o=l ox1)),

17



$%0 = ¢%(-,0) € C°(Q), £ = f3(-,nAr) and f® = D¢® /Dt — vA¢p® € CO(C°(Q)). There
exists 0; > 0, independent of A, such that, for 6 < &,
€

||¢—‘P5||X §C||¢—¢6||c0(cl(§)) < 3 (38a)

Let us consider ||(j)}iS — @y|x- Since ¢ is the solution of scheme (10) with (¢, 2(f"+ f*'o
X(')), there exists 6, > 0, independent of £, such that, for § < &,

167 = dullx < (1970 = 9°ll () + VVAHS® — 6%],1(0,) + 1 = Fllp2)

< c(19%° = ¢°ll o) + VA9 — 9% i @) + 11£° — Flloio @)
€

<z

3

from Theorem 1 (stability), [Hj o(¢)] and [Ho2(¢)]. Now we fix 6 = min{8;,5,}. Then,

there exists a constant /1, = h, (¢‘S) > 0 such that, for i < h,,

(38b)

€
19° = 92 llx < c(ar® +h)(\|¢5||zg +1149°]2) < 3

from Theorem 2 (error estimate) and [H,,cry, (A?)]. Combining (38) with (37), we obtain
10 —onllx <e,
which implies (14). O

(38c)

Proof of Corollary 3. Since (36) can be replaced by

M <519l +11A9]2)

in virtue of Lemmas 4 and 5 in the proof of Theorem 2, we obtain the result. O

6 A characteristics finite difference scheme of second order
in both time and space

Theorem 2 shows that the convergence order of scheme (9) is O(A? + h). In this section we
improve the accuracy in space by introducing a biquadratic interpolation operator.

Let N; and N, be a pair of even numbers. Let i (-;i,h) :R—R (i€Z, h >0, k=0, 1)
be functions defined by

1+ 0+ 521 @ eti-2mn),
Mol h) = (1- : ;’h) (1- éz_h’h) (& € [ih, (i+2)h),
0 (otherwise),
w05 (+555) @ elimns
0 (otherwise).
For each (i, j) we define a function q)f? (x),
¢isi)(x1,x2) = nk(l-)(xl;i,h1)nk(j>(x2§j,h2); k(1) = {(1) E; i ifg_’_ ).

18



We define a biquadratic interpolation operator H;lz) : V, — CY(Q) by

H;lz)VhE y vh(xi,j)ﬁbi(j)‘

X,"jéﬁh
We also define bilinear interpolation operators ﬁ;la'ﬁ HOP Vh(a’ﬁ ) 0 (Q) by
fI/(la,ﬁ)a(l)vh = Z ﬁh(xi,j)(pi.,j
Xi, j Eﬁﬁla’ﬁ)

for (o, ) = (1/2,0) and (0,1/2), where

V(X)) =
vi(xi,j) (i € @ UGy ?),
3vi(x1/2,5) = 3vi(x3)2,j) +vi(xs )2 ) (xi ) 0) ,i=—1/2),
3vi(on, —1/2,5) = 3va(n, —3/2,5) + Vi (v, —s2,7) (Xij )» i=Ni+1/2),
3vn(x;,1/2) — 3va(xi3/2) +vi(xis)2) (xi,j € Q ) =-1/2),
3va(xiny—1/2) = 3va(Xiny—3/2) T Va(Xin,—5/2)  (xij € Q )» j=MN+1/2).

A characteristics finite difference scheme of second order in both time and space for
problem (1) is to find {¢} ivio C Vjo such that, forn=1,--- Nr,

20~ L prloxy) on 0, (39%)
¢}(,) _ ¢0 on ﬁh? (39b)
where

07— (005 oy
At ’

n—1/2,2) _  _n—1/2,(2 sn—1/2,(1 n—1/2,2) , _
| /():%h /H‘*‘fh /<>’%h /()¢h:

oy 1
and .&) V2 5 a modlﬁed operator of .%,"~ 2 obtained by replacing H,(f’o)’m in (7a)

and H< 20 ) in (7b) by H 20.() and H( )( ) respectlvely

The interpolation operators Hf), Hiz’o)’( ) and Hi () derive higher-order estimates,

which are described in Lemmas A.10 (ii) and A.12 (ii). By Lemmas A.7-A.14 under [Hcpr (At)],
we get the next proposition.

Proposition 2 (truncation error of <7, 172 ). Suppose Hy 3(u)], [Hoc(u)], [Hr(u)], [H3c(9)],
[Hac(A9)], [Hu(At)] and [Hepr(At)]. Let RZ’;2> be a function defined by

R’;f)E(ﬁf"_l/z(P)oY" %n 1/2(2¢ 40)
Then, there exists a positive constant M E;) such that
1R 1) < 1 (A + W) M), (41a)
where Mf? satisfies

MS) < co(19]1 + 110811 2), chllIo ]2+ [149112)- (41b)
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Proof. In the proof of Lemma 5 we can replace My, Ms and Mg by M, (2), Méz) and M(()z),

which are evaluated by O(h?) in virtue of Lemmas A.10-A.12. Thus we get (41a). The
condition [Hcpy,(At)] is required in Lemma A.12 (ii). O

Proposition 2 implies that scheme (39) has higher accuracy in space than scheme (9).
Stability and convergence theorems for scheme (39) will be obtained, if we can prove the
estimate

2 n
||(l'[]<1 >vh) o X} ||,2(§h) <(1 *’C’AI)||"hH12(§,,)7

which is corresponding to (17) in Lemma 1. To prove the above estimate is a future work.

7 Numerical results

In this section we show numerical results for the following problem.

Example 1 (rotating Gaussian hill). In the problem (1) we set
Q=(0,1)}, T=27 u=(—(x2—05),x-05)", f=0,

and three values of
v=5x10"* 1073, 2x 1073

The initial function ¢° is given so that the exact solution is

(%1 (1) = x1.0)* + (2 (1) —x2.0)?
or{- B0 )

¢(X1,X2,t> =

o
o +4vt

where

(® (1), %2 ()"
= ((x1 —0.5)cost + (x, —0.5)sinz, — (x; —0.5)sinz + (x, — 0.5) Cost)T7
(x1,¢,72,) =(0.25,0), o =0.01.

We take division numbers N = N, = 16, 32, 64, 128 and 256, and the relations i =
hy = hyin = h and % = 1 hold for such meshes. In the example Uy = 1 /2 and Uy = 1.
We choose At = 4h and h for schemes (9) and (39), respectively, where the relations satisfy
[Hycrr(Ar)] with C; = 2 for (9) and [H¢py, (Ar)] for (39). We calculate Err defined by

Err— 16 — Onll1=(2)
19 1l=2)

as an error between the finite difference and the exact solutions. Fig. 4 shows the graphs
of Err versus h by schemes (9) (left) and (39) (right) in logarithmic scale for all v. As
mentioned in Remark 9, the theoretical convergence order of scheme (9) under [Hy,crr(A?)]
is O(At?> +h) = O(h). In the left graph of Fig. 4 we can observe Err is almost of first order
in & for all v. These results are consistent with Theorem 2. For scheme (39) with Ar = & the
accuracy is O(At? + h?) = O(h?) by Proposition 2. The right graph of Fig. 4 exhibits that
Err is almost of second order in £ for all v, which is the advantage of scheme (39), though it
remains to prove stability and convergence theorems for the scheme.
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Figure 4: Err versus h by schemes (9) (left) and (39) (right) for v =5 x 1074, 1073 and
2x1073.

n

Remark 13. For the computation of HEEI) h71 o X['(x) in scheme (9), we have to find a pair
(i, j) € Z? x Z'/? such that X}'(x) € K j. Fory = X[(x) it is written as

= ([ [2]+0)

while it costs much more to find an element where X' (x) belong in unstructured meshes.

8 Conclusions

We have presented two new characteristics finite difference schemes for convection-diffusion
problems, which are of second order in Ar and symmetric. These finite difference schemes
are extensions of the characteristics finite element scheme of second order in time in [13].
In the case of characteristics finite element methods we need to pay attention to numerical
integration of composite functions. However, in the case of characteristics finite difference
methods we do not need it. For scheme (9) we have proved the stability and convergence
theorems under some conditions including U5’ At < ch, and the convergence order is O(At2 +
h). For scheme (39) we have shown that the accuracy is of second order in both time and
space. To prove stability and convergence theorems for scheme (39) is a future work. We
have also given numerical results to observe the convergence orders of the schemes. For
scheme (9) the convergence order proved in Theorem 2 has been recognized in the numerical
results. For scheme (39) the numerical results have been correspondent to the accuracy given
in Proposition 2, and have shown the advantage of the scheme.
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Appendix

1 1
Here we omit ’(1)” from H;ll), szﬁ),(l) and H;o’z)‘(l) except in Lemma A.10.

A.1 Tools for the proof of Lemma 1

Lemma A.1 (Properties of the “proportional weight”). Let w € R? be a constant vector, hy
and hy be mesh sizes and At be a time increment. The proportional weights {cf;"(w)} ijlmez =

{cf;" (ws At,hy,h2)}i j1.mer defined by (16) have the following properties.
(D) i w) =0 (i, j,1,m € Z).

.. . . . . Im
(ii) For any fixed integers i and j there are at most four non-zero values in {ci’j (W) }imezs
and it holds that

1, 1, [,
Y oaim< Y gfw< Y ¢fw) =1
I,meZ

Xl,m €Qy Xlm Gﬁh

(iii) For any fixed integers | and m there are at most four non-zero values in {cﬁ:;”(w)},-,jez,
and it holds that

Y dw< Y dtw) < Y e w) =1.

Xi jEQ, X jEQy, i,jEZL
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(iv) Assume v, € Vy, i and j € Z, and x; j — wAt € Q. Then, it holds that
(i) (xij —wAE) = Y cf']"(w) Vi (1 m) (: Y cf;"(w) Vh(xl,m)>'
X €, (1m)eAO) (x; ;—wAt)

Proof. Since the support of @y, is equal t0 Ug—+1/2 g—m+1/2 Ko g the above results follow
immediately from the definition (16). O

Lemma A.2. Let w € C'(Q) be a velocity satisfying w|r = 0 and Wy and W be positive
constants defined by

Wo = max{|w(x)|oo; X € ﬁ}, W = max{|ij(x)|1; x€Q, j=1, 2}.
Let Cy be any positive constant independent of h and At. Assume At satisfies inequalities

Ar < 1/||w||W1,m(Q) and At < Cihuin/Wo. Suppose x; j and x,, € Qy and x; j — w(x; j)At €
supp(@r ). Then, it holds that

7 (Wl ) = 7 (W) | < 2WA(C1 4+ ), e

where cf’;" = cf’;"( 3 At hy ).
Proof. From the Taylor formula we have
LHS of (A.1) = ‘q)l,m(x,-,j —w(xi j)At) — @ (X j — w(xl_,m)At)’
= ‘/0] Vo m (s(xi’j —w(x;j)A) + (1 =) (xij— w(xl_,m)At))

) (7W(xi,j)At+W(xl7m)At) ds

1 1
< m [wi(xi,j) At —wi (x1,m)At] + n [wa (xi,j) At —wa (x1,m)At|

At
< {Iw1 (xi.7) = wi (m) |+ [wa xi ;) —wa(xrm) |}
min
At
< 2W1h7|xi,j — X1 o0
min
At
= 2Wi— (WoAz+h)  (by xi j — w(xi;)Ar € supp(Prm))

min

S2WALH(Cr+ 1) (by At < Crhmin/Wo, (2)).

A.2 Proof of Lemma 3
At first, we prove the first equation of (25a). We have, from the definition of 52"2 (cf. (7e))
and v4|r, = wilr, =0,

LHS of the first equation of (25a)
=—h Z (v;(f?"h)(m%,j)wh (xij)+ho Z (ﬁi’;)vh)(xii%!j)wh (xi.7)

0<i<N, 0<i<N;
0<j<N; 0<j<N;
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=—h Z (%,?Vh)( K] j)wh(xl])+h2 Z (62’{)Vh)(xi+%,j)wh(xi+1,j)
0<i<N, 0<i<N;
0<j<N, 0<j<N,

=hhy Y, (V)@ ) (Vwi)(x, )
0§i<N1
0<j<N2

=mihy Y (Vi) @)(Viwn) ().
=30

xX€Q,
which implies the first equation of (25a). Since the other equation of (25a) similarly holds,
we get (25a). For the first equality of (25b) we also have

LHS of the first equation of (25b)

/’ll hl
=— ) (Veampvn) (e )wi(xij) + 5 Y (Venvn) (i) wa(xi ;)
0<i<N) 0<i<N,
0<j<N, 0<j<Ny
/’ll hl
=== Y (Yonyvn) (xij)walxij- 1)+5 Y. (Vowva) (xi)walxij1)
0<i<N; 0<i<N,
0<j<N, 0<j<N,
=hhy Y (Vanyvn) (i) (Vanewn) (xi )
0<i<N,
0<j<N;
=hiha Y (Vanva) () (Vanawn) (x),
x€Qy

which guarantees the first equality of (25b). The proof of the other equation is similar. O

A.3 Tools for the estimate of truncation errors

We prepare four lemmas used for the estimate of the truncation error of .o7,. We often use the
notation X = X (+;x,") if there is no confusion.

At first we show a lemma on the bilinear interpolation and its corollary. Let / be the
identity operator, D* = /9%, V= (D',D*)7, &, = (81, 62)" (k=1,2), A={(0,0), (1,0),
(0, 1), (1, 1)}, XA,'_’]' = ié] +jé2,

and

Lemma A.3. (i) Let f € C%([0,1]?) and % € [0,1)? be any point. Then, it holds that

-Df@) =Y Ti(&i))),

(i,j)eA

where
Ty (%1, ) /dsl/{d)ﬁl] @)f}( xt]7sz)d§2,
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axsi, j)=xi;— %, AR, j,8) =R+54(%1, ).
(ii) If f € C3([0,1)?), (11— 1) f can be also written as
A 1 Ak 7
(M-NfE®) =5 ¥ {80 -2 DETHE) +5(), (A.2)

where

. 1 $1 5 n A
Lxij)= | dsi /0 ds» /O {(a(:i,j)- V) 7} (A(&:1,j,85)) s,

Proof. We show only (ii), because the proof of (i) is easier than one of (ii). From the follow-
ing identities,

f& =Y F®é:), (A32)
(i,j)eA

Y {(a(ki,j)- V) FHE) () =0, (A.3b)
(i,j)eA

Y ai&i,j)ax(si, )i () =0, (A3¢)
(i,j)eA

Y a(wi, )26 (®) =8 (1-%) (k= 1,2), (A.3d)
(i,j)eA

we have
LHS of (A2) = Y {f(%:,) —/(®)}9i;(%) (by (A3a)
(i,j)eA
] A ~ ~

= ¥ [ (@) 9) 7} Ai0.50)d516,5(0)

(i,)eh”?

-y /dsI/ {(a(5:1.0)- V) FHA(1,7,$2))d5: 61 4(5)

(i.j)eA

(by (A.3b))

=5 Z{ (8:0,))- V) F}(R)dS2 91,5 (%) + $2(2)

(71)6/\

fZ{xkl—xk )DL () +$2(%)  (by (A30), (A3d)),

which implies (A.2). O

Corollary A.l. (i) Let (a,f) € {(0,0),(%,0)7(07%)} be a fixed pair, (I,m) € Z0+1/2 x
ZP+1/2 pe another pair, v € C2(Kl7m) be a function and x € K;,, be any point. Then, it
holds that

@MP v = Y Tini) 6(x) = S8i(x),

(i) eA@B) (x)
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where

T (x;1, ) /dslf{ a(x;i, j) ) }( xt],sz)dsz,
(x’l7j):xi,j_x7 A(X,l,], ):x+sa(X;iaj)'

Moreover, it holds that
1S1(0)] < o[Vl e2(k, -

(i) If v e C3 (Kim), then (H;la’ﬁ) —I)v can be also written as

TP~ 1te) = LD +a D} )+ 5200,

where
p=p() =31~ (I—1/2h1, p=px) = (+1/2)h —x1,
qg=q(x)=x2—(m—1/2)ha, §=q(x)=(m+1/2)hy —x2,
Sz(x)E Z Tz(X'l’J')(P,,J()
eAle

T (x;i, j) /dsl/ dsz/{ a(x;i, j) ) }( Xl,],S3)dS3.
Moreover, it holds that
1S2(0)] < ek [Vl|es i, )-
Proof. Considering a function defined by
f@)= V(X1 2me12 + (&1, hato)"),
and applying Lemma A.3 to above f, we obtain the result. O

Next, we present a basic lemma on finite difference formulae and its corollary. The proof
of the lemma is omitted, as it is easy.

Lemma A4. Let f:[—1,1] — R be a function. Then, it holds that

U010 =3 [Cas [ 162 ds

(f €C?[=1,1)), (Ada)
W =0y =70 =3 [asy s [ s as
(f €C3[f 1)), (A.4b)
YO =20+ 71} —s"0) = [ asy ["ass [Pass [ 7 s1) as
(f e CY-1,1]). (A.4c)
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Corollary A.2. Let § be a positive number and F : [—8 /2,8 /2] — R be a function. Then, it
holds that

\(F36) —f{ §+ )} F(0)
:82/ as [ . Soyan (Fec-2.2)), (A.5a)
iy PP <f%> o
:%2/61/ s [ Syasy (Fec-2.2)), (A.5b)
(ri5) = TG) (§ (g) —F(0)
f

:5;/ s [P [ Cuass (Fec-2.2]). @aso

Proof. Setting f

/\

s) = F(s6/2) and applying Lemma A.4, we immediately get the results.
O

The following two lemmas are useful for our analysis.

Lemma A.S. Let § be a positive number, F = F(-;x,t") : [~3/2,6 /2] — R be a function for
x€Qpandn=1,--- Nr. Let v : @, — R (i = 1,2,3) be functions defined by

ri(x) =Ti(F(sx,1");6) (i=1,2,3).
Then, it holds that

52 L8 1/2 56

Il 2 S*H / F”(fS;w)2 dS} ) (FeCz[—E ED (A.6a)
Boras)” 5 868

Irall ey _MH{ [ Garast L, (FeC-3.3]. @b
/// 6 1/2 5 6

17322y < 24[“{/ / s;~,.)2ds} ey FECT55]) (A6

Proof. We prove (A.6b). From (A.5b) and the Schwarz inequality we have

62 ) 1 S1 N3 1 S1 1 3 2
x)2§ (g) {/0 dsl/o dsy 7S2d53}{/0 ds1/0 dsz/,lFW(E“) dS3}

8 2 / b8 2
=(——= F"(=s)" ds,
G [, 759
which implies (A.6b). The proofs of (A.6a) and (A.6c) are similar. ]

Lemma A.6. Let f € C'(Q;R) and a,b € C°(Q; Q) be given functions. Let r € C°(Q;R) be
a function defined by

r=fob—foa.
Then, it holds that

1
r:/o (b—a)-Vf(sb+(1=s)a)ds, I, < lgllz@,): — (AD
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where

§= [/01{(1)—a>~Vf(sb+(1—s>a>}2ds}'/2 c C"(R).

Proof. The first equation (A.7) follows from

re [f(sb—i—(l—s)a)];o:/()l(b—a)-Vf(sb+(1—s)a) ds.

The Schwarz inequality yields

r2é/01{<bfa>~Vf<sb+<1fs>a>}2ds:g2,

which implies the rest of (A.7). O

A.4 Estimates of the truncation error
Here we evaluate each term R; (i = 1,-- - ,8) of the truncation error R, in (33¢)—(33j).

Lemma A.7. Suppose [Hic(u)], [Hr(u)], [Hic(V@)] and [H,(At)]. Then, there exists a posi-
tive constant My such that

IR (|22 < cA* My, (A.8a)
where M satisfies

My < sVl c4lIVOl (A8b)

Proof. Substituting (D¢ /Dr)*~'/2, X (t"=1/2;. ¢") and Y{" into f, a and b in Lemma A.6,
respectively, we have

Rill22) < 181122y, (A.9)
where
1
gw=[] {mrw-xe"2wm)
'VFZ) (0¥} () (1 s)X (") - diso]

We evaluate [|g1];2(2). Let g1 be a function defined by

n—1/2
v2e

g1 (x,1) = [/01 {X"(t;x,t")- (s¥2(x) + (1 —s)x(z"*/z;x,t"))}zds} "

(x,1) € Qx ("1 1"
From (30) we have

At ol 1 At
Flx)?r=— {/ ds1/ X”(t"fl/z—i—sz—;x,t")dsz
16 Jo 0 s 2

n—1/2
vPe

2
20" b 0+ (1 sox (i) Yt
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At ! 1 At
<22 d {X// tn_1/2 "
< 32/0 So/0 ( +s25, )

n—1/2
vDi’ (s0¥{ (x) + (1 — )X ("% x ))} ds»
A 3
t / /tn " t X tn)
n—1/2
V%(f (so¥{' () + (1 =s0)X ("% ,8")) }zdt

(by t =1""V2 4 5rA1/2)

Af3 D n—1/2
/ ld;/ ”txt Dq; (so¥{"(x) + (1 —s0)X (t" /%% ))} dso
t}l

At3

:E - gl(x7t)2dt,

which leads to

3 Ar?
1811202y < - stll20.7:2(24))- (A.10)
From (A.9) and (A.10) the inequality (A.8a) is obtained for
M, = ||gl||L2(07T;12(Qh))'
O

Lemma A.8. Suppose [Hac(u)|, [Hr(u)] and [H3c(9)]. Then, there exists a positive constant
M5 such that

IR2[| 22y < cA* My, (A.11a)
where M, satisfies
My < cs)9llz, c5l9llz- (A.11b)
Proof. Using I'; in (A.5b), we can write
Ry (x) = Do (F(5x,8"); At),
where
F(s;x,t") = —([5(X(t”71/2 —|—s;x,t")7t"7l/2 +5).

Let g be a function defined by

D3¢ n e} n—1 .n
g (x,t) = W(X(t;x,t )t),  (x,0) € Qx (" 11",
Then, from (A.6b) and the relation,
! At 1 D3¢ At
" . n\2 _ 1/2 . 1/2
[P Geeryas= [ FE(E0P 4 Twn 0

2 "D

2
~ tnleiﬁ(X(t;x’tn)’t) dt
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2

2
= — t)“dt
At tn—lgz(x’ ) 5

we obtain (A.11a) for
M, = ||82||L2(0,T;12(Qh))-

Inequalities (A.11b) follow from D3¢ /Dt* = (9 /9t +u- V)3 ¢. O

Lemma A.9. Suppose [Hac(u)], [Hr(u)], [Ho,1(¢)] and [H, (At)]. Then, there exists a positive
constant M3 such that

IRs]l22) < cA*M3, (A.12a)
where M3 satisfies
Ms < csl[@llcocr@y sl @) (A.12b)

Proof. Substituting ¢”" !, X (r"=1;-¢") and X3 into f, a and b in Lemma A.6, respectively,
we have

1IR3 122y < l1&3ll1222), (A.13)

where

1
~n - n _ n—1, n
B0 =3[ {w-xewm)
2 1/2
V" (sX2(x) + (1 — so)X(t"_l))} dso} .
We evaluate [|£3]];2(2). It holds that

X3 () = X( 1, 7) = (X, 0) = X (2, ) A — X ()}
+ {unfl/Z(X(tnfl/Z;x’tn)) _ urzfl/Z(Yln(x))}At
= I"(x) + 12 (x). (A.14)

For F(s) = F(s;x,1") = X (1"~ '/2 +5) we have, from (A.5b),
I (x) = AT (F (x,1"):At)

At3 /// £ 1/2
/ ds1/ dsz/ X —S3,xt "Yds3. (A.15a)
5

Substituting u"~1/2, Y and X (t”’l/ 2,..t") into r, a and b in Lemma A.6, respectively, and
using (30), we have

1
0
VU2 (51X (V2% t”)+(1—sl)Yln(x))ds1

3
At /dsz/ X// n=1/2 )d53}

.w" VX (P >+(1—SI)Y1”(x))dsn- (A-15b)
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Then, the equations (A.14) and (A.15) yield
~n 2 1 n—1 n n—1 2
B0 = oy [0+ V0 (0 )+ (1 —sopx () Yy
1 S 50 At
< cAt4/ / ds1/ dsy g31 ()@t”*l/2 + —S3,s0)dS3
o Lo 0 —s 2
1 1 1 At 2
+/ dSl/ dSz/ g32(x7t”’1/2+ fS3,So,S1)dS3} dso
0 0 5 2

1 1 At
gcAt“{/O dso/1g31(x7t”*'/2+?s3,so)2ds3

1 1 1 At
+/ dso/ dsl/ &n x7t”_1/2+—S3,s0,s1)2d53}
tn
SCAI3{/ dso 83 (x,2,50) dt—i—/ dso/ dsl/ g32 (x,2,50,51) dt}

< cAP 1gg(x 1)?dt,

-

where
g31(x,1,50) = X" (t;x,6") - V" (s0X5 (x) + (1 —50)X (t"1x,1")),
(%, )EQX(” L,
g3 (x,t,50,51) = {X" (t:x,")Vu"~ 1/z(s X2, + (1 —51)Y] (x )}
V" (s0X5 (x) + (1 —s50)X (" 13x,27)),
(x,1) € Qx (1" 11",
1 1 1 1/2
g3(x,1) = {/0 g31(x,t7so)2dso+/0 dso/o g32(x,t,so,s1)2dsl} ,
(x,1) € Qx ("1 1.
Therefore, we obtain
1831112 (2) < CAt2||g3”LZ(O,T;lz(Qh))a
which implies that, from (A.13), the inequality (A.12a) holds for
Ms = |83l 200,12 (0,) -
Inequalities (A.12b) follow from X"’ (¢) = (d/dt)*u(X (t),t) appearing in g3;. O

Lemma A.10. (i) Suppose [Ho 1(u)], [Hr(u)], [Ho2(9)] and [H,(At)]. Then, there exists a
positive constant My such that

[Rall2(2) < cohMa, (A.16a)
where My satisfies
My < cll$llcoca@y NNz q)- (A.16b)

(ii) Suppose [Ho 1 (u)], [Hr(u)], [Ho3(9)] and [H,(At)]. Let RZ’<2) be a function defined by

(2) n— n n— n
y_ [0 l)oftfq) X (A17)

n,(
R,
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. .. 2
Then, there exists a positive constant M, 4(‘ ) such that

IR l22) < con®My?, (A.182)
where Mf) satisfies
2
MY < cldllcocaay: €191 @)- (A.18b)

Proof. Letn(=1,---,Nr) be any fixed integer and x = x, g € Q;, be any fixed lattice point,
and assume X3 (x) € K, (C Q), where [ and m € Z'/2. We set

y=XE), (En)T =u" P (x—u"(x)At)2),
(p,q)" =y—x_1om12 = ((@0—1+1/2)hy —EAt, (B—m+1/2)hy — nAt)T,

(p.9)" = X1+1/2,m+1/2 = Y-

Without loss of generality we can assume £ > 0,1 >0, < @ and m < 3 (cf. Fig. A.1).

X = xa,ﬁ

K X 12 mel /2
],

- X5 (%)

P q

X1_1/2,m-1/2

Figure A.1: Notation for the proof of Lemma A.10.

From Corollary A.1 (i) it holds that

{(H}ll) -Do" 'ty =Y (i )0,
(i./)eA®0) (y)
which implies
i 4 . 2
Ri(x)? < e Y {Tl()’§17])¢i,j(y)} :
(i./)en®0)(y)
When, e.g., (i,j) = (I —1/2,m—1/2), we have
. . 2
T (ﬂh])d’m’(ﬂ}
1 *S1 Dqg 2
1 212 in—1 o Pra
|:/0 dSI_/() {(pD +CID ) ¢ }(A(yslajaSZ))dSZ h1h2:|
56 \2
() 10" g,

—

IN

IN
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< c{(pp)* +(a@)° 0" 22k, ) (by P, B, 4, < h, Hypothesis 5),

and, consequently, it holds that

[00:.0)0,0) ) < el(pp) + @@} 16" g,y (1) € APV ()),

which implies

~\2 ~\2
" rp)”+qq n—
R4(x)2 < C()At#”qb ! Hg‘Z(K,,m)'

Now we evaluate pp. From (0 <)p < hy it holds that
(a—1—1/2)h <EAr.

In the case of @ — 1 — 1/2 € N, from A < At < Uy At we have

g
a—I-1/2

pp < hi <UgAthy.

(A.19)

Otherwise, from & — I —1/2 = 0 we have EAr € (0,h], p = hy — EAr and p = EAr, which

imply
pp <hi&EAt < Uy Ath;.

Thus, in any case, it holds that
pp < USOAthl .

Similarly, it holds that
qq < Uy Athy.

Combining (A.20) with (A.19), we have

Ry < o [0" [agq, -

(A.20a)

(A.20b)

By the inequality #{(/,m) € Z'/% x Z'/%; X5 (x) € K ;n, x € Q;,} < N= (cf. (20)), it holds that

2 2 —12
IR g, < cohihs ¥ B10" 2o
XEQh ’

<coNehhy Y. R¢"! |\%2(Km>7

x]‘megzl/ZJ/Z)

which implies

< 2 n—12 1/2
Ralloey < {ac Y coNamha Y W0" 2 b

n—1 X"megl(ll/zl/z)

< cohH‘PHCO(CZ(ﬁ))'

Thus we obtain (A.16).
By a similar proof after replacing Hil) with H;lz) we get (A.18).
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Lemma A.11. (i) Suppose [Ho3(9)]. Then, there exists a positive constant Ms such that
IRs|[2(2) < chMs, (A.21a)
where M5 satisfies
Ms < cll9llcocz @y N9z ) (A.21b)
(ii) Suppose [Ho 4(9)]. Then, there exists a positive constant Ms(z) such that
IRs |22y < ch*ME, (A.22a)
where Ms(z) satisfies
M < cldlleocrays €19l )- (A.22b)

In the proof of above lemma we use the following norms, for a function v € C°(Q) and a
function set {¢”}2Z0 c (@),

. 1/2
W ={r ¥ Wk,

0<j<N,

. 12
Whes={m X B}

0<i<N;

Nt 5 1/2 Nr 5
19l = {a Y62} 1000z = {A0 Y 1071 12}
n=1 n=1

1/2

Proof of Lemma A.11. We prove only (ii), as the other proof is similar. Let x = x; ; € Q; be
a lattice point, and R%, and Fy(-;x,1") (k = 1,2) be functions defined by

5 (x) = %(Ah,k kak)(f)(x,t”), Fi(s;x,0") = %¢(x+sek,t”) (k=1,2).

Then, it holds that
RS (x) = T3 (Fr(-3x,2"), 2hy).

From the relations
1 1 s!
/ Fl””(hls;x,t")zds:i/ D" ¢" (x4 shie)*ds
-1 -1

1 plinn o
= 2711/( h Do (n, jhy)dn
i—1)h

1 1111 . 2
= g 179" (o) ity i1y

1 1
" . m2 g, _— 2222 4n (s N2
[ B s, t)2ds = S |00 i1 )y

we have, from (A.6c¢),
2 2 2 2 2
||Rng[2(Qh) = ”kZ,lek”ﬂ(Qh) S ZkZ’l HngH]Z(Qh)
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nee. 2
+h3||D?29 (’hh')|’L2<<j—l>hz,<j+1>hz)}

1 2 2
36 VAP 0" e oy +310720" [ 1o

which implies (A.22a) for

<

2
M = 1Dl )+ D20 2.
O

Lemma A.12. (i) Suppose [Hoo(u)], [Hr(u)], Ho3(¢)], [Hu(A?)] and [Hycrr(At)]. Then,
there exists a positive constant Mg such that

IRl 212y < cohMs, (A.23a)
where Mg satisfies

Ms < 2|9l cocs@yys 2ll9lz @ )- (A.23b)

1
[Hy(At)] and [Herr(At)]. Replace HE? O iy (72)
(0,3),(1
h

(ii) Suppose [Ho3(u)], [Hr(u)], [Ho4(9)],
nd 1,

1 L (L
and T i (1) by 11200 4

2
constant Mé ) such that

( ), respectively. Then, there exists a positive

IRs 22y < c1hmy?, (A.240)
where Méz) satisfies
M < e3l9llcoceay 92t (A.24b)
Proof. We prove only (ii), as the other is similar. Let R}, (k = 1,2) be functions defined by
Ry = %{V,,N,g’}jw” —DH((D*" Noxi) | (k=1,2).

Then, we have

2
Rl = ZR'gk.
k=1

It is sufficient for the proof of (A.24a) to show that there exist positive constants Méi) (k=
1,2) such that

IRetll () < csh®Mgy (k=1, 2). (A25)

We prove only the case k = 1 of (A.25), as the other proof is similar. For x = x, g (&, € Z)
Rg1 can be written as

1 ~ (%, — 2 l~ n— n
() = 3 [V {7 Vi 9" o Xi } () — Vi {112 VD197 0 X7} ()]
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xa-llz.ﬁ xa+1/2,,9

f Kr,m'+1/2
1 d
./ / - K!* m*+1/2
y X7 (‘xafllz,ﬁ)
y|=X7 (xa+1/2,ﬂ )
xl’—l/2,m’ xl— +/2,m~ xl+—1/2,m+ xl*+1/2,m*

Figure A.2: Notation for the proof of Lemma A.12

! [vm{ﬁf’oblqﬂ*l oX{'Hx) = Vi {D'9" "o X'} ()]

5 [V D" o X} (1)~ D' (D'9" ) o xi) ()|
= Rg11 (x) + R (x) + Ry 5.(x).

+
| — o

At first we evaluate Rg;1. Let @y, @, and o be sets defined by
0 ={xeQ;0<x1<M/2}, ;={x€eQ; Li—/2<x1 <L}, ®=w Um,.
For y € Q\ ® we have, from (A.5b),

12 0V40m 1 (0) - 11 VDo )
= Y (Vu¢" ' =D"" ) (xi;)0i;(y)

o . 21 gne hy
= Y */ dsl/ dsy [ D" (xij+s3-e1)dss ¢ij(y)
8 Jo 0 J—s; 2

h2
- ¥ {ﬁ[)“lq)”_l(y)+J?(y;i7]')}¢i7j(y)

(i./)er 2% (y)

h?
=50 )+ O), (A.26)

where

?(y)E Z J”(y;ij)¢i,j( )
Az 0y

1O, J) /dsl/ dsy ’ dS3
—5
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x Al{((“(y?i»j)+s3%el)'V)Dm¢n_1}(y+s4(a(y;i,j)+S3%el))ds4,

a(y;i, j) =xij—y.

Set y* = X{'(xg+1/2,)- In the case of y= € Q\ @, from (A.26) we have

Rgu(xoc.ﬁ)

1 . (Lo e L (1o e "
:Evhl[{nz(f')vw '—11,2ple l}oxl}(xa,ﬁ)

h n— n— - 1 n n(,—
= g (D" ) =DM ) 4 {0 107}

=5 [{(W—y—)'V}Dmd)"‘l}(y_+S(y+—y‘))ds+%{1y(y+)_ —

which implies
[RG11 ()] < co(Ar® +12) 0" | s g (A.27)

in virtue of [y" —y~| < coAt and |17 (y*F)| < ch?||¢" ! lca(@)- Now we consider the case of
(y",y7) € (Q\ @) x @;. Since it holds that, for y € @,

A I T
(1)er2 (), i=—1/2
+ (Vi _Dl)¢”7l(xi+3,j)}¢i,j(y),

we have
611(%)
1 1 n—1 +
- 2711{ (Vi —=D")" " (xi ;)i j(07)
(i.)er 2 ()
- ) (Vm—D‘)¢"*‘(xi7j)¢i7,(yf)}
(1.7)eA 20 ()
1 ) N
* 20y Z [(Vh' ~Dh)g" l(x’?f) - {3(Vhl —-D")¢ l(xi+1,j)
(1)eA 20 ), i=—1/2
=3(Viy = D")9" " (xi52,) + (Vi = D1)9" " (5143, }] 91, 07)
= r61(x) —|—r62(x).

Similarly to the previous case of y*© € Q\ @ we have
761 (x)] < co(A% +1%)[[9|cocs -
As for the evaluation of g, (x) we use the identity, for a € R and f € C3[a,a +h],

fla)—{3f(a+h)—3f(a+2h)+ f(a+3h)}
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1 s X
:h3/ a’sl/ ldS2/2{—3f///(a+S3h)+24f///(a-|—2S3h)—27f///(a+383h)}dS3,
0 0 0
(A28)

which implies
62 (%) < coh®[| ¢l cogca @y

Thus we get (A.27). The proof of (A.27) in the case of (y*,y™) € (Q\®) x @, or (y©,y7) €
@ x (Q\ @) is similar. In the other case, i.e., y* € ®, the inequality (A.27) holds by a similar
argument to the case of yjE S Q\E.

Next we evaluate Rg2. Assume y € Q\ @ and y € K, for (I,m) € Z x Z'/2. Then, from
Corollary A.1 (ii) we have

L (L 1
(1,7 =0D'9" (0) = S{ (D" +7D'2) 0" } ) + B ), (A.29)
where

) CI(Y))T =Y=X-1/2,m-1/2>
G0N = X 2me12 =¥
Ly)= I3 (3, )93 (),

(i.7)eA 20 y)
n .. 1 51 2 .. 3.1 .n—1 ..
Jz(y;w)E/O d51/0 dSz/O {(a(y;i,j)-V)"D'¢" '} (A(ysi, j,53))ds3,
a(y;i,j) =xij—y, Asi,j,s) =y+sa(yi,j).
Suppose y* =X{'(xax1/2,8) € Q\ @. Then (A.29) yields
Rgn(x)

=3V [{(flﬁ’o) —1)D'¢" "} on} (x)

= TP p0 DM + gl A DR ()

~{p07)p07)D +ab7)a07) D} 07|+ (BT - B67)
= 5~ [{P)B0™) — py7) B0 p0
+{ab"ab") - q(y’)@(y’)}Dm} 0" (y7)

43P0 P0) [0 =) V3D syt s
45 (BOT) =807}, (430

E=|py")plyt) —pO)p0)| < cth(A? +1?). (A31)



In the case of u1 (xg+1/2,5) > 0, from [Hcrr (At)] we have

p(F) =hi —ui (xqur12p)At,  P(YT) =1 (Xgr1/2,8)AL,
and
= ‘{hl — 1 (Xgs1/2,8) A fuy (X1 /2,) A
—{m - u1(xaq/z,/s)Al}m(xaq/z,ﬁ)m‘
= ‘hlAt{ul(anrl/Z,ﬁ) —Ml(xa—l/z,ﬁ)}
— A {uy (Xgi10.8) 1 (X1 /2.8) F{u1 (Xai1/2,8) _ul(xa—l/z.ﬁ)}’
< cth(A? +1?).

In the case of uy (xq41/2,5) < 0and ui(xq_1/2,5) > O there exists a point x* between x4 112
and x_1 5 g such that u; (x*) = 0 to have

|1 (xgt1/2,8)] < €,

which implies (A.31). Since proofs for the other cases are similar, we obtain the inequal-
ity (A.31) for all cases, and similarly it holds that

la6")a(t) — a7 )a(y)| < crh(A +1?). (A.32)

Combining the inequalities (A.31) and (A.32) with (A.30) and using the estimates [y —y~| <
coAr and |13 (y*)| < ch’[|¢" || s ) We have

[R12(x)| < co(A® + 1) [9" | s - (A.33)

In the case of y* or y~ € @ the inequality (A.33) holds similarly by using (A.28).
It is obvious that, from (A.5b),

[Re13 (0] < coh®[[0" [ s - (A.34)
Combining (A.27), (A.33) and (A.34), we obtain the desired result. ]

Lemma A.13. Suppose [Ho ()], [Hr(u)], [Ho3(9)] and [H, (At)]. Then, there exists a posi-
tive constant My such that

IRl 22y < c1(AL> +h*) My, (A.352)
where M7 satisfies
Mz < ctll9ll oy 9l @)- (A.35b)
Proof. At first we prepare three identities (A.36)—(A.38). For x € Q it holds that
V- (Vo' 1)oxX]) (x)
2 2 '
ZD’ (D'o" Nox()(x) =Y (DY" ) oX{'(x)(8i — D'u'}(x)Ar)

=

(A(P" 1 OX" — At Z Dl rz Dl](Pn ])OXI( )
i,j=1
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= (Ap" V) o X (x) — At Z D (x)D7 9" (x) + Ar?pf (x), (A.36)
i,j=1

- ‘ b ik an

PIW = Y DR (). Pliesi) = [ (D" )= s (x) ).

In the last equality we have used the identity
. . 1 .
(Dig") o Xi (x) = Do () — [ w0 (x)- VD9 (x—su () Ar)s (i, = 1.2)
0

obtained from Lemma A.6 with f = D"¢"~!, a(x) = x and b(x) = X}'(x). For x € Qy it holds
that

Ai¢" ! (x) = D" (x) + hipsi(x)  (i=1,2), (A.37)
2
Vo V" ' (x) = D2¢" ! (x) +2 Y hipi(x), (A.38)
i=1

where, fori=1,2,

pai(x / dsl/ dsz/ D" (x + s3hie;) dss,
—

1/2 1/2 i
p3, = / dS1/ dSz/ S,'(DIZI(PYHI)(x—|—S3(2h1S1,2h252)T)dS3.
1/2 1/2 0
(A.37) and (A.38) are proved similarly to (A.4c). We set p/! = Zl 1op (k=2,3).
Now we evaluate R7. Let x € €, be any lattice point. From the identities (A.36), (A.37)
and (A.38) we have

2
R (x :f{v (Vo NyoX() — A" o X[+ At Y (D'uf)Api9" "
i=1

—|—At(D2u +D uz)V(zh)lv(zh)z‘i’"*l}(x)

1 i ij pn— n
= E{_At ‘ZID’u;?(x)D”gb” Y(x) +Ar%pl(x)
ij=
2 . .o
+Ar Y D' (x)(D"9" ! + hip3;) (x)

i=1

2
+A1(D*u} +D'us) (x) (D'29" 1 +2 ) hiph) (x) }

i=1

Atz n At 2 in n 2. n 1.n 2 n
=5 P (x) + 5 Y miD'ui (x)p5;(x) + At (D*uf + D3 ) (x) ) hiphi(x
i=1 i=1

3
=Y Ri(x). (A.39)
i=1

Let g7, (i = 1,2) be functions defined by
2

Y Pl gh= Ll

i,j,k=1 i=1
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Then, from [Ho ; ()] it holds that

Ar?
1R71 1|22y = 7HP1H12 12) <A llg71lli22) <ol 191 co (@) (A.40)

IRl 22) < 1 (A +12)[[pall ) < 1 (AP +12)[[gn2 |2 2
< 1A +1)19 ]l corea @y - (A4D)

From the Schwarz inequality we have, for x, g € p,
p3z (xa ﬁ

1/2 1/2 1 2
12/ s1/ dsz/ D12’¢”71(xa,ﬁ +S3(2h1S1,2h2S2)T) ds3
1/2 '

ldS3 /hl o+s3) /hz(ﬁ—‘rSg) 126 cn—
DZipn 1 2d
hth/O hy(o—s3) (B—s3) (P (y) V2

(by y =xqp +53(2h151,2h252)")

c 1 —
<o [ o max(DHOT 0% (0t pl < hss, k= 1,2} @hihos?) dy
hihy Jo s3
< emax{D"¢" ()% | (v~ xep)i| < has k=1,2}.
Hence it follows

2
TN

<61(Al +h2 Z p3 xaﬁ) <CI(AI +h2 hihy Z Zp3l xaﬁ)

Xo, €2 Xo,pEQp i=1

2
<A+ by Y Y max{D"Ho" T ()% (v~ Xepil < i, k=1,2}  (A42)
Xa,ﬁEthZI

< (AP IR 6" By
which implies
[R73l2¢2) < 1 (A +h2)||¢||c0(c3(§))- (A.43)

Combining the inequalities (A.40), (A.41) and (A.43) with (A.39), we obtain (A.35a) with
the first inequality of (A.35b). From (A.42) there exists a constant i, = h.(¢) > 0 such that,
for any h < h,,

HR 3”12 ) <2 (At2+h2)2”¢nil “%—13(())7 (A44)

which implies the second inequality of (A.35b) with similar estimates for Ry; (i = 1,2). O

Lemma A.14. Suppose Ho ((u)], Hr(u)], [Hoc(AQ)] and [H,(At)]. Then, there exists a
positive constant Mg such that

IRsl2(2) < cAt* Mg, (A.45a)
where Mg satisfies

My < e1][A9]l2. ¢111Ad]|2. (A45b)
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Proof. Regarding A¢ as f in Lemma 4, we get the result for
9%gs
212 llr20,1:2(9))

g8(x, 1) =A¢ (x— (1" —1)u"(x),1), (x,1) € Qx ("1,

MgEH
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