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Abstract

Nowadays, the switching mode power supplier (SMPS) is taking a higher and higher ratio of
the power suppliers, because it has a well-known higher power conversion efficiency which is
helpful for easing the energy crisis. The DC/DC switching converter is a very important kind of
SMPS. A controller is always required for a converter, since it is nearly always desired to
produce a well-regulated output voltage in the presence of variations in the input voltage and
load current. The controller should first guarantee that the power conversion is stable under all
operating conditions, and next, the desired dynamic performance is maintained when a
disturbance occurs in the input voltage or the load. The dynamic performance of a switching
converter, whether it has single- or multi-loop control, is determined by its closed-loop
characteristics including the audio susceptibility and output impedance. For a boost, buck-boost
and fly-back converter in continuous conduction mode (CCM), there is a right-half-plane-zero
(RHPZ) in the transfer function from the duty ratio to the output voltage. This RHPZ severely
restricts the crossover frequency of the open-loop gain, hence results in poor dynamic
performance if single-loop voltage control is adopted. Multi-loop control is widely adopted to
improve the dynamic performance. However, a current sampling circuit such as a shunt resistor
with an amplifier, a transformer or an active filter, is required to detect the inductor or switch
current, which causes an increase of the size, cost, and weight of the circuit. Sensorless multi-
loop control solves this problem by an inductor current estimator instead of the inductor current
sampling network.

In the past, the controller of a converter is always implemented by a circuit. In recent years,
the digital control, which means the control part is implemented on a digital signal processor
such as MCU, DSP and FPGA, begins to be adopted and attracts many researchers’ interests,
because the digital SMPS has many advantages. Firstly, it is easy to develop and modify the
control part, which means the time-to-market can be shortened a lot. Secondly, it is very easy to
implement a sophisticated algorithm to improve the dynamic performance. Thirdly, it is easy to
add some functions such as communication to the system, while it is very difficult for the
analog control. Fourthly, a digital controller will not vary along with the environment, so that
high stability and noise immunity can be maintained. For these reasons, the digital switching

converter will be more and more in future.




Therefore, this research focuses on the design of the sensorless control for DC/DC switching
converters. Several design approaches to the sensorless control of boost converters are proposed.
The deduced controllers are implemented on a digital signal processor NJU20010 produced by
New Japan Radio Corporation.

Chapter 1 begins with the research background. A brief development history of DC/DC
switching mode converters is firstly presented. After some research topics and technologies are

introduced, this chapter ends with this research’s purpose.

Chapter 2 is the preliminaries of the control of boost converters. After the principle of small
signal average value model of SMPS is firstly introduced, the small signal average value model
of a boost converter is deduced. Based on the small signal model, the closed-loop characteristics
of single-loop and multi-loop control of boost converters are presented. Lastly, the principles of

modern robust control including robust Heo control and sliding mode control are introduced.

Chapter 3 is the proposed design method of the Luenberger observer (I.O) based sensorless
multi-loop control for boost converters. Current sensorless control of a switching converter
contributes to reduce the size, weight, and cost of the converter. An LO is effective in estimating
the inductor current for the current sensorless control. A closed-loop characteristics evaluation
method is proposed to design an LO-based sensorless multi-loop control for boost converters.
The closed-loop stability evaluation and the closed-loop characteristics evaluations of output
voltage, inductor as well as the estimated inductor current are provided. Simulations show the
design procedure of the controller and the observer. Practical experiments on a digital signal

processor give the practical dynamic responses.

Chapter 4 is the proposal of robust Heo synthesis approaches for the inductor current
sensorless control of boost converters. The LO-based sensorless multi-loop control needs a trial-
and-error design procedure, because there are too many parameters to be determined, and the
closed-loop characteristics are not directly related with the loop gains for the multi-loop control.
As a modern control, robust Heo control adopts a compact sensorless controller and directly
takes the disturbance attenuation as the target. In this chapter, a novel Heo synthesis approach is
firstly proposed to design a full-order sensorless controller for boost converters, which need not
solve any algebraic Riccati equation (ARE) or linear matrix inequality (LMI), and most
importantly, parameterizes the controller by an adjustable parameter behaving like a ‘knob’ on
the dynamic performance. Simulations show the straightforward closed-loop characteristics
evaluation and the closed-loop dynamic performance by the proposed Heo approach. Practical

experiments on a digital signal processor show the practical dynamic responses.



Usually, the order of the sensorless controller is the same to the state space equation of the
power stage. However, the order of the controller can be reduced if a certain condition is
satisfied. A low order controller has the merit of less computation volume or simpler circuit. In
previous researches, ARE and LMI based Heo approaches have been introduced to design a low
order controller, however, a quite complicated and exhaustive procedure is needed. Therefore, in
this chapter, a robust Hoo synthesis approach is also proposed to design a low order sensorless
controller for boost converters, which need not solve any ARE or LMI, and parameterizes the
controller by an adjustable parameter behaving like a ‘knob’ on the closed-loop characteristics.
Simulations show the straightforward closed-loop characteristics evaluation and the closed-loop
dynamic performance. Practical experiments on a digital signal processor give the practical

dynamic responses.

Chapter 5 is the proposed sliding mode observer (SMO) for the sensorless control of boost
converters. For the SMO, a nonlinear output estimation error is fed back to it. Provided a bound
on the magnitude of the disturbances is known, the SMO can force the estimation error to
converge to zero in a finite time, which means the observer states can converge asymptotically
to the actual system states. In this chapter, an improved discrete SMO is proposed for the
sensorless control of boost converters to improve the dynamic performance. Simulations by
Simulink and practical experiments on a digital signal processor are performed. It is shown that
the dynamic performance of the boost converter is greatly improved by the proposed SMO-

based sensorless control, compared with the LO-based sensorless control.

Chapter 6 concludes the thesis and gives the topics studied in future.
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Introduction

1.1 Energy and Power Conversion

With the extensive use of electrical and electronical equipment, the power demand is rapidly
increasing. Besides the development of new energy sources such as solar and wind power
generation, effective power use is an important measure of easing the energy crisis. Before
1970s, the linear power regulator [1] achieving the voltage modulation by the voltage drop
on a semiconductor device dominated the power supply, with a very low power conversion
efficiency (40% ~ 50%). The switching mode power supplier (SMPS) [2] has a well-known
higher power conversion efficiency (80% ~ 99%), which transmits power pulse by pulse
through controlling the switch’s ON and OFF. From 1970s, the SMPS began to replace the
linear power supplier. During the 1980s, the power supply for computers was almost all
updated to SMPS. From 1990s, the SMPS began to be widely applied to the electronic and
electrical equipment, communication equipment, PBX and so on. From 2000s, the SMPS
began to be used in a wider area such as digital TV, high speed locomotive, LED, ICT, solar
and wind power generation, and it is taking a higher and higher ratio of the power suppliers.
The SMPS belongs to the power electronics field, which is concerned with the processing
of electrical power using electronic devices. As illustrated in Fig. 1.1, in general, a switching
converter contains power input and control input ports, and a power output port. The raw
input power is processed as specified by the control input, yielding the conditioned output

power. The SMPS are divided into four categories [2]:




Power Switching Power
input converter output

Control
input

Fig. 1.1 A basic power processing block of a switching converter.

(1) DC/DC converter

In a DC/DC converter, the DC input voltage is converted to a DC output voltage having a
larger or smaller magnitude, possibly with opposite polarity or with isolation of the input
and output ground references.
(2) AC/DC converter

In an AC/DC converter, which is also called AC/DC rectifier, an AC input voltage is

rectified, producing a DC output voltage. The DC output voltage and/or AC input current
waveform may be controlled.
(3) DC/AC inverter

The inverse process, DC—AC inversion, involves transforming a DC input voltage into an
AC output voltage of controllable magnitude and frequency.
(4) AC/AC converter

AC-AC conversion involves converting an AC input voltage to a given AC output voltage
of controllable magnitude and frequency.

The DC/DC converter is an important power supplier, and it is the basis of researching

other switching mode power suppliers.

1.2 Overview of DC/DC Switching Converters

According to the conversion ratio between input voltage and output voltage, the DC/DC
switching converters are divided into three categories: buck, boost, and buck-boost converter.
A buck converter converts an input high DC voltage to an output low DC voltage; a boost
converter converts an input low DC voltage to an output high DC voltage; a buck-boost
converter can convert an input voltage to an output voltage which is higher or lower than the
input voltage. Taking a basic boost converter as an instance, it is shown in Fig. 1.2. The
power stag is shown in Fig. 1.2 (a). When the switch S is ON, the inductor current will be
charged by the input voltage v, and the load R is charged by the capacitor C as shown in Fig.
1.2 (b). When the switch S is OFF, the input voltage will charge the capacitor C and the load



R as shown in Fig. 1.2 (c). When the circuit becomes steady, it can be deduced that the
output voltage v, is higher than the input voltage v, through the volt-sec law of inductor L.

+ v -

i L n

- +
s duty ' == § C==v R H Vo

(a) Power stage of a boost converter

+ vp —

el Y Y Ny H‘—‘(-}I}
L L n D ;
/ + +
v / Clﬁ:‘f\ﬂ"‘_’
s
(b) Switch S is ON (b) Switch S is OFF

Fig. 1.2 A basic DC/DC boost switching converter.

1.2.1 Development history of DC/DC switching converters

Before the 1960s, the vacuum and semiconductor devices were placed between the input
voltage and output voltage to achieve DC regulation. The vacuum and semiconductors
behaves like variable resistors and therefore the power conversion efficiency was very low
and large heat sink was necessary to exhaust the heat. As a result, the size and weight had
been a big problem. From 1960s, along with the promotion of the project Apollo Moon
Landing, small size and light weight began to be researched. In 1966, a paper “Basic
Considerations for DC to DC Conversion Networks” written by Dr. E.T. Moore in Ametrica
Duck university was published, and DC/DC converter began to be known. In 1968, a paper
“Comparative Analysis of Chopper Voltage Regulators with LCV Filter” written by Soviets
Dr. O.A. Kossov was published. This paper introduced three basic DC/DC converters called
by step-down, step-up, and step-down-up converter, with their principles and steady state
characteristics explained. Since then, the DC/DC converter research era really started.

Switching power suppliers belongs to power electronics. In 1973, the power electronics
pioneer Dr. William E. Newell published a paper “Power Electronics-Emerging from Limbo”
at the IEEE 73th Power Electronics Specialists Conference, and pointed out that power
electronics is the constitute of electrical, electronic and control. In 1981, Dr. R.D. Middle

Brook in America California University of Technology published a paper “Power




Electronics: An Emerging Discipline”, and the voltage, current and frequency conversion
was further explained.

From 1970s, the SMPS operating with a switching frequency over 20 kHz, which is much
smaller size, lighter weight and higher efficiency than the conventional linear regulators,
began to be widely applied to the advance field such as space development. Therefore, this
period is also called the 20 kHz revolution era. After that, closely related to the information
society taking shape under the support of integrated circuit technology and IT technology,
and mainly for the power supplier of ICT (information, communication technology), the
SMPS began to be more widely applied. From 2000s, the smart grid and green ICT began to
be promoted. As its foundation, the research of renewable energy such as solar power
generation and wind power generation become hot topic. For this reason, the SMPS

becomes more necessary and exists almost everywhere.

1.2.2 Research topics of DC/DC switching converters

Nowadays, the DC/DC switching converters are developed towards the following trends [3]
[4] [5]: small size, light weight, high power density, and low cost; high efficiency and high
performance; low noise, low EMI; high reliability. To achieve these goals, some attractive
technologies are as follows: high switching frequency, digital control, current sensorless
control, soft-switching, integrated circuit technology, advance semiconductor materials,

intelligent power module, etc.

(1) Small size, light weight, high power density, and low cost

Small size, light weight and low cost are demanded for many applications, such as LED
driver, digital TV power supplier, portable equipment. The power density can also be
improved if the size is reduced. Some technologies to achieve this goal are as follows:

B High switching frequency

The sizes of inductor and capacitor can be reduced through improving the switching
frequency of a SMPS [6] [7]. Especially, the switching frequency can be very high with the
performance of switch devices such as MOSFET, IGBT and IGCT improved fabricated by
the advanced semiconductor materiais [8]. However, EMI is the problem to be solved.

B Integrated circuit technology

For the low power converter, through integrating all the components of a switching
converter into one chip [9], the size of the converter can be very small and the weight can be
very light. Meanwhile, the wires connecting the components are shortened for an integrated
converter, which means the parasitic parameters are reduced, so that the reliability can be

improved.



B Digital control

In the past, the control part of a DC/DC switching converter is mainly implemented by a
circuit. In recent years, the control part begins to be digitally implemented with the price
decline in the digital signal processors including MCU, DSP and FPGA. The digital SMPS
[10] [11] has many advantages. Firstly, it is easy to develop and modify the control part, so
that the time-to-market can be shortened a lot. Secondly, it is very easy to implement a
sophisticated algorithm to improve the performance. Thirdly, it is easy to add some
functions such as communication to the system, while it is very difficult for the analog
control. Lastly, a digital controller will not vary along with the environment, so that high
stability and noise immunity can be maintained. It is also reported that a digital SMPS can
reduce the PCB size of the converter [12] [13]. For these reasons, the digital control attracts
more and more attentions, and more and more digital SMPS will be developed in future.

B Sensorless current control

For a boost, buck-boost, and fly-back switching converter, the current control is needed to
improve the dynamic performance. However, it needs a current sensing circuit to detect the
inductor current or capacitor current of the converter [14] [15]. A current sensing circuit has
some drawbacks. Firstly, a current sensing circuit has many devices and occupies some PCB
area. Secondly, the sensing result is affected by the switching noise. Thirdly, it is difficult to
detect the current if the load changes in a large range. In contrast, current sensorless control
of a switching converter has a contribution to the size, cost, and weight reduction [16] [17]
[18], and the performance of a converter can also be improved because of the increased

design freedom.

(2) High efficiency and high performance

Many applications, such as solar power generation and electric vehicles, have created an
increased demand for high power densities and high efficiency in power converters. The
power conversion efficiency improvement is focused on the following technologies:

B Soft-switching technology

During a switch changes from ON state to OFF state, or from OFF state to ON state, the
overlap of the voltage and current of the switch causes a switching loss for the converter. To
reduce the switching power loss, the soft-switching technology is widely used for the large
power converters, including ZVS (zero voltage switching) and ZCS (zero current switching)
technologies [19].

B Advanced semiconductor materials

The silicon carbide (SiC) [20] and gallium nitride (GaN) [21] are the candidates of greatly
improving the efficiency in future, which have been the object of a growing interest over the

past decade.




B Advanced control algorithms
The dynamic performance of a switching converter can be improved through adopting
advanced control algorithms such as auto-tuning controller [22], sliding mode control [23],

fuzzy controller [24], large signal nonlinear controller [25], and so on.

(3) Low noise, low EMI

One drawback of SMPS is the noise in the output voltage or output current. A random
modulation method is proved to be effective in reducing the switching noise [26].

Electromagnetic emissions from power electronics has already become a very important
issue, with the fact that the total power being processed by the converters is increasing
rapidly. Standards and recommendations have come into effect internationally. The solution
to this problem is critically dependent on the application, and presents enormous challenges
and opportunities closely related to components, packaging, manufacturing, and cooling,.
Many researches proposed effective EMI reduction technologies such as soft-switching [27]
and PCB layout [28].

(4) High reliability

Reliability is also an important index of a SMPS, which is related with the power supply
risk and life span. Many researchers have given the reliability analysis of a switching
converter [29], and some design considerations have also been provided [30]. Recently,
_ intelligent power module [31] attracts many interests. For some applications, such as battery
charge, pulse arc welding power supply, the power supplier must be program-like controlled
in accordance with the work procedure. It means that the output of the power supplier may
be changed among the several states: constant current/limited voltage, constant voltage/limi-
ted current, and constant current/constant voltage. An intelligent overheating protection and

overvoltage protection is required to protect the power supplier itself.

1.3 Research purpose

For a boost, buck-boost and fly-back converter in continuous conduction mode, there is a right-

half-plane-zero (RHPZ) in the transfer function from the duty ratio to the output voltage. This

RHPZ severely restricts the crossover frequency of the open-loop gain, hence results in poor

dynamic performance if single-loop voltage control is adopted. Multi-loop control is widely

adopted to improve the dynamic performance. However, a current sensing circuit is required to

detect the inductor current, which causes an increase of the cost, size and weight of the circuit.

Current sensorless multi-loop control solves this problem by estimating the inductor current

instead of the inductor current sensing circuit.



In the past, the controller of a converter is always implemented by a circuit. In recent years,
the digital control, which means the control part is implemented on a digital signal processor
such as MCU, DSP and FPGA, attracts many researchers’ interests, because the digital SMPS
has many advantages: a digital controller is easy to be modified, so that the time-to-market can
be shortened a lot; it is very easy to implement a sophisticated control algorithm to improve the
dynamic performance; it is easy to add some functions such as communication to the system,
while it is very difficult for the analog control; a digital controller will not vary along with the
environment, so that high stability and noise immunity can be maintained.

However, according to the authors’ investigation, the 'design of current sensorless control for
a boost, buck-boost or fly-back converter has not been well studied, although there are some
contributions to the sensorless control of SMPS. Therefore, in this research, the topic focuses on
the current sensorless digital control of DC/DC boost switching converters, with the purpose of
contributing to small size, low cost, and light weight for switching converters. The controllers

are implemented on a digital signal processor NJU20010.




Preliminaries to DC/DC Boost

Switching Converters

The mathematical models of a switching converter can be firstly divided into two categories:
peak value model [32] and average value model [33]. The average value model is very
widely used to design a controller for a switching converter, and it can be divided into dc
large signal average value model [25] and ac small signal average value model [33]. This

research is based on the small signal average value model.

2.1 Principle of Small Signal Average Value Model of
DC/DC Switching Converters

The behavior of a DC/DC switching converter is nonlinear, and its operation analysis is
complex because of the periodic ON/OFF operation on the switches. In 1976, as the general
analysis method, Dr. R.D. Middle Brook and CuK in America California University of
Technology proposed the state space average value method for switching converters [33].

As a prerequisite of the state space average value model, it requires that the switching

frequency £, should be very higher than the resonant frequency £, of the LC filter as follows:
Js>> 1y Q.

If the prerequisite in Eq. (2.1) is satisfied, the change of the inductor current and capacitor

voltage in one switching period can be approximated as polygonal lines. Then, taking the



average values of inductor current and capacitor voltage in one switching period as variables,
the nonlinear operation of as DC/DC converter can be linearized. .

As shown in Fig. 2.1, for a converter operating in inductor current continuous conduction
mode (CCM), the circuit states can be divided into two working states: ON state and OFF

state. Each state is linear and the state equations can be written in Egs. (2.2) and (2.3).

ON OFF ON OFF

switch

x(kT, + DT})

(k- DT, +DT;) %~» 1)7\’,‘

) &f(krs)\ / \ \/
mk_ms{. / ~~~~~~~~~~~~ \ / £k +DT)
\\":?‘ f e

(k=D kT, (k+DT,

Fig. 2.1 State change in one period and its average value.

State 1: switch is ON

dx(t) _
7—A1X(t)+b1Vg (kTs SfSkTs +DTS) (22)
y() = c1x(2)
State 2: switch is OFF
dx(2)
i L <
" A x(1) + bZVg (kT + DTs <t <(k+1)T}) 2.3)

Y(t) =cpx(t)

where x(¢) is the system state incorporating some elements such as inductor current and
capacitor voltage, and y(?) is the output of the converter. The matrices 4y, by, ¢, 42, b, and ¢,
are determined by the converter parameters, and ¥, is the input voltage. As shown in Fig,. 2.1,
if the switching frequency f; is far larger than the natural resonant frequency f. of the
converter, the ON and OFF states are very short so that the state change in the two periods

can be approximated as linear, and the final values at the end of each state are:




dx(t
X(HT, + DI) =51+ E0 iy T @.4)

dx(t
x(k +1)T,) = x(kT, + DT,) +#] =T, + T TOFF 2.5)

where D = Tpn/T,, D' = Topi/Ts. Denote I as a unit matrix. Substituting Egs. (2.2) and (2.3)
into Egs. (2.4) and (5.5), the following equations can be obtained:

x(kT + DT) =1 + DI A x(kT) + DT bV (2.6)
x((k+DT) =1+ D'T Ay Ix(kT + DT )+ D'T byV g 2.7
Replacing £+1 by & in Eq. (2.7), an expression of x(kT,) can be obtained. Substituting this

x(kT,) into Eq. (2.6) and ignoring the 2-order terms, the Eq. (2.8) is obtained. Similarly,
substituting Eq. (2.6) into Eq. (2.7) and ignoring the 2-order terms, the Eq. (2.9) is obtained.

x(T, + DT,) = (I + DTy + D'Tydy)x((k— )T, + DI) + (DIyby + DTy W, (2.8)
x((k+1DTy) = (1 + DTy dy + D'Ty dy)x(KTy) + (DTyby + DTy )V 2.9)

Replacing £#+1 by £ in Eq. (2.9), the following equation can be obtained:
x(kTg) =(I + DT 41 + D'T Ay )x((k —D)I) + (DI + D'Thy )V, - (2.10)

Then, adding Eqs. (2.8) and (2.10) and dividing by D/2, adding Egs. (2.8) and (2.9) and

dividing by D’ /2, and adding the obtained two equations, an equation can be obtained as:

DIx(kT,)+x(kT, + DT )]+ D'[x(kT, + DT )+ x((k + DT,]

5 =(I+DT 4 +D'T,4)
Dx((k—-DT,)+x((k —1D)T; + DT )]+ D'[x((k - )T, + DTy )+ x(kT] @.11)
5 .
+(DTh + D’stz)Vg

The average state values in one switching period 7, shown in Fig. 2.1 are written as:
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- 1
TT,) =— s x(r)dt
T, DT (2.12)
_ DLx((k—=DTy) +x((k = DT, + DT,)]+ DTx((k DT, + DTy) + x(kT,]
2
(ke +DT) = — [0yt
Ty 2.13)
_ DIx(KT) + x(kT; + DT)] + D'[x(kT; + DT,) + x((k+1T,]
2

From Egs. (2.11), (2.12) and (2.13), the state average value equation is obtained as:

x((k+1)T,)—x(kT}) _
T,

N

(D4 + D'4y)x (kT )+ (Db + DbV, (2.14)

As shown in Fig. 2.1, replacing the discrete time k7 by continuous time # in Eq. (2.14), the
state average value equation of a DC/DC converter is obtained in Eq. (2.15). Similarly, the

output average value equation is obtained in Eq. (2.16).

i’% = A5(1)+ bV, @2.15)

y=cx(t) (2.16)
where
A=DA1+D'Az, b=Db1 +D'b2, C=DCI+D'(,'2

(1) Steady state characteristics

From Egs. (2.15) and (2.16), the steady state characteristics of a converter are as follows:

__ 41
X=-47bV,

2.17)
Y=- A‘leg (

(2) Small signal average value characteristics
Giving a small fluctuation on the input voltage Vg, duty ratio D and load R, small

fluctuations on the state and output will also appear. This is written as follows:

11



X(t) =X +AX(f)

F(t)=Y +AY(?) @18)
Ve = Vg +AVg

R=R+AR (2.19)
d=D+AD

Rewriting Egs. (2.15) and (2.16) by Egs. (2.18) and (2.19), and using the Eq. (2.20), the
Egs. (2.21) and (2.22) can be obtained.

04 ob de
o5 M4 o=bhimhy, —o=c- 2.20
d(X;—tAX) =(4+(4 —Az)AD+%AR)(X+AX)+(b+(bI —by))AD)Vg + AV, ) (2.21)
Y+AY =(c+(q _CZ)AD+§%AR)(X+AX) 2.22)

Ignoring the 2-order terms, Egs. (2.21) and (2.22) are rewritten as follows:

‘%X = AAX +[(4 — 4) X +(by —by)V, JAD +bAV, +%XAR (2.23)
AY =cAX +(¢ —cz)XAD+—;%XAR (2.24)

Equations (2.23) and (2.24) are the small signal average value model of a switching
converter. Through Laplace transformation of Eqs. (2.23) and (2.24), the following

equations are obtained:

AX(s)=(s] - A)"1 {bAV 4 (5) +[(4 — A) X + (b — by W JAD(s) + %XAR(S)} (2.25)

A¥(s) =cAX(s)+ (¢ —cZ)XAD(s)+g}%XAR(s) (2.26)

The Eqgs. (2.25) and (2.26) are used to analyze the dynamic characteristics of the power

conversion stage, and to design the controller for the power conversion.
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2.2 Small Signal Average Value Model of Boost

Converters
The power stage of a basic boost converter is shown in Fig. 2.2, with several parasitic para-
meters considered. The equivalent circuits when the switch S is ON/OFF are shown in Fig.

2.3. The waveforms when the boost converter operates in CCM are shown in Fig. 2.4.

+ ¥r -
——N—(-H}

z L e .
g L D Vp Y i,
| L + +
by £ duty _LK-— S c :: Ye R |:] Yo
g T - —_—
Fig. 2.2 The power stage of a basic boost converter.

+ v - . . + v o~

e YNy

i L n _‘ ;
P, —_ / \ S
Ts

g

(a) circuit state when S is ON (b) circuit state when S is OFF
Fig. 2.3 Circuit states when S is ON/OFF.

ON OFF ON OFF

¥z 4

—>

Vo

t

Fig. 2.4 Current and voltage waveforms of a boost converter in CCM.
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For the boost converter in Fig. 2.2, the equivalent series resistor of the output capacitor is
ignored, so the capacitor voltage v, is the same to the output voltage v,. The state space

equations when S is ON and OFF are given in Egs. (2.27) and (2.28), respectively.

State I: S is ON

. Lt 0 | 4 [1
L =A1[L]+Bl[vg = £ H+ 7 {”g} @27
. v IIRIRA vp
Vo ¢ D "—RE 0 0
State II: S is OFF
. L L 1 1
L i — —
afpolo L A e
v o VD 2 __L Y 0 VD
0 C RC

Substituting Eqs. (2.27) and (2.28) into Eq. (2.15), the corresponding state space average
value model of the boost converter in Fig. 2.2 is written as follows:

. rr +D7‘S D' 1 D'
j i v T R - -l
1L =A[ZL]+B[g:‘= {/ L [L:!+ 7 7 g] (2.29)
; Yo YD 2 Ll | o |Lp
° C RC

2.2.1 Steady state characteristics
From Eqs. (2.17) and (2.29), the steady state characteristics are obtained as follows:

Ve-DVp

=—8 D (2.30)
1, +Dr,+ DR

D'RW, - D'V,
v, =_(__g_2122 (2.31)
1y +Drg+D'“R

Denote the reference output voltage as V.. From Eq. (2.31), the duty ratio at the steady

14



state is given as follows:

D_:i@:f5aa+¢=4”“+%xnd*“””4> @32

2R +Vp) (1res + RV,

2.2.2 Small signal dynamic characteristics
Substituting Eq. (2.29) into Egs. (2.23) and (2.24), the small signal average value model of
the boost converter in Fig. 2.2 is given as follows:

x = Ax+Bd + Ew (2.33)

y=cx

wherex=[i;, V,Jandw=[V, {,] are the small signals, and

_rp+Drg D' (D'R—r Wy +(rs +1Wp
A= I: L B L(r, + Dr,+ D”R)
N B N Az
¢ RC. C(r + Dry + D'R)
% 0
E= Loe= [O 1]
0 _
C]

For the small signal model given in Eq. (2.33), its equivalent circuit model is written in

Fig. 2.5, which gives a clear understanding of the small signal relations.

(D'R d rS)Vg + (rS +ry )VD ‘;'

a 2 Py
i . rn+ D)%{‘ D'“R i
7YY, — \;f/
v +DrS +
\ v, -D'Vp
A D'v /& D' 8 T Y ',Zé n
ng*D o< > L C> lsA + DrS + DIZR ¢ & Yo

Fig. 2.5 Equivalent small signal model of the boost converter in CCM.
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For expression convenience, denote the matrices 4, B and E in Eq. (2.33) as follows:

From Egs. (2.25) and (2.33), the small signal transfer functions of the boost power

conversion stage are as follows:

- ﬁo (S) _ ar1€

W
Ve(s) 5% —(ay +ay)s +ayay —apay

7 =Jo(8) _ bys+ay by —ayyby

277" 2
d(s) s —(ay; +ay)s+aj1ay —aay

FoRAC) es—edy
s )
Ve(8) 5% —(ag; +ag)s+ayiayn —apay

JOAC) bis +apby —ayb
> 7
d(s) s —(ay +ax)s+ayayn —apay;

[ ir(s) _ ape
iO(S) S2 —(au +a22)s+a11a22 —dpdy

7 - Vo(s) _ €5 —ay ey
p=T 2
ip(5) 57 =(ayy +agy)s +ayjay —apaay

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

From the characteristic equation A = §t— (ay + axn)s + ajay; — apay; of the above transfer

functions, the natural resonant frequency and damp ratio of the boost converter in Fig. 2.2

are given in Eq. (2.40) and (2.41), respectively.

7+ Dr,+ DR
N TR

RC(rp+Dr)+L
2RLC(r, + Dry + D2R)
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The above small signal transfer functions are used to analyze the characteristics of the

power stage, and to design a controller as well as control loop characteristics analysis.

2.3 Analysis of DC/DC Boost Power Conversion System

The controller of a converter should first guarantee that the power conversion is stable under
all operating conditions, and secondly that the desired dynamic performance is maintained
when a disturbance occurs in the circuit. The closed-loop stability can be evaluated through
examining its open-loop characteristics, and the closed-loop dynamic performance can be

evaluated through examining the closed-loop dynamic characteristics [34] [35].

2.3.1 Single-loop control
The single-loop output voltage control of a boost converter is shown in Fig. 2.6, and its
small signal block diagram is shown in Fig. 2.7. The symbols Fi, F, Fs, F4, Fs, and Z, are

the transfer functions given in subsection 2.3, and F, is the transfer function of a controller.

+ vy -
L Lo D i
+
+ R
+ 2y
Ve r dsiver S Ca= v, RL} Yo
% R

o +V
. Dgye

Fig. 2.6 Single-loop control of a boost converter.
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>
v
2

-

d

~e

Fig. 2.7 Block diagram of single-loop control.

Breaking the loop at the point T, the open-loop transfer function is written as follows:
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Gpp(8)=HF, (2.42)

The closed-loop stability can be evaluated through examining the characteristics of Gg(s),
for example through drawing its Bode plot, Nyquist plot, or root locus. From Fig. 2.7, the
closed-loop characteristics including audio-susceptibility and output impedance are given in

Egs. (2.43) and (2.44), respectively.

Vy(5) _ R _ B 2.43)
), 1-Gp 1-RF, @
Vy(8) _ Zp - Zp (2.44)
1y($) ¢l 1—Gop(s) 1-KF, .

The closed-loop characteristics of the inductor cutrent are given in Eqgs. (2.45) and (2.46).

i6)| _R+E(RE-BE)_B+E(RF-RE)

), 1-G,p(s) I-FF, (2.45)

)| B+ -BE) F+E(ZF,-RE)
io (S) lc[ 1- Gop (S) 1- FZF(:

(2.46)

From the above Eqgs. (2.43), (2.44), (2.45), and (2.46), it can be seen that the closed-loop
dynamic characteristics are directly related with the gain of the controller F, so that the
controller design is a simple work for the single-loop control.

The proportional-integral-derivative (PID) controllers [22] are most widely adopted in the
switching mode power suppliers, because it is easy understanding, simple to use, and
capable of providing a high cost/benefit ratio. The most widely used PID controller is
written in Eq. (2.47).

d(t)=er+K1j'e+KDe (2.47)

where e = V,.;—v,, and V,,ris the reference output voltage.
The boost converter with parameters listed in Table 2.1 is used in this research. From Eq.

(2.40), the natural resonant frequency of this boost converter is £, = 2.1631 kHz. The transfer
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function of Eq. (2.47) can be written as f; = Kp(s+z,)(s+z,)/s, where z;, and z, are the zeros.
Setting z; = 0.7x2nxf, and z, = 2m%f,, and tuning the open-loop gain given in Eq. (2.42), a
PID controller is obtained in Eq. (2.48).

Table 2.1 Parameters of a boost converter.

Input voltage v,=10V
Output voltage v, =20V
Output capacitor C=1000 pF
Inductor L=47 pH, r; =24 m.
Load R=25Q
- Switch rs=36 mQ
Diode Vp=125V

Switching frequency  f; =150 kHz

F, =0.5516+491.29521+0.0()01s (2.48)
5

The bode plot of the open-loop transfer function Gy(s) is shown in Fig. 2.8. The open
loop has a crossover frequency £ = 5.2 kHz which is 1/28.8 of £; and 1/3.8 of f; = 19.4 kHz,

where £, is the frequency of the zero in Eq. (2.35), and a phase margin of 70.3°.
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Fig. 2.8 Bode plot of open-loop G,,(s).

The closed-loop characteristics of output voltage written in Eqs. (2.43) and (2.44) are
shown in Figs. 2.9 (a) and (b), respectively, and the step responses of output voltage to a
step change in the input voltage and the load current are shown in Figs. 2.10 (a) and (b),

respectively. The closed-loop characteristics of inductor current given in Egs. (2.45) and
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(2.46) are shown in Figs. 2.11 (a) and (b), respectively, and the step responses of inductor
current to a step change in the input voltage and the load current are shown in Figs. 2.12 (a)

and (b), respectively.
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Fig. 2.9 Bode plots of closed-loop dynamic characteristics (output voltage).
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Fig. 2.11 Bode plots of closed-loop dynamic characteristics (inductor current).
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Fig. 2.12  Step responses of i, to step changes in v, and 7.

2.3.2 Multi-loop control
The multi-loop control of a boost converter is shown in Fig. 2.13, which consists of an outer

voltage control loop and an inner current control loop. The outer loop provides a reference

inductor current for the inner loop.

+ v -
T L o1 D ¥, i
" R +
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i+ ref I:]E %o é+ 7,
T AR -
& controller B«- ref

Fig.2.13 Multi-loop control of a boost converter.
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Fig. 2.14 Block diagram of multi-loop control.

The small signal block diagram of Fig. 2.13 is shown in Fig. 2.14. The symbols Fy, Fy, Fs,
F4, Fs, and Z, are the transfer functions given in subsection 2.2, F; is the transfer function of
the inductor current sampling network, and F,, and F, are the inner loop and outer loop
compensators, respectively.

Denote the output voltage feedback path as T, = F,F,F,, and the inner current feedback
path as T; = F,F;F,. Breaking the loop at the points T and T,, respectively, two open-loop

transfer functions are given as follows:
T 1= I, +1; (2.49)

I,= (2.50)

L
1+ T

i

here, the loop gain T is called as the overall loop gain since it is measured inside both the
current and voltage feedback loops, and the loop gain T, is called as the outer loop gain
since it is measured outside of the current loop. The closed-loop stability can be evaluated
through examining the characteristics of T; and T,. From Fig. 2.14, the closed-loop
characteristics including audio-susceptibility and output impedance are given in Egs. (2.51)

and (2.52), respectively.

o RenE -2

1 (s)| F,

2 = 4 2.51)
Sg(9), LTI,
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bS], 1+ 7T, +T,

(2.52)

The closed-loop characteristics of the inductor current are given in Egs. (2.53) and (2.54).

KF,

. F3+TV(F3—1—AL

ir(s) E

L = : (2.53)

ﬁg(s)|cl 1+7; +7, '
IVA

: Fy+T(Fs-—2

i(s)| 5 254

B, 14T, +T,

From the above Egs. (2.49) and (2.50), it is known that the crossover frequency of the
current loop gain T; should be made high so that it dominates the overall loop gain T; at the
crossover frequency, and gives it a 90° phase boost. This phase increase is critical to
stabilize the boost, buck-boost, and fly-back converters which have additional phase delay
of the voltage loop gain T, due to the power stage right-half-plane-zero. From Egs. (2.51),
(2.52), (2.53) and (2.54), it can be seen that the closed-loop dynamic characteristics are not
directly related with the loop gain T; and T,. Both T; and T, affect the closed-loop
characteristics. This is very different from the single-loop control. Usually, the crossover
frequency of the current loop should be larger than that of the voltage loop to obtain the full
benefits of multi-loop control, and the gain of the current loop should be fairly low and the
voltage loop gain should be much larger.

For the compensators Fy, and F, in Fig. 2.14, the proportional-integral (PI) controllers are
adopted for the boost converter with parameters listed in Table 2.1. It is found that the
following PI compensators guarantee the closed-loop stability and maintain good dynamic

response of output voltage.

F, =1.5+30.0/s

2.55
F,=23.0+4.5x10%/s @39

The Bode plots of loop gain T, and T, are shown in Fig. 2.15, and their characteristics are
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given as follows, where f; is the gain crossover frequency, PM is the phase margin and GM

is the gain margin:

Ty : f, =24.0kHz, PM =72.1°

(2.56)
T, : f, = 5.8kHz, PM = 60.3°,GM =10.7dB

Gain (dB)

Phase (dog)

i .
10° 10! 3 S

Frequency (Hz)

10 10

Fig. 2.15 Bode plots of open-loop gains at the points T; and T,.

The closed-loop characteristics are shown in Fig. 2.16, and the step responses of output
voltage to step changes in the input voltage and the load current are shown in Fig. 2.17 (a)
and (b), respectively. Comparing Figs. 2.9 and 2.10 with Figs. 2.16 and 2.17, it can be seen
that the closed-loop dynamic characteristics of the multi-loop are greatly improved and that

the dynamic responses of output voltage are greatly improved than the single-loop control.
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Fig. 2.16 Bode plots of the closed-loop dynamic characteristics (output voltage).
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Fig.2.17 Step responses of ¥, to step changes in v, and 7.

The closed-loop dynamic characteristics of the inductor current are shown in Fig. 2.18,
and the step responses of inductor current to step changes in the input voltage and the load

current are shown in Fig. 2.19. Compared with Figs. 2.11 and 2.12, it can be seen that the
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dynamic performance of inductor current is also greatly improved by the multi-loop control.

Therefore, the multi-loop control is widely adopted to control a boost converter. The

situation is the same to buck-boost and fly-back converters which also have a positive zero

in the transfer function from the duty ratio to the output voltage.

Fig. 2.18
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Fig. 2.19 Step responses of f; to step changes in v, and 3.

2.4 Introduction of Modern Robust Control Theory

The afore-described controller design method and the control system analysis are based on
the classical control theory, which is very effective in analyzing a linear control system in
frequency domain and is mainly finished before 1960s. From 1960s, many modern control
theories began to be advocated and were well accomplished at the end of 1980. A brief
development history of control theory is given in Fig. 2.20. In many modern control theories,
the controller is directly designed based on the system state space equation. When applying
the modern control theory to the SMPS, a featured quantity of a storage component is
usually selected as a system state, such as the current of an inductor and the voltage of a
capacitor. In this subsection, two important robust control theories adopted in this research

are briefly introduced.

Classic control (zero/pole analysis, Nyquist eriterion, Routh/Hurwitz criterion,
frequency response, rootlocus, ...)

Modern control (adaptive, optimal, Hx, sliding mode, ...}

»

Intelligence control

PID control Robust Hx, sliding mode (NN, GA, Fuzzy, ...)

1920s 1930s 1960s 1990s

Fig. 2.20 Development history of control theory.

2.4.1 Robust Hoo control

The robust Hee control was firstly formulated by Dr. G. Zames in 1981, and since then a
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great deal of work has been done on finding the solution to Heo control problem. The block
diagram of robust control is shown in Fig. 2.21, where P represents a linear time-invariant
control object such as a boost converter and C represents a controller. The symbol w
represents the disturbance acting on the control object P, z represents the controlled output
which is to be minimized, y is the measurable output of P as well as the controller input, and
u represents the controller output. A constraint imposed on P is that the mapping from y to u

should be such that the closed-loop system is internally stable.

P

u Yy
C

r s

Fig. 2.21 Block diagram of robust Heo control.

To design the controller C using robust Heo control, a state space equation of the control

object P should be first constructed which is always written as follows:

X =Ax+ Bu+ Ew
y=Cx+Dyu+Dw (2.57)
zZ= sz + D2u + D22W

where xeR”, ueR", weR', yeR? and yeR?. The matrices 4, B, E, Cy, Cs, Dy,
Dy, D, and Dy, are of appropriate dimensions, and 4, B, and E come from the physical
description equation of the control object P, while the matrices C, Dy, Cy, Ds, Dy and Dy,
are determined by the type of the controller C. The following three controllers can be

designed by the robust Heo control:

u=Fx (2.58)

u=Fx+FEw (2.59)
p=sp+ly (2.60)
u=Mp+ Ny
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The controller in Eq. (2.58) is called as state feedback, which means that all the system
states are available while the disturbance is unavailable. The controller in Eq. (2.59) is
called as static feedback, which means that not only the system states are available but also
the disturbance is available. The controller in Eq. (2.60) is called as output measurement
feedback, which means that only some system states are available and some system states
will be estimated. For the control in Eq. (2.60), if Dy; # 0, it will not be unique for system in
Eq. (2.57). The system in Eq. (2.60) is called as a well-posed system if D;; = 0. For a well-
posed system, the closed-loop system of Egs. (2.57) and (2.60) is written as follows:

%, 4 %e = e +E,w
z =Cx,+D,w

(2.61)

wherex, =[x p], and

_[4+BNC BM] [E+BND
| Iq K| "° | Ip

Co=[C,+D,NCG;  D,M], D, =D,NDy+Dy
It is said the controller in Eq. (2.60) is internally stabilizing when applied to the system in
Eq. (2.57) if the matrix A4, is asymptotically stable which means that all the eigenvalues of

4. are negative values. For the closed-loop system in Eq. (2.61), the transfer function from

the disturbance w to the controlled output z is written as follows:
-1
G(s)=C,(s[-4,) B, +D, (2.62)

The solution of Eq. (2.60) can be derived through minimizing the Heo norm of Ge(s). The

Heo norm of G,(s) is defined as follows:

”Gcl(s)"oo: SUp Ok [Go (j@)] = sup ” ”2

2.63
we[0,] IW”2 =1 Hwnz R

where ¢ means the singular value of G,(jo), sup is supremum, z and w are the output and
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input of G,(s), respectively, and ||z||; and |w/|, are the /, norm of the continuous time signal z
and w. The physical meaning of Heo norm is that the effect of w on z after closing the loop is
measured in terms of the energy and the worst disturbance w, and this measure is turned out
to be equal to the closed-loop Heo norm G,(s), which is the supremum over all disturbances
unequal to zero of the quotient of the energy flowing out of the system and the energy flow-
ing into the system. The geometric explanation of ||G.(s)|l is given in Fig. 2.22. It shows
that the Hoo norm is the maximum gain of ||G.(s)||» in the Bode plot as shown in Fig, 2. 22

(a), or the longest distance from the origin in the vector diagram as shown in Fig. 2. 22 (b).

t 201g|G(jo) [ tm

/ Re
e
G(s)
0 —® |G,

(a) Bode plot (b) Vector diagram

Fig. 2.22 Mathematical explanation of Heo norm.

Since 1980s, many control theory researchers have contributed to finding a solution to the
controller in Eq. (2.60). In the early 1980s, the researches focused on finding the solution in
frequency domain, and the main drawback was that it yielded high order controllers. After
that, researches began to move on the time-domain approach, the polynomial approach, the
J-spectral factorization approach, etc. By far, the time-domain approach is very widely
adopted since very elegant solution can be given by this approach. Mainly, there are two
approaches to finding a solution to the controller in Eq. (2.60). One approach is based on
solving the linear matrix inequalities (LMI), and the second approach is based on solving the
algebraic Riccati equations (ARE). The solvability conditions for the system in Eq. (2.57)
with the controller in Eq. (2.60) are as follows [36]:

I) (4, By is stabilizable, and (C,, 4) is detectable;

Il) (4, By) is stabilizable, and (C,, 4) is detectable;

m pi[c, Dl=[0 I];

W [oJer)

V) Dy =0,Dy=0.
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If the above conditions are satisfied, the ARE-based approach is as follows: Given a priori
bound y > 0, if there exists a stable semi-definite matrix P for the ARE in Eq. (2.64) and a
stable semi-definite matrix Q for the ARE in Eq. (2.65), and P and Q satisfy the conditions
in Egs. (2.66), (2.67) and (2.68), then a solution to Eq. (2.60) is given in Eq. (2.69).

A'P+PA+y2PBBT P-PEETP+CIC, =0 (2.64)
40+04" +y*octc,0-ocl o+ BBT =0 (2.65)
A+ 7_2BBT P-EE'P  isstable (2.66)
AT + ;/_ZCZT CZQ——CIT CiQ isstable (2.67)
p(PO)<7* (268)
1.’ =Kpt+ly (2.69)
u=Mp+ Ny

where

K=A+y BB P-EE'P-(I-y%0P) OC]

L=(I-y Py ocl

M=-ETp
N=0

A discrete controller can be obtained through discretizing the controller in Eq. (2.69), or
be designed using a discrete linear time-invariant system which is the discrete counterpart of
Eq. (2.57).

2.4.2 Sliding mode control ,

Sliding mode control (SMC) is firstly introduced by the Soviet Dr. Utkin in 1977. In general,
SMC is a class of nonlinear control and is dedicated to the robust control of variable
structure systems [37]. It has a long development history and its potential applications in

power converters have attracted much research attentions. The main idea of SMC is to
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predefine an ideal manifold for the state trajectory to travel along. This manifold is also
known as “sliding surface” as shown by the s in Fig. 2.23 (a) which is an exemplary ideal
sliding mode control system. Upon the satisfaction of certain criteria, the state trajectory is
moved on the sliding surface as shown by the stage 2 in Fig. 2.23 (a) and is forced along it
towards the origin, which is the equilibrium point where the control error is zero. Since the
movement on the sliding surface is independent of the system disturbances, the control
system exhibits constant dynamic behaviors even in the presence of disturbances, which is
known as the “invariance property” of SMC. In the control of SMPS, this feather of
robustness is reflected by the consistent steady state and transient response performances

under all operation conditions.

Xz

(a) ideal sliding mode trajectory (b) practical sliding mode trajectory
Fig. 2.23 An example of sliding mode control.

The SMC theory provides a solid framework for systematic derivation of robust control
rules. The invariance property of SMC allows the application of equivalent control, so that
facilitates the controller design. The SMC is hysteresis-like and the switching function
cannot be directly applied to the derivation of the PWM control for a SMPS. However,
applying the equivalent control in the SMC theory to the average value model based PWM
control, a PWM quasi-sliding mode controller can be obtained, which has SMC advantage
of high robust performance and yet operates at a fixed switching frequency. The SMC based
derivation approach also provides insights into the design and optimization of the controller
parameters through the manipulation of the sling surface equation.

Suppose a linear constant system is described by the following equation:

x=Ax+Bu+g (2.70)

where x is the system state, u is the scalar input, 4 and B are the constant matrices. Define a
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sliding surface as follows:
§=Cx 2.71)

where C is a constant matrix. According to the equivalent control principle, there exists an
equivalent control u,, so that ds/df = 0 is satisfied when the system states move along the
sliding surface s. For the system in Eq. (2.70), the equivalent control u,, is written as

follows:
Uy =—(CB)(CAx+Cg) 2.72)

The control strength in Eq. (2.72) guarantees that the system state moves along the sliding
surface s towards the origin. However, the start point of the system state trajectory is always
not on the sliding surface. So, the system state should be brought onto the sliding surface by
an additional control strength u,, as shown by the trajectory 1 in Fig, 2.23 (b). The trajectory
in this period is called the reaching stage. Meanwhile, there always are some switch delays
for a practical system, so that the system state cannot ideally slide along the sliding surface.
The system state should be trapped into a small range of the sliding surface by the control
strength ug, as shown by the trajectory 2 in Fig. 2.23 (b), and the trajectory in this period is

called sliding stage. The switch control part u, can use a sign function as follows:

U, = Ksgn(s) = {+K i 5(x)>0 (2.73)
-K if s(x)<0
The total control u consists of the sum of U4 and u,, written as follow:
U=ty +ilg, @.74)
Define a Lyapunov function as follows:
V=%ﬁ @75)

According to the Lyapunov stability theorem, the system in Eq. (2.70) with the control in
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Eq. (2.74) is asymptotically stable if the condition d¥/dt < 0 is stratified. From this stability
condition, the following global existence and reachable condition for the system in Eq.
(2.70) with the control in Eq. (2.74) should be satisfied:

5s8<0 (2.76)

The condition in Eq. (2.76) adds a constraint on the parameters C and K.
The discrete sliding mode control is well presented by Furuta in 1990. Suppose a linear

constant system can be described by the following discrete state equation:
x(k+1)=Ax(k)+ Bu(k)+ g .77

Define the sliding surface as s(k) = Cx(k). According to the equivalent control s(k+1) =

s(k), the equivalent control strength can be obtained as follows:
-1
Upg = —(CB)  C[(A-Dx(k)+g] (2.78)

Similar to the continuous SMC, the switching control strength u, is also needed. An

important difference is that the stability condition is changed as follows:

(s(k+1)—s(k))sgns(k) <0

(s(k+1)+s(k))sgns(k)>0 2.79)

2.5 Conclusion

In this chapter, the small signal average value model of switching mode power suppliers is
firstly introduced. Then, the small signal a boost converter is deduced. Based on the small
signal model, the characteristics of the boost power stage are provided. The single-loop PID
control and multi-loop PI control of the boost converter are compared, and it clearly shows
that multi-loop control can improve the closed-loop dynamic performance. At last, the basic
principles of modern control including the robust Heo control and the sliding mode control

are introduced.
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Luenberger Observer Based Sensorless

Multi-loop Control of Boost Converters

Sensorless multi-loop control reduces the cost, size and weight of a switching converter. The
Luenberger observer (LO) is widely used to estimate the inductor current for the current
sensorless control of a converter. In this chapter, a closed-loop characteristics evaluation

method is proposed to design a LO-based sensorless multi-loop control for boost converters.

3.1 Introduction

The controller of a switching converter should firstly guarantee that the power conversion is
stable under all operating conditions, and secondly that the desired dynamic performance is
maintained when a disturbance occurs. The dynamic performance of a switching converter,
whether it has single- or multi-loop control, is determined by its closed-loop characteristics
including audio susceptibility and output impedance [38]. For a single-loop output voltage
controlled buck converter or boost converter in discontinuous conduction mode, since the
loop gain and crossover frequency are directly related with the closed-loop characteristics,
the stability and dynamic performance can be guaranteed through making the loop gain as
large as possible with a high crossover frequency and adequate phase and gain margins.
Nevertheless, there is a right-half-plane-zero (RHPZ) in the transfer function from the duty
ratio to the output voltage for a boost, buck-boost and fly-back converters in continuous

conduction mode (CCM) [39]. This RHPZ severely restricts the crossover frequency of the
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open-loop gain, hence results in poor dynamic performance if single-loop voltage control is
adopted. Multi-loop control is widely adopted to improve the dynamic performance. For the
multi-loop control, the relationships between the closed-loop characteristics and the loop
gains are generally indirect [34]. Minimizing the closed-loop characteristics involves an
iterative process to make a trade-off between the loop gains, regardless of the peak current
control [40] or average current control [41].

For the multi-loop control, the inductor or switch current should be sensed by a shunt resistor
with an amplifier, a transformer or an active filter [14]. Taking a shunt resistor sensing circuit
shown in Fig. 3.1 as an instance, it can be seen that a current sensing circuit will unavoidably
increase the cost, size, and weight and cause a slight power loss. This is similar to the control of
buck-boost and fly-back converters. Current sensorless multi-loop control solves this problem

through a system state observer instead of the current sampling circuit [16] [17] [18].

+ Rt
Ve @Eﬂ__l:% S c= Ye R[j Yo

RS
1
PWM
d
controller

i 44 inef o _+ v
O

Fig. 3.1 Inductor current sensed multi-loop control of a boost converter.

The Luenberger observer (LO) [42] is very effective in estimating the inductor current for the
sensorless control. However, since there are more parameters relating with the closed-loop
characteristics for the LO-based sensorless multi-loop control, it is difficult to design an LO-
based sensorless multi-loop control for a switching converter. Although the LO-based sensorless
control has been introduced in previous papers [17] [43], the design of the LO as well as the
controllers has not been well presented. Therefore, in this chapter, a closed-loop characteristics
evaluation method is proposed to design the LO-based sensorless multi-loop control for boost
converters. Simulations show the closed-loop characteristics evaluations. Practical experiments

on a digital processor give the practical dynamic responses.

3.2 Analysis of LO-based Sensorless Multi-loop Control

3.2.1 Block diagram of LO-based sensorless multi-loop control
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The sensorless multi-loop control of a boost converter is shown in Fig. 3.2, and its closed-
loop block diagram is shown in Fig. 3.3 [44]. The control system consists of an outer loop
T, and an inner loop T;. The outer loop provides a reference inductor current for the inner
current loop. The symbols V,, V,, #,, and i;, are the small signals of the converter. Fy, F,, Fs, Fy,
Fs and Z, are the transfer functions. F,, and F, are the inner and outer compensators,

respectively. 77, is the estimated inductor current obtained by the LO given in Eq. (3.1).

Fig.3.3 Small signal block diagram of sensorless multi-loop control.

F= 4B+ BG W) + L))
§=Ci(0)

3.1)

where £ = [fzo Vi) is the estimated system state, J is the estimated system output, and y =

¥, is the measurable output. The matrices 4, B and C come from the model of the converter,
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and L is the parameter of the LO. After Laplace transformation of Eq. (3.1), the transfer

functions Gs, G, and Gs can be obtained.

3.2.2 Closed-loop stability evaluation

Denote the current loop gain T; = F,Gs, and the voltage loop gain T, = FuF/F; + FiGsFa.
The total gain at the point T; and the outer gain at the point T, in Fig. 3.3 are written in Egs.
(3.2) and Eq. (3.3), respectively.

Tl =FmG4 +FmE,F2 +FmG5F2 (32)
E FEF, +F GsE
—miv'2 m757 (3.3)
1+ F,G,

From Egs. (3.2) and (3.3), the crossover frequency of the current loop T; should be as high
as possible to provide a critical 90° phase boost for the outer loop T, while its loop gain
should be as small as possible at low frequencies. The loop gain T, should be as large as
possible to attenuate the disturbance on the output voltage. The closed-loop stability can be

examined through evaluating the loop gains at the points T, and T>.

3.2.3 Closed-loop dynamic characteristics evaluation
The dynamic performance of a switching converter can be evaluated by the closed-loop

characteristics including audio susceptibility and output impedance. From Fig. 3.3, the
closed-loop audio susceptibility and output impedance of the output voltage are written in
Egs. (3.4) and (3.5), respectively.

%(s) R+ Fp(FGy~FGs)

5(s) 1+ Fy Gy + FyFoyFiy + FyGFy 34
5 (s 7 +F,Z.Ga
0( )= p m—p (.5)

i(s) 1+F,G4+F,F,F,+F,GsF,

The dynamic performance of the inductor current 7, can also be evaluated by the

following closed-loop inductor characteristics:
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i(s) _ B+ F,Gy)+ F(FyFs = RE)(F, +Gs) = F, FyG, 36)
By (s) 1+ E,G, +F,F,F, + F,GsF, '

ip(s) _ Fs(L+FuGy)+ Fp(FyFs = FyZ ) (F, +Gs)
i(s) 1+E,Gy + F,EFy + F,GsF,

(3.7)

The dynamic performance of the estimated inductor current #;, can also be evaluated by

the following closed-loop inductor characteristics:

i10(8) _ Gy + B,y (FyGs = FiGy) + FiGs
Vo(s) 1+ F,Gy+F,FF, +F,GsF,

(3.8)

hols)_ ~FuFyGiZ, +2,Gs
io (S) 1+ FmG4 + FmRFz + FmG5F2

(3.9)

3.3 Design of the LO-Based Sensorless Multi-loop Control

for Boost Converters
3.3.1 Construction of the small signal average value model

The boost converter used in this research is shown in Fig. 3.2, in which several parasitic
components are considered. Referring to [45], the small signal average value model of the

boost converter in CCM is written in Eq. (3.10).

x=Ax+Bd +Ew (3.10)

wherex=[i, V], w=[V, £],and

o +Di‘s —21 (DR_rS)Vg +(rs +2rL)VD l 0
e L L B L(FL+DI‘S+D’ R) B L
4 | YD o 1
¢ RC | C(r,+Dr,+D?R) | ¢
— rsVref+RVg (1+ 1_4R(rL+rs)(Vref+VD)Vref
2R +7p) Wreg + RV, ) G0
ref TVD (s ref g)
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The symbols i, V., Vg, ,, and d are the small signals, and Vg and 7, are the disturbances.
The symbol D denotes the duty ratio at a given operating point and D' =1 - D, and d is the
duty ratio adjustmént from the given operation point. Ignoring the equivalent series

resistance of the output capacitor, V. is equivalent to v,. For convenience, define

ay ay |’ by | 0 &

3.3.2 Derivation of the transfer functions
Through Laplace transformation of Eq. (3.10), the transfer functions shown in Fig. 3.3 are

obtained as follows:

ayie
F =224

A (3.12)
Fy= b2s+a2121 —-anby 6.13)
B “asTatn (3.14)

A

Fy= bys +alziz —apb 615)
Fs =% (3.16)
z, :ﬂ?—;ﬁ 3.17)

where A = s> — (ay; + ap)s + anayn — apay;. Substituting the matrices 4, B, and C in Eq.
(3.10) into Eq. (3.1) and performing Laplace transformation, the transfer functions Gs, Gg,

and Gs in Fig. 3.3 are obtained as follows:

G, = e +ey(ap —h)—elan —-h) (3.18)
A
+by(ayp =) - 1
Gom bis +by(ap — 1) —by(ay 1) (3.19)
A
Go= hs +lya1p —lhay, (3.20)

A
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where A = 5° — (a1 + ap—)s + anayn — apay — anly + anly, and I and /, are the elements of
the L. The PI controllers in Eqgs. (3.21) and (3.22) are used as the compensators F,, and F, in
Fig. 3.3, respectively:

1
B =Kpp, +KIm; (3.21)
1
F, =Kp, + K, " (3.22)

LetC=[0 1]. The LO in Eq. (3.1) is written in Eq. (3.23).

a;  apl. | g h .
= + .|. —
[021 azjx L’z O}u [ZZ](VO Vo) (3.23)

where £ = [f;0 ;0] is the estimated system state, and u = [d V] is the system input.
The compensators in Eqgs. (3.21) and (3.22) as well as the LO in Eq. (3.23) can be designed
by the closed-loop stability evaluations in Egs. (3.2) and (3.3), and the closed-loop
characteristics evaluations in Egs. (3.4), (3.5), (3.6), (3.7), (3.8) and (3.9).

> e

3.4 Simulations and Experiments

A boost converter with parameters listed in Table 2.1 is used to show the design of LO based

sensoreless multi-loop control.

3.4.1 Simulations of the closed-loop stability and characteristics
Substituting the parameters in Table 2.1 into Eq. (3.10), the matrices 4, B and E is obtained

as follows:

-9188  —9938.5 5 450820 i 21277 0
4671 -40 | |-171270 T o ~1000

Denote the current loop T; = F,G4 and the voltage loop T, = F,F,F, + F,GsF, in Fig. 3.3.
The overall loop gain at the point T, is written as T; = T; + Ty, and the outer loop gain at the
point T, is written as T, = T,/1+T;. From the expressions of T; and T,, the crossover

frequency of the current loop T; should be as high as possible to provide a 90° phase boost
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for the voltage loop T, while its gain should be as small as possible at low frequencies; the
loop gain T, should be as large as possible to attenuate the disturbance on the output voltage.
For this boost converter with parameters listed in Table 2.1, the LO in Eq. (3.1) is written

as follows:

* 1-918.8 -9938.5(, | 450820 21277 h
xX= X+ u+ A 0 (324)

467 —40 171270 L|

where £=[fip  Viol,u=[d V], and 4%, =¥, — V0. The PI controllers in Egs. (3.21) and
(3.22) are used as the compensators F, and F.,.

In Egs. (3.24), (3.21), and (3.22), the parameters to be determined are L = [/, LY, Kp1,
Ky, Kp, and Kp,. An iterative try-and-error design process is: assign the eigenvalues of 4—
LC to determine L = [ lz]T, here C=[0 1]; tune Kp;, K1, Kp2, and K, through examining
the bode plots of the loop gains T; = T; + T, and T, = T./1+T; until a stable control system is
maintained; further tune Ky, Ku, Kp, and Kp through examining the closed-loop
characteristics in Egs. (3.2) and (3.3) to obtain a good dynamic performance; repeat the
above steps until the desired dynamic performance is obtained. Through the above iterative
process, it is found that the eigenvalues {-0.0093, —7.5003}x10° are the best, and
correspondingly L = [0.01  0.75]'x10°. After the LO is determined, the following

compensators Fy, and F, are used to show the design of the compensators Fi, and F,:

I F,=020+250/s, F,=30.0+18000/s
I F,=040+500/s, F,=30.0+18000/s (3.25)
I F, =020+250/s, F, =45.0+25000/s

The bode plots of the loop gains T; and T, are shown in Fig. 3.4, with the stability

characteristics given in Eq. (3.26).

I T:f,=129kHz,PM =78.8°

Ty: f, =2.26kHz,PM =73.5°,GM =18.84B
II. Ty: f, =25.6kHz,PM =84.3°

Ty f, = 2.28kHz,PM =77.9°,GM =18.84B (3.26)
L Ty: f, =12.5kHz, PM =72.0°

Ty: f, =3.33kHz, PM =66.4°,GM =15.3dB
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Fig.3.4 Bode plots of T; and T,.

The closed-loop characteristics of output voltage in Egs. (3.4) and (3.5) are shown in Fig.
3.5, and the step responses of the output voltage to step changes in the input voltage and the
load current are shown in Fig. 3.6. From the curves I and II in Figs. 3.4, 3.5, and 3.6, it can
be seen that increasing the géin of inner compensator F,, can increase the gain crossover
frequency, and decrease the peak output voltage, however, the recovery time is prolonged;
from the curves I and III, it can be seen that increasing the gain of the outer compensator F,
can improve the dynamic performance, however, the phase margins are reduced. The curves

L 11, and III demonstrate that I in Eq. (3.25) is the best.
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The closed-loop dynamic characteristics of the inductor current i; and the estimated
inductor current ;o given in Egs. (3.6), (3.7), (3.8) and (3.9) are shown in Fig. 3.7 for the
compensators I in Eq. (3.25), it can be seen that the curves are almost the same. The step
responses of i; and f;, are shown in Fig. 3.8. It can be seen that the estimated inductor
current 77, perfectly estimated the inductor current #; when the input voltage is disturbed,

while there is a slight error between i; and #;, when the load current is disturbed.
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Fig. 3.7 Closed-loop dynamic characteristics of #; and #;..
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Fig.3.8 Step responses of i; and iy to step changes in V, and £,.

3.4.2 Practical experiments

To execute the controller on a digital processor, the above continuous compensators and LO
should be discretized. The discrete counterpart of Eq. (3.24) is obtained in Eq. (3.27) by the
zero-hold discretization method. The discrete counterparts of Eqgs. (3.21) and (3.22) are

obtained in Eqgs. (3.28) and (3.29) by the backward difference s = 1-zY/T,, where T is the
switching period.

) 09938  —0.0660 |, )+ 29965  0.1414 O+ ~0.0088] . @
X! = X u 5
0.0031  —0.9996 -0.0067  0.0002 4.9993 |0\ 3-27)

where £(k) = [i0(6) V100, u(k) = [AK)  $(k)], and AV, (k) = Po(k) — Pro(k).
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E,=02+0.0017(1-2z"

F,=30+0.120001-z71)

The practical dynamic responses are shown in Fig. 3.9,
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Fig. 3.9 Practical dynamic responses of output voltage and inductor current.

(3.28)

(3.29)

The practical experimental environment is shown in Fig. 3.10. A digital 16 bit DSC
NJU20010 produced by the NJRC is used to execute the above digital controllers. The clock
frequency of DSC is 62.5 MHz. An ADC and a PWM are integrated into the DSC. The limit
of duty ratio is set to 0.05~0.88. The slew rates of the load and input voltage are 250mA/us

and 2.0V/ps, respectively. A resistor 25 Q is used as the normal load. An electronic load

PLZ164W is used to generate the load current disturbance 0.8 A. The input voltage is

alternated by a switch.
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Fig.3.10 Experimental environment.

3.5 Conclusions

The design of a LO based sensorless multi-loop control for a boost converter is proposed.
The examinations of the closed-loop stability, the closed-loop dynamic characteristics of the
output voltage, the inductor current as well as the estimated inductor current are provided.
Simulations show the design procedure of determining the controllers and the LO. Practical
experiments give the practical dynamic responses. The LO is effective in estimating the
inductor current for the sensorless multi-loop control, and the proposed closed-loop stability
and characteristics evaluation method is feasible to design the LO-based sensorless multi-

loop control for boost converters.
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Robust Hoo Control of Boost Converters:

Current Sensorless Control

It is difficult to design the LO-based sensorless control of boost converters, because there
are too many parameters to be determined in the control loops, moreover, the relationships
between the loop gains and the closed-loop characteristics are generally indirect for the
multi-loop control. In this chapter, two novel robust Ho synthesis approaches are proposed
to design compact sensorless controllers for boost converters, which need not solve any
algebraic Riccati equation or linear matrix inequalities, and most importantly, parameterizes
the controllers by an adjustable parameter behaving like a ‘knob’ on the dynamic performan-

ce, so that the closed-loop characteristics evaluation is very straightforward.

Part 1
A Full-Order Sensorless Controller

4.1 Introduction

The design of an LO-based sensorless multi-loop control for boost converters in chapter 3 is

based on the classical control theory: the control part is separated into two loops including
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an outer loop and an inner, and the closed-loop characteristics is examined in the frequency
domain. A trial-and-error design procedure is needed since the controllers and the state
observer have to be designed separately, and the closed-loop characteristics evaluation is
severely aggravated. The trial-and-error design process is as follows: select the parameters
of LO; design the compensators; evaluate the closed-loop stability through; evaluate the
closed-loop dynamic characteristics; repeat the above process until the desired dynamic
performance is maintained. It can be seen that it is complicated to design a sensorless multi-
loop control in the frequency domain using the classical control theory.

Modemn control no longer separates the control into two loops, and directly handles the
system states including inductor current and the capacitor voltage of a converter in a state
feedback controller. However, a state feedback controller with a state observer as presented
in [43] brings no more benefits to the closed-loop characteristics evaluation than the conven-
tional sensorless multi-loop control. Robust Heo control, as a modern control, provides a
synthesis approach to directly taking the disturbance attenuation as the design target. The
robust Heo control of switching converters has been introduced in several papers [46] [47]
[48], however, there are some common drawbacks: one drawback is that an iterative
procedure is needed to solve the algebraic Riccati equations (ARE) [46] [47] or linear matrix
inequalities (LMI) [48]; as the main drawback, the advantages of the robust Heo control over
the conventional multi-loop control cannot be verified through closed-loop characteristics
evaluation. In addition, there has no paper introducing the design of sensorless control for
boost converters by the robust Heo control. Therefore, in this chapter, a novel Heo synthesis

approach is firstly proposed to design a sensorless controller for boost converters.

The block diagram of robust Heo control of a switching converter is shown in Fig. 4.1.
The disturbance from the input voltage or the load is weRl, the controlled output is
zeRY, the control input is ueR"™, and the measured output is yeRp . For boost
converters, since the stability of the inductor current which is an internal state should also be
guaranteed, it is necessary to include both the output voltage and the inductor current in the
controlled output z. However, the disturbance attenuation on the output voltage is more

desired. For this purpose, a weighting matrix # can be used as shown in Fig. 4.1.

Converter

Controller

Fig. 4.1 Block diagram of robust Hoo control.
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Define the state space equation of the converter as:

x=Ax+Bu+Ew
Converter: 3 y=Cix+Dyw .1
zZ= sz + D2u

where x e R"is the system states such as the inductor current and capacitor voltage, u, w, y

and z are the same as shown in Fig. 4.1. Matrices 4, B and E come from the equations of the

converter, while matrices C, Dy, C; and D, are determined by the controller to be designed.
For the system in Eq. (4.1), a sensorless controller, also called measurement feedback

controller, is written as follows:

Controller: { P =Kp+Ly (4.2)
u=Mp+Ny

where y is the input and « is the output of the controller as shown in Fig. 4.1, while p is the
estimated state. Matrices K, L, M and N are the parameters of the controller.

Mainly, there are two Heo synthesis approaches to derive a solution to Eq. (4.2). One
approach need solve the AREs as introduced in [46] [47]. The other approach need solve the
LMIs as introduced in [48]. There are some common drawbacks of the above Hoo synthesis
approaches. One drawback is that, a suitable disturbance attenuation level should be first
found, and an iterative procedure is needed to solve the AREs or LMIs. The second
drawback is that it is difficult to check the solvability conditions. Moreover, as the main
drawback, it is difficult to show how the closed-loop characteristics vary in a certain
controller set, so that the advantages of the robust Heo control over the conventional multi-
loop control cannot be easily verified. In this chapter, a novel robust Hoo synthesis approach,
which need not solve any ARE or LMI, and most importantly, parameterize the controller by
an adjustable parameter behaving like a ‘knob’ on the dynamic performance, is proposed to

design a compact sensorless controller for boost converters [49].

4.2 Introduction of the Proposed Robust Ho Synthesis
Approach
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The closed-loop transfer function G,(s) of the system in Eq. (4.1) with the controller in Eq.

(4.2), that is from the disturbance w to the controlled output z is written as

Gcl(s) = Ccl(SI_ Acl)_chl + Dcl 4.3)

where

[4+BNC,  BM [E+BND,
471 k|| Ip

Cy=[C,+D,NC; D,M], D, =D,ND

The Hoo norm of G(s) is defined in Eq. (4.4). The essential of robust Heo control is to
minimize G./(s) according to the Heo standard as defined in Eq. (4.5).

“Gcz(S)ij”w = SUD Oy |Gy (jO)] (4.4)
me[0,0]

[Garo)],, <7 .t

Condition : the control object is stabilized (43)

The basis of the proposed Hoo synthesis approach is to decompose the system in Eq. (4.1)
into a special coordinate basis (SCB) [50] [51]. Through SCB, the solvability conditions of
the system in Eq. (4.1) with the controller in Eq. (4.2) can be easily checked, meanwhile, a

step-by-step design procedure can be obtained, as presented from the following.

4.2.1 Solvability conditions of the proposed Hoo approach
Let (4, B, Cy, D) and (47, C", E”, D;") denote the subsystems Zp and Zq, respectively. The
solvability conditions of the system in Eq. (4.1) with the controller in Eq. (4.2) are as
follows:

I) (4, B)is stabilizable;

II) (4, C)) is detectable;

IIl) % and £ has no invariant zero on imaginary axis;

V) Im(E)cV™ (Zp)+5 (Ep);
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V) Im(C3)oV (S)+S(3p) -
I and II are the necessary conditions, while III, IV, and V are the sufficient conditions.

4.2.2 Controller design procedure

Referring to [51] [52] [53], the design procedure of the controller in Eq. (4.2) for the system

in Eq. (4.1) is as follows:

Step 1: Decompose the system in Eq. (4.1) into SCB and check the solvability conditions.

Step 2: Compute the Heo infimum y* of the system in Eq. (4.1).

Step 3: Set any y > v*, and design a full state feedback controller » = F(y, €)x for the
following system through SCB decomposition:

x=Ax+ Bu+ Ew

y=x (4.6)
z=Cyx+Dyu

Step 4: Similarly, design a full state feedback controller # = K{(y, €)x for the following

system:

x=ATx+C1Tu+C2Tw
y=x 4.7
z=ETx+D1Tu

Step 5: From the above obtained state feedback controllers, the controller in Eq. (4.2) is

expressed as follows:

p=Kp+Ly
u=Mp+Ny

(4.8)

where
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-1
K=+ 28 Py)+ BF () [ T-72000P0) | {K ()| G477 DIETP(r) |
#7200 AT PG)+ P()A+ CICy 47 PIEET () |

+77 200 P0)B+CIDy |Fir.0)}

-1
L={1-r00P0| ko)
M=F(y,¢)

N=0

where y represents the desired disturbance attenuation level and can be set to any value
satisfying y > y*; y* is the Hoo infimum of the system in Eq. (4.1) and can be computed as
introduced in [54] [55]. The adjustable parameter is &€ > 0. There exists an &* > 0 such that
for all 0 < € < g*, the closed-loop system becomes internally stable and the y-suboptimal
|Go(8)]j <y is satisfied.

4.3 Derivation of a Sensorless Controller for Boost
Converters

4.3.1 Construction of the small signal average value model
The boost converter used in this research is shown in Fig. 4.2, in which several parasitic
components are considered. Referring to [45], the small signal average value model of the

boost converter in CCM is constructed in Eq. (4.9).

+ r1 +
R0

Vref

Fig. 4.2 Sensorless control of a boost converter.
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x=Ax+Bd +Ew (4.9)

wherex=[i, V], w=[V, 1], and

_rL+Drs —21 (DR—rs)Vg+(rs +2rL)VD l 0
. I I B L(?‘L+DrS+D' R) Ee L
D R A N il ’ 0 1
C RC | C(r+Dr,+D?R) | C
and
' rsVref'I'RVg 1+ 1_4R(rL+rs)(Vref +VD)Vref @.10)

2Ry +Vp) (Vg + RV, )

The symbol D denotes the duty ratio at a given operating point and D' =1 — D, and d
represents the duty ratio adjustment from the given operation point when a disturbance
appears, that is the small signal of the duty ratio D. The symbols £ = [i, v.]" and w = [ﬁg
7,]" are the corresponding AC small signals. Ignoring the equivalent series resistance of the
output capacitor, V. is equivalent to v,. Here, v, and V, are not scaled by the corresponding
dividing resistors shown in Fig. 4.2 to evaluate the practical closed-loop characteristics. The

coefficients of a controller will be scaled at the execution stage on a digital processor. For

0
a1 ay by 0 &

4.3.2 Construction of the state space equation for the proposed

robust Hoo approach
From the AC small signal model in Eq. (4.9), the state space equation for the proposed

convenience, define

robust Hoo control is written as follows:
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% =A%+ Bd+EW
y =C1£+D11:1\) (411)
z=Cyi+Dyd

The matrices 4, B and E are the same as in Eq. (4.9), and

0 0 1 0 1 0 0
C = Dy = Gy = , D=
0o 1/ 0o of 0w, 0

The measurable output y is [#; ¥,]", and the controlled output z is [i; v,]%. The weight

on the output voltage is w,.

4.3.3 SCB decomposition of the system in Eq. (4.11)
The SCB decomposition of the subsystem Zp :=(4, B, C,, D)) is obtained as:

b

b b
| an-2ay way--2ay-an)-Sa)
2 0 |a
i I MU
b a12 xd bl

Xd a1 +E26112 —=

- W, (4.12)
-J’d—=-xd
Vbl L*b
and
0 1 1 0 |
Tp=| 1 b Top=| b | riP=E
o
W, b by

where I',p, T',p, and I'; are the state, output and input transformation matrices, respectively.
The states and outputs after SCB decomposition of the subsystem Zp are x;, x4 and y;, ya,
respectively. The state x, will not be directly influenced by the input d, however, will be
indirectly controlled by the output y,. The state x, is associated with the input d and the

output y,. This SCB implies a controllable and observable subsystem.
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The SCB decomposition of the subsystem £ :=(4", C,", E7, D,") is obtained as

).C; _ -Clu 021} x; . {0 O}{:uo }
. a 0 1|u
x| 12 9] x4 d

_yo __el 0 x;+1 0 uy
| Vd | _0 1 Xgq 0 0 Ug

4.12)

and

10 10 10
Tso=l, 1’FOQ=0e2’F"Q=o1

where 'y, I'sp, and I'ig are the state, output and input transformation matrices, respectively.
The states and outputs after SCB decomposition of the subsystem X, are x, , x; and y,, ya4,
respectively. The state x, is stable and will not be directly controlled by the virtual inputs u,,
1, and the outputs y,, ¥, The state x, is associated with the virtual inputs u,, u, and the

output y,. This SCB implies a controllable and observable subsystem.

4.3.4 Solvability Verification
It is easy to prove that the solvability conditions I, IT and III in subsection 4.2.1 are satisfied.

The following can be obtained after SCB decomposition:
_ 1 _ 0
V (Zg)=1Im{ 0 ., 8 (Eg)=Im{ ) }

Obviously, Im(Cg ) CR2, so the solvability condition V is also satisfied. Although the
SCB decomposition of the subsystem Xp shows that there is a state x;, so that the condition
IV is not satisfied, it does not mean that the controller in Eq. (4.2) for the system in Eq.
(4.11) is not solvable. It is still solvable, however, a complicated computation of the Heo

infimum y* is required as presented from the following.
4.3.5 Computation of the Hoo infimum of the system in Eq. (4.11)

Through SCB decomposition, it is found that the Heo infimum of the subsystem X, is yo* =
0. Thus, the Heo infimum of the system in Eq. (4.11) is determined only by the subsystem Zp.
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Referring to [55], for a given y > 0, there exists a full information feedback controller for the
subsystem Zp and the closed-loop satisfies ||Ga(s)||lo <1, if only if there exists a positive real

symmetric solution S, to the following algebraic Riccati equation:

s 4, +A§sx +stxE£sx7_2 —stxBJ{sx +C£Cx =0 (4.14)
where
A =a bza blbz ( 2 (a1 —ay) bza)
=TT 21—— 1178%22) 75 %12
S B A bf
T 2 2 ‘ b2
BBy =——"—=—(ay ——=(a11 - azz)—*‘an)
bl W ob2 bl bl
2
cTe - b
T b gt

2
EEL = w( Lof +3)
o

According to the above state feedback controller existing condition, the Hoo infimum of

Eq. (4.11) is obtained as:

J( 26} + b2eb)(0f +wb3)
b1a21_b1b2(a11_a22) Biay

(4.15)

4.3.6 Derivation of the controller in Eq. (4.2)
Following the design procedure described in the subsection 4.2.2, the controller in Eq. (4.2)

is obtained as follows:

(4.16)

where
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and

a1
Kp =BF(y,6)+ 9 9.1 5
Ay —Werby bys,y
LF =—K(}/,8)
MF= F(;/’g)
NF= 0

0

22 2
Wo€SxY

_ T
(@_an—azz_alzbz)s _ b
X
b W BT wh
b 2 £
1 1+—[;12
w-b
F(y,6)= -
Gab_an-p gy 1
X
G, b b W b
2 &
b 1+—l;12
L Wob i
—el 0 il
K(}/,g):
—ap —022+?

The A; and A, in Eq. (4.16) can be set to any negative values, for example —1. The

adjustable parameter is € > 0. There exists an ¢* > 0 such that for all 0 < g < g*, the closed-

loop system becomes internally stable and the y-suboptimal ||G(s)||cc < v will be satisfied,

where y > y*.

4.4 Simulations and Experiments

To show the straightforward closed-loop characteristics evaluation of boost converters by

the controller in Eq. (4.16), a boost converter listed in Table 2.1 is used.

4.4.1 Closed-loop characteristics evaluation
Substituting the parameters in Table 2.1 into Eq. (4.11), the matrices 4, B, and E are

obtained as follows:
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e 9188  —9938.5 oo 450820] . _ 21277 0
a7l -40 |0 a7l Tl oo ~1000

Substituting the above matrices 4, B, and C into Eqs. (4.6) and (4.7), and setting &; = A=
—1, the state feedback controllers F(y, ) and K(y, €) are obtained as follows:

- _
2
0.0020— w, s, +0.5674 « 0.2709

w2 +69287.12 €

20 2
00220 _ oSz ~0.0000082i;  71.30

w2 +69287.12 £

F(y.e)= “.17)

[2.1277x10* 0

1 | (4.18)

K(y,e)=
9.94x10° 40-=

As mentioned before, v is the desired disturbance attenuation level of the closed-loop
system with the condition y > y*, and y* can be obtained through Eq. (4.15). The adjustable
parameter is €, and there exists an e* > 0 such that for all 0 <& <¢g¥*, the Heo of the closed-
loop system satisfies ||Ga(s)||o <. The real symmetric matrix s, is obtained from Eq. (4.12).
The weight w, is used to augment the disturbance attenuation on the output voltage because
both the inductor current and the output voltage are included in the control output z.

First, set w, = 1 to show the closed-loop characteristics. From Eq. (4.13), the Heo infimum
of the system in Eq. (4.11) is y* = 2.1341. Set y = 2.2, then s, = 0.0053 is obtained from Eq.
(4.12). Substituting y and s, into the above F(y, €) and K(y, €), the controller in Eq. (4.16) as
well as the closed-loop transfer function in Eq. (4.3) is parameterized by the adjustable
parameter €. The closed-loop audio susceptibility and output impedance are shown in Fig.
4.3 (a) and (b), respectively. Lower than about & = 1/2100, the closed-loop system becomes
stable. The disturbance attenuation increases as long as € decreases. Lower than &= 1/100000,

and it will no longer obviously change, especially for the output impedance.
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Fig. 4.3 Closed-loop dynamic characteristics (w, = 1).

Then, set w, = 3 to augment the disturbance attenuation effect on the output voltage.
Similarly, the Heo infimum of the system in Eq. (4.11) is y* = 2.1603. Set y = 2.2, then s, =
0.0031 is obtained. The closed-loop audio susceptibility and output impedance are shown in
Fig. 4.4. Lower than about € = 1/4000, the closed-loop system becomes stable. Lower than €

= 1/15000, the disturbance attenuation will no longer obviously change.
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Fig. 44 Closed-loop dynamic characteristics (w, = 3).

Next, set w, = 5 to further augment the disturbance attenuation effect on the output
voltage. Similarly, the Heo infimum of the system in Eq. (4.11) is y* = 2.1628. Set y = 2.2,
then s, = 0.0022 is obtained. The closed-loop audio susceptibility and output impedance are
shown in Fig. 4.5. Lower than about £ = 1/6000, the closed-loop system becomes stable.
Lower than € = 1/18000, the disturbance attenuation will no longer obviously change.

For w, = 5, the closed-loop dynamic responses of the output voltage to a step change in
the disturbances are shown in Fig. 4.6. The response for £ = 1/6000 is not drawn because the
peak value is too large. As shown in Fig. 4.6, the fluctuations in the output voltage from the
DC operating point will go positive and remain a very small steady state error when a
disturbance appears in the input voltage, while it will go negative before reach the steady

state when a disturbance appears in the load.
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Fig. 4.6 Closed-loop dynamic response of v, to a step change (w, = 5).

Although larger can further enhance the disturbance attenuation on the output voltage,

Figs. 4.6 and 4.7 show that good disturbance attenuation has been obtained.

4.4.2 Practical experiments

For w, = 5 and y = 2.2, the controller in Eq. (4.16) is written in Eq. (4.19). To execute the
obtained controller on a digital processor, the bilinear transformation s =2(z-1)/Ty(z+1),
where T is the switching period, is utilized to discrete the continuous controller. The

discrete controller for ¢ = 1/18000 is obtained in Eq. (4.20).

r

. _ L0967 99385 21108 212717 =9385\
P)= " 000 oo [P0 0 _ags L?g(t):l
. X 11326 —— T gL
) 506.7877 + _ 6 - £ @.19)
OE 0.0020-2"%26 0.0220-> '6?4] 120
| L 10°e 10°¢
( 0.8717 —2.7209 51.3654 —99.91471| v, (k)
plk+1)= pk)+ N
0.0036 0.9623 0.0828 454991 || 9. (k)
] . (4.20)
X Vg (k)
d(k) =[-0.0001 —0.0023] p(k) +[~0.0029 ~0.0524]| ®
VO

\

A digital 16 bit processor NJU20010 produced by the New Japan Radio Corporation is
used to execute the above digital controller. The limit of duty ratio is set to 0.05~0.88. The
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slew rates of the load and the input voltage are 250mA/us and 2.0V/ps, respectively. Fig. 4.7
shows the practical experimental results. The experimental environment is the same to Fig.

3.10 in chapter 3.
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Fig. 4.7 Dynamic responses of output voltage by the digital controller.

4.5 Conclusions

For the conventional LO-based sensorless multi-loop control of a boost converter, there are
at least six parameters relating with the closed-loop characteristics. For the proposed robust
Hew synthesis approach, a compact sensorless controller is parameterized by an adjustable
parameter behaving like a ‘knob’ on the closed-loop characteristics, so that the closed-loop
characteristics evaluation becomes very straightforward. Simulations show the closed-loop
characteristics evaluation process. Practical experiments show that the practical dynamic
responses are very good. The derived sensorless controller is general to the boost converters
having a same topology. The proposed Hee synthesis approach can also be easily extent to

other converters such as buck-boost and quadratic converters.
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Part 11

A Low-Order Sensorless Controller

4.6 Problem Formulation

The block diagram of the robust Hoo control of a switching converter is redrawn in Fig. 4.8.
The disturbance is we R , the controlled outputis z¢€ R?, the controller outputis u € R™,
and the measured output is Y € RP | A weight matrix W is used to adjust the disturbance
attenuation on the controlled output z. Define the state space equation of the converter in Eq.

(4.21). A compact sensorless controller is written in Eq. (4.22).

W—————> Z 74 Z
Converter

Controller

Fig. 4.8 Block diagram of robust Hoo control.

x=Ax+Bu+ Ew
Converter: 3y =Cyx+Dyw 4.21)
zZ= sz + D2u

Controller: 1P =Kp+Ly

(4.22)
u=Mp+Ny

where x e R” is the system state including the inductor current and the capacitor voltage.

Generally, the order of the controller in Eq. (4.22) is the same to the system in Eq. (4.21)
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with an order n. However, the order of the controller can be reduced to n—rank[C,
Dil+rank(D,)<n. A low order controller has the merit of less computation volume or simpler
circuit, and is more suitable for real-time control.

Mainly, there are two Heo synthesis approaches to designing a lower order controller. One
approach is to solve the following AREs in Eqs. (4.23) and (4.24) with the conditions in Eq.

(4.25) to construct a low-order controller as introduced in [56] [57]:

Yol (4-G)'t" +2(4-Gyax +¥a! (2T +GT G247l Co Ao +7B,B t7 =0(4.23)
Yo (A-G)'e" +2(4-Gya¥ +¥a! (2T +GTG-247CICy Ayar +7B,BT 7 =0(4.24)

Z - +}/_2YaTX =0

4.25
ZY >0 ( )

where G = BB"C,'C?, 0. is a constant matrix, X and ¥ are the solutions to be found, and v is
the desired disturbance attenuation level.

The other approach is to solve the following LMIs as introduced in [58] [59]:

[~ T 5 T AT -1 ]
ApX+ X4y -BpBy  XC, 7 By

élZX -] }’*11311 <0
-1pT -1AT
Biy y Dy -1

(AT o oh AT A » SIAT
At +¥4py -CypCpy  YBy 7 Cpy

By -1 15 1<0
_112 . ¥ (4.26)
I 7 Cp y Dy -1 ]
X -l
| X 7 2,
7 Ty Y

It can be seen that, especially for a low-order controller, an exhaustive solution search
procedure is required to solve the AREs or LMIs. In this chapter, a novel Hoo synthesis
approach is proposed to design a low order sensorless controller for boost converters. The
proposed Hoo approach need not solve any ARE or LMI, and most importantly, makes the
closed-loop characteristics evaluation straightforward by parameterizing the controller with

an adjustable parameter which behaves like a ‘knob’ on the dynamic performance [60].
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4.7 Introduction of the Proposed Robust Hoo Synthesis
Approach

The closed-loop transfer function G (s) of the system in Eq. (4.21) with the controller in Eq.

(4.22), that is from the disturbance w to the controlled output z is written as:

Gcl (5)= Ccl (sI- Acl )_1Bcl +Dcl (4.27)

where

I_..

[A+BNC1 BM} 5
, 2cl

E+BND,
Iq K }

LD,

Cy=[C,+D,NC;  DM], D, =D,ND

The basis of the proposed robust Heo synthesis approach is to decompose the system in Eq.
(4.21) into a special coordinate basis (SCB) [50] [51]. Through SCB decomposition, it is
easy to check the solvability conditions, and design the low-order controller by a step-by-

step procedure, as presented from the following.

4.7.1 Solvability conditions

The solvability conditions are the same as given in subsection 4.3.1.

4.7.2 Design Procedure of a Low Order Controller

Referring to [51] [61] [62], the design procedure of a low-order controller in Eq. (4.22) is as
follows:

Step 1: Decompose the system in Eq. (4.21) into SCB and check the solvability conditions;
Step 2: Compute the Heo infimum y* of the system in Eq. (4.21);

Step 3: Set any y > y* and define an auxiliary system in Eq. (4.28);

Xpg = ApgXpg + Bpgi + Epuw

pa*pq ra¥pq
y =Ciprp Dy pg¥pq (4.28)
Zpg = Cop¥pg + Dypqt
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where

Ay = A+EE Py + (A 1-0P) 0CL
B =B+(y*1-0P)ocl p
rq 7 2p 2p
_ 21
Eyy=(I-0PrYE,

C,=C+DE Py~

Through the SCB decomposition of Eq. (4.21), P, O, as well as C,, Dipq, Cop, and
D;p,q can be obtained.

Step 4: Transform the system in Eq. (4.28) into the form in Eq. (4.29);

* 41 4] [31 } I:El J
X = X+ u+ qu
A1 Ayn | | B E,
0 G Dy
{y= X +
JA 0

P (4.29)

z= ]:Cz,l C2,2 ]x + Dzu

Step 5: Design a full state feedback controller u = F,(y, €)x for the following subsystem of
the system in Eq. (4.29);

x=Ax+Bu+Ewpq
y=x

(4.30)
Z= Csz +D2pqu

Step 6: Design a full state feedback controller # = K(y, €)x for the following subsystem of
the system in Eq. (4.29);
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x=diyx+[Cloy dfy Ju+Ciow

y=x (4.31)
z=E2Tx+[D1TO ElT]u

Step 7: Denote Fx(y, €) = [Fp1  Frl, Ko(v, €) = [Ko1  Kpal. A low order controller in Eq.
(4.22) is expressed as follows:

{p =Kp+1Ly (4.32)

u=Mp+Ny

where

K = Ay + KpiCy gy + Ko dip +(By =Ko B )Fpy

L= [‘KQ1 A1 + K djy — (A + K1 Crp + KQZAIZ)KQ2]

+(By + KQZBI)[O Fpy “szng]
M = FP2

N=[0 Fp=FpKpp | N=[0 Fpi~Fpopo]

The symbol y represents the desired disturbance attenuation level satisfying y > v*. y* is
the Hoo infimum of the system in Eq. (4.21) and can be computed as introduced in [54] [55].
The parameter & > 0 is tunable. There exists an e* > 0 such that for all 0 <g < ¢¥, the closed-

loop system becomes internally stable and the y-suboptimal ||Gu(s)||ec <y is satisfied.

4.8 Derivation of a Low Order Sensorless Controller for

Boost Converters
4.8.1 Construction of the small signal average value model

The same boost converter is redrawn in Fig. 4.9, and the small signal average value model
of the boost converter in CCM is rewritten in Eq. (4.33).
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Vref

Fig. 4.9 Sensorless controlled boost converter.

x=Ax+Bd +Ew (433)

wherex=[i, VJ],w=[V, 1], and

Dy, —2, (DR—rS)Vg +(rg +2rL)VD 1 .
A= L L B L(VL-I-DFS-}-D' R) B L
2 L e D ’ 0 1
C RC | C(+Dr+D%R) | C
and
_ rsVref +RVg 1+ - 4R(rL +rs)(Vref +VD)Vref 34)

2Ry +Vp) (1o + RV’

The symbol D denotes the duty ratio at a given operating point and D' =1 — D, and d
represents the duty ratio adjustment from the given operation point when a disturbance
occurs. Ignoring the equivalent series resistance of the output capacitor, v, is equivalent to v,

For convenience, define
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4.8.2 Construction of the state space equation for the robust Heo
approach
From the small signal model in Eq. (4.33), the state space equation for the proposed robust

Heo control is written as:

%= AR+ Bd + Ew
y=Cix+Dpi (4.35)

Z=C2)%+D26;1

The matrices A, B and E are the same to Eq. (4.32), and

The measurable output is y = [V, ,]%, the controlled output is z=[f; ¥,]", and w, is a

weight on the output voltage as shown in Fig. 4.10. Denote

A:[an alz} Bz[blil Ez{el 0}
o apl b | 0 e

4.8.3 SCB decomposition of the system in Eq. (4.35)
The SCB decomposition of the subsystem Zp: = (4, B, C,, D,) is obtained as:

i by by 1
: ap=-=ayy Wy(ay —=(a —an)-—5a)
X 0 |
Xb | _ b b b{ b}{bjd
’ b2 a1 Xq
Xd | |ay+2a 2
L *d ] _ ey, W, _ (4.36)
-J’dq:—xd
Yol 1%

and
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0 1 1 0
Fpp=| 1 b|, Tep=| b
W, b b
The SCB decomposition of the subsystem Zq :=(4", C,", E*, D;") is obtained as:

Xa =—a11 a x; + 0 O} U
. _6112 ay Xg 0 1 Ug

L (4.37)

—y()—:—el 0 x;_*_l 0| uy
| Vd | _0 1 Xy 0 0 Ug

and

10 10 10
FSQ:[O J’ roQ:[o ez]’ r"Qz[o 1]

4.8.4 Solvability Verification
As proved in subsection 4.3.4, the controller in Eq. (4.22) for the system in Eq. (4.21) is

solvable, however, a complicated computation of the Heo infimum y# is required.

4.8.5 Computation of the Hoo infimum of the system in Eq. (4.35)

Through SCB decomposition, it is found that the Heo infimum of the subsystem 2 is yo* =
0. Thus, the Hoo infimum of the system in Eq. (4.35) is determined only by the subsystem Zp.
Referring to [55], for a given y > 0, a positive real symmetric solution s, to the algebraic

Riccati equation in Eq. (4.38) should exist.
sy, + Af S+ stfo sx}/_2 —stxBf Sy + CJ{ C,=0 (4.38)

where

2 2
w-bb b b
_Hohiby (021-—2(011"022)—;125012)

b
A =ayy——2ay -
X 22 bl 12 b12+W§b22 bl
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2,2 2
b
B BT=—M(G -2 (ay; -ayp) -2 a,)
xx b12+W§b22 21 bl 2 b12 2
2
cIc, =1
N )

According to the above solution existing condition, the Heo infimum of Eq. (4.35) is

obtained as:

(6263 +b3ed) (B +wlb))
Blay, —biby(ay; —any) - b3ay,

y = (4.39)

4.8.6 Derivation of a low-order controller
Although the system in Eq. (4.29) can be constructed through the SCB decomposition of the

system in Eq. (4.35), it can be seen that the system in Eq. (4.35) is already very similar to
the system in Eq. (4.29). Therefore, a transformation 7, =[0 1;1 0] on the system state x
is performed to transform Eq. (4.35) into the form in Eq. (4.29).

Following the design procedure described in the subsection 4.7.2, a low-order controller
in Eq. (4.22) is obtained as follows:

p=Kp+ly

R (4.40)
d=Mp+Ny

where

2 3
K= _ waby(biay; —biby(ay; - ap) —b3app)s, — b} A
by +b2) ¢

2,2 2 2
L=le Wy (b ay1 —biby(an —ag) —bya1y)s, +wobiby 4
B +wyby g
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2 2 2 3
Ao Woby(biay ~biby(ay; —ap)-byary)sy ~bf 2

b Z)lz(bl2 + wgbg ) £

2 (1.2 2
N=l0 W, (Blag —biby(ay —agp)—byapy)s, +biy 4 apy

by b12 +w§b22 £ b

The A in Eq. (4.40) can be set to any negative value, for example —1. The parameter ¢ > 0

is tunable.

4.9 Simulations and Experiments

The same boost converter with parameters listed in Table 2.1 is used to show the

straightforward closed-loop characteristics evaluation.

4.9.1 Simulations of the low-order sensorless controller
Setting A =—1, the low order sensorless controller is obtained in Eq. (4.41).

9.4283x107 w25, ~772.10w 1 || Vg

( 5.2 4
__Lol48x10"w,s, +9.1622x10 lp-*- 21277 -

9.1622x10* +13223w2 ¢

2
1.6148w;s, +0.9162 1 +0 0.02-

2.0323x10° +2.9332w2 € ||,

9.4283x10%w2s, ~7.7210w2 1 [ %

d=(0.002 -

p ol
4.1304x10° +5.9613w2 & | 9.1622x10% +1.3223x10%w € || 9,

(4.41)

First, set w, = 1 to examine the closed-loop characteristics. From Eq. (4.39), the Hewo

infimum of the system in Eq. (4.35) is y* = 2.1341. Set y = 2.2, then s, = 0.0053 can be

obtained from Eq. (4.38). Substituting y and s, into

Eq. (4.41), the closed-loop audio

susceptibility and output impedance are shown in Fig. 4.10 (a) and (b), respectively. Lower

than about e=1/6000, the disturbance on the output voltage begins to be attenuated. The

disturbance attenuation increases as long as decreases. Lower than ¢ = 1/100000, the

disturbance attenuation will no longer change obviously, especially for output impedance.
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Fig. 4.11 Bode plots of closed-loop characteristics (w, = 5).

Next, set w, = 5 to augment the disturbance attenuation effect on the output voltage.
Similarly, the Heo infimum of the system in Eq. (4.35) is y* = 2.1628. Set y = 2.2, then s, =
0.0022 is obtained. The closed-loop characteristics are shown in Fig. 4.11. Lower than about
e = 1/3000, the disturbance on the output voltage begins to be attenuated much. Lower than
£ = 1/20000, the disturbance attenuation will no longer change obviously.

Next, set w, = 10 to further augment the disturbance attenuation effect on the output
voltage. The Heo infimum of the system in Eq. (4.35) is y* = 2.1640. Set y = 2.2, then s, =
0.0013 is obtained. The closed-loop characteristics are shown in Fig. 4.12. Lower than about
€ = 1/2000, the disturbance on the output voltage begins to be attenuated much. Lower than
€ = 1/8000, the disturbance attenuation will no longer change obviously. It means that the
closed-loop characteristics have approached its limit when w, = 10 and this value can be

chosen as the suitable value of s.
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Although larger w, can further enhance the disturbance attenuation on the output voltage,
Fig. 4.13 shows that good disturbance attenuation has been obtained. The closed-loop

dynamic responses of the output voltage are shown in Fig. 4.13 for w, = 10.

4.9.2 Practical experiments
Through bilinear transformation s = 2(z-1)/Ty(z+1), where T, is the switching period, the

digital counterpart of the controller in Eq. (4.41) obtained by the proposed Heo synthesis
approach is written in Eq. (4.42) for w, = 10 and & = 1/8000. The practical dynamic response

of output voltage is shown in Fig. 4.14.

plk+1)=-95723p(k) + 53.18315, (k) ~ 1242.15, (k)

d(k) =-0.00005p(k)~0.0014, ()~ 1.04835, (k) (4.42)
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Fig. 4.14  Step responses of output voltage v,.
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The practical experimental environment is the same to Fig. 3.10 in chapter 3.

4.10 Conclusions

Through the proposed robust Heo synthesis approach, a low-order sensorless controller is
derived for a boost converter. The controller is parameterized by an adjustable parameter
behaving like a ‘knob’ on the closed-loop characteristics, which makes the closed-loop
characteristics evaluation very straightforward. Compared with the full-order controller, the
computation is reduced by one third. Simulations show the straightforward closed-loop
characteristics evaluation. Practical experimental results confirmed the simulations. The
derived sensorless controller is general for boost converters. The proposed Hoo synthesis
approach is also applicable to the sensorless controller design of other converters such as

buck-boost and quadratic converters.
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Sliding Mode Observer for Current

Sensorless Control of Boost Converters

A Luenberger observer (LO) only feeds a linear output estimation error back to the observer.
In this chapter, a sliding mode observer (SMO), which feeds a nonlinear output estimation
error back to the observer, is proposed for the sensorless control of a boost converter to

improve its dynamic performance.

5.1 Introduction

For a boost converter in the continuous conduction mode (CCM), analysis in the frequency
domain shows that there is a right-half-plane-zero (RHPZ) in the transfer function from the
duty ratio to the output voltage [2]. The crossover frequency of the open loop gain is
severely restricted by this RHPZ, resulting in poor dynamic performance if single-loop
output voltage control is adopted. The time domain analysis of a sliding mode controlled
boost converter shows that an unstable inductor current wiil result if only the output voltage
is used [63]. Therefore, either an inductor or a switch current is required for the control of a
boost converter in the CCM. This situation is similar to the control of buck-boost and fly-
back converters. However, as presented before, a current sampling circuit will unavoidably
increase the cost, size, and weight and cause a slight power loss. The sensorless control of
boost converters provides a solution to this problem. Some sensorless controls have been

introduced in previous papers as follows. The use of the integral of the voltage drop on the
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inductor to estimate the inductor current was introduced in [16] [64], the use of the predicted
inductor current for peak current control was introduced in [65] [66], and the use of a state
observer based on the state-space equation was introduced in [17] [18]. Investigation results
show that, a Luenberger observer (LO) [18] and Kalman filter (KF) [67] are most effective
in observing the inductor current of switching converters. However, some drawbacks have
also been pointed out as follows. It was shown in [67] that the robustness to parameter
uncertainty and external noise cannot be guaranteed for the LO and KF and that the real-
time implementation of the KF involves significant numerical complexity. The theoretical
analysis in [75] shows that for the LO, the convergence of the estimation error is only
ensured in a bounded region. In the formulas of the LO and KF, a linear output voltage
estimation error is fed back to the observer. This means that the estimation error cannot be
forced to zero quickly and the convergence accuracy of the observer is not good, as shown
in[17] [67].

+ v -
i s .
L L L D VD to
Rr3 + R +
.
yym e s c=tv, ] R[|w
R4 ':Y R
d
- v controlier 5 - -
ey Wk v
L/

I observer |

Fig. 5.1 Sensorless controlled boost converter.

The sensorless control of boost converters can be summarized in Fig. 5.1. The inductor
current is first estimated using the duty ratio, the input voltage, and the output voltage, and
then the estimated inductor current is applied to the controller. From the inductor current
estimation methods introduced in [16] [17] [18] [64] [65] [66], the following LO is the most

effective method of observing the inductor current of switching mode power suppliers:

3 =0(%)+TE0)+K(y-5)
y=Cx(t)

(.1)

here # is the estimate of the system state x, and y is the measurable output. The LO can be a
nonlinear [18] or linear observer [17] depending on the constructed model of the control

object. However, it can be seen that the error between the control system output y and the
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observer output ¥ is fed linearly back to the observer. As a result, the estimation error cannot
be forced to zero quickly, and the convergence accuracy of the observer deteriorates in the
presence of unknown disturbances [18] [67].

As presented in [68] [69] [70] [71] [72], for a sliding mode observer (SMO) written in Eq.
(5.2), a nonlinear output estimation error is fed back to the observer. Provided a bound on
the magnitude of the disturbances is known, the SMO can force the estimation error to
converge to zero in a finite time, while the observer states converge asymptotically to the

actual system states.

2=®(R)+I(%,u)+Lsgn(y- ) (5.2)
y=Ci(1)

Although there have been several studies on the application of the SMO to switching
power suppliers [73] [74] [75] [76]; however, there have been no papers introducing the
application of the SMO to the sensorless current control of boost, buck-boost, and fly-back
converters with a clear description of the SMO. Therefore, in this chapter, an improved
discrete SMO is proposed for the sensorless control of boost converters to improve their
dynamic performance [77]. Simulations and practical experiments on an NJU20010 digital
processor are performed. It is shown that the dynamic performance of the boost converter is

greatly improved by the proposed SMO-based control compared with LO-based control.

5.2 Introduction of the Proposed Sliding Mode Observer

Suppose that a discrete linear time-invariant system has the form:

x(k+1) = Dx(k) + Tu(k) + FE(k)

(k) =Cx(k) 3

where x(k)eR”" is the state, y(k)eR? is the measurable output, u(k)eR™ is the
known input, £(k)€R? is the bounded disturbance, ¢ <p, and &, I', F, and C are constant

matrices of appropriate dimensions. {{(k) is unknown but assumed to be bounded and satisfy:

lé@®)| < p (5.4)

where p is known. To construct state x(k) in the system given by Eq. (5.3), an improved
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SMO is proposed.

5.2.1 Proposed sliding mode observer
The proposed SMO for the system in Eq. (5.3) is written as:

H(k+1) = ®3(k) + Tu(k) + Gye, (k) + G,y
50 =Ci(k) )

where

e,(k)=3(k)- k), v=sgile,)

%(k) is the estimate of state x(k), v is a discontinuous feedback compensation, which can
eliminate the effect of the nonlinear term (k) in Eq. (5.3), and, when combined with u(k), it
guarantees the asymptotic stability of error estimation. The constant matrix G, is the
observer gain matrix, which guarantees that a sliding mode is attained on the sliding surface
in the error space of the state estimation. Compared with Eq. (5.2), a linear output error term

Gpe, is added to the observer in order to enlarge the sliding mode region.

5.2.2 Solvability conditions of the proposed SMO
The necessary and sufficient conditions of the SMO given by Eq. (5.5) for the system in Eq.

(5.3) are as follows:
L. rank(CF) = rank(F).

I1. The invariant zeros of the triple (@, F, C) lie inside the unit circle.

5.2.3 Observation error dynamics
Define e(k) = x(k) — £(k) as the state estimation error. From Egs. (5.3) and (5.5), the

reconstruction error is given as follows:

e(k+1)=(@-GC)e(k) + FE(k) -G,y (5.6)

e, (k) =Ce(k) ;.7
Define the sliding surface as
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s= {e(k) ey (k)= o} (5.8)

As proved in [68] [72], the error system given by Egs. (5.6) and (5.7) is asymptotically
stable, and a convergent sliding-mode motion occurs on the sliding surface defined in Eq.
(5.8) under some conditions. Assuming that the ideal sliding mode of the system in Eq. (5.6)
is obtained after a finite time k, at which e (k) = 0, the equivalent control at the sliding stage

is obtained as
Veg (k) =(CG, )_I(C(De(k) +CFE&(k)) 5.9

Substituting Eq. (5.9) into the state error equation Eq. (5.6) gives the reduced order

system:
e(k+1)=(I -G, (CG,) " C)(@e(k) + FE(k)) (5.10)

Ideally, the error system in Eq. (5.6) will converge to the origin along the sliding surface

in Eq. (5.8) under the control expressed as Eq. (5.9).

5.2.4 Parameter determination of the SMO

To determine the parameters G; and G, in Eq. (5.5), the application of a linear
transformation to change the coordinates of the system in Eq. (5.3) was introduced in [69]
[75], and the use of a linear matrix inequality was introduced in [78]. In this chapter, a
simple method introduced in [68] is proposed as follows.

As one of the eigenvalues of (I-G(CG,)'C)® is zero, G, can be determined through

assigning the other n» — 1 eigenvalues. Moreover, if there exists a real number such that
F=nG, .11

and all the eigenvalues of (I-G,(CG,)"C)® lie inside the unit circle on the discrete complex
plane, it can be found that e(£) is independent of {(k) through substituting Eq. (5.11) into Eq.
(5.10). That is, the sliding motion given by Eq. (5.10) is stable and will not be affected by
any disturbance.

Define a discrete Riccati equation as follows:
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opol - L

~oPCTCPO -P=—0 (5.12)
a+CPC

where Q is a positive semi-definite symmetric matrix and « is a positive real number.

Solving Eq. (5.12) to find the unique positive definite symmetric matrix P, the matrix G; is

given by

1 T
G =—0PC 5.13
l a+CPCT 613

5.3 Design of SMO-Based Sensorless Control for Boost

Converters
5.3.1 Construction of discrete small signal average value model
A boost converter by sliding mode sensorless control is shown in Fig. 5.2, in which several
parasitic components are considered. Referring to [2], the small signal average value model

of the boost converter in the CCM is constructed as follows:

g

V., .~ i U
g+ g sliding mode RY
D1 i |y o2
. _+ 'ref ™
F i

observer

Fig. 5.2 Sliding mode sensorless control of a boost converter.

x=Ax+Bd +Ew (.14

where x =[i; Ve, W = [vg L], and
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s . (DR -1 40041 | O
- 7 L(r; + Dr,+ D'“R r
ol L| g Hn ; Y
L2 A V=DV "o 1
C RC | C(r+Dr,+D*R) | C
and
rV..c+ RV 4R(ry +r ) V.r +Vp )V,
D=3 ref g 1+ f1- (L s)( ref g)) ref (5.15)
2R(Vyer +Vp) (Ve +RV)

where D is the duty ratio in one switching period and D'=1-D.x=[i, v,]T and w = [v,
i,]" are the corresponding AC small signals. Here, although v, and v, are not scaled by the
corresponding dividing resistors shown in Fig. 5.2, the parameters of the controllers will be
scaled at the execution stage on a digital processor.

To design a discrete SMO and controller, the above state space in Eq. (5.14) should be
discretized, and the discrete counterpart is written as

x(k +1) = Ayx(k) + Byd(k) + E w(k) (5.16)

where x(k+1) = [ig(k+1)  vo(k+1)], w(k) = [vgk)  is(k)]
Ad = eAT Bd =fgeATdrB . Ed =j.0TeATdTE

2

On the basis of Eq. (5.16), the SMO is designed as described in the following section.

5.3.2 Construction of the sliding mode observer
To design the SMO, define

i (k d(k
x(k>=[jf((kﬂ, u(k){v((,z)}, &) =[]
0 g

First, change Eq. (5.16) into the following form:
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{x(k +1) = Dx(k) + Tu(k) + FE(k)

yB)=[0 1]x(k) (5-17)
where
©=4y, T=[B; Es(x))], F=[E4(x2)]
Then, the SMO is constructed as follows:
P(k”)}@{’}(")}+I‘u(k)+Gzey(k)+Gnv 65.18)
B+D)] |50

where
ey (k)=y(k)=J(k), v=sgn(e,)

5.3.3 Design of SMO-based sliding mode controller

The SMO in Eq. (5.18) can be used for the average value model based sensorless control of
a boost converter, such as multi-loop PI control and state feedback control. As multi-loop PI
control is well known to almost all power electronics engineers and researchers, in this
chapter, the design of a sliding mode controller, which can maintain better dynamic
performance than a linear controller, is introduced in the following.

First, change Eq. (5.16) into the following form:
x(k+1) = Agx(k) + Byd(k) + El"g (k) + Eyi, (k) (5.19)

where
E =E;(x1), Ey= E (% 2)

Then, the system state variables are selected as follows to design a discrete sliding mode

controller. Both the inductor current error and the output voltage error are used to improve
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the accuracy of the output voltage.

x1(k) i (k)- iref(k)
x0)=| 30 |=| k)

k Eook
x3(k) Sx+ 3,
TR

here iz, represents the instantaneous reference inductor current and is generated from the

following PI controller:

k
bygr (k) =kpv, (k) +kj Zlvo(j) (5.20)
J:

Define the sliding surface as
(k) = ex1 (k) + ey (k) + c33 (k) (5.21)

Suppose that i, < p at all times, where p represents the maximum disturbance from the
load. Using the equivalent control s(k+1) = s(k) at the sliding stage, the equivalent control
can be obtained from Egs. (5.19), (5.20), and (5.21), and is written as follows through
replacing x(k) by £(k) in Eq. (5.18):

dyg =~ MBd)‘1 [(Metd ~N)i(k) + MEyvg + MEyp —c3iRef(k)} (5.22)
where

M=[CI+C3 —(kp+kl)(cl+03)+02+03]

N =[01 —kP(cl+c3)+02]

The actual trajectory of a sliding mode controlled system is shown in Fig. 5.3. The

equivalent control term in Eq. (5.22) forces the system states to move toward the origin at
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the sliding stage. A switching control term should also be used to bring the system states
onto the sliding surface s and trap them into a small range of s at the sliding stage. Although
a sign function can ideally realize sliding mode control, the chattering problem will also
appear [80]. In fact, only quasi-sliding mode control is feasible in practical applications.
Therefore, the switching control term in Eq. (5.23), which is a saturation function, is

adopted to eliminate the chattering at the steady stage.

Fig. 5.3 Trajectory of a sliding mode controlled system.

-p §>A

s._| B
dsw(k)=-ﬂsaf(Z)= 5 js|<A (5.23)

Jii s<A

where A represents the boundary layer around the sliding surface s. The overall discrete

sliding mode controller is written as follows:
d(k)=dy, +d, (5.24)

The derivation of the stability conditions of the discrete sliding mode controller in Eq.
(5.24) is given in [23] [79]. The parameter determination of the sliding mode controller is
also presented in [79], and an empirical approach to selecting the sliding coefficients is

presented in [23].
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5.4 Simulations and Experiments
To verify the improved dynamic performance by the proposed SMO-based sensorless

control, a boost converter whose parameters are listed in Table 2.1 is used.

5.4.1 Simulations of SMO-based and LO-based sensorless sliding
mode control

Substituting the parameters in Table 2.1 into Eq. (5.14), the discrete counterpart in Eq.

(5.16) is obtained as follows:

[0.9938  —0.0660 [ 29965 01414 0.0002
7100031 09996 |7 | -0.0067” "¢ |0.0002 —0.0067

Referring to [23] [79], the sliding mode controller in Eq. (5.24) is obtained as

=7.59i7,(k) = 3.459,(k) = 5.07vg + 5.81,, (k) + 3.43- 5sat(@)

dk)= .
(k) m (5.25)

where
5(k) = 0.5x, (k) + 55, () +0. L (k)

k
oy () ==10.016v, (k) ~0.0053 3. v, ()
j=!

and 7y, and v, are the estimated states obtained by the SMO in Eq. (5.18).
Firstly, determine the parameter G; in Eq. (5.18). Setting Q=L and a = 1, where L is a

unit matrix, the matrix P in Eq. (5.12) is obtained as

_[766166 03167
1 03167 1619

Substituting the above P into Eq. (5.13), the matrix G; in Eq. (5.18) is obtained as G, =
[0.0793  0.6184]", and the eigenvalues of & — G,C are 0.9931 and 0.3820.
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Secondly, determine the parameter G, in Eq. (5.18). Substituting Eq. (5.11) into Eq. (5.10),
it is found that the eigenvalues of (I-G,{(CG,y'C)® are 0.9939 and 0. Therefore, there exists
a real number 7 such that the sliding motion given by Eq. (5.10) is stable and will not be
affected by any disturbance. Selecting # = 0.8, the matrix G, is obtained as G, = [0.0003
—0.0083]" . Then, the SMO in Eq. (5.18) is given by

0.0031  0.9996 ~0.0067 0.0002 0.6184
0.0003 (5:26)
+ v

0.9938 - 0.0660 29965 0.1414 0.0793
x(k+1)= x(k)+ u(k) + e, (k)

-0.0083

where x(k+1) = [;(k+1)  V,(+ )]
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Fig. 5.4 Dynamic response of SMO-based sliding mode control.
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Similarly, & in Eq. (5.12) and # in Eq. (5.11) can be set to other values, e.g., a=0.1,a=5
and n = 0.2, to investigate the convergence performance of the SMO. Simulations show that
good convergence performance is maintained by a =1 and # = 0.8. The dynamic response of
the boost converter whose parameters are listed in Table 2.1 controlled by the sliding mode
controller in Eq. (5.25) and the SMO in Eq. (5.26) is shown in Fig. 5.4.

For the LO in Eq. (5.1), the estimation error dynamics are governed by the eigenvalues of
the matrix #—KC. The eigenvalue assignment of ¢—KC is usually used to determine the
parameter X, and eigenvalues with a large real part and small imaginary part will result in
better performance, while those with a small real part and large imaginary part will result in
poorer performance. Simulations show that good convergence performance is maintained by
the eigenvalues of $—KC of {0.8+j0.2} and the LO is given in Eq. (5.27). The dynamic
response of the boost converter with the parameters listed in Table 2.1 controlled by the
sliding mode controller in Eq. (5.25) and the LO in Eq. (5.27) is shown in Fig. 5.5.

ik 2% 8915 [X73 EEY 2 9033 a5

(a) Dynamic response to an input voltage disturbance

» 7 ¥

r/\\ R
] 1] S ;

T ;

FhiE Y E T s (5] Foi T

(b) Dynamic response to a load disturbance

Fig. 5.5 Dynamic response of LO-based sliding mode control.
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09938 ~00660] . [ 29965 0.1414 - 24.9529 "
x U e
0.0031  0.9996 ~0.0067 0.0002 03934 |\ 52D

x(k+1)={

where x(k+1) = [iy(k+1)  v,(k+D]%

From the above simulations, it can be observed that the dynamic response of the boost
converter whose parameters are listed in Table 2.1 is clearly improved by SMO-based
sensorless sliding mode control compared with LO-based control when the input voltage is
disturbed. Figures. 5.4(b) and 5.5(b) show that the dynamic response is very short when the
load is disturbed, so that the improvement in the dynamic response is relatively slight when
the load is disturbed.

5.4.2 Practical experiments of LO- and SMO-based sliding mode
control
The practical environment is the same as shown in Fig. 3.10 in chapter 3: a 16 bit digital
signal processor NJU20010 produced by NJRC is used to execute the controllers; the limit
of the duty ratio is set to 0.05 ~ 0.88; The slew rates of the load current and the input voltage
are 250 mA/ps and 2.0 V/ps, respectively. The dynamic responses of the boost converter
controlled by the sliding mode controller in Eq. (5.25) with the SMO in Eq. (5.26) and the
LO in Eq. (5.27) are shown in Figs. 5.6 and 5.7, respectively. It can be seen that the
overshoot/undershoot and the recovery time are clearly improved when the input voltage is
disturbed by the SMO-based control. Also, since the dynamic response to the load

disturbance is very short, the dynamic response improvement is relatively slight.
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(a) Dynamic response to an input voltage disturbance
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Fig. 5.6 Experimental results of SMO-based sliding mode control.
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Fig. 5.7 Experimental results of LO-based sliding mode control.

5.4.3 Comparison with multi-loop PI control
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To compare the dynamic performance of the boost converter whose parameters are listed in
Table 2.1 by SMO-based sliding mode control and conventional sensor-based multi-loop PI
control, a multi-loop control given in Egs. (5.28) and (5.29), is adopted, in which the
inductor current is sensed by a shunt resistor. The counterpart of the Egs. (5.28) and (5.29)
in continuous time shows that the inner open loop has a gain crossover frequency of 40.8
kHz with a phase margin of 86.2°, and the outer open loop has a gain crossover frequency of
2.47 kHz with a phase margin of 79.8° and a gain margin of 18.0 dB. It can be said that the

multi-loop controller is very good. Figure. 5.8 shows its dynamic response.

d(k) =-2.156e;(k)~0.00067Ze; () (5.28)
byt (£) =—10.016v, (k) - 0.0053Zv,(j) (5.29)

where ef(k) = ir(k) — i, k), i, is the inductor current, and i,,is the reference current.
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(b) Dynamic response to a load disturbance

Fig. 5.8 Experimental results of sensor-based multi-loop PI control.
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5.5 Conclusions

A state observer can be used to estimate the inductor current instead of a current sampling
network. For an LO, the output estimation error is linearly fed back to the observer, while
for an SMO, the output estimation error is fed back to the observer via a nonlinear term so
that better convergence performance can be maintained. Applying the proposed discrete
SMO based sensorless control to a boost converter, simulations and experiments show that
the dynamic response are greatly improved by the SMO-based sensorless control, compared

with the LO-based sensorless control.
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Conclusions and Future Works

6.1 Conclusions

In this research, the current sensorless control of boost converters is studied, and the

achievements are as follows:

B Single-loop control and multi-loop control are compared in chapter 2
Based on the small signal model, the single-loop PID control and multi-loop PI control
of the boost converter is compared. It clearly shows that multi-loop control can improve
the closed-loop dynamic performance.

B An LO-based sensorless multi-loop control is analyzed in chapter 3
The design of a LO based sensorless multi-loop control of boost converters is proposed:
the closed-loop stability evaluation and the closed-loop dynamic characteristics
evaluations of output voltage, inductor current as well as the estimated inductor current
are provided. Simulations show the design procedure. Practical experiments show the
practical dynamic performance.

B Robust Heo synthesis approaches are proposed to design compact sensorless
controllers in chapter 4
The LO-based sensorless multi-loop control needs a complicated trail-and-error design
procedure. There are at least 6 parameters to be determined. A compact sensorless
controller for a boost converter is deduced by a novel robust Heo synthesis approach.
Simulations show the straightforward closed-loop characteristics evaluation: there is

only one parameter to be tuned. The practical experiments show that good dynamic
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responses are maintained.

A low order controller has the merit of small computation volume or simple circuit. A
novel robust Heo approach is also proposed to design a low-order sensorless controller
for boost converters. Simulations show the closed-loop evaluation. Practical dynamic
responses show that good dynamic performance is maintained.

B Asliding mode observer (SMO) is proposed in chapter 5
An SMO feeds the output estimation error back to the observer via a nonlinear term
with a better convergence performance. A discrete SMO is proposed to the sensorless
control of a boost converter. Simulations and practical experiments show that the

dynamic responses are greatly improved compared with L.O-based sensorless control.

6.2 Future works

1. Verify the accuracy improvement of output voltage for the robust

Hoo control of boost converters
One of the controllers derived from the proposed robust Heo approaches for the boost

converter with parameters listed in Table 2.1 is rewritten in Eq. (6.1).

) ]
_10%7 99385 224108 21277 99385 »
N £ £ vg(t)
0= 0.0042 0003t P97 o _aoellls
) 506.7877 +— 11326 —— - L)
j £ £ (6.1)
d()= 0.0020—2'4§26 0.0220--5'63;64 p(?)
10%¢ 107

It can be seen that the input voltage and output voltage are used in the controller,
while the integral of output voltage is not used. In future works, the following signals

which includes the integral of output voltage will be used to design the controllers and

verify the accuracy improvement of output voltage.
Vg, Uy, [V at

2. Study and compare H, control with Hoo control.
As defined in Eq. (6.2), the Hoo norm examines the maximum value over all frequencies.
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|Ga(),= sup Ouexl[Gy(jo)]= sup I ”2 (6.2)
0€[0,00] lwﬂz—l "Wllz

The H, norm of a scalar function is defined in Eq. (6.3), which examines the summary of

the absolute value.

1 .
G (s)], = [ G (jw)| dw} 63)

Whether there are some merits using the Hy/Heo control to design a controller for

switching converters will be studied in future.
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Appendix

B Special coordinate basis (SCB) decomposition

The system in Eq. (4.1) is rewritten as follows.

x=Ax+ Bu+ Ew

Converter: {y=Cix+ Djw
z=Cyx+Dyu

(A1)

From the description in chapter 4, the state x =[x;  x;] can be written as follows:

X1 =0y1X] +ayp%y +bju (A2)
-

X2 =ar1X + ayr Xy + b2u

1. SCB decomposition of subsystem Xp

The subsystem X is written as follows:

EP: x=Ax+ Bu (A3)
z=Cyx+Dyu

As presented in chapter 4, matrix D, = 0. The SCB decomposition procedure is as follows:

Step 1: differentiate z;

z=Cydx+CyBu (A4)
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As C,B # 0, select the following matrix to transform the subsystem in Eq. (A.3):

Step 2: eliminate the u of x, in Eq. (A.2);
Define a temporary state X = [X;  X,], and perform X = Tx, then

.

A A |y A

X1 =a11% +—12 Xy +b1u
wo

L ]

X2 = W0021.£1 +612232'2 +w0b2u

From the %, in Eq. (A.6), u can be expressed as:

Substituting Eq. (A.7) into %, in Eq. (A.6), X, is written as:

. b, %
)Xy +w,==x1
b

« a A apby
x2 =wy(ap1 — 1b11b2)x1+(a22_ 12

Step 3: eliminate the X; in Eq. (A.8);

Define a temporary state x==[x;+ X+, and let

Then, from Egs. (A.6), (A.8) and (A.9), x+ is expressed as follows:

111

(A.5)

(A.6)

(A7)

(A.8)

(A.9)




* a,b a :
x1, =(ay + %)xl* + %xz* +bu

0 (A.10)

o by b2 a15b)
X240 = Wplag + E(azz —ay)— (E) applx, +(an - Zl )%,
Step 4: construct the SCB of Eq. (A.3).
The SCB of Eq. (A.3) is written as follows:
X4 = AuXy + Buthy (A.11)
Zye = Cl*x*
where
a
ay -~ 2% Wolay +é2‘(022 —011)—(ﬁ)2012] 0
w b b b 3 { }
= , B
a2 a4 22k 1
11
Wo by
1 0
Cl* = _Wob?. 1
b
and
0 1 1 0 1
Ip= L _b; s Top= WobZ 1 riP:E
W, b by
2. SCB decomposition of subsystem X
The subsystem Xq is written as follows:
S _ T T
x=A"x+C
g rrhrE (A12)

y=ETx+D1Tu

The SCB decomposition procedure is as follows:

Step 1: define the transform matrix 7;
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As D" # 0, select a unit transform matrix T as follows:

1 0
T{ } (A.13)

Step 2: construct the SCB of Eq. (A.12).
Define a temporary state x« = [x;+  x3+. As T'is a unit matrix, the SCB of Eq. (A.12)

is constructed as follows:

Xg = A*Tx* + Cﬂu*
r r (A.14)
Ve =E x, +D1*u*

where A+ =A, Cl* = Cl, Dl* = Dl, and

and
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