The Dantzig selector for statistical models
of stochastic processes in high-dimensional
and sparse settings

mﬁm AIN— AR/ IZ BT A ER

EFEDRLETE T IS B
Dantzig selector

February, 2019

Kou FUJIMORI



The Dantzig selector for statistical models
of stochastic processes in high-dimensional
and sparse settings

m{ﬁzmz AN— AR EIZ BT HHER

BREDIEEE T IVIZH T 5
Dantzig selector

February, 2019

Waseda University
Graduate School of Fundamental Science and Engineering

Department of Pure and Applied Mathematics,
Research on Stochastic Processes and Statistical Inference

Kou FUJIMORI



Acknowledgements

First of all, I would like to express the deepest appreciation to my supervisor, Profes-
sor Yoichi Nishiyama of Waseda University, for his wholehearted research guidance.
His lecture, when I was a bachelor course student, gave me the great encounter with
the theory of statistical inference for stochastic processes. Thanks to his wonderful
lecture, I was able to make a decision to go toward this research field. Moreover,
I cannot thank him enough for the long hours discussions since I was a master
course student. He has given me a lot of constructive, new and unique ideas, and
shown what a researcher should be. I have learned many things from him including
researcher’s spirits.

I am also deeply grateful to Professor Masanobu Taniguchi and Professor Yasu-
taka Shimizu of Waseda University for their comments on the earlier version of this
thesis. Prof. Taniguchi has invited me many seminars and international symposiums
and given me many nice opinions and kind comments. Prof. Shimizu has given me
the chance to study a lot of new research fields through the seminars with him and
his students. These opportunities made me grow up not only as a researcher, but
also as a human.

Professor Takeru Suzuki supervised me when I was a bachelor course student. He
led me to the world of mathematical statistics. There is no doubt that his leading
is one of my triggers to start my research.

I would like to express my thanks to my senior apprentice, Dr. K. Tsukuda of
the University of Tokyo, who took part in our seminar as an advisor. He always
listens to my academic problems and any other sufferings. Without his advices, I
might not have continued my research life until now.

I want to express my gratitude to Dr. F. Akashi of Waseda University and Dr. Y.
Liu of Kyoto University. They taught me a lot of academic topics and gave me many
comments on my researches. Their advices are also indispensable for my research
activities.

I thank all colleagues including Mr. H. Nagahata, Ms. Y. Xue and Mr. Y. Tanida
and all students in the laboratories of Prof. Taniguchi and Prof. Shimizu. I have
studied many things from the seminars with them, and they are so precious for my
mental support.

Last but not least, I thank my family and friends. Without their help, I could
not have completed this thesis or anything.



Abstract

The Dantzig selector, which was proposed by Candés and Tao in 2007, is an es-
timation procedure for regression models in high-dimensional and sparse settings.
The Dantzig selectors for some statistical models of stochastic processes are stud-
ied in this thesis. We apply this procedure to Cox’s proportional hazards model
and some specific models of diffusion processes and prove the [, consistencies for
every ¢ € [1,00] and the variable selection consistencies of the estimators. Based
on partial likelihood and quasi-likelihood methods which were studied intensively in
low-dimensional settings, we study these statistical models of stochastic processes
in high-dimensional and sparse settings, which need some mathematically challeng-
ing tasks to prove the asymptotic properties of the estimators. The consistencies
in the sense of the [, norm for every ¢ € [1, 00| of the estimators are derived from
the stochastic maximal inequalities to deal the curse of dimension and some ma-
trix factors and conditions on Hessian matrices of likelihood functions to deal with
the sparsities. We use Bernstein’s inequalities for martingales and the maximal in-
equalities using Orlicz norm for the former problem and matrix conditions using
restricted eigenvalue, compatibility factor and weak cone invertibility factor for the
latter problem, which are known to be weaker conditions than others. We prove
that [, consistency of the estimator implies the variable selection consistency which
enables us to reduce the dimension. Using the dimension reduction, asymptotically
normal estimators can be constructed.
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Chapter 1

Introduction

Recently, data with much more measurements than number of observations are
paid more and more attentions in statistical applications. We call this kind of
data “high-dimensional” data. We need much more parameters than sample size
in order to construct models for these high-dimensional data. To estimate high-
dimensional parameters, classical estimation procedures may not work well because
the parameter spaces are too large and rich. Therefore, many researchers have been
proposed new estimation procedures. Most of them are constructed by adding some
penalty functions of parameters, which induce the sparsity of parameters, i.e., most
of components in parameters are zero, to score functions.
For instance, let us consider the following linear regression model:

Y =75+c¢€,

where Y € R" is a response vector, Z is a n X p design matrix, § € R? is an unknown
parameter, and € = (e,...,€,) € R" is an error vector such that ¢; ~ N(0,0?),
1t =1,...,n, are independent and identically distributed. We consider the estimation
problem of 3 in a high-dimensional and sparse setting, i.e., p > n and the number
S of nonzero components of the true value [; is smaller than n. One of the most
famous estimation procedures for this problem is [; penalized method called Lasso
(Least absolute shrinkage and selection operator) which was proposed by Tibshirani
(1996):

~

(1

b= arg min { ¥ = 2313 + M3l },
BERP n

where A is a tuning parameter. Lasso estimator BL is a least square estimator

penalized by [; norm of parameter. It is well known that Lasso estimator has good

asymptotic properties such as consistency under some regularity conditions.



On the other hand, Candés and Tao (2007) proposed a relatively new method
called the Dantzig selector which is defined as follows:

Bp :=arg min||8]l;, C:= {5 ERP: sup |ZIT(Y — ZB3)| < )\},
BeC

1<j<p

where A > 0 is a tuning parameter. When A = 0, the Dantzig selector returns to
the LSE (least square estimator) in general settings or MLE (maximum likelihood
estimator) in Gaussian settings. For A > 0, the Dantzig selector searches for the
sparsest 8 within the given distance of the classical estimators such as LSE or MLE.
Notice that this method has a good potential to be applied to other models. We can
see that the Dantzig selectors have also good asymptotic properties. In particular,
Bickel et al. (2009) proved that Lasso estimator and the Dantzig selector exhibit
similar behaviors for the linear regression model and the nonparametric regression
model. Based on their results, we prove the consistency of the Dantzig selector for a
linear regression model in Chapter 2 of this thesis. The Dantzig selector’s advantages
are not only consistency but also the variable selection consistency. We can construct
an consistent estimator for the support index set of the true value which enables
us to reduce the dimension and define an asymptotically normal estimator after
the selection as in Chapter 2 of this thesis. In addition, the Dantzig selector has a
computational advantage because it can be solved by a linear programming. We can
easily verify the finite sample performance of the Dantzig selector for linear model
numerically as presented in Chapter 6.

Lasso and the Dantzig selector have been studied for various models including
models of stochastic processes. Especially, there are many existing literatures deal-
ing with Cox’s proportional hazards model. The proportional hazards model, which
was proposed by Cox (1972), is one of the most commonly used models for survival
analysis. In a fixed dimensional setting, i.e., the case where the number of covari-
ates p is fixed, Andersen and Gill (1982) proved that the maximum partial likelihood
estimator for the regression parameter has the consistency and the asymptotic nor-
mality. Besides, they discussed the asymptotic property of the Breslow estimator for
the cumulative baseline hazard function. In a high-dimensional and sparse setting,
Huang et al. (2013) proved [, consistency for every ¢ € [1,00) of Lasso estimator,
which is proposed by Tibshirani (1997), under some appropriate conditions. On
the other hand, Antoniadis et al. (2010) proposed the Survival Dantzig selector
which is an application of the Dantzig selector for the proportional hazards model
and proved the [, consistency of the estimator. In Chapter 3 of this thesis, we will
prove the [, consistency of the Dantzig selector for the proportional hazards model
for all ¢ € [1, 00] under some conditions which are similar to those of Huang et al.
(2013). Moreover, based on the [, consistency result, we prove the variable selection
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consistency of the Dantzig selector. The selection result enables us to reduce the
dimension and construct asymptotically normal estimators for regression parameter
and cumulative baseline hazards function.

We can also consider the estimation problems in a high-dimensional and sparse
setting for some models of diffusion processes. In Chapter 4, we will consider the
one-dimensional stochastic process which is a solution to the stochastic differential
equation given by

t t
X =Xo+ / b(X)ds + / exp(0" Z)dW, (1.1)
0 0

where {W;};>o is a standard Brownian motion, b(-) is a drift function, which is
treated as a nuisance parameter, {Z;}i>0 = {(Z},Z2,...,Z)}+>0 is a uniformly
bounded p-dimensional continuous process, which is regarded as a covariate vector,
and 6 is an unknown parameter of interest. We observe the process {X;}:;>o at
n + 1 equidistant time points 0 =: t{ < ¢} < ... < tI', where t} = kt!'/n for
k=0,1,...,n. Assume that p = p, > n and the number of non-zero components S
in the true value 6 is relatively small. In this high-dimensional and sparse setting,
we will consider the estimation problem of ;. The covariate processes {Z}}i>o,
i=1,2,...,p,, are, for example, some functionals {¢;(X})};>o of solutions to other
stochastic differential equations { X/}, where ¢;’s are uniformly bounded smooth
functions or random variables which do not depend on ¢. Using these discretely
observed data, we will apply the Dantzig selector in order to estimate ¢ and prove
the [, consistency of the estimator for all ¢ € [1,00] in Chapter 4 of this thesis.
Our estimation procedure is based on the quasi-likelihood method for discretely
observed data which has been studied intensively in low-dimensional cases. The
study on this subject started at early 90s by the works of, for instance, Yoshida
(1992), Genon-Catalot and Jacod (1993) and Kessler (1997) among others. For
recent developments on this subject, see Yoshida (2011) and Uchida and Yoshida
(2012). Estimation problems for models of stochastic processes in high or fixed
dimensional and sparse settings have been studied by many authors. De Gregorio
and Tacus (2012), Masuda and Shimizu (2017) dealt with some penalized estimators
in discretely observed multi-dimensional models of diffusion processes under fixed
dimensional settings. In high-dimensional setting, there are some researches on
the estimation problems for diffusion coefficients or volatility matrices of models of
diffusion processes. For example, Wang and Zou (2010) proposed the estimator for
the sparse volatility matrix in high-dimensional settings by the thresholding, and
derived the rate of convergence of the estimator in the sense of Lg-norm for g > 2.

The statistical inference for high-dimensional linear diffusion processes was es-
pecially discussed by some researchers. Periera and Ibrahimi (2014) studied vari-
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ous models of multi-dimensional diffusion processes observed continuously in high-
dimensional settings including the following p-dimensional linear model:

t
Xy :X0+/ 0" X ds+W,, tel0,T]. (1.2)
0

This model may be useful for various fields such as statistical physics, chemical re-
actions, finances and network systems. They proposed a Lasso type estimator for
the true value ©° of © and discussed the support recovery of the estimator when
the dimension of the process p and the time interval T" tends to oo independently.
Similarly, Gaiffas and Matulewicz (2017) studied the drift estimation based on the
Lasso-type estimators for the high-dimensional Ornstein-Uhlenbeck processes de-
scribed by the SDE like (1.2). They derived the oracle properties of the estimator
for the sparse drift matrix and showed some applications for financial data. How-
ever, there are few previous researches dealing with the estimation problems for
these linear models based on discrete observations. In Chapter 5, we will consider
the process {X;}+>0 which is a solution to the following linear stochastic differential
equation which is more general than (1.2):

t
Xt :X0+/ @XSdS+UWt, (13)

0
where {X; }i>0 = {(X}, ..., XP)}i>0 is a p-dimensional process, © is an unknown pxp
drift matrix, and o = diag(oy, ..., 0,) is an unknown p x p diagonal matrix. We will

consider the estimation problems for © and ¢ based on the discrete time observation
in a high-dimensional and sparse setting for © and prove the consistency and the
variable selection consistency of the estimators similar to those in other chapters.

The consistency of Lasso estimator and the Dantzig selector depends on some
matrix conditions for the Hessian matrices of the log likelihood functions. Candés
and Tao (2007) and Antoniadis et al. (2010) proved the consistency of the Dantzig
selector under the condition called UUP condition (Uniform Uncertainty Principle
condition). On the other hand, Bickel et al. (2009) showed the consistency of Lasso
estimator and the Dantzig selectors for the linear regression model and nonparamet-
ric regression model using the factor called restricted eigenvalue and the conditions
for this factor. Huang et al. (2013) proved the consistency of Lasso estimator for
the proportional hazards model using restricted eigenvalue and related factors called
compatibility factor and weak cone invertibility factors. In this paper, we will use
restricted eigenvalue type conditions to prove the consistency of the Dantzig selec-
tors for statistical models of stochastic processes because it is known that these type
of conditions are weaker than UUP condition. In Chapter 2 of this paper, we will
discuss these matrix conditions using linear regression models.



It is well-known that the variable selection consistency is generally almost equiv-
alent to the, so called, Irrepresentable condition which is implied from the condition
for existing the unique solution to the optimization problem determining the esti-
mator such as Lasso and the Dantzig selector (See for example, Fan et al. (2016)).
For Lasso type problem, Irrepresentable condition is relatively simple. However, for
the Dantzig selector, this condition becomes very complicated and hard to present
explicitly even for simple linear regression models. Since it is hard to consider this
condition for models of stochastic processes, we propose another method to prove
the variable selection consistency by using thresholding methods.

This thesis is organized as follows. First, we introduce an overview of the asymp-
totic theory for the Dantzig selector by using linear regression models in Chapter
2. The techniques to prove the consistency and the variable selection consistency in
this chapter are very similar to those in other chapters. In Chapter 3, the Dantzig
selector for Cox’s proportional hazards model is presented. This part is based on the
paper Fujimori and Nishiyama (2017a) and Fujimori (2017). The proportional haz-
ards model includes regression parameters and baseline hazards function as unknown
parameters. We propose asymptotically normal estimators for both parameters in
a high-dimensional and sparse setting by using the variable selection consistency of
the Dantzig selector for the proportional hazards model. Chapters 4 and 5 concern
the Dantzig selector for models of diffusion processes. In Chapter 4, we consider
the model of diffusion process including a high-dimensional and sparse parameter
in diffusion coefficient which is the regression coefficient for the high-dimensional
covariate process. We propose the Dantzig selector for the parameter based on
the quasi-likelihood method and prove the [, consistency and the variable selection
consistency of the estimator. In addition, we propose an asymptotically normal esti-
mator by dimension reduction under an ergodic assumption on the covariate process.
The [, consistency of the Dantzig selector for the model can be seen in Fujimori and
Nishiyama (2017b). Chapter 5, which is based on the paper Fujimori (2018), deals
with a linear model of diffusion processes which has an unknown high-dimensional
and sparse matrix in the drift coefficient and unknown high-dimensional diagonal
matrix in the diffusion coefficient. We estimate the diffusion matrix by maximum
quasi likelihood estimator and the drift matrix by the Dantzig selector which are
proved to satisfy the consistency. Similar to other chapters, we also discuss the
variable selection consistency and the construction of the asymptotically normal es-
timator for the drift matrix in this chapter. Finally, we provide numerical studies
for a linear regression model and Cox’s proportional hazards model in Chapter 6.
We discuss the way to choose the tuning parameter and verify the l; consistency
and the variable selection consistency numerically for finite sample.



Throughout this paper, we denote by || - ||, the [, norm of vector for every
q € [1,00], i.e., for v = (vy,v,...,v,)" € RP, we define:

p 3
foll, = (zw) e
j=1

[v]leo = sup |vy].
1<j<p

In addition, for a m x n matrix A, where m, n € N, we define ||A||o by

|Allo := sup sup |Al],

1<i<m 1<j<n

where Ag denotes the (i, j)-component of the matrix A. For a vector v € R?, and an
index set 7' C {1,2,...,p}, we denote the |T|-dimensional sub-vector of v restricted
by the index set T by vy, where |T| is the number of elements of the set 7. Similarly,
for a p x p matrix A and index sets T,7" C {1,2,...,p}, we define the |T| x |T”|
sub-matrix Ay by ‘
AT,T’ = (Ag)ieT,jeT’-

For an R-valued random variable X on a probability space (2, F, P), we define

the L, norm of X by

1X 1z, == (E[X]])3,

where E[-] denotes the expectation with respect to the probability measure P.
For a nondecreasing, convex R-valued function ® with ®(0) = 0 and X a random
variable, we introduce Orlicz norm of X with respect to ® by

1X o = inf{C S0 {q> (%)] < 1}.

We will use this norm with respect to the function ®,(X) = e*" — 1 for ¢ > 1.



Chapter 2

An overview of the Dantzig
selector for linear regression
models

In this chapter, we will introduce the asymptotic properties of the Dantzig selec-
tor for the following p-dimensional linear regression model on a probability space
(Q,F, P):

Yi=ZB+e, i=1,2,...,n, (2.1)

where Y;’s are R-valued response variables, {Z;}’s are RP-valued independent random
variables whose components are bounded P-almost surely, § € R is an unknown
parameter of interest and {¢; }?_, is an independent zero mean random sequence. In
high-dimensional and sparse setting, that is, p = p,, — o0 as n — oo and the number
S of nonzero components in the true value gy of the unknown parameter (8 is smaller
than n, we will show the consistency and the variable selection consistency of the
Dantzig selector in Sections 2.3 and 2.4. Moreover, we will show that the variable
selection consistency enables us to construct an asymptotically normal estimator for
Bo by dimension reduction in Section 2.5. The main concept of asymptotic theory
in this chapter can be seen in other chapters which deal with models of stochastic
processes.



2.1 Model setups and preliminaries

2.1.1 Model setups

We use the matrix form of the model (2.1) as follows:

Y =78+c¢€,
where Y = (VY7,...,Y,)" is an R"valued response vector, Z = (Z],...,Z7)" is a
n x p random design matrix and € = (1,...,¢€,) " is an R"valued zero-mean random

variable whose components are mutually independent. We write Tj for the support
index set of the true value 3y and S for the number of indices in Ty which means a
sparsity of the parameter, i.e.,

T[) = {jﬂé#()}, S: |T0|

We assume the following conditions for the sample size n, the dimension p = p,,
sparsity S.

Assumption 2.1. The following (i) and (ii) are satisfied.

(1) The dimension p = p, allows to tends to oo as n — oo. Moreover, it holds that

log pp
n

— 0, n— oo.

(i1) S is a fized constant independent of n.

Moreover, we assume that the random variable Z and e satisfy the following
conditions.

Assumption 2.2. (i) The sequence {Z;}ien is an i.i.d. sequence of random vec-
tors. For every i = 1,2,...,n, Z!, j = 1,...,p, are mutually independent.
Moreover, there exists a positive constant M such that

sup |Z/| < M, a.s.
ijeN

(17) The sequence {€;}ien is an independent sub-Gaussian random sequence with zero
mean, i.e., there exist positive constants C' and v such that
P(le] >t) < Cexp(—vt?), t>0, i€eN.
Moreover, {¢€;}ien is independent of {Z;}ien.

Note that it is well-known that bounded and centered random variables are sub-
Gaussian. Under Assumption 2.2, we can deal with the curse of dimension by using
maximal inequalities described in the next subsection.
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2.1.2 Maximal inequalities for sub-Gaussian random vari-
ables

To prove the consistency of high-dimensional estimators, we will use Orlicz norm
introduced as follows.

Definition 2.3. Let ® be a nondecreasing, convex function with ®(0) =0 and X a
random variable. Orlicz norm of X with respect to ® is defined by

1X o = inf{C S0 B {cp (@)] < 1}.

We will use this norm with respect to the function ®,(X) = e* — 1 for p > 1.
For example, we can easily show that ®5-Orlicz norm is bounded if and only if X is
sub-Gaussian. Especially, when X is a standard normal random variable, it holds
that

8
X[, = /5.
which will be used in the proof of Theorem 5.4. It is well-known that ®,-Orlicz
norml|| - ||lg, and Ly-norm || - ||, satisfies the following inequalities.

11
[Xle, < [ X]le,(log2)a77, p<gq.
X1y < PHIX e,
Moreover, we have the following maximal inequality for Orlicz norm.

Lemma 2.4. Let ® be a nondecreasing, convex, nonzero function with ®(0) = 0

and O(\®
lim sup M < 00
T,Yy—00 (I)(Cflfy)
for some constant ¢ > 0. It holds for any random variables Xy, ..., X,, that
max X;|| < K® '(m) max || X;|s,
1<i<m 1<i<m

P

where K is a positive constant depending only on the function ®.

Note that if we put & = ®,,, then we have that

@, (m) = (log(1 +m))7 .

p

In addition, combining the Bernstein’s inequality and Orlicz norm, we have the
another type of maximal inequality as follows.

11



Lemma 2.5. If random variables X1, ..., X,, satisfy the following tail bound

22
P(Xi| > z) <2 SR .
(|Xi| > z) < 2exp ( 0+ ax)) i m

for all x and fized a,b > 0, then it holds that

<K {alog(l +m) + vVby/log(1 + m)} )

where K is a universal constant.

See e.g. van der Vaart and Wellner (1996) for the details of Orlicz norm and
maximal inequalities.

max X;
1<i<m

P

2.2 The Dantzig selector for linear regression mod-
els

Now, we define the estimator for 5y by the Dantzig selector proposed by Candés
and Tao (2007) defined as follows:
B, := arg min 1811, Cn:={B € R ||n(B)]loo < An}, (2.2)

BECR
where )
vl8) i= 7TV ~ 2p)
and A\, > 0 is a tuning parameter which satisfies the following condition.

Assumption 2.6. The tuning parameter \, tends to 0 as n — oo. Moreover, it

holds that
An

v/n~tlogp,

Some remarks on the choice of the tuning parameter are presented in Chapter 6.
In this chapter, we prove the consistency of this estimator in the sense of /; norm for
every ¢ € [1,00] and the variable selection consistency. The proof of [, consistency
of the Dantzig selector for the linear regression model is similar to that in Bickel
et al. (2009). It is well-known that the variable selection consistency of the Lasso
type and Dantzig selector type estimator is equivalent to “Irrepresentable condition”
which is obtained from KKT conditions for the optimization problems (see e.g. Fan
et al. (2016)). However, Irrepresentable condition for the Dantzig selector is very
complicated compared with that for Lasso type problems even in a linear regression
models. We therefore provide another proof of the variable selection consistency by
using the thresholding method.

— 00, N — Q.
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2.3 The [,-consistency of the Dantzig selector

First, we prove that the true value 3y belongs to the constrain set C,, with probability
tending to 1.

Lemma 2.7. Under Assumptions 2.1, 2.2 and 2.6, it holds that

Proof. Noting that
[[4n (Bo)lloe =

Y

we first evaluate the tail probability;
P l 2": Zie| > x
0 o

for every z € R and j € {1,...,p,}. Since Z/’s are [ M, M]-valued P-a.s. and ¢;’s
are independent sub-Gaussian random variables, it holds for every s > 0 and some
positive constant o that

1 — < 5 — .
- Ms
—ST E _Z
T o*(Ms)?
e gexp <_2n2 )
< n?
e - .
= P 2Mo?
We therefore obtain that

1 na?
pl-= <2exp [ -2
(n >$> = eXp( 2M02>

From Lemma 2.5, it holds for a universal constant K > 0 that

n ‘ 3
n
i=1

1
H—ZTE
n

IN

IN

=1

sup

1<j<pn n

31
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It follows from Markov’s inequality that

P(ln(Bo)lloe 2 An) = P( sup [92,(B0) > An)
< pla, < SUPi1<j<p, W%(ﬁo” ) > ¢, >\n‘
| supi<j<p, [¥n(Bo)llle, ||15¥1P ¥n(Bo)lll e,

<j<pn

-1
An
I sup [¥h(5o)llle

1<j<pn

IA

4

-1

An

<K /| Mco? log(1+pn))

The right-hand side of this inequality converges to 0 if the tuning parameter \,
satisfies that

IN

4

An

vt logpy,

which is verified under Assumption 2.6. We thus obtain the conclusion. O

— 0OQ,

Next, we prove that the p,, xp, Hessian matrices J,, := 1/nZ " Z can be approximated
by the deterministic matrix Z,, := E[Z ' Z].

Lemma 2.8. Under Assumption 2.2, the random sequence e,, defined by
en = ||Jn — Tl
converges to 0 in probability as n — oco.

Proof. Since {Z;}" , is i.i.d. random sequence, (k,[) component of the matrix J,, —
Z, for each k,l € {1,2,...,p,} is

1 n

Jo— T =— Y ZFZl — E[Z1Z]).

( )k-l n Zzl i [ 1 1]
It follows from the weak law of large numbers that

L= i k 7l
= ZFzl - E[Z{Z]] -7 0, n—
n

i=1

14



for every k,l € {1,2,...,p,}. Moreover, as mentioned in earlier, bounded and
centered random variables {(.J,, — Z,,) }x, are sub-Gaussian. We therefore can show
that
| — Zpnlloo —F 0

by the similar way to the proof of Lemma 2.7. a
The asymptotic properties of classical estimators such as LSE and MLE are follows
from non-singularities of Hessian matrices or Fisher information matrices. However,
in high-dimensional settings, such conditions cannot be generally verified. To deal
with such phenomena, we introduce the following factors for the high-dimensional

matrix Z,, which can be seen in, for example, Bickel et al. (2009) and van de Geer
and Bithlmann (2009).

Definition 2.9. For every index set T C {1, 2, -+, p,} and h € RP" hp is
a RT dimensional sub-vector of h constructed by extracting the components of h
corresponding to the indices in T. Define the set Cr by

Cr:={h € R : ||hre|l1 < ||hr]1}-
We introduce the following three factors.
(A) Compatibility factor

1.7 1
K(To; Z,) = inf S2(h_ Tnh)>
0#£heCry, ”hTO “ 1

(B) Weak cone invertibility factor
SihTT,h
inf ——,
0#heCr, ||hy |1l
(WTZ,h)?
0£heCr,  ||hlloo

Fy(To; In(o)) q € [1,00),

Fo(To;Z,) =
(C) Restricted eigenvalue

T 1
RE(Ty;Z,) == inf M
0#£heCry, HhHQ

These factors are similar to the minimal eigenvalue of matrix Z,,, which cannot
expect to be positive. However, since we can show that the restriction set C',, satisty
that 3, — 8y € Cr,, it is sufficient to prove the consistency of the estimator that
these three factors are positive. We thus assume that the compatibility factor is

asymptotically positive instead of the non-singularity of Z,,.
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Assumption 2.10. [t holds that

lilr_l)inf k(To;Z,) > 0.

Noting also that ||Ag || > [|hg||2 for all ¢ € [1,00), and |2 < [|A]l1, we
can see that x(Ty;Z,) < 2V SRE(Ty;T,), w(To;T,) < F,(Ty;Z,) and k(To;Z,) <
2V SF.(Ty; I,). We therefore have that (B) and (C) are also asymptotically positive
under Assumption 2.10. There exist other matrix conditions for Dantzig selector
such as the Uniform Uncertainty Principle (UUP) condition, which is used in Candés
and Tao (2007) and Antoniadis et al. (2010). To discuss the relationship between
the UUP condition and our conditions, let us introduce some objects.

Note that there exists a matrix A such that ATA = 7, because 7Z,, is a non-
negative definite matrix. Given a index set 7' C {1,2,...,p,}, we write Ar for the
pn X |T| matrix constructed by extracting the columns of A corresponding to the
indices in T'. The restricted isometry constant dx(Z,) is the smallest quantity such
that

(1= on(Z))IPlz < ATR]Z < (1408 (Za)) 1 l2,

forall T C {1,2,...,p,} with |T| < N, where N < p,, is an integer, and all h € R/,
The restricted orthogonality constant 6g ¢ (Z,,) is the smallest quantity such that

[(Arh) " Aprh'| < 6.50(Zy) | Rl 7]

for all disjoint sets T', T" C {1,2,...,p,} with |[T| < S, |T'| < S’, where S+ 5" < p,
and all vectors h € R"l and b/ € R!"'l. For d,5(Z,,) and 0s25(Z,), the UUP condition
is described that 0 < 1 — d25(Z;,) — 0s.25(Zy)-

In addition, we introduce another factor ¢o5(7o;Z,) by

(hTZ,h)?

T _’Z’ = mn
¢2S( 05 n) TOTy, |T|<2S, heDry, 1 ||hTH2

?

where

DTO,T = {h € CTO : ||th 00 S min ’hﬂ} > T> T().

JET\To

Define that min;ep\ g |h;| = 0o when T' = Tj. The next lemma provides the asymp-
totic relationship between the UUP condition and a condition for ¢og(7y;Z,). The
proof is an adaptation of that in van de Geer and Bithlmann (2009), so it is omitted.

Lemma 2.11. The UUP condition that

lim 1nf{1 — 525(In) — ‘95725(1}1)} >0

n—o0
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implies the following condition;
lim inf ¢o5(Th; Z,) > 0.
n—oo

Noting that [|hz,||? < S||hr, |3, we have that
K(To; L) = ¢as(Tv; L),
which implies that

liminf x(Ty; Z,,) > liminf ¢o5(Th; Z,) > 0.
n—oo n—oo
Therefore, Assumption 2.10 is weaker than other conditions described above. More-
over, we can easily observe that Assumption 2.10 is satisfied when, for example,
S x S sub-matrix 7,7, 1, is positive definite.
Now, we are ready to prove the [, consistency of the Dantzig selector.

Theorem 2.12. Under Assumptions 2.1, 2.2, 2.6 and 2.10, the following (i)-(iv)
hold true.

(1) It holds that

e 4Bol3en + 41l A
| P n ; 2 1 - -
Jim (”B Poll2 = RE*(Ty;1,,) 7 =
where e, = ||J,, — Ly ||cc = 0p(1) as stated in Lemma 2.8. In particular, ||ﬁn _
Polla =7 0.
(73) It holds that
| ) 4| Boll3en + 4|1 Boll1 A
lim P (|8, — Bol%, > - ") =0 =
lim (Hﬁ Pollse = F2(Ty; Zn) >
In particular, ||Bn — Bolloc =7 0.
(23i) It holds that
R 25\
lim P { ||, = Bolls > - - ”
Tim <||ﬁ Bollh = k2(Ty; I,,) — ZSen) 2

In particular, || B, — Boll1 =7 0.
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(iv) It holds for any q € (1,00) that

T P ([ = folly > &ng) =0, (2.6)
where ) )
2S¢, 25\, 259\,

9 S T T) T T) — 29, | FTnL)’
In particular, ”Bn — Bollq =7 0.

Proof. Put h = Bn — Po. It is sufficient to prove that

190 (B0)lloo < A
implies the inequality (2.3)-(2.6).
(i) and (ii) It is obvious that
BT Tuh| = |1 (n(Bn) = ¥n(B0))].

Noting that 8, € C, and ||B.]ly < ||fBolly by the definition of the Dantzig
selector, we have that

151111140 (Ba) = n(Bo)lloo
4| Bo | 1 An-

\h" J,h

VANVAN

We therefore obtain that

W' Z,h| < |h"(Jn — T)h| + |h' Juh|
< |Allien + 4] Golli M
< 4f|BollTen + 4l Boll1 M-

Moreover, we can prove that h = Bn — By € Oy, as follows:

+ 3 (1Boj + by | = 1Bos)

0> (160 + Alls = lBolls = |hag.

JETE jETy
> Z |hrej| — Z Ay, |
jETOC J€TH
= |lhzglly — Pzl

18



It follows from the definition of RE(Ty;Z,,) that

h'Z.h
RE*(Ty;1,) < —o
17213

A| BollFen + 4] Boll1An

B 12113 ’

which implies the conclusion in (i). Using Fio(7o; Z,,) instead of RE(Tp;Z,,) in
the above inequality, we obtain the conclusion in (ii).

(iii) and (iv) Similarly to the proof of (i), we have that
[RTZah] < [[hlfEen + 2[lR ]l A
From the definition of x(7y;Z,), we have that
S{lIRlTen +2][AlhAn}

2 .
e
Noting that
[2]ly < 2[|hm, |1,
We obtain that 59
1R[]y < =

k2(To; I,) — 28e,’
which implies the conclusion in (iii). Moreover, it follows from the definition
of F,(To;Z,) for every ¢ € (1,00) that

1
Se{llhllfen + 2[Rl An}
1, [P ’

which implies the conclusion in (iv). O

Fq<T0;In> <

2.4 The variable selection consistency

In this subsection, we will show that Bn satisfies the variable selection consistency.
To do this, we construct an estimator for the support index set Ty of the true value
Bo as follows: R X

Toi={j: 183 > A} (2.7)
The next theorem states that 7,, = Tp with probability tending to 1, which means
the variable selection consistency of the Dantzig selector.
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Theorem 2.13. Under Assumptions 2.1, 2.2, 2.6 and 2.10, it holds that

lim P (Tn — TO> ~ 1.

n—oo

Proof. Note that ||3, — Bolloe < ||3n — Boll1 and that the sparsity S is assumed to
be fixed. We have that

lim P (Hﬁn ~ Bollwe > An> ~0
n—oo

by the [; bound from Theorem 2.6 (i). Therefore, it is sufficient to show that the
next inequality

12 = Bollos < A
implies that

~

T, =Tp.

For every j € Ty, it follows from the triangle inequality that
1881 = 1831 < 185 = B3l < M.
We have that N ‘
1821 2 180] = Ynpn > An
for sufficiently large n, which implies that Ty C T,. On the other hand, for every
j € T, we have that N . N
167 = Bol = 1B} < A

since it holds that ,88 = 0. From this fact, we can see that j € Tg which implies that
T, C Ty. We thus obtain the conclusion. O

2.5 An asymptotically normal estimator post vari-
able selection

Using the estimator T, » for Tj, we can reduce the dimension which enables us to con-
struct an asymptotically normal estimator. We construct an asymptotically normal
estimator ﬂn2) by the solution to the next equation:

Un(B)g, =0, Bge = 0. (2.8)

In this section, we prove the asymptotic normality under the next condition.

Assumption 2.14. The S x S sub-matriz L,r, 1, s positive definite.
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Using the central limit theorem and Slutsky’s lemma, we can prove the following
theorem.

Theorem 2.15. Under Assumptions 2.1, 2.2, 2.6, 2.10 and 2.14, it holds that
Ao B
vn (5,(1T)n - 50T0> L, =y —4 N (O’Inillo,T()) , N — 00.
Proof. Since we have already proved that
HJn - InHoo =P 0

as n — 0o, we have the corresponding result for S x S sub-matrices. We therefore
obtain that

52) g L
Jn (ﬁm — BOTO) Lt —ny = I 1ﬁzgne1{fn:%} +o,(1).
Noting that it follows from Lemma 2.13 that
1{Tn:TO} _>p ]_7 n — OO,

we obtain the conclusion by using the central limit theorem for independent random
sequences and Slutsky’s lemma. a

2.6 Concluding remarks

2.6.1 Remarks on the tuning parameter

Our results strongly depends on the tuning parameter A,. To ensure our [, con-
sistency results, it is sufficient that A, satisfies Assumption 2.6. We therefore can
choose \,, for example, by

)\n = 005\n7

where ¢y > 0 is a positive constant and

- 1 a
R = ("gpn) ac (0,1).
n 2

The exponent « can be chosen close to 1/2 and constant ¢q can be chosen arbitrary
for asymptotic results. However, to ensure the finite sample performance for the
variable selection, how to choose ¢y is an important point. We will discuss this
problem in Chapter 6, Numerical studies.
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2.6.2 Summary

The Dantzig selector can be defined by the following form for general parametric
models with unknown parameter 6:

O = argmin [|0],  Co = {0 €R™ : | Ts(0)]lc < 7}

where 7, > 0 is a tuning parameter and ¥, (-) is the normalized score function for
the model. To verify the [, consistency of this estimator,we need the following two
properties:

Proposition 2.16. It holds that
Tim P (|2, (60) o > ) = 0.
where Oy is a true value of 0 and v, — 0 as n — 0.

Assumption 2.17. Let —M,(0) be Hessian matriz of the model. For every e > 0,
there exist 6 > 0 and ng € N such that for all n > nyg

P(k(Ty; Mp(00)) > 0) > 1 —e.

where Ty = {j : 6% # 0} is the support index set of 6y and r(Ty; M, (6)) is defined
by the same way as in Definition 2.9.

In this chapter, we prove the first property for linear regression model (2.1) by
using the maximal inequality for Orlicz norm under sub-Gaussian settings to deal
with high-dimensional settings. For other models of stochastic processes in this
paper, we can prove the corresponding property by using stochastic inequalities for
martingales instead of sub-Gaussian properties and maximal inequality for Orlicz
norm. The second property for Hessian matrices is assumed in various models, since
this is not so strong assumption as we mentioned in this chapter if the true value
has sparse structure.

Moreover, if the tuning parameter has the same asymptotic rate as the rate of
convergence of ||V, (6p)||, we can prove that the rate of convergence of the [, error
for every ¢ € [1, 00| can be written by the tuning parameter ,. Using this fact, we
can construct an consistent estimator 7}, for T by the thresholding method using the
tuning parameter. We therefore can construct an asymptotically normal estimator
BT(LZ) by using T..
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Chapter 3

Cox’s proportional hazards model

The proportional hazards model, which was proposed by Cox (1972), is one of the
most commonly used models for survival analysis. In a fixed dimensional setting, 7.e.,
the case where the number of covariates p is fixed, Andersen and Gill (1982) proved
that the maximum partial likelihood estimator for the regression parameter has the
consistency and the asymptotic normality. Besides, they discussed the asymptotic
property of the Breslow estimator for the cumulative baseline hazard function.

Recently, many researchers are interested in a high-dimensional and sparse set-
ting for a regression parameter, that is, the case where p = p, — 0o as n — oo
and the number S of nonzero components in the true value is relatively small. In
this setting, several kinds of estimation methods have been proposed for various
regression-type models. Especially, the penalized methods such as Lasso (Tibshi-
rani (1997), Huang et al. (2013), Bradic et al. (2011) and others) have been well
studied. In particular, Huang et al. (2013) derived oracle inequalities of the Lasso
estimator for the proportional hazards model, which means the Lasso estimator
satisfies the consistency even in a high-dimensional setting. Bradic et al. (2011)
considered the general penalized estimators including Lasso, SCAD and others and
proved that the estimators satisfy the consistency and the asymptotic normality. On
the other hand, the Dantzig selector, which was proposed by Candés and Tao (2007)
for the linear regression model, is also applied to the proportional hazards model
by Antoniadis et al. (2010), who dealt with the [y consistency of the estimator.
However, the asymptotic normalities of the Dantzig selector for high-dimensional
regression parameter and the Breslow estimator have not yet been studied up to our
knowledge.

We will extend the consistency results by Antoniadis et al. (2010) to the I, consis-
tency for every ¢ € [1, 00] by a method similar to that of Huang et al. (2013). More-
over, we will establish the asymptotic normalities of estimators in a high-dimensional
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and sparse setting based on the consistency results as in the previous chapter. To
discuss this problem, we need to consider the dimension reduction of the regression
parameter, which is nearly equivalent to consider the variable selection for a high-
dimensional and sparse regression parameter of the proportional hazards model. The
variable selection methods for the proportional hazards model in high-dimensional
and sparse settings are also discussed by some researchers. For example, Honda and
Hérdle (2013) studied the group SCAD-type and adaptive group Lasso estimators
for time varying coefficients in the proportional hazards model and proved that these
estimators achieve the variable selection. On the other hand, we will show that the
Dantzig selector has a variable selection consistency, which enables us to reduce the
dimension. Next, we will construct a new maximum partial likelihood estimator
by using the variable selection consistency result and show that this estimator has
the asymptotic normality. In addition, we will prove that a Breslow type estimator,
which is obtained by using the maximum partial likelihood estimator after dimension
reduction, satisfies the asymptotic normality. In addition, we will observe whether
our selection criterion works well for simple models numerically and compare the
estimators to the classical maximum partial likelihood estimator.

This chapter is organized as follows. The model setup, some regularity condi-
tions and matrix conditions to deal with a high-dimensional and sparse setting are
introduced in Section 3.1. In Section 3.2, we prove the [, consistency of the estima-
tors for the regression parameter. The variable selection consistency of the Dantzig
selector is proved in Section 3.3 and the asymptotic normality of the maximum par-
tial likelihood estimator after dimension reduction in Section 3.4. The asymptotic
property of the Breslow estimator is established in Section 3.5. Summary and an
example which satisfies our matrix condition are presented in Section 3.6.

3.1 Model setups

Let T; be a survival time and C; a censoring time of i-th individual for every
t = 1,2,...,n, which are positive real valued random variables on a probability
space (2, F, P). Assume that each i-th individual has an RP-valued covariate pro-
cess {Z;(t)}tep,1], and that the survival time 7; is conditionally independent of the
censoring time C; given Z;(t). Moreover, we assume that 7;’s never occur simul-
taneously. For every n € N and t € [0, 1], we observe {(X;, D;, Z;(t))}!,, where
X; =T, NC; and D; := lyr,<¢,3. We define the counting process {N;(t)}+cpo,1) and
{Yi(t) }icpo) for every i = 1,2,...,n as follows:

Nl(t) = 1{tZXi,D¢=1}7 Y;(t) = 1{Xi2t}> te [O, 1]
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Let {Fi}iepo,1) be the filtration defined as follows:
Fi:=oc{N;(u), Yi(u), Zi(u); 0<u<t, i=1,2,...,n}.

Suppose that {Z;(t)}icpoa), ¢ = 1,2,...,n are predictable and bounded processes.
In Cox’s proportional hazards model, it is assumed that each {N;(t)}:c(0,1) for every
t=1,2,...,n has the following intensity:

N(t) == YiOME) exp(87 Zi(t)), ¢ [0,1],

where A\(-) € L'[0,1] is the unknown deterministic baseline hazard function and
B € RP is the unknown regression parameter. We have that the following process
{M;(t) }repo) for every i =1,2,...,n is a square integrable martingale:

M;(t) :== N;(t) — /Ot Ai(s)ds, te]0,1].

Note that predictable variation process of {M;(t)}iejo,1) is given by:

(M;, M;)(t) = /t Ai(s)ds, te]0,1]
and
(M;, M;)(t) =0, i#j, tel0,1].

Hereafter, we write A(-) for the cumulative baseline hazard function, i.e.,

A(t) = /Ot/\(s)ds, t e0,1].

The aim of this chapter is to estimate the true value Sy of the regression parameter
f and the true function Ag(-) of the cumulative baseline hazard function A(-) with
respect to the true baseline function A¢(+) in a high-dimensional and sparse setting
for By, i.e., p = p, — 00 as n — oo and S := |Ty| is a fixed constant which is
independent of n, where T := {j; ﬁé # 0} is the support index set of the true value.
To estimate 3y, we use Cox’s log-partial likelihood which is given by;

CoB) = X [ 48720 = tox SV (B.0}an 1),

where



Put [,,(8) = Cn(B)/n. We write U, () for the gradient of [,,(8) and J,(5) for the

Hessian of —1,,(B), i.e.,
- { 2 t)} N

and i,
1~ [t s? L)
where .
SO(B,1) = S Zi(t)Yi(t) exp(87 Z(1))
i=1
and

ZZ (H)=2Y;(t) exp(B Zi(1)).

Note that U, () is a terminal Value of the following square integrable martingale:
s“
U t) Z / S (5.3) p M)

3.1.1 Regularity conditions and matrix conditions

We assume the following conditions.

Assumption 3.1. (i) The covariate processes {Z;(t) }icjoy, @ = 1,2,...,n, are uni-
formly bounded, i.e., there exists global constant K1 > 0 such that

sup sup || Zi(t)|lo < K1 a.s.
tel0,1] ¢

(17) The baseline hazard function Ao is integrable, i.e.,
1
/ No(t)dt < oo.
0

(1ii) For every n € N there exist deterministic R-valued function s\ (B t), Rpn

valued function s (ﬁ t) and RP»*Pr- yalued function 57(12)(6, t) which satisfy
the following conditions:

sup sup
B8 te€l0,1]

as n — Q.

n

1
—SU(B,t) — s“’(@t)” —P0, 1=0,1,2

o
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(tv) The functions sg)(ﬁ,t), [ =0,1,2, satisfy the following conditions:

limsupsup sup [|sV(3,1)]lee < 00, 1=0,1,2,
n—oo B t€0,1]

liminf inf inf s®(3,¢) > 0.

n—oo B tel0,1]

(v) For every 3, the following p, X p, matriz I,,() is nonnegative definite:

Sn

1| 4@ (1) #2
L(8) = / 5 (8,1) = (W) (8,1)| 51 (Bo, 1) Ao (t)dt.
0 Sn S’I’l
(vi) For every € > 0, it holds that

n 1
S [ 16l L i Vit) expl 5] ZiO)Mo(t) 7,
i=1 Y0

where

1 St
gnTo,i = % ZiTo (t) - ﬁ(/BOT()? t) .

n

We define the estimator Bn of By as

By = arg min 18],

(3.1)

where B, := { € R : [[Up(B)]|c < 7}, and v > 0 is a suitable constant. We
call the estimator /3, the Dantzig Selector for Proportional Hazards model (DSfPH).
Note that this estimator is called the Survival Dantzig Selector (SDS) by Antoniadis

et al. (2010).

Now, we introduce some matrix conditions to derive the theoretical results for

DSEPH $3,. Hereafter, we write Ty for the support of Gy, i.c.,

Ty = {]Bé;«éO}

To begin with, we introduce the following three factors (A), (B) and (C), all of
which are used by Huang et al. (2013) for Lasso in Cox’s proportional hazards

model.
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Definition 3.2. For every index set T C {1, 2, ---, p,} and h € RP" hp is
a RTl dimensional sub-vector of h constructed by extracting the components of h
corresponding to the indices in T'". Define the set Cr by

Cp == {h € RP" : || e

1 < [[hrlli}-
We introduce the following three factors.

(A) Compatibility factor

Sz (h"I,(Bo)h)?
k(Th: : mf
(To; 1n(Po)) = 0#heCr, 1hry |11
(B) Weak cone invertibility factor
SéhTIn(ﬁo)h
Tl 2 nOE € [1,00),
Fo(To; 1n(Bo)) 0£heCry || hay ||1]1 R4 1€l )
(AT L.(Bo)h)>
FoolTos In(o)) = inf

(C') Restricted eigenvalue

o (BTIn(Bo)k):

O#hGCTO Hh”g

RE(To; In(Bo)) =

Huang et al. (2013) defined these factors for the random matrix J,(5y), and
derived some conditions to treat them as deterministic constants. On the other hand,

we define them not for J,,(5,), but for the deterministic matrix 1,,(5), since we will
prove that [[7,(50) — Ju(Bo)lleo = 0p(1) later. Noting that |hg,||{ > [|hg || for all

€ [1,00), and ||hl|ee < ||h]|1, we can see that k(Ty; 1,(5o)) < ZfRE(TO;In(BO)),

£(To; 1n(Bo)) < Fy(To; In(Bo)) and k(Ty; In(Bo)) < 2V SFao(T; In(Bo)). We therefore

assume in our main theorems that ¢ factors are “asymptotically positive”.

Assumption 3.3. It holds that

lim inf x(Ty; I,,(Bo)) > 0

n—o0

An example for this matrix condition is provided in Section 3.6.
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3.2 Consistency

In this section, we will prove the consistency of DSfPH Bn To do this, we will
prepare three lemmas. The next lemma states that the true parameter S, is an
element of B, appearing in (3.1) with large probability when the sample size n is
large.

Lemma 3.4. Put v = v,,, = Kylog(1 + p,)/n®, where 0 < a < 1/2 and Ky > 0
are constants. If log p, = O(n®) for some 0 < { < «, then it holds that

Tim POl > Yop) = 0

and that 7, ,, — 0 as n — oo.

Proof. Recall that

U (Bos u) = %Z/Ou

where u € [0, 1] and

> A2} (u) = Z{(uw)ywi(Bo, u) | dM;(u),

wi (o) = SR (WF)Vi(w)

l:zl exp(Z; (u)fo)Yi(u)

We use Lemma 2.1 from van de Geer (1995). To do this, we shall evaluate AU (S, u), u €
0,1], and (UZ(Bo, ), U (B, -))1- Since the jumps of M; do not occur at the same time
and are all of magnitude 1, it holds that

|AU By, u)| = %Z/ PRVACE z,g(s)}wk(ﬂo,s)] dM;(s)
i=1 YU Lk=1
< = sup |2)() — 219 Y wn(fos )
27]7 73 k:
2K, 1
< —

n
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On the other hand, we have
<UrJL<ﬁO> ')7 607 Z/

:Z/

Z{Z] (w)ywr(Bo, w) | d(Mi)y

Z{Z] () yw (o, )] exp(Z; (u)Bo)Yi(u)o(u)du

1

< 5w |77 (u) — Z} (u)|? Z/ exp(Z] (1) B0)Y;(u) ho(u)du
i,5,k,u

4K2 1

< nexp(Ssup|Z/(w)l|ole)) | Aafu)d
%,7,U 0

< K
_— n b

where K3 is a positive constant. We now use the Lemma 2.1 from van de Geer

(1995):
PV 2 ) = P (U160 2 g (2050, U < 22

2
< 2exp <_2 (%7 Pn+ &)> )
npn T

Write || - ||, for the Orlicz norm with respect to ®(z) = ¢* — 1. We apply Lemma
2.5 to deduce that there exists a constant L > 0 depending only on ®; such that

2K K.
<L (—llog(l + Pn) + \/—3 log(1 +pn)> :
&, n n

max |UZ(By)]

1<5<
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Using Markov’s inequality, we have that

P(IUn(B)lloc Z Ynp,) = P(max U7 (50)| = tnp,)

1<5<

J
max |Un(ﬁo)|

< Pl - > ”"U”’;
legr;gJ (6ol @, | 12}?&' w(Bo)lll &,
—1
< Y o

J
I max |Uz(Bo)llle

-1

@1 fynvpn
L (% log(1 + p,) + \/% log(1 +pn))

IA

In our settings, the right-hand side of this inequality converges to 0.
Next we will show that J, () is approximated by I,,(5p).

Lemma 3.5. The random sequence €, defined by

€n = [|Jn(Bo0) — 1n(Bo)]l 0o

converges in probability to 0.

Proof. Define the p, X p, matrices h, (8o, t) and H, (5, t) for t € [0, 7] by

n

R s\
(607 )_ S (/807 )_ (W) (/807t)

S0 i

%) %1)
(/807 ) . ( (ﬁov ) - (E) (ﬁovt)7
(2

Note that the matrices I,,(5y) and J,,(5y) can be written in this form:
T(fo) = / Pon(0, 0)5 ™ (o 1) Mo (1) s,
0
T dN (u
0
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Put M(u) = >, M;(u). Then, it holds that || J,(80) —I.(50)||ee < (I)+(II)+(I1I),

where

(1) = / 1 H (o, ) — o () o T

an - [

(0)
ho (B, 1) {W _ 81(10)(50’“)}

(III) = H%/OT hn(Bo, w)d M (u)

AO(u>du7

o0

o0

Since the process t ~» N(t)/n has bounded variation uniformly in n, Assumption
2.1 implies that (/) = 0,(1) and (II) = 0,(1). Moreover, it follows from Assumption
2.1 that h,(Bp,u) is uniformly bounded. So we obtain that (/II) = o,(1) by the
same way as the proof of Lemma 3.4. a

The next lemma is used to control Un(ﬁn) — U,(pp) and J,(Bp). See Huang et al.
(2013) and Hjort and Pollard (1993) for the proofs.

Lemma 3.6. Define that n, = max; ;s |h" Zi(s) — h' Z;(s)|, for h € RP». Then for
all 5 € RP~, it holds that

e T T, (B)h < WU (B + h) — Un(B)] < e™h' J,(B)h.

Now, we are ready to prove the main result of this paper. The theorem below
provides the [5 consistency and [, consistency of DSfPH.

Theorem 3.7. Under Assumptions 3.1 and 3.3, the following (i)-(iv) hold true.
(1) It holds that

. . K4’7 + Ksep,
1 P n 5 Z T N 0’
Tim (Hﬁ Pollz = RE2(T0;]n(50)))

where Ky, K5 is a positive constant and €, = ||1,,(Bo) — Jn(Bo)||cc = 0p(1). In
particular, |5, — Bolla =P 0.

(73) It holds that

X Kivnn, + Ksén
lim P(||6n—50||2 s BaYnp, T Hse ) —0.
n—o0o

T Fgo(To; ]n(/BO))

In particular, ||Bn — Bollee =7 0.
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(23i) It holds that

. . AK5SYm,
lim P (Hﬁn — Boll = 65 Tn.p ) — 0,

K2(To; In(Bo)) — 4Sey,
where Kg is a positive constant. In particular, ||Bn — Boll1 —=* 0.
(iv) It holds for any q € (1,00) that
Tim P ([}, = folly > n) =0,
where

( __ i, 2665V 2K S Y,
M F(Tos 1n(Bo))  #3(Tos 1u(Bo)) — 2S€n — Fy(To; In(Bo))

In particular, ||Bn — Bollq =7 0.

Proof. (i) and (ii) It is sufficient to prove that ||U,(5o)||occ < Vnp, implies

K4’Yn,pn + K5€n
RE?(To; In(Bo))

By the construction of the estimator, we have ||U(5,)|lsc < Yn.p,, Which implies
that

”Un(ﬁn) - Un(ﬁo)”oo < ||Un(Bn)||oo + HUn<60)||oo < 27”71771'
Note that h := B — By € Oy, since it holds that

0> 8o+ bl = 1Bl = Y [hag | + D (1Bo; + | — Bos1)

JETE jET,
> gl = > |hay,|
JETE jETY
= |lhzglly — Py ll1-

Notice moreover that |||y < ||B.]li + [|Bollr < 2/|oll1 by the definition of f,.
Now, we use Lemma 3.6 for h to deduce that

W Jn(Bo)h < €™ BT [Up(Bn) — Un(Bo)]
< exp(rpjag W' Zi(u) — h' Z;(w)]) - 29np, | 112

< exp(4K1||Boll1) - 4vnp. 1 Boll1
=: K4V p,-
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Thus it holds that

W' L(Bo)h < | (1(Bo) — Jn(Bo)) | + 1T T (Bo)h
< EthH% + KaVnp,
< e[| BollT + Kaynp,
< Kanp, + Ksé,.

By the definition of the restricted eigenvalue, we have that

T
RE*(To; I (o)) < M
180 = Boll3
< K4’Yn,pn + K5€n

15 = Boll3
Noting that RE?*(Ty; I,(8)) > 0, we obtain that

K47n,pn + K5 €n

180 — Boll3 < RE*(Ty: L))

which is the conclusion in (i).
By the definition of Fio(Ty; 1,(5o)), we have also that

K4’7n,pn + K5€n

F2(Ty; I, < -
oo (103 1n(B0)) 1o — Al

Y

which yields the conclusion in (ii).

(iii) and (iv) It follows from the proof of (i) that
W Ju(Bo)h < Keyup, 162 — Boll:.
We have also that
W' L(Bo)h < €nll B = BollT + Ko VnpallBn = Bollr-
The definition of k(Ty; I,(5o)) implies that
ShTIL,(Bo)h

1oy ||
Sen||hlF + K6Svnp, |0l

- 1y [1F

K2 (To; In(Bo)) <
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Since ||hlly < 2||hg, |1, this yields the conclusion in (iii).
On the other hand, using the weak cone invertibility factor for every ¢ > 1,
we have that
S1all 2 + 57 Koy, 1]
1y [[1 12l ’

Fo(To; 1(Bo)) <
which implies that

255,18 — Bollr + 25 KoY,
Fo(To; I.(Bo))

Using the /; bound derived above, we obtain the conclusion in (iv). O

||Bn - ﬂOHq S

3.3 The variable selection consistency of the Dantzig
selector
The aim of this subsection is to show that Bn selects non-zero components of [

correctly. To do this, we define the following estimator for the support index set T
of the true value fy:

T = {j: B3] > Y }- (3.2)
The following theorem states that Bn has a variable selection consistency.

Theorem 3.8. Under Assumptions 3.1 and 3.3, it holds that

~

lim P(T, =Tpy) = 1.

n—oo

Proof. Note that [|3, — Bolloe < [|3n — Boll1 and that the sparsity S is assumed to
be fixed. We have that

i P (18 = ol > g =0

by the [; bound from Theorem 3.7 (iii). Therefore, it is sufficient to show that the
next inequality

||Bn - B()Hoo S ’Yn,pn

implies that
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For every j € Ty, it follows from the triangle inequality that
53] = 1831 <185 = B3] < Y-
We have that N ‘
‘/BgL| Z ‘6(]]| - ’yn»pn > ’)/n:pn

for sufficiently large n, which implies that Ty C T,. On the other hand, for every
j € 1§, we have that

155 = B3 = 162] < Yp

since it holds that 63 = 0. From this fact, we can see that j € Tﬁ which implies that
T, C Ty. We thus obtain the conclusion. O

3.4 The maximum partial likelihood estimator for
the regression parameter after dimension re-
duction

Using the set Tn, we construct a new estimator BT(LQ) by the solution to the next
equation:

Un(Bg,) =0, Bp =0, (3.3)
We prove the asymptotic normality of B,(LQ).

Assumption 3.9. In this subsection, we assume that the following S x S matrix T
1s positive definite:

1[4 1 &2
1 1:/0 [%(ﬁonas) - (%) (50T075)] Xo()s'” (B, , 5)ds,

where
s (Bory, 1) == st (Bomy 1),
S(l) (ﬁOTm t) = 87(11 To (ﬁOTm t)
and

8(2)</60T07t> = TLTO To (/BOTO’ )

The following theorem states that this estimator B,(f) satisfies [; consistency.
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Theorem 3.10. Under Assumptions 3.1, 3.3 and 3.9, it holds that

185 = Boll =7 0
asn — 0o.

Proof. We have that
3 5(2 5(2
162 = Boll = 1183, — Borolls + 11337

It follows from Lemma 3.1 of Andersen and Gill (1982) that the first term of right-
hand side is 0,(1) since the sparsity S is assumed to be fixed. Moreover, we have
that

1-

5(2)
||6nT5 11{Tn:To} =0
by the definition of BT(LQ). Noting that 1 (To=ryy " 1, we obtain the conclusion by
using Slutsky’s theorem. O

To show the asymptotic normality of 57(12), we need to prove the next lemma.

Lemma 3.11. Under Assumptions 3.1, 3.3 and 3.9, it holds that
[0 (85) = Ln(Bo)llco = 0p(1)
for every random sequence {3 },en which satisfies that
185, — Bollr =" 0
as n — 0.

Proof. Define 92
57(12) 57(7,1)

n

and

We have that

and that



Therefore it holds that ||.J,(5%) — L,(fo)||e < (1) + (H) (I1I)+ (IV'), where

/0 ValFirt) = Vil ) H

/ [ValBort) — vn(Bost )}dN( )H

Y
o0

(I11) = ‘

/O onlin 0 { 2500 ) - 0><ﬂo,t>}xo<t>dt}Hw

[uowotta]

Since the process t ~» N(t)/n has bounded variation, Assumption 3.1 implies that
(I1) and (I11) are 0,(1). In addition, we have for every | = 0,1,2 and ¢ € [0, 1] that

and

(1V) =

1
—HSS) (ﬁ;i,t) — 5D (B, 1)l

(t) exp(By Zi(t)) {explll Zi(t) ool By — Bolla] — 1}

< K eXp(K1|lﬁo||1)| exp(K1 |8, = Bollr) = 1.

We have that the right-hand side of this inequality converges to 0 in probability
when ||5 — Bo|li =P 0 as n — oo. This fact and the continuous mapping theorem
imply that ||V,.(5%,t) — Vi(Bost)]|ec —P 0 as n — oo. Therefore, we obtain that
(I) = 0,(1). Finally, we can see that (IV') = 0,(1) by using Bernstein’s inequality
for martingales (see e.g. van de Geer (1995)). O

e}

Now, we can prove the asymptotic normality in the following sense by a similar way
to that in Andersen and Gill (1982).

Theorem 3.12. Under Assumptions 3.1, 3.3 and 3.9, it holds that
\/ﬁ(@% — Boro) L7, =1 = N(0,Z71).
Proof. It follows from the Taylor expansion that
{UnT (57(1; ) — UnTo(ﬂoTo)} Lig, iy = —JInnomy (ﬁnTo)(ﬁ = Bory) L7, —1y»
where (7 is the point between 37(12) and (. We therefore have that
\/ﬁUnTo(ﬂoTo)Tol{TnzTo} = Jnto,10 (@TO)\/E(B%) - 50To)1{Tn:To}-
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We can see that /nUp,z, (Bor,) is the terminal value of the S-dimensional martingale
{Mn(t)}te[[),l] defined by

n ¢ (1)
M, (t) := Z %/0 {ZiT()(S) - %(ﬁom S)} dM;(s).

n

It holds that

- 1 [t
O 31)1) = [ Vi (5o )5 By, a0
0
—r 7

as n — 0o, where V,,(fy,t) is defined in proof of Lemma 3.11. By this fact and
Lindeberg’s condition assumed in Assumption 3.1, we can apply the martingale
central limit theorem to M, (t) to deduce that

\/ﬁUn(BOTO) —)d N(O,I)

as n — oo. It follows from Theorem 3.10 and Lemma 3.11 that ||Jur, 1, (55p) —
Z||s = 0p(1). We therefore have that

V(B = Boro)Liz,=ryy = T VnUnty (Bom) L, gy + 0p(1).

Since Theorem 3.8 implies that 1 (T} —P 1 as n — oo, we obtain the conclusion
by using Slutsky’s theorem. O

3.5 The estimator for the cumulative baseline haz-
ard function

We define the estimator for Ag(t) by the following Breslow type estimator:

N ! dN(s)
At) = i . telo,1], 3.4
" /0 Sy Yils) exp(B2 Zi(s) = o

where 31(12) is defined by the equation (3.3). We discuss the asymptotic property of
A in this section. For every ¢ € [0, 1], we have that

Vi{A(t) = Ao(t)} = (1) + (I1) + (111),
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where

1 _
\/_/ { (2) r(zo)(ﬁo,s)}dN(S%

(1) = \/ﬁ{/o J%;:’)S) —/0 Ao(=9)1{2?_m<s>>0}}

(IIT) = vn { /0 t Mo(8) Lisn vi(ey0) — Ao(t)} .

The third term (/11) is asymptotically negligible because it follows from Assumption

3.1 that .
n—r00 0

Moreover, we have that (/1) equals to the following process {W,(t) }1cjo1:

\/_/ 50,

which is a square integrable martingale. Using the Taylor expansion, we have that

(I) = Ha (85, 1) (B2 — By),

and

where

t Sr(Ll) B

and 3* lies between 5 and . Since it holds that [|3% — Bo||1 = 0p(1) by Theorem
3.10, we can see that

sup
t€[0,1]

= 0,(1) (3.5)

[e.o]

t (1)
Hn<ﬁ;,t>+/0 S G Do)

by a similar way to the proof of Lemma 3.11. Therefore, we obtain the following

theorem, which is proved by using Slutsky’s theorem and a similar way to that in
Andersen and Gill (1982).

Theorem 3.13. Under Assumptions 3.1, 3.8 and 3.9, it holds that \/ﬁ(ﬁg
Bor, )1 (T} and the process equal in the point t to

A s(1)
VR{A(t) — Ao(t) }+\/_/ — Bor,) " 0)(50%78))\0(5)‘15 Leg,—1y
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are asymptotically independent. The latter process is asymptotically distributed as a
Gaussian martingale with the variance function

t
A
/ —O<S) ds.
0 3(0)(50%73)
Proof. We have that

VAfA(t) = Mo(®)} 1,
= [Hur (B, T VA(BEL = o) + VAWalD)] L,y + (D).
We can use the fact (3.5) to deduce that
Vaf(h) - A <>}1{T )
NG / — o) 5 (ot $VNa(5)dsL 7,
= VAW (O, gy +0(1).

We apply the martingale central limit theorem to the process {/nW,(t)}ico,1). It
holds that

(VWL (), VaW,()(t) = /OnlSi(E;Z),S)(O)dS

t
Ao(s
o 5O Bory; 5)
as n — 00. Moreover, we can see Lindeberg’s condition, i.e., it holds for every € > 0
that,

t 1 € t
(0) =
/0 n—2{S,(L0)(5075)}21{"7137(‘0)(60’3)%}5” (Bo, $)Ao(s)ds < ”/o Xo(s)ds

— 0.

Therefore, we have that {y/nW,(t) }.cj0,1) is asymptotically distributed as a Gaussian
martingale with variance function

¢ /\0(5)

by using the martingale central limit theorem. Next, we check the asymptotic
orthogonality. It follows from a direct calculation that

<UZT0(BOToa ')7 Wn())(t) = 07 te [07 1]7 .] € TO
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where

(1)
nTo ﬁOTov g Z/ { 2To (ﬁOTm ) (S)} .

nTo

Since Bag, — Bor, is the linear combination of Uz, (Bor, ), we have that \/ﬁ(BST)
Bomy )7, =y and

V(A - Ao0)} + v / — o)™ (B 512 <s>ds] Lt

are asymptotically orthogonal for every ¢ € [0,1]. This fact implies that they are
asymptotically independent because both are asymptotically normal distributed.
Noting that 1 (T} —P 1 as n — oo, we obtain the conclusion by using Slutsky’s
theorem. a

3.6 Concluding remarks

3.6.1 An example for matrix conditions

In this subsection, we provide an example which satisfies the high level matrix
condition Assumption 3.3 in a high-dimensional setting.

Let covariates {Z;}" ; be RP-valued i.i.d. random vectors which are independent
of the time ¢ € [0,1]. For each ¢ € {1,...,n}, we assume that {Zf}é’:l are inde-
pendent and bounded random variables. Moreover, we suppose that the censoring

time C; is independent of T} for every i = 1,...,n, the baseline hazard function A(+)
is integrable and the true value 8y = (8¢, 62,...,65,0,...,0) € RP. Under these
assumptions, T; and Y; are independent of Z! for every [ = S +1,...,p. In this case,

we have that

Sn(Bo, 1) ZY exp(fy Zi),

S (Bo, t) ZZY ) exp(fy Zi)

and

S2(Bo, t) ZZZTY )exp(Bq Z;).
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By using the weak law of large numbers for each component of vector or matrix, we
obtain that

S

s\ (B, t) = EY(t) exp(B] Z)] = [ | BV (1) exp(8521)],

=1

SO (Bo,t) = EIZYi() exp(B7 Z0)), j € {1,2,...,p}
and

s (Bo.t) = E[ZIZFY1(t) exp(By Z1)), j, k€ {1,2,...,p}.
For s\ (8o,1), it holds that

s(B.t) = EBlexp(8) Z1)E[l{x,20]21]]

E Hexpwézi)w)] ,

where 7z(+) is the survival function of X; = T} /\ C’l, which is independent of Z{

for every S < | < p. We can also calculate s (ﬂo, t) and sn]k(ﬁo, t) for every
J.ke€{l,2,...,p} as follows:

sty (Bo,t) = ELZ] exp(B] Z1)mz(1)]
_ {E[Zjnf Lexp(B] Zma(t)] (15 <)
E[Z)s (o, ) (S <j<p)

s (Bost) = B[Z{Z}exp(By Z)ms(t)]
E [Z{Zf HlS:1 exp(BOTZ1)7Tz(75)} (1<4,k<p)

= 4 B2} (Bo,t) (1<j<p S<k<p)
E[Z{]E[Z}]s%) (Bo, 1) (S <jk <p).

We therefore obtain the matrix I,,(5y) as follows:

Z(bo) 0
1,(Bo) = ( 0 diag(Var|Z] fo (B, ) Ao(t)dt) )

where Z(f,) is a S x S matrix which can be proved to be a positive definite (see
e.g. Fleming and Harrington (1991)). Therefore, we have that the model satisfies
Assumption 3.3.

43



3.6.2 Summary

In summary, we have been able to construct the asymptotically normal estimators
for the proportional hazards model in high-dimensional settings if the sparsity of
the regression parameter is fixed. This results are based on the selection result
Theorem 3.8 which is obtained from [; consistency proved in Theorem 3.7. If the
sparsity is not fixed, we may not reduce the dimension of the parameter since we
cannot prove Theorem 3.8. In such cases, the asymptotically normal estimators
cannot be constructed by (3.3) and (3.4).

It is well known that Lasso and the Dantzig selector exhibit similar behaviors
for linear regression models. We can see the same phenomena in the proportional
hazards model in the sense of [, consistency for every ¢ € [1,00] since the error
bounds for the Dantzig selector in Antoniadis et al. (2010) and this thesis are sim-
ilar to those for Lasso in Huang et al. (2013). On the other hand, the differences
between two procedures may occur in the sense of the variable selection consistency.
According to Fan et al. (2016), the variable selection consistency, in particular, sign
consistencies for estimators are equivalent to the irrepresentable conditions, which
are obtained from KKT conditions of the optimization problems. Since the KKT
conditions of Lasso type optimization problems are relatively simple, we can prove
the sign consistency of the Lasso estimator for the proportional hazards model by
using the irrepresentable condition (see e.g. Yu (2010)). However, the KKT condi-
tions of the Dantzig selector becomes quite complicated. Although it is possible to
derive the sign consistency of the Dantzig selector from the irrepresentable condition
for a linear model, it may be difficult to construct the selection results of the Dantzig
selector for nonlinear models such as the proportional hazards model by the similar
way to that for Lasso. In contrast, we have proved that [; consistency implies the
variable selection consistency when the sparsity S is fixed in this paper. This type
of theoretical results for various regression models may be proved for Lasso type
estimators because the [; consistency results are nearly equivalent to that for the
Dantzig selector.
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Chapter 4

Diffusion processes with covariates

The purpose of this chapter is to discuss a parametric estimation problem in a high-
dimensional and sparse setting for a special parametric model of diffusion processes.
We consider the stochastic process {X;}:>¢ which is a solution to the stochastic
differential equation given by

t t
Xe=Xo+ / b(X;)ds + / exp(0' Z)dW, (4.1)
0 0

where {W;};>¢ is a standard Brownian motion, b(-) is a nuisance drift function,
{Zihso = {(Z}, Z2, ..., Z) }i>0 is a uniformly bounded p dimensional continuous
process, which is regarded as a covariate vector, and 6 is an unknown parameter of
interest. We observe the processes {X;}i>0 and {Z;}1>0 at n + 1 equidistant time
points 0 =: t§ < t} < ... < t%, where t} = kt!'/n for k = 0,1,...,n. Assume
that p = p, > n and the number of non-zero components S in the true value 6y of
6 is relatively small. In this high-dimensional and sparse setting, we consider the
estimation problem of 6y. The covariate processes {Z!}i>0, i = 1,2, ..., p,, are, for
example, some functionals {¢;(X})}i>o of solutions to other stochastic differential
equations {X},>0, where ¢;’s are uniformly bounded smooth functions or random
variables which do not depend on ¢.

This chapter is organized as follows. The settings for the model, some regularity
conditions, and the estimation procedure are given in Section 4.1. In Section 4.2,
we state our [, consistency results for every ¢ € [1,00]. Our methods of proofs are
similar to Huang et al. (2013) who proved the consistency of Lasso estimator for
Cox’s proportional hazards model and to Chapter 3 of this thesis which dealt with
the Dantzig selector for the proportional hazards model. Based on the [; consistency
result, we discuss the variable selection consistency of the Dantzig selector in Section
4.3. Moreover, we construct an asymptotically normal estimator for 6y in Section 4.4
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under the ergodic assumption on the covariate process {Z;};>o. Finally, in Section
4.5, we will present some concluding remarks concerning with the rate of convergence
appearing in our main results.

4.1 Model set up and matrix conditions

Let {W}}+>0 be a standard Brownian motion defined on a probability space (2, F, P),
and {Z; }i>0 := {(Z}, Z2, ..., Z) }i>0 be a uniformly bounded p dimensional contin-
uous process. We introduce the filtration {F;}:>o defined by

Fii=FoVo(Ws Zs:s€(0,t]), t>0,

where Fy is a o-field independent of {W,};>0, and {Z; }1>0. Let us consider the 1
dimensional stochastic differential equation (5.1):

t t
X, =Xo+ / b(Xs)ds + / exp(0" Z)dW,
0 0

where z +— b(z) is a nuisance drift function which satisfies appropriate regularity
conditions presented later, and # € R? is an unknown parameter of interest. We
observe the process {X;}:>0 at n + 1 discrete time points 0 =: tf <t} <t} <--- <
", where t7 := n~'kt". Assume that p = p, > n and the number of non-zero
components S in the true value 6y is a fixed constant. In this high dimensional and
sparse setting, we consider the estimation problem of 6y with finite /; norm. The
quasi-likelihood function L, (b; ) is given by

n

Lo(b;60) = ! [Xip = Xy, — b(thl)AnP) |

exp | —

kl:[l \/zw exp(207Zy A, ( 2exp(207Zz ) A

where A, :=t} —t}_; =t/n. Put [,(b;0) := log L, (b; 0), and define the RP*-valued
function ¢, (b; 0) = (¢5,(0;0), 5 (b; 0), ..., Yo (b;0)) by

1.

n(b;0) = —1,(b;0
V(1:6) = i (b:6)
1 n
= nAn Z Zt" exp(—?@ Ztn )|th — XtZ—l — b(XtZ_l)AnF
k=1
~ T A,
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Moreover, we define the p, x p, matrix-valued function V,,(b; ) by

1.
Valb36) i= = (b:0)

2
=D 2y Ly exp(=20" 2y )Xy — Xy — (X )AL
" k=1

Note that V,,(b;0) is a nonnegative definite matrix. Hereafter, we assume the fol-
lowing conditions.

Assumption 4.1. (i) The terminal value t] of the time interval [0,t}] satisfies the
either condition;

Case 1. [t holds that t]) is a fived constant. Without loss of generality, we put

=1,

Case 2. It holds that
t" =nA, — oo, nAZ -0

as n — Q.

(i1) There exists a constant L > 0 such that for all z,y € R,
[b() = b(y)| < Lz —y-
(i4i) There exists a constant C' > 0 such that

sup sup |Z}| <C a.s.
t€[0,00) 1<i<00

(1v) For every r > 1, it holds that

sup E[|X:|"] < oc.
te[0,00)

(v) For every r € N, there exists a constant C, such that for every n € N, i €
{1,2,...,pn} and k=1,2,... n,

E| sup [X,— X | < C,AZ,
SE[tE_1,t7]

E| sup |Z!— ZZAV < C.AZ
se[ty_,t7]




Assumption (iv) is satisfied if Z{, i = 1,2, ..., p,, are appropriate transformation
of stochastic processes which are solutions to other SDEs as mentioned in Introduc-
tion. In Section 4.2, we will show that b(-) can be ignored under Assumption 4.1.
We thus define the estimator 6, by the Dantzig selector as

6, := arg min 10ll1, Cpn =10 € R : |1, (0;0)]| 00 < v},
9eCy,
where v is a tuning parameter by setting b = 0.
Define the p,, x p, matrix J, by

2 n
%::-Ej&nzﬂ ,
n k—1 k—1
k=1

which will be proved to approximate V,,(0;6) in Section 4.2. We introduce the
following factors (A), (B) and (C) in order to prove the consistency of the estimator
6,,.

Definition 4.2. For every index set T C {1, 2, -+, p,} and h € RP" hp is
a RT dimensional sub-vector of h constructed by extracting the components of h
corresponding to the indices in T. Define the set Cr by

OT = {h € RP~ . ||th 1 S ||hT||1}
We introduce the following factors.
(A) Compatibility factor
1 1
z2(hTJ,h)z2
k(Ty; Jp) := inf M
0#£heCry, Hh‘TO H 1
(B) Weak cone invertibility factor
Sk J,h
F,(Ty; Jy) :==  inf q € [1,00),

0#£heCr, m7

(hT J,h)z

Foo(To; Jn) = 0;&}}61(%0 172/l

(C) Restricted eigenvalue

(hTJ,h)z

RE(Ty; J,) := A I
(To: Jn) ohecr, ||l
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We assume the next condition to derive our main results.

Assumption 4.3. For every ¢ > 0, there exist 6 > 0 and ng € N such that for all
n > ng
P(k(To; Jp) > 0) > 1 —e.

Noting that ||hg, || > [|hg,[|2 for all ¢ > 1, we can see that £(Tp; J,,) < 2V SRE(Ty; J,),
and k(To; Jp,) < Fy(To; Jy,). So under Assumption 4.3, RE(Ty; J,,) and F,(Ty; J,,) also
satisfy the corresponding conditions.

4.2 The [,consistency of the Dantzig selector

In this section, we will prove the [, consistency of the estimator 6,,. For Case 1, i.e.,
the case where ¢ = 1, the consistency result can be seen in Fujimori and Nishiyama
(2017b). In addition, we can prove the consistency in Case 2 by the same way as
that in Case 1. To do this, we will evaluate the gradient of quasi-likelihood at the
true value and show that V;,(0;60y) is approximated by J,. The following theorems
are our main results. Hereafter, we assume that v, and p, satisfy that

v = KoAzTC (4.2)
log(14p.) = O(nf), (4.3)

where Ky >0, 0 < o < 1/2, 0 < { < 2« are some constants.
First of all, we will show that under Assumption 4.1,

Tim P(][¢b(0; 60) oo = 7n) = 0.
Let us decompose 1!, (0;60y) = A%, + B! + C!, where

[ 1 - i
Al = e > Zi exp(—=200 Zip )
k=1

i 2\ i .
B, = nAnZZ z_lexp<—290TZt21)< / b(Xs)dS>
k=1

tn
X (/ ' exp(Ong)dWS>
t'n/

k—1
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and

2

-7 A,
tp_ =

tn
/k exp (03 Z,)dW,

tk—l

i I
C; = e ZZZ,l exp(—200 Z )
k=1

We further decompose C? = D + E' where

2

tn
/ " exp(07 Z,)dW,

k—1

i I
D! = WA Z Zn_ exp(—268 Zy )
k=1

~Ziy (Wi — Wy )?

and

Ei = nA Zzzn Wi — Wi )? = Ay}

Lemma 4.4. Suppose that ~, satisfies (4.2). Under Assumption 4.1, it holds in
both of the Cases 1 and 2 that

lim P< sup |AL| > %) = 0.
n—roo 1<i<pn

Proof. It follows from Markov’s inequality and Schwartz’s inequality and Assump-
tion 4.1 that

P< sup |4 > %) < CoaClhl) ZE

1<i<pn (TAVE

< Cexp2C]6ollr) /
E A
- VAN, Z ",

n
k—1

t"
< Ceop 2CH90H Z/ El|b(X

. Cexp(2C’||90||1)éA
Tn

Ib(Xs)IQdS]

1_
Noting that A,, — 0 and v, = KoA2 *, we obtain the conclusion. O
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Lemma 4.5. Under Assumption 4.1, it holds for both of the Cases 1 and 2 that

lim P( sup |B!| > 'yn) = 0.

n—reo 1<i<pn

Proof. Using Markov’s inequality and Schwartz’s inequality, we have that

P< sup | B[ > %)

1<i<pn
1
n ty ? :
- 2C exp(2C||6o]|1) B /k b(Xs)ds
nAann k=1 ti—1
1
2 2
ty
% (E / eXp(Qng)dWs
o
n 2% %
o 20ep2CAol) §~ (1 An/’“ 1b(X,)|%ds
nAann ke1 tha

)

ty
/ exp(QOgZS)ds
t

[N

20 exp(2C|16oll) (A n2)2
<
< A (CA2)7 (exp(2C1160 1) An)

_ CC2 A% exp(3C]|6s]1)
p— ,yn '

The right-hand side of this inequality tends to 0 as n — oo. a

Lemma 4.4, and Lemma 4.5 imply that we can ignore the effect of b(:). So we may
take b(z) = 0 when we define the estimator 6,,. The following lemmas give some
inequalities about D!, and E'.

Lemma 4.6. Under Assumption 4.1, it holds for both of the Cases 1 and 2 that

lim P< sup |D.| > 7n> = 0.
n—roo 1<i<pn

o1



Proof. It follows from Markov’s inequality and Schwartz’s inequality that

. C n
P ( sup |D;| > %) < ZE [|D1] - | Do)
k=1

1<i<pn nlpyn £
< S BID EID)!
AN e ’
where Dy and D, are defined as follows
ty
D, = {exp(0) [Zs — Zn_]) 4+ 1}dW,
o1
ty
Dy = {exp(0F[Zy — Zm ]) — 1}dW,
th 1
We can see that
1 :
(E[ID:[])2 = | E {exp(65 [Zs — Ziy |]) + 1}7ds
1

1
< (exp(2C||0o|l1) + 1) As.
Noting that there exists a positive constant € such that
lexp (6 [Zs — Zy_,]) — 1] < Cil6g [ Zs — Zy_ |
< Cillolly max | Z; — Zg_ |,
1€Ty

k—1

where T := {i : 0 # 0}, we have that

(E[|D,[)? = (E {exp(0] 12— Zy )~ 1}2d8])

k—1
_ 1
ti . A 2
<(B|[" cenltmx|zi - 23, Fas
tZ—l i€y k—1

< C1Cy 0|1 Ay
Consequently, it holds that

p < sup ‘D;’ Z ’)/n) S 00102H90||1(€Xp<2CHt90||1) + 1)An .

1<i<pn fyn

We thus obtain the conclusion.
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Lemma 4.7. Suppose that v, and p, satisfy (4.2) and (4.3) respectively. Under
Assumption 4.1, it holds for both of the Cases 1 and 2 that

lim P < sup |E:| > 3%) = 0.

n—eo 1<i<pn

Proof. Put Uy = [Wy — Wiy |> — A, and 7 := A/*777 where 0 < 8 < 2a — ¢
is a constant. Then, we have that

En=—% > Ziy Ugliugicn + N > Ziy Uglyuglsn
" k=1 " k=1
= F'+G..

It is sufficient to prove that P(sup, |F!| > 2v,) — 0 and P(sup; |G.| > v,.) — 0.
Note that

i I § i
Fio= oA Z Z;;,l{UtZl{lUt}z'S”} — E[Utzl{\Utz‘S"]}‘Ezfl]}
k=1
+Zi B0 g <n | Fip_ ]

We can see that for all £ and i,
1 Zi AU Lugl<m = BlUg Lgogisn 1} < 2Cn

EllZy MU Lgugi<n — ElUg Ljvgi<nllFy_ 1} Fg_ ] < C2AL

k—1

Now, it follows from Bernstein’s inequality for martingales (See Theorem 1.6 from
Freedman (1975).) that

2

- g
P(|H!|>v,) <2 — L .
(12 7)< 2650 (=)

Write || - ||g, for Orlicz norm with respect to ®1(x) := e — 1. Lemma 2.5 implies
that there exists a constant L > 0 depending only on ®; such that

<L {2077 log(1 + pn) + v/ C2A2 log(1 +pn)} :

31

sup | H,|

1<i<pn

23



Using Markov’s inequality, we have that

, sup; | H! | Vn
1<i<pn [sup; [H| |, [sup; [H} g,
1
Tn
<o (— )
||SuPi |Hfrll|||q>1

<®,

-1
Tn

L {207} log(1 + pn) + 1/C?A2 log(1 + pn)}

— 0.

On the other hand, it holds that

I, =

1 < ;
DA kz_; ZZ_1 {E[Ut;; - Utzl{lUtgl>n}|EZ_1]}

S
nA, ]; Zip  Bl=Unp v >ny| Fry )

So we thus obtain that

n

) 1
P(mwmgm)g—g

|

su Ztw ElUwpliun Fin
1<i<pn Yn 19’35)% n ”kz—; th—1 [ 128 {lUtk|>77}| tk,l]
c 3 Uy
< E|E k| Fin
_nAn”yn; |: |: i ‘ te—1
B 20A,,
TnT]
— 0.

A similar calculation leads us that

P( sup |G| > ’yn> — 0.

1<i<pn
This yields the conclusion. a
After all, we obtain the next lemma.

Lemma 4.8. Suppose that v, and p, satisfy (4.2) and (4.3) respectively. Under
Assumption 4.1, it holds for both of the Cases 1 and 2 that

T P (40 (0:60) o > 63,) = 0.
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This lemma states that the true value 6y belongs to the constraint set C,, with
large probability when the sample size n is large. Then, we prepare two lemmas for
V,(0;6p). The next lemma states that V,,(0;6p) is approximated by .J,,.

Lemma 4.9. The random sequence €, defined by
en = [IVa(0;60) — Jull
converges in probability to 0.

Proof. It holds that

V(05 60) =

t;
/ exp(02 Z,)dW,
t

n
-1

Z tn exp(—QGOTthil)
"=
(f

= (1) + (1) + (I11),

where

n

2 T
<I) - nAn Z Zt271 Zt?klfl

k=1

t;
/ exp(0) [Zs — Zy_ ])dW,
t

n
-1

—Zn tn Wi = Wi 2,

k—1

A ZZtk 1 —71271 {‘Wtz B Wtzflﬁ B An} ’

and

2 «— -
(111) = ~ A N Zy Zy ANy=
k=1
Using triangle inequality, we have that
V(05 60) — Jnlloe < 1)l + 1(11)]]oc-

As well as the proof of Lemma 4.6 and Lemma 4.7, we can prove that [|(/)]|« and
|(11)||co are o,(1). O

The relationship between 1, (0;6,) — ¥, (0;6) and V,(0;6y) are provided by the

lemma below.
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Lemma 4.10. Define that I := [—2C||0o||1,2C||6o]|1],

=L (2 #£0)
and v := minger g(z). Then, it holds for h := 6y — 0, that
SHV(0: 80)h < T [15,(036,) = 60 (0560

Proof. We have that

1
nl\,,

WY (1 (056,,) — 1, (0;6)] =

> DT Zy exp(=205 Zy )| Xy — Xy [
k=1
x{exp(ZhTZtZ_l) -1}

Note that h"Zy € I forallk =1,2,...,n. Noting moreover that z(e* —1) > va?,
we can see that

R 1 <&
W [0 (0;0,) — 10 (05 6)] > X Z exp(—20f Zyp )| X — Xop [P(vh" Zyp )?
" k=1
- gthn(o; 6o)h.
We thus obtain the conclusion. O

Now, we are ready to prove our main results. The next theorem states the [,
consistency of the estimator 6,,.

Theorem 4.11. Suppose that vy, and p, satisfy (4.2) and (4.3) respectively. Under
Assumptions 4.1 and 4.3, the following (i)-(iv) hold true for some positive constants
K5 and K3 in both of Cases 1 and 2.

(1) It holds that

A Ky, + Kse,
lim P(||9n—90||§ > u) —0
n—oo

RE2 (TO; Jn)
In particular, it holds that ||6, — 0y||s =7 0.
(13) It holds that

A Koy, + Kse,
lim p(‘|9n_90,|2 > M) —0
n—oo

FOQO(TO; Jn)
In particular, it holds that ||0, — 6p||cc —7 0.
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(23i) It holds that

4K4S’}/n —0
k2(Ty; Jp) — 4Se, )

lim P (Hén — ol >
n— oo

In particular, it holds that ||0, — 6o||; =7 0.

(1v) It holds for every q € (1,00) that
Tim P (16 = olly = &) =0,

where ) )
2S¢, 2K, S, 2K, Say,

Fy(To; Jn) 2Ty Jp) — 2Sen,  Fy(To; J)
In particular, it holds for all ¢ € (1,00) that H9n — Ooll, =P 0.

Enyg 1=

Proof. It is sufficient to prove that ||1,,(0;6p)||cc < v implies that

K27n + K3€n

0, — 002 < = T 0
|| 0||2 = RE2(T0,Jn)

By the construction of the estimator 0,, we have ||/, (0;0,) oo < Yn, which implies
that )
1405 61) = 1 (0: 60) oo < 1[4(05 80) e + 1403 60) [loe < 27

Put h =0y — én, then we have that h € Cp, since it holds that

> 160 — hlly = 6ol = D [hag | + > (160j — by, | — 1605])

jETE j€To

> Y Ihag | = D Ihay|
JETE €T

= |[hzelly — Py [l

Notice moreover that ||hlly < [|a]l1 + [|6o]l1 < 2/|60]|1 by the definition of 6,. Now,
we use Lemma 4.10 for h to deduce that
2 .
WV(0; 80)h < =R [t (056) = ¥ (03 60)]

4
< —mllhlls
14

8
S —%“90”1
14

=: Koy
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Thus it holds that

RYJ.h < |hT(J, — Vi (0;00))h| 4 RTV,(0;60)h
< enl[h[} + Kovn
< 6, - 4]100]17 + Kavn
=: K3€6, + Koyp.

By the definition of the restricted eigenvalue, we have that

h*J,h
RE2(TD; Jn) S %
16 — Boll3
< K2:)/n + K3€n‘
Hen - GOH%

Noting that RE?(Ty; J,) > 0 with large probability when n is sufficiently large, we

obtain that
KQ’Yn + KSEn

REZ (T(); Jn) ’
which yields the conclusion in (i). Using the factor F(Tp; J,,), we obtain the con-
clusion in (ii) by the similar way.

It follows from the proof of (i) that

h'V(0;00)h < Kyy|0, — 6o 1.
Noting that [|b||3 < ||b||? for all b € RP», we have that
KT T < enllfn — 00]12 + Kyl B — 6ol

The definition of x(Tp; J,) implies that

T
W2(Ty: Jh) < Sh* J,h

= I3
Senl|13 + KaSynllhly

N e b

Since ||h|l1 < 2||hr, |1, this yields the conclusion in (iii).
On the other hand, using the weak cone invertibility factor for every ¢ > 1, we
have that

Sten|[B]2 + S1 Ky bl
F,(Ty; J,) < :
! |\, |11

o8



which implies that

1 N 1
- 254€,|0, — 6 254 Ky,
10— 0ol < 25 ol ol t 25 B,
Fy(To; Jn)

Using the [; bound derived above, we obtain the conclusion in (iv). a

4.3 The variable selection consistency of the Dantzig
selector

As in the previous chapters, we construct the estimator T, for the support index set
Ty by R R

T = A7 < 10n] > 7}
The variable section consistency can be derived from Theorem 4.11 as follows.

Theorem 4.12. Under Assumptions 4.1 and 4.3, it holds that

lim P (Tn _ To) ~ 1.

n—oo

Proof. Note that |6, — 0g/|oc < ||0n — 0o|1 and that the sparsity S is assumed to
be fixed. We have that

lim P (Hén — ol > %) =0
n—0o0o

by the [; bound from Theorem 4.11 (iii). Therefore, it is sufficient to show that the
next inequality

10n = Oolloc < n
implies that

A

T, =Tp.

For every j € Ty, it follows from the triangle inequality that
1631 — 03] < 105 — 65] < 7.
We have that N 4
‘9%‘ = |‘%’ — Vnpn = Tn
for sufficiently large n, which implies that Ty C T,. On the other hand, for every
j € T, we have that N ' N
165 — Ol = 160 <7

since it holds that 6] = 0. From this fact, we can see that j € T which implies that
T, C Ty. We thus obtain the conclusion. O
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4.4 After variable selection

In this section, we deal with Case 2, i.e., the case where ¢ — oco. Hereafter, we
assume the following ergodic condition.

Assumption 4.13. The sub-vector of the covariate process { Z, }+>0 is ergodic with
an invariant measure [, t.e., for every pg-integrable function g, it holds that

1 T
7 [ o@myie— [ gim(a)
0 RS

as'T — o0.

The next lemma is immediately derived from Assumption 4.13.

Lemma 4.14. Under Assumptions 4.1 and 4.13, it holds that
H‘]nTmTo - IHOO —P 0, n— oo,
where
7= 2/ 22" pio(dz).
RS

We assume the non-singularity of matrix Z.

Assumption 4.15. The S x S matriz T is positive definite.

Using the estimator T.,, we construct the new estimator IS, by the solution to
the following equation:

Moreover, define the parameter space =, by
Eni={0 € R : 05 =0, ||0]]4 < 00, Vg € [1,00]}.

We present the [, consistency of the estimator IS by the next theorem.

Theorem 4.16. Under Assumptions 4.1, 4.3, 4.13 and 4.15, it holds for every
q € [1,00] that )
10 — b, = 0, n — oo.
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Proof. We have that
A A2 A (2
162 — o1, < 11653, — Bomlly + 11652 -

It follows from previous lemmas and ergodic property of {Z;r, }+>0 that
1< -
wn(0>T0 = E Z ZtZ—lTO exp <_29T0Zt7kl—1T0>
k=1

X {exp (290TTOZtg_1To> — exp <297T~0 Ztg_lT())} + 0,(1)
—P / zexp (—207,z) {exp (20y5, 2 — exp (207,2)) } po(dz)
RS
= w(e)To

for every 6 € = in the sense of [, norm. This pointwisely convergence can be extended
to the uniformly convergence over = since we can easily check the condition that

9

sup
0e=,

= 0p(1)

for every 7,7 € Ty. In addition, we have that

U0 )1, = a0z, Lz, my + Un (01 L47, m
= 0+o0,(1)

and
We therefore obtain that

162, — oz llg =P 0, 1 — 0.

It is obvious that HéffT)qu = 0p(1) since we have that
52 A2 52
1852 o = 16272 o ¢, =y + 107l ey

Finally, we can derive the following asymptotic normality.

Theorem 4.17. Under Assumptions 4.1, 4.3, /.13 and 4.15, it holds that
Vi (09 = bom ) 14z, =gy =" N(0,T7).
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Proof. It follows from Taylor expansion and previous lemmas that
\/ﬁwn«)a HO)Tol{Tn:TO} = Vn(oa én)To,To\/ﬁ (ér(ff)“n - 00T0> 1Tn:T07

where 6 is a point between 02 and 0. By the similar way to that in the proof of
Theorem 4.16, we have that

2 n
V2. (0; Q)TO,TO = o ; ZtgflToZ;kngO exXp {2 (6o — 9);0 Ztﬁ,lTo} + Op(l)
—P / 22" exp {2 (6o — 9);0 z} po(dz)
RS
=: V(0;0)

for every 6 € =, as n — oo in the sense of [, norm and this convergence can be
extended to the uniform convergence over =,. Combining this fact with Lemmas
4.9, 4.14, and continuous mapping theorem, we have that

Vi (0:00) 0,70 = Zlloe = 0,(1)-
since ||6,, — 6o, = 0,(1) by Theorem 4.16. We therefore have that
Jn (HST) _ 90T0> Lty = L7 V005 001 Lz, gy + 0p(1).
Since ¥, (0;60y) 1, satisfies that

I & 2
V1 (03 00)r, = NG ; L,y { (Wtz - Wt2_1> - An} +op(1)

and the main term of the right-hand side of the equality is the terminal value of
square integrable martingale, we can apply the martingale central limit theorem to
deduce that

Vi, (0;00)r, = N(0,Z), n — oo.

Noting that 1 (Fn=ryy " 1 asn — oo, we obtain the conclusion by Slutsky’s lemma.
O

4.5 Concluding remarks

As in Theorem 4.11 (i) and (ii), we have that the rates of convergence of 16,, —
Ooll2 and |0, — Op||ee are n=? for p € (0,1/4) in Case 1. In a low-dimensional
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setting, it is known that the rate of convergence of the maximum quasi-likelihood
estimator is n=1/2. So we can see the influence of a high-dimensional setting in our
results. Although the /4 norm is greater than [, norm, the [; and [, risk bounds
for finite ¢ which we derived in Theorem 4.11 (iii) and (iv) tell us that the rates of
convergence are n~* for p € (0,1/2), which can be faster than Il and [, bound.
These phenomena are caused by the fact that the sparsity S of the true value is
fixed constant and that the covariate process {Z;}> is assumed to be uniformly
bounded. When the sparsity S depends on n and the covariate process {Z;}>¢ is
not bounded, we may not be able take the dimension p of the unknown parameter
in exponential order of n and the rates of convergence of ||, — 6|y and ||6,, — 6|,
for finite ¢ would become slower than those we derived.
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Chapter 5

A linear model of diffusion
processes

Let us consider the following model given by the linear stochastic differential equa-
tion:

t
X, =X, +/ 0" ¢(X,)ds + oW, (5.1)
0

where {W;}i>0 := {(W}, ..., WF)}i>0 is a p-dimensional standard Brownian motion,
© is a p x p sparse deterministic matrix, ¢ = diag(oy,...,0,) is a p x p diagonal
matrix and ¢(z) = (¢1(z1),...,¢p(x,))" for z = (21,...,2,)" € R? is a smooth
RP-valued function. We will propose some estimators for the true values (0°¢°)
of (©,0) based on the observation of {X;};>¢ at n + 1 equidistant time points
0=:tf <t} <...<t under the high-dimensional and sparse setting, i.e., p > n
and the number of nonzero components of the true value O is relatively small.
The statistical inference for high-dimensional linear diffusion processes was es-
pecially discussed by some researchers. Periera and Ibrahimi (2014) studied vari-
ous models of multi-dimensional diffusion processes observed continuously in high-

dimensional settings including the following p-dimensional linear model:
t
X = Xo +/ 0" X ds+W,, tel0,T]. (5.2)
0

This model may be useful for various fields such as statistical physics, chemical re-
actions, finances and network systems. They proposed a Lasso type estimator for
the true value ©° of © and discussed the support recovery of the estimator when
the dimension of the process p and the time interval T' tends to oo independently.
Similarly, Gaiffas and Matulewicz (2017) studied the drift estimation based on the
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Lasso-type estimators for the high-dimensional Ornstein-Uhlenbeck processes de-
scribed by the SDE like (5.2). They derived the oracle properties of the estimator
for the sparse drift matrix and showed some applications for financial data. How-
ever, there are few previous researches dealing with the estimation problems for
these linear models based on discrete observations.

In this chapter, we will apply the Dantzig selector to the linear models of stochas-
tic processes (5.1), which is similar to the model (5.2), to estimate the drift matrix
©° and prove the consistency in the sense of [, norm for every ¢ € [1,00] and the
variable selection consistency under some appropriate conditions. Moreover, using
the variable selection consistency, we will construct a new estimator which has an
asymptotic normality. We can prove the consistency of the Dantzig selector by the
similar way to Bickel et al. (2009). Note that our “high-dimensional setting’ is
different from that in previous researches such as Periera and Ibrahimi (2014) and
Gaiffas and Matulewicz (2017); our estimation procedure is based on discrete obser-
vations and we assume that the dimension p depends on the number n of observed
time points. We thus need to develop a different type of asymptotic theories.

This chapter is organized as follows. In Section 5.1, we will introduce our model
setups and some regularity conditions. The construction of the estimator for the
diffusion matrix and its consistency result are described in Section 5.2. The Dantzig
selector for the drift matrix and the [, consistency of the Dantzig selector are pre-
sented in Section 5.3. We will prove the variable selection consistency of the Dantzig
selector in Section 5.4. Moreover, we will construct a new estimator by using the
variable selection consistency and prove the asymptotic normality of the new estima-
tor in the same section. Finally, some concluding remarks are described in Section
5.5.

5.1 Preliminaries

Let {W}!}i>0, {W?}i>0, - .. be independent standard Brownian motions on a proba-
bility space (€2, F, P). Define the filtration {F;};>0 as follows.

Fii=FoVaWi; j=1,2,..., s€[0,t]), t>0,
where Fj is a o-field independent of {Wtj 0,4 = 1,2,.... We consider the following

p-dimensional linear stochastic differential equation (5.1) defined on the stochastic
basis (Q, F,{Fi }+>0, P):

t
Xt:X0+/ 0T ¢(X,)ds +oW,, t>0
0
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where {W, }i>0 := {(W}, ..., W/}) }i>0 is a p-dimensional standard Brownian motion,
© is a p X p deterministic matrix, o = diag(oy,...,0,) is a p X p diagonal matrix,
and ¢(z) = (¢1(z1), ..., 0p(x,)) ", 2 = (21,...,7,) " is a smooth RP-valued function.
Assume that X is Fy-measurable. Note that { X/ };>¢ for each i = 1,2, ... p satisfies
the following equation.

t
X=X+ [ Ol )ds+ Wi, 20
0

where ©; is the i-th row of the matrix ©. In this paper, we consider the estimation
problem of the true value (6%, %) of (6, ¢). Suppose that we can observe the process
{Xi}i>0 at n + 1 discrete time points:

Kty
O=tg <ty <...<tr, ty=— k=0,1,...,n
n

Write Ty for the support of the true value ©? for every i € {1,2,...,p}, i.e., T =
{7 : ©; # 0}. Let S; be the number of elements in the index set Tj. Hereafter, we
assume the following high-dimensional and sparse setting for the true matrix ©°.

p=p,>n, sup 5;=:S5" <oo;

1<i<oo

note that S* > 0 is a constant which does not depend on n. We use the quasi-
likelihood method which is commonly used in this field to estimate the unknown
parameters. The quasi-likelihood function is constructed by discretization of the
processes by Euler-Maruyama scheme, which is based on the fact that diffusion pro-
cesses can be locally approximated by Gaussian random variables. See e.g. Yoshida
(1992), Genon-Catalot and Jacod (1993) and Kessler (1997) for details. In this
model, the quasi-log-likelihood function is given by

n i i T 2
1 9 | T e T 0; ¢<Xt271)An‘
E {—5 log(2mo; A,,) — 207A, :

k=1

where A, =t} —t}_, = t7/n. We write [,(0;,0;) for the normalized quasi-log-
likelihood, i.e.,

1 ) 1 X5, — Xi = OT¢(Xpn YA
1,(0;,0;) := — ~log(2n02A,,) — k k-1 k-1 '
( Y ) nAn ; { 5 Og( o, ) 20.3An

We assume the following conditions.
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Assumption 5.1. (i) The following conditions hold true;

Pn — 00, logpn/v/nA, — 0,

and A, = An~%, for some a € (1/2,1) and positive constant A. Especially,
the last condition implies that nA,, =t — oo, A, — 0 and that nA2 — 0 as
n — o00.

(13) The functions ¢;’s are uniformly bounded and satisfy the global Lipschitz con-
dition, i.e., there exist positive constants L and L' such that

sup sup |i(w)] < L

1<i<oo z€R

and that

1<i<oo
(i11) For every v > 1, there exists a positive constant C,, such that

sup sup E[|X[|'] < C,.

1<i<oo te[0,00)
Note that this assumption implies that
sup E{ sup |XZ|”] < p.C,, VneN.

tef0,00)  L1<i<pn
(1v) There ezist some positive constants K1, Ky and K3 such that

sup O3] < K1,

1<4,j<00

K, < inf o) < sup |o)| < K.
1<i<o0 1<i<o00
(v) For every i € N, the R%-valued process {XtTg}te[o,Tn] is ergodic for © = ©° and
o = o with invariant measure (.

Remark 5.2. Let us discuss on Assumption 5.1-(v). Put T} = UjeTg T3, It follows
from a direct calculation that

0

t T
Xypi = Xops + /0 (@,?Wé.) ¢(X3T~3)T~3ds+agmwﬁé, t>0. (5.3)

If this process is ergodic, then Assumption 5.1-(v) is valid because the process {XtTg}
18 a marginal process of {thg}tzo- The conditions for the ergodic property of multi-
dimensional diffusion processes can be checked by, for instance, Assumptions (D)

and (E) in Gobet (2002).
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Remark 5.3. As in Remark 1, if ©° and ¢(-) satisfy Assumptions in Gobet (2002),
then { X:}i>0 has a stationary invariant measure in fized dimensional settings. How-
ever, it is not obvious that Assumption 5.1-(iii) is verified in our high-dimensional
setting since we need the uniformly boundedness in v. Even if high-dimensional ma-
triz ©° satisfies Assumptions in Gobet (2002), we can only observe that arbitrary
finite dimensional marginal of {X;}i>o is stationary, which may not imply Assump-
tion 5.1-(iii). Note moreover that for the process {Xi}i>0 which satisfies (5.1),
Assumption 5.1-(1i) implies that for every v > 1, there exists a constant C, > 0
such that for anyn, 1 =1,2,...,p, and k=1,2,...,n,

E| sup [X;—X5 |"| <CAZ

SEY_q1,5th]

Note moreover that uniformly bounded condition for ¢.s in Assumption 5.1-(ii) is
Just a technical condition to deal with high-dimensional settings. We may consider
the estimation problems without this condition, however, in such settings, the con-
dition for the dimension p and sample size n in Assumption 5.1-(i) should be more
strong.

5.2 Estimators for diffusion coefficients

It is well-known that we can ignore the influence of drift coefficients when we estimate
the diffusion coefficients (see e.g. Yoshida (1992)). We thus define the estimator for
O’? by the solution &,,; to the equation

0

a—o_iln(O,O'Z'):O, i:1,2,...,pn,

by letting © = 0. Note that 7, ; can be written explicitly in the following way:

1 n
67 =062, = > X - X
2 n,t nA k k—1
™ k=1

The next theorem asserts the consistency of &; uniformly in i.
Theorem 5.4. Under Assumption 5.1, it holds that
sup |67 — (60)?| =P 0, n — oo.

2
1<i<pn
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Proof. It is clear that

n
9 1 Z
g =
)
nA
" k=1

n

2

1
ni\, p

200 S ([ @0y Tox s | (W — W,
2| [, (@ (X)ds (Wi =Wy,

Thus we have that

where
1 n n 2
D=2 @ exas
" k=1 ty
20) o oNT
(11) = nA Z ” (07) o(Xs)ds (Wt;; - thﬂ)
" k=1 k—1
and
(0-20)2 . 1 1 2
(I11) = - {<th — Wtﬁ,l) — Ay}

k=1

Using Markov’s and Schwartz’s inequalities, we can evaluate (I) for every § > 0
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uniformly in ¢ as follows

t
P | sup / 0} ¢(X,)ds| >0
1<i<pn nA, ; t:fl( (
1 n tz 2
< 23 E | sup / (@?)Tqb(Xs)ds
noy, k=1 _1§i§pn t271
< 1 Zn:E sup An/tz ‘(@?)Tﬁb(Xs)‘zds
- nA,0 P 1<i<pn o
1 o [h 02 12
< 25 [0 B s et max x| o
no — Ju 1<i<pn €Ty

1
< < sup €03 LA,

— 01<i<p,

The right-hand side of this inequality converges to 0 for every ¢ > 0. This yields
that (I) —? 0 uniformly in .

To evaluate (I1), we use ®,-Orilicz norm introduced in the end of Introduction.
We have that ®,-Orlicz norm for a standard normal random variable X is

X, = /3 (5.4

From (5.4) and Lemma 2.4 for ®,-Orlicz norm || - ||g,, we can evaluate (II) for any
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0 > 0 uniformly in ¢ as follows:
P 20, i / ’ (O T $(X,)ds (WZ — W )
1<i<pn nA - % s t t—1n

k=1 -1

$

/ <@?>T¢<Xs>ds> (Wi —wi ) u

2sup, o,
< L Z E
- nA ) Z

sup
1<i<pn no
27\ 2
2 o0 ty
sup; o; E sup / (@?)Tqb(Xs)ds
nAyo 1 1<i<pn |Jep_,
1<i<I; b i HL
25UD; 00 O, e+ oL 0 Z Z
< RSO (S'LAYE sup €0 K /log(L+ ) HWt”—thl
nend 4 <is<pn Dy
1
2sup; 09 o ) SAL\ 2
— -t S*LAQ 3 @0 K 1 1 N n
Ty LAY s etk VioaT e (5

where K is a positive constant which does not depend on n. The right-hand side of
this inequality converges to 0 for every ¢ > 0. So we have that (/1) —P 0 uniformly
in 4.

(I11) is a terminal value of an {Fip }x>o-martingale. We will apply Bernstein’s
inequality for martingales (See van de Geer (1995), Lemma 8.9.) to the following
processes:

= Z{(WZQ - Wtigfl)Q - An}.
k=1

To do this, we shall evaluate the m-th moment for every integer m > 2;

1 - ) ) 2
E;EH( i = Wi )7 = Aa|"Fp_ ]
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Noting that Wy, — Wi is independent of Fyy , we have that

IR i i \2 m
E;E[Kwtg_wtgl) _An‘ |-7:tg,1]

1 = 7 7 m
= =Y E[(Wh = Wi )* = A"

n
k=1

n m

II:)F%_k
Ing

m m—r % % 2r
(™) awelov - w1

k=1 r=0
= m
= A" AT (28 — I)IAT
P 3 () aner - un,
= (2r — 1)
= A" IA™
n T Z rl(m —r)! n
r=1
< Y 2mIAY
r=0
|
< oA, A2,

So it follows from Bernstein’s inequality that for every e > 0,

. 62
v < — :
p(|Mn| > e) < 2exp ( 2(2An€ + 4nA%)>

Apply Lemma 2.5 to deduce that there exist a constant L; > 0 depending only on
the function ®1(x) = e® — 1 such that

< Li{2A, log(1 + p,) + /4nA2 log(1 + p,)}.
D

sup | M|

1<i<pn

So we obtain from Markov’s inequality that

P ( sup [ M3] > )
1<i<pn
—1
€
D, .
<L1{2An log(1 4 pp) + +/4nA2 log(1 +pn)}>
For every € > 0, the right-hand side of the above inequality converges to 0. Noting
that .
P( sup [(III)| > (07) 6) = P( sup |M!| > e) :

1<i<pn nA, 1<i<pn
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we obtain the conclusion. O

Note that Theorem 5.4 and Assumption 5.1 imply that there exists a constant K
such that
lim P( sup 677 > [%1> = 0.

n—00 1<i<pn

5.3 Estimators for drift coefficients

In this section, we define the estimator for ©; by plugging &; in quasi-log-likelihood
l,,. Hereafter, we write v,,(0;) for the gradient of [,,(0;,d;) with respect to 6;, and
V! for Hessian of —1,,(0;,6;), i.e.,

CACOHES nM_QZ¢ Xip )Xy = Xip | =67 6(Xy )A),

k— 1

T
1)'
Zlcl

Note that the Hessian matrix does not depend on ©. Define the Dantzig selector
type estimator ©,,; for ©Y by

Oni = O, := arg min ||©;]|1, C. :={0; € R’ : |1,(0;)]|0c <721,

@iECfL

where 7! is a tuning parameter. Hereafter, we assume the following condition about
Tn
Assumption 5.5. ' satisfies the following equality for some positive constants c'’s
which are uniformly bounded in i:

7; = Ci’?m
where 7, = (log pn/nA,)Y4.
We define the quantity ~, by
Yo = SUD .
1<i<pn

Under Assumption 5.5, it is obvious that there exists a constant ¢ € (0,00) such
that

In sup ¢ <e.

Tn 1<i<pn

Some remarks about the choice of ¢*’s are described in Chapter 6. The goal of this
section is to prove the consistency of ©;.
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5.3.1 Some discussions on the gradient

Let us prove that

sup [ (09)]|oo <
1<i<pn

with probability tending to 1. To do this, we decompose
uh(6f) = A3 + BY,

where

5 / (O (B(X.) — (X ))ds

and
i Uzo - j i i
By = w52 Z¢j(Xt271)( tn tgfl)-
U k=1
Lemma 5.6. Under Assumptions 5.1 and 5.5, it holds that

lim P( sup |A%| >, and sup 6;2 < fﬁ) =0.

n—0oo 1<4,j<pn 1<i<pn
Proof. We have that
P ( sup |AL/| >, and sup ;% < f(l)

1<i,j<pn 1<i<pn

n

KlL /tZ 0\T
E su @ X n dS
- nA . 1§i§¥;n t;fl( i) (@(Xs) = ol i 1))
RlL - /tz 0 l l
< E | su O, su X Xin ds
S a2, P2 107lsup (X o)
KiLL su ey ”k’
< 1 Pi<i<p, ICHIE Z/ sup |Xé o an 1| ds
nAYn v Ju et e
K| LL sup,<;<, |©° g
< 1 up; <<y, 107111 n S*A%.
nA,Yn

The right-hand side of the above inequality converges to 0 under our assumptions.
So we obtain the conclusion. a

Lemma 5.7. Under Assumptions 5.1 and 5.5, it holds that

lim P ( sup |B%| >, and sup ;2 < l~(1> = 0.

o 1<i,j<pn 1<i<pn
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Proof. We apply Bernstein’s inequality for martingales to the following terminal
value of martingale :

My = Z%(ngil)(wtig - Wti;;fl)-
k=1

For any integer m > 2, it holds that
1 . i m % % m
=SB ok W = W 1M1 Fy
k=1

= ;;}:M%LXQAH E[[Win = W "]
k=1

A

LmAn

1
T2

m?!(L\/QAn)mZLZQAn).

A

Put
K = L\/2A,, R?:=L*2A,).

It follows from Bernstein’s inequality that for any € > 0

~ .. 62
P(|IMY| >¢€) <2 —_—— ).
(312 ) < 20 ()

Using Lemma 2.5, we have that there exists a constant L, > 0 depending only on
®; such that

sup [ M|
1<i,j<pn

< Lo{K log(1 + p2) + v/nR?log(1 + p2)}.
Pq

For € = nA,7,/(0K,), we obtain that

P < sup |BY| >, and sup 4;% < K’l)

1<i,5<pn 1<i<pn

< P( sup IMé’jlze)

1<i,5<pn

€

—1
D,
Loy{ K log(1+ p2) + /nR2log(1 + p2)}
— 0.

IN
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Using the above lemmas, we obtain the following theorem.

Theorem 5.8. Under Assumptions 5.1 and 5.5, it holds that
i P (sup [ln(@0)] 2 21 =0
n—00 1<i<pn

Proof. It is obvious that Lemma 5.6 and 5.7 imply that

P ( sup ||¢n(®?)||<>o > 27, and sup &;2 < f(l) — 0.

1<i<pn 1<i<pn

Noting that

P( sp [6n(69) e 22%)

1<i<pn

= P ( sup ||@/Jn(@?)||oo > 274, and sup 62-_2 < f(l)

1<i<pn 1<i<pn

1<i<pn 1<i<pn

+P( Sup [[6n(69) oo > 29 and  sup &ﬁzfq)
and that

P( Sup [[6n(69) o > 270 and sup 572 > fq) < P( sup 672> K)

1<i<pn 1<i<pn 1<i<pn

we obtain the conclusion. O

5.3.2 Some discussions on the Hessian

We introduce the following factors for V! to deduce the [, consistency of 0;.

Definition 5.9. For every index set T C {1, 2, -+, p,} and h € RP" hp is
an RIT! dimensional sub-vector of h constructed by extracting the components of h
corresponding to the indices in T. Define the set Cr by

CT = {h € RP» . ||th 1 S ||hT||1}
(1) Compatibility factor
. (WTVin)s
k(T5, V) = inf M
O#hECTg ||hT(7i 1
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(17) Weak cone invertibility factor

1
o SapTVip
F,(T3,Vy) .= inf —————" ¢¢€[l,00).
o(T5, V) 0£h€Crs ||y 1[7llq | )
(hTV;ih)2

Foo(Ti, Vi) == inf

00 ¥'n

(1ii) Restricted eigenvalue

o o
RE(T5, V) = inf ——F—.
06 Vo) = o 3k, Tl

We assume that x(T;, V,!) satisfies the following condition.

0 Yn

Assumption 5.10. For every € > 0, there exist 6 > 0 and ng € N such that for all
n Z No,

P ( inf x(Ty, V! > 5) >1—e
1<i<pn
Noting that || hiz:[|{ > [|hg |4 for all ¢ > 1, we can see that x(Tg; Vi) < 2v/SiRE(Tg; V),
and that x(T¢; V') < F,(T%; V;'). So under Assumption 5.10, the two factors RE(Tj; V')
and F,(T¢; V) also satisfy the corresponding conditions. See van de Geer and
Biithlmann (2009) for the details of the matrix conditions to deal with the spar-

sity.

5.3.3 The consistency of the drift estimator

The following theorem give the [, consistency of O, uniformly in ¢ for every g € [1, o0].

Theorem 5.11. Under Assumptions 5.1, 5.5 and 5.10, the following (i)-(iv) hold
true.

(1) It holds that

. 4 supq <, O% 1y
i P (sup 6, €0 > PSS ) g

n—oo  \1<i<p, infi<icp, RE?(T5, V!

In particular, it holds that sup,,, |©; — ©?|lz =” 0 as n — 0.
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(13) It holds that

A 4 sup; ;< ||@Q||17n
lim P su 0, — Y2 > - ==be — T ) =)
nee <1<i<€’n | = infy<i<p, FZ (15, V3i)

In particular, it holds that sup,;<,, 16; — 09]|oe —* 0 as n — 0.

(1ii) It holds that

A 8S*~
lim P su 0, — 0%, > - LE—)
n—09 (19'3%1 | = inf1<i<p, *(15, Vé))

In particular, it holds that sup, <, 16; — ©0|], =P 0 as n — co.

(1v) It holds for every q € (1,00) that

1
. AS* iy,
lim P ( sup [|©; — 67, > i )) = 0.

n—oo  \ 1<i<p, infi<icp, Fy(T5, Vi

In particular, it holds that sup, ;. 16; — 89|, =7 0 as n — oo,
Proof. (i) and (ii): It is sufficient to show that

sup {|1(97) oo <
1<i<n

implies that

A 4sup; i, 107117
sup [|©; — 073 < - N TR
12idp, I6: =&z < inficicy, RE(T5, V7))

By the definition of ©;, we have that

s [[9n(O1)lloc < 5D 9, =

1<i<pn <i<pn

It follows from the triangle inequality that
sup [[¢n(0:) = ¥u(07)]|o0 < 27

1<i<pn

Put h; == (:)z — ©Y. Noting that é, is the minimizer of the [ norm, we can
easily check that h; € C’Té. In fact, it holds that

02107 + il = 101l = D Ihil+ D (105 + hiy| = [©F))

JE(TY)e J€To

> > byl =) Iyl
Je(Ty)e JET§

= [|Picrpyelly = iy 1
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By the Taylor expansion, we have that
R [a(8;) — (O] = A Viih.

Noting that [|2][y < |©lli +[109]l1 < 2/|©7| and that sup;<;<,, [¥n(05)]|ec <
Yn, We have that

sup h?V;hl = sup hzT[%(éz) _wn(@?)]

1<i<pn 1<i<pn

< sup 1hill11on (©:) = 4 (OF) |

1<i<pn
<2 sup 07 {I16n(O) 1o + n(6:) 1 }
1<i<pn
<4 sup (617
1<i<pn

By the definition of RE(Ty, V)), we obtain that:

0 "'n

RE*(Ty, Vy)llhills < b Vih

0 ¥n
sup RE*(Tg, Vi)||hill3 < 4 sup 07|17,
1<i<pn 1<i<pn
A 4dsup; ;< H@(‘)Hl%z
sup ||©; — 0Y2 < - e
1Sitm 18:= &1l < infi<icy, RE2(T5, V)

These facts yield our conclusion in (i). Using the factor F(T¢, V;') in place of

00 "'n

RE(T,VY), we obtain the conclusion in (ii) by the similar way.
(iii) and (iv): It follows from the proof of (i) and (ii) that

sup hi Vb <2 sup |[|hy]l1yn-

1<i<pn 1<i<pn

So by the definition of x(7, V), we have that

00 ' n

ATV sup ||he)? < 48* sup RIV'h,

1Si§pn 1§iSpn
< 85" sup || hillivn.
1<i<pn
We therefore obtain that
85*Vn
su hl S ; - —~.
1 <igpe Il infi1<i<y, £2(15, V;i)
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This yields our conclusion in (iii).
On the other hand, by the definition of the factor F,(T¢, V), we have that

02 ¥ n
— 4S5,
Fq (TO? Vn) S
1hilq
This yields our conclusion in (iv). O

Remark 5.12. The asymptotic rate 7, of the tuning parameter v\, = c¢'¥, needs to
satisfy the following condition;
VA,

=, 5.5
a (5.5)
VA, logp,

ol 5.6
nAp,Vn ~ (5.6)

and —
VIO 08 Dn _, (5.7)

VAN

as n — oo, which can be seen in the proof of Lemmas 5.6 and 5.7. Moreover, to
obtain the consistency of the estimators, it is necessary that 7, — 0. Since the
left-hand side of (5.7) is larger than those of (5.5) and (5.6), we can choose the 7,
by a solution to the following equation

vnA, logp,

We therefore obtain that
T = (l0g pa /)",

We discuss the choice of the constant ¢ in Section 6.

Remark 5.13. Theorem 5.11 implies that the estimator © converges to the drift
matriz O°, i.e.,

16 — 0%l =P 0
asn — o0o. For eachi € {1,2,...,p,}, we have that
. - 4(192117;
lim P ([|©; — 0234 > L") =0
Ji P (16 - O 2 705
or

. A 851’7i
lim P([|©;, —0%; > ——2_) =0.
A, (“ = rﬂ(Tg,v;))
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We can observe from these facts that the rate of convergence of the lo, and ly norm is
%11/2 and 7, respectively. The similar error bounds holds for other norms. Although
the Iy norm is always greater than lo, norm, the rate of convergence of ly norm is v,
which is faster than that of loo morm. This is caused by the fact that the sparsity S;
18 fized. If S; is assumed to be dependent on n, then, the rate of convergence would
become slower than that of lo, norm.

5.4 Variable selection by the Dantzig selector
5.4.1 Estimator for the support index set of the drift coef-
ficients

In this subsection, we propose the estimator of the support index set T¢ of the true
value ©Y as follows.

Th=1{j 105 >}
We shall prove that T,’L = Ty for sufficiently large n with probability tending to
1.

Theorem 5.14. Under Assumptions 5.1, 5.5 and 5.10, it holds that

nh_}riloP (Tg =T¢ for all i € {1,2,...,pn}) =1.
Proof. We have that

Tim P (Héi — 0|, > foralli e {1,2,... ,pn}> —0
by Theorem 5.11. So it is sufficient to show that for every ¢, the next inequality

1©; — ©F|ly <7, foralli € {1,2,....p,}

implies that A
T =T¢, foralli € {1,2,...,pn}.

For every j € Tj, it follows from the triangle inequality that
09| — 04| <1045 — 0% < [|©; — ©f]]1 < 7.
Then, we have that R ‘ .
03] = 103 =7 > 7
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for sufficiently large n, which implies that Tj € T% for every i € {1,...,p,}. On the
other hand, for every j € (73)¢, we have that

6,; — 0% = 64| <7k

since it holds that ©% = 0. Thus, we can see that j € (7})° which implies that
Ti C Ti for every i € {1,...,p,}. We have obtained the conclusion. O

5.4.2 New estimator for drift coefficients after variable se-
lection

We construct the new estimator él@) by the solution to the next equation
%(&)@L =0, @Z'(’f;,'l)c = 0. (58)

We will prove the asymptotic normality of the estimator (:)S? foreveryi € {1,2,...,p,}.
In order to consider the asymptotic distribution, we assume the following condition
concerning with the Fisher information matrix.
Assumption 5.15. Define the S; x S; matriz Q! i i bY

0

0

i 1 T i
QT&T(; = W s, (b(x)Tg(b(I)TgMO(dm)'
It holds that Q' .. is invertible for every i =1,2,... ,py.

7
O’TO

The next lemma states that V? is approximated by Q¢

WT3 T i T with probability

tending to 1 as n — oo.
Lemma 5.16. Define the random sequence €' by

o, 1€{1,2,...,pa}.

€ = HVTZT37T(§ - Qirg,Tg

Under Assumption 5.1, it holds that €', —? 0 as n — oo for every i.

Proof. Note that

n

1 T
Viggms = 3 26Xy m)ngd(Xy_m)7y-
T

It holds that



where
1 In

._ i N A\T
(0 = |Virys = gz [ X T
I - 1
757 |, (X )1y (X )t —

(1)~

D)1y b() 1y 1 ()

~2
0; JRSi 0

and )
S| o)md@) () — Qo

Ui RS:

o0

It is obvious that (1) and (I11) are o,(1) by Assumption 5.1 and Theorem 5.4. To
complete the proof, it is sufficient to prove that

P((I)zéand sup &;2§[~(1>—>0

1<i<pn

as n — oo for every d > 0. Using Markov’s inequality, we can see that

P (([) >dand sup 6;° < f(l)

1<i<pn
a En Y| |0;(XD)du(X]) = &5 (X (X ]| dt
nAn0 2= |, Sup 10514 )ulde) = @il Aip_ Joil A J1) ab-
" k=1 Ytk JETy

Moreover, it follows from Schwartz’s inequality that

E

sup |6;(X])u(X]) — ¢j(Xg;1)¢z(ng_l)|]
JHIETy

< E

sup |6u(X})(6;(X7) - @(Xz‘;lm]
JAETE

+E | sup |¢j(Xf;;71)(¢z(X,f) - ¢Z(Xf;;_l))|]

FEN
(E

< (E sup |¢z(Xt’)|2] )

| €T

N m—
JETE

1
< 28*LL'AZ.

[N
SIS

sup |¢;(X}) — ¢j(Xf;;_l)|2]>

JETE
<E
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We thus have that

. OK,LL'S* 1
P<(I)25and sup &;2§K1) < 1TS-A5.

1<i<pn

The right-hand-side of this inequality converges to 0 for every 6 > 0, which means
that (1) = o,(1). a

Remark 5.17. By Assumption 5.15 and Lemma 5.16, the solution to the equation
(5.8) exists with probability tending to 1, i.e., the estimator @Z@) 1s well-defined with

large probability. In fact, under the condition that (:)1((2%)(1 = 0, we have that

7 — § X’L Xz
VTLTZ Tz ’LTl nAn6'2 (b tn T’L Tz tn tzfl).

Therefore, under Assumption 5.15, C:)Z@) exists with probability tending to 1 since the
matriz V. converges to a nonsingular matriz in probability by Lemma 5.14 and

i T
5.16.
Now, we are ready to prove the asymptotic normality of (;)g) in the following sense.

Theorem 5.18. Under Assumptions 5.1, 5.5, 5.10 and 5.15, it holds for everyi € N

that 1
A (2 i -
V nAn(@Z(» ) @?Tz)l{f,ngg} =1 N (0’ (QTévT(%) )

as n — 0o. Note that for every i € N, it holds that i < p, for sufficiently large n.

Proof. Using the Taylor expansion, we have that
007y = YOz — Vigup, (O, — ).
It follows from the definition of the estimator C;)EQ) that
VALV (00 = O0) L _ry = VA (O0) 53 Lz gy

We decompose /T, (O ZT,) =(I)+ (II)+ (I1I), where

0_? n 34
(1) = TA 2 Zﬁb(Xt;;_ng)Tg/ (@?T1> {0(Xemy)ry — 6(Xp_ 1)y hls,
n n0; k=1 t_q
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0

o; 1 =
[I - L - X n 7 1 W Wln
( ) (\/R_An(}z \/n_Ana?) p ¢( ty 1 T5 )T ( i 1)

and

I17) no i ZWZn W,
( nAnO'?;¢ ty_11% T ty ty

)

—1

We can show that (I) = 0,(1) by the similar way to the proof of Lemma 5.6. Next,
we will apply the martingale central limit theorem for (/17). Define the martingale
differences {&}r=12, » by

-----

1
VnA,o?

It holds for every j,1 € T{ that

fb(th_ng)Tg( tig_ tl” ).

k—1

ZE{ s (Xh Xl W =W P\

= nAn( ) Z¢J Xgn gbl(X,fn 1) [(thn thn )2]

IR :
- 0 ¢j(Xt]gil)¢l(thg_l>-

n(o;)? k=1

We can see that right-hand side converges to the (7,[)-component of the matrix

érng in probability by the same way of the proof of Lemma 5.16. Moreover, we can

check Lyapnov’s condition:
ZE [lgell3**| 7, | =70

for 6 = 2, which implies Lindeberg’s condition:

ZE [Ilé“kllgl{uskn»eﬂft } -0,

k=1

for every € > (. Thus, we obtain that

OZ¢ g r)r(Wee = Wi ) =4 N(0, Q)
\/TLTU k-1 0to

v k=1
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by the martingale central limit theorem. Noting that

_ ((0)? 1 - i i
(1) = (&—ZQ -1 m ;¢(th_ng)Tg( tn tgfl)
and (III) = O,(1), we obtain that (II) = o,(1) since &; is a consistent estimator
for o?. Using the above results and Lemma 5.16, we have that

~ o N
V nA"<®£ng - @?Tg)l{T,ngg} = (QT3T3> V nAnwn(@?)Tgl{sz:Tg} + 0p(1).

Since it holds that 1 (Ti=T3} —P 1 by Theorem 5.14, we can use Slutsky’s theorem to
derive our conclusion. a

5.5 Concluding remarks

In summary, we have been able to construct the consistent and asymptotically nor-
mal estimator for the model (5.1) even in high-dimensional settings if the sparsity
of the parameter is fixed or bounded. If the sparsity is not bounded, we may not
reduce the dimension of the parameter. In such cases, the asymptotically normal
estimator can not be constructed by the equation (5.8).

To construct an asymptotically efficient estimators for this model in high-dimensional
settings includes some remaining problems since the theoretical properties of the es-
timators strongly depend on the choice of the tuning parameter which works for
the variable selection. Therefore, to discuss such problems, we have to construct
the “optimal” choice of the tuning parameter which achieve the “optimal” variable
selection.

In this paper, we have assumed that the diffusion coefficients ¢;’s are constants.
However, it may be possible to consider the case when each ¢; has more complicated
structures. For example, we can consider the following model:

t t
X=X} + / OF ¢(X,)ds + / exp(B o(X,))dWe, i=1,2,...,p,
0 0
where 3; € R? and ¢(-) is an appropriate smooth function. According to Fujimori
and Nishiyama (2017b), we can construct estimators for ; by the Dantzig selector
and prove the [, consistency of the estimators for every ¢ € [1,00]. Therefore, we
may prove the same asymptotic properties of © even for the above model which has
high-dimensional parameters in diffusion coefficients.

The variable selection consistency of the estimator of drift matrix is important for
applications such as graphical modeling as it can be seen in Ravikumar et al. (2010),
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Periera and Ibrahimi (2014) and Gobet and Matulewicz (2017). In the future, we
would like to consider such applications and present some numerical results.

87



Chapter 6

Numerical studies

In this chapter, we demonstrate the finite sample performance of the Dantzig se-
lector for a linear regression model and Cox’s proportional hazards model in high-
dimensional and sparse settings. We have proved that the Dantzig selectors satisfy
the [, consistency when we choose “good” tuning parameter. Moreover, the consis-
tency results enable us to construct the estimators for the support index sets of the
true values by using the thresholding method obtained by “good” tuning parameter.
Therefore, we have to discuss about how to choose “good” tuning parameters to en-
sure the performance of the Dantzig selector. For i.i.d. models in high-dimensional
and sparse settings, the methods to choose the tuning parameters for penalized esti-
mators or the Dantzig selector have been discussed by many authors. For example,
Bayesian information criterion discussed in Wang et al. (2009) is widely used. In
addition, the jointly estimation for the regression parameters and noise level which
is determines the tuning parameter is studied in Sun and Zhang (2012). One of the
most famous method is cross validation which is studied and used in several liter-
atures dealing with estimation problems for high-dimensional and sparse settings.
It may be possible to apply them to models of stochastic processes. However, the
theoretical properties and practical performance of them for our models of stochas-
tic processes have not yet been verified. Instead of these methods, we propose an
intuitive algorithm to choose tuning parameters in Section 6.1. In Sections 6.2 and
6.3, we present the numerical results of the Dantzig selectors for a linear regression
model and Cox’s proportional hazards model respectively. We focus on the [, con-
sistency result compared with the classical estimators such as least square estimator
(LSE) and maximum partial likelihood estimator (MPLE) and the variable selection
results. Since the estimators after selection are the classical Z-estimators and their
performances have been well-studied, we omit this part.
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6.1 Some discussion on the tuning parameter

In this section, we present some comments of the tuning parameter because our
theoretical results strongly depend on the choice of the tuning parameter. Generally,
the Dantzig selector 6, for several regression models with unknown parameter 6 is
defined by the following form

O = argmin [|0]1,  Co = {0 € R™ : | Ls(0)]lc < 7}

where 7,, > 0 is a tuning parameter and ¥, (-) is the score function for the model. If
we can evaluate the rate of convergence 4, of ||V, (0y)|l«, where 6 is the true value
of the unknown parameter 6, we can define the ~, as follows:

Tn = C'S/m

where ¢ > 0 is a constant not depending on n. To ensure the [, consistency and the
variable selection consistency for finite sample, ¢ has to satisfy that

LA

— — )

inf e, 6]
Yn Tn

(6.1)

where Tj is the support index set of the true value 6y. The problem is how to choose
¢ which satisfies (6.1). Note that

[[Wn (00)]e

A = Op(l)

and that :
infjeTg 163
Yn
as n — 00. When we choose the small tuning parameter satisfying the inequality
(6.1), we may have that at least T C 77, which means a conservative variable
selection. We thus propose an intuitive method to choose ¢! by the following recursive
algorithm:

Step 1. Let ¢! be a positive prefixed constant.

Step 2. Calculate the Dantzig selector for j > 1 by using cV/;

OV .= arg min ||0]|, CY := {6 € R : |T,,(0) 0 < 15,,}.
pecy!
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Step 3. Put )
[ (07) |
Yn

il — j>1.

)

Step 4. Repeat Step 2 and 3 until we have that
|C[j+1] _ C[j]| <,
where € > 0 is an arbitrary small constant.

The prefixed constant ¢” has to be chosen large enough to ensure that

H\I/n(‘%)Hoo < CO_

Tn

For each j > 1, we may observe that ¢/l is close to a random variable C, where

(00
Vo

C:

with probability tending to 1 as n — oo since it holds that [|61) — o[|; =7 0. In
addition, for each sufficiently large n € N, we can also verify that the sequence
{cl] }jen s nonincreasing for j and bounded below by 0. Therefore, there exists a
limit ¢y > 0 of {c1} oy which is close to C with probability tending to 1. Note that
if the random variable C'is close to 0, then it may be holds that ¢! — 0 as j — oo,
which means that the Dantzig selector is nearly or exactly equals to the classical
Z-estimator, which is a solution to the following estimating equation:

U,.(0) = 0.

Even though we can easily observe that cV! converges to a positive constant and
works well for variable selection for the usual linear regression model numerically,
we have not proved that performance of this method theoretically and numerically
for our models of stochastic processes.

6.2 Linear regression models

In this section, we demonstrate the finite sample performance of the Dantzig selector
for the following linear regression model:

Yi=2Z'B+e, i=1,2,...,n,
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where Z,’s are i.i.d. [—2, 2]-valued uniform random variables and ¢;’s are i.i.d. stan-
dard normal random variables. The tuning parameter -, is determined by the
algorithm in Section 6.1 with a sufficiently large initial value 7, = n %3logp to
obtain the decreasing sequence of tuning parameter by the algorithm for each case.
We put p = 50 and

Bo=(2,2,2,-2,-2,0,...,0)" € R®
in Case 1, p = 100 and

Bo=1(2,2,2,-2,-2,0,...,0)" € R
in Case 2 and p = 100 and

Bo=1(2,2,2,-2,-2,0,...,0)" € R

in Case 3. We apply the Dantzig selector to this model, which can be calculated by
the algorithm proposed by Candés and Tao (2007) when n = 50 and n = 100 for
1000 times.

For these 1000 estimators, we use the variable selection criterion proposed in
Section 2.4. Tables 6.1 and 6.2 show the proportion of successes of the variable
selection among all 1000 estimators. We can see that the Dantzig selector selects
the support index set T correctly. This result enables us to reduce the dimension
correctly even when n = 50.

Tables 6.3 and 6.4 show the [; errors of estimators LSE, the Dantzig selector Bn
and the second estimator @(Lz) after dimension reduction by using T,,. Note that we
cannot construct LSE in when p > n since the rank of the optimization problem
is deficient. We can observe that for all cases, the Dantzig selectors work better
than LSE and even for the higher dimensional case, the [; errors keep small values.
Moreover, we can verify that the behaviors of the second estimators are the best
since the selections work well as observed in Tables 6.1 and 6.2.
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Case

p =50

p = 100

p =150

T, =T,

93.1 %

92.0 %

90.7 %

Table 6.1: Variable selection results (n = 50).

Case

p =50

p =100

p =150

T, =

To | 99.4 %

99.9 %

99.6 %

Table 6.2: Variable selection results (n = 100).

Case | p=50 | p=100 | p=150
LSE | 214.2453 | NA NA

B, | 1.815687 | 2.261749 | 2.620261
32 | 05189128 | 0.535665 | 0.5718938

Table 6.3: [; errors of estimators (n = 50).

Case p =50 p =100 p =150
LSE | 3.789864 | 173.243 NA

B, | 0.9972455 | 1.113642 | 1.264328
52) 1 0.3551882 | 0.3320217 | 0.3541766

Table 6.4: [; errors of estimators (n = 100).
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6.3 Cox’s proportional hazards model

In this section, we will verify the [; consistency and the variable selection consis-
tency of the Dantzig selector numerically. We omit the asymptotic normalities of
the estimators obtained after variable selection since these are the consequences of
the variable selection consistency and the asymptotic normalities of the maximum
partial likelihood estimator (MPLE) and the Bleslow estimator. We consider the
following deigns for the simulation studies. For all cases, the sample size n = 100,
the covariates Z1,..., Zigo are i.i.d. Bernoulli random vectors whose components
are mutually independent, survival time 7;’s are i.7.d. exponentially distributed and
censoring time C}’s are also i.i.d. exponentially distributed independently of T;’s.
The data is generated to have roughly 10% censoring. The tuning parameter -,
is determined by the algorithm in Section 6.1 with a sufficiently large initial value
An = n"%3log p to obtain the decreasing sequence of tuning parameter by the algo-
rithm for each case. We put p = 50 and

Bo=(2,2,2,-2,-2,0,...,0)" € R
in Case 1, p = 100 and

Bo=1(2,2,2,-2,-2,0,...,0)" € R
in Case 2 and p = 100 and

Bo=(2,2,2,-2,-2,0,...,0)" € R

in Case 3. Note that all of these cases satisfy the regularity conditions and the
matrix condition Assumption 3.3 theoretically (See Section 3.6.). We apply the
Dantzig selector to the proportional hazards model, which can be calculated by the
algorithm proposed by Antoniadis et al. (2010) to these data for 1000 times.

For these 1000 estimators, we use the variable selection criterion proposed by in
Section 3.3 when n = 50 and n = 100. Tables 6.5 and 6.6 show that the proportion
of successes of the variable selection for all 1000 estimators. We can see that the
selection results become better as n becomes larger, which supports our theoretical
results.

Tables 6.7 and 6.8 show the [; errors of estimators MPLE, the Dantzig selector
3, and the second estimator Bq(f) after dimension reduction by using 7}, when n = 50
and n = 100 respectively. Note that we cannot construct MPLE when p > n since
the rank of the optimization problem is deficient as well as the linear regression
case. We can observe that for all cases, the Dantzig selectors work better than
MPLE and the performance keeps better for higher dimensional case. However, the
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ly errors become worse when n is larger. In such cases, the estimated values for
nonzero coefficients become larger and those for zero coefficients become smaller
which may mean that the estimators work well for the variable selection. This may
be caused by the fact that the optimization problem is more complicated than the
linear regression case since we need some linear approximations to calculate the
Dantzig selector for the proportional hazards model which is a nonlinear model.

Though the error of the Dantzig selector becomes larger, we can obtain the
second estimator who performs better when n is larger, since the selection method
works well when the sample size is larger as we can see in Table 6.6.

Case

p =250

p =100

p =150

T, =1Tp

71.8 %

39.3 %

48.5 %

Table 6.5: Variable selection results (n = 50)

Case

p=2>50

p =100

p =150

T, =1Tp

97.3 %

97.9 %

96.0 %

Table 6.6: Variable selection results (n = 100)

Case p=50 | p=100 | p=150
MPLE | 1649.526 | NA NA

B, | 10.12196 | 9.914827 | 10.34296

B | 379501 | 6.414769 | 6.119591

Table 6.7: [; error of estimators (n = 50)

Case | p=50 | p=100 | p=150
MPLE | 10.45088 | 7321.964 | NA

B, | 16.34308 | 16.43016 | 15.7336

3211416038 | 1.462315 | 1.45552

Table 6.8: [; error of estimators (n = 100)
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