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Abstract 

Robot technique arises to be playing essential roles in the prospective evolution 

of technology and its application has spread to various fields. Among them, 

disaster response (inspection of disaster sites, rescue, removal of obstacles in 

dangerous environment, etc.) performed by robots as the substitution of human 

beings has been a very promising trend for less risk of casualties, better 

accessibility, longer working time and so on. 

Nowadays although various types of disaster response robots have been 

developed and some of them have been put into practical use, the mainstream of 

their locomotion style is rather horizontal, with wheels or caterpillars to move on 

uneven terrains. However, locomotion in the vertical direction for disaster 

response robots is much less studied. Flying is an attractive solution (like drone 

robots), but its use is unfortunately quite limited, such as in the case of indoor 

environment, and manipulation capability of flying robots is also a drawback in 

comparison with other types of disaster response robots. In this thesis, climbing of 

vertical ladders is focused as a common and popular solution for vertical 

locomotion that is expected to be indispensable in disaster environment, regardless 

of indoor and outdoor situation. 

Vertical (for the simplicity, “vertical” will be omitted for the rest of this thesis) 

ladder climbing by robots has been studied for about 3 decades and high-level 

control systems has been applied so far. However, as for the actual application of 

the robot climber in complicated situations, such as disaster response and 

maintenance of infrastructures and plants where the robots are expected to be 

working individually, corresponding attention and consideration are much less and 

need to be increased. 

In the comparison between horizontal locomotion and ladder climbing, 

although fall recovery may be possible for biped walking or quadruped walking 

depending on the hardware design and control methods to decrease the damage of 

falling and bring the robot back to stable states, in ladder climbing the robot may 

be at a much higher position from the ground, making it very difficult for the robot 

to recover and keep functioning correctly in case of falling. Therefore, this thesis 



 

mainly deals with the stable ladder climbing, where “stable” in this thesis is 

defined as the stability in the following 3 states:  

1) Contact state: When all end-effectors of robot are in contact with the ladder;  
2) Swing state: When one or more end-effector(s) is(are) moving in the air to the 

target position;  
3) Transition state: When one or more end-effector(s) is(are) about to contact the 

target ladder, which is a middle state between state 1) and 2).  

Due to the unique characteristics of ladder climbing, its stability analysis also 

differs from conventional multi-legged locomotion styles, such as biped and 

quadruped walking and needs to be studied systematically. However, former 

studies focused partially on 3 states described above, which might be insufficient 

for guaranteeing complete stability in ladder climbing. Specifically, main contents 

about stability in this thesis consist of points presented below: 

1) Motion generation of ladder climbing (for “contact state” and “swing state”). 

In ladder climbing, the constraints of start and end position as well as path of 

each step are stricter than multi-legged walking. With the consideration of this 

point, trajectory of end-effectors is mainly generated with the application of 

“event-based planning” that allows independent planning of path and time 

profile in trajectory planning of the robot so that planning of motion obeying 

the constraints would be easier. Combined with inverse kinematics based on 

Jacobian and climbing “gaits” (climbing pattern about the number and the 

order of limbs to move), appropriate ladder climbing motion can be planned 

and generated. 

2) Sensor feedback (for “swing state” and “transition state”). Unfortunately, 

appropriate motion planning and generation alone cannot satisfy stable ladder 

climbing, since there are still multiple factors (both external and internal ones) 

that may lead to error. If not compensated, stability may be lost in “transition 

state” with inappropriate or even failed contact between the robot and ladder.  

According to different types of error that may appear, an error compensation 

system consists of hardware design, multiple proximity sensors, motion for 



 

error sensing and corresponding error compensation motion is proposed and 

described in this thesis.  

In addition, for some gaits (especially for 2-point contact ladder climbing that 

2 limbs move at the same time for one step) the robot may rotate and fall from 

the ladder with inappropriate posture and reaction force at supporting limbs. 

Therefore, stability analysis to avoid rotation on the ladder is proposed and 

discussed and the corresponding control of reaction force with the feedback 

between the robot and ladder is proposed according to the stability analysis.  

3) Integration of all components above for maintaining stability in ladder 

climbing. To obtain maximal effect in keeping stability and get rid of mutual 

interference, integration with switching of each components in different states 

of ladder climbing and appropriate motion planning are proposed. 

The contents above will be introduced respectively in related chapters and 

results of simulation or experiments as well as data and statistics will be presented 

to evaluate the effectiveness and capability of our proposed system. 
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Chapter 1. Introduction 

1.1 Background 

Having been a huge threat to human beings since their appearance on the earth, 

natural disaster has occurred all over the world. It is extremely difficult to predict 

and avoid in advance due to its characteristics: sudden occurrence without a sign 

and enormous unstoppable power. Sometimes disaster with large scale might even 

be the trigger of other types of disaster, and the Great East Japan Earthquake in 

2011 and the destructive Tsunami accompanied as well as Fukushima Daiichi 

Nuclear Power Plant accident is a representative instance. Table 1-1 presents some 

examples of natural disaster occurred in Japan and other countries for the recent 

years with statistics data. 

 

 

Table 1-1 Main disasters occurred in Japan and other countries. 

Time Country Name of disaster Remark 

2008.5 China Sichuan Earthquake (M8.0)
Deaths: over 69,000; 

Injuries: 374,643 [1] 

2011.3 Japan 
Great East Japan 

Earthquake (M9.0) 

Deaths: 15,893; 

Injuries: 6,152; 

Accompanied by Tsunami 

and the accident of 

nuclear power plant [2] 

2014.9 Japan 
The eruption of Mountain 

Ontake 

Biggest eruption in Japan 

since World War II [3] 

2016.4 Japan 
Kumamoto Earthquake 

(M6.5) 

Followed by the eruption 

of Mountain Aso [4] 

2017.9 Mexico Mexico Earthquake (M7.1)
Deaths: 370; 

Injuries: over 4,500 [5] 

2018.7 Japan 2018 Japan floods 
Deaths: 225; 

Injuries: 421 [6] 
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Considering the capability human has at present, the most effective solution 

still remains to be prompt response to the disaster after it occurs. However, it is 

true that disaster response by a human is not without the risk of secondary disaster, 

such as the aftershock and fire after big earthquakes. For some disaster areas, they 

are even impossible for humans to enter. One of the most typical examples is the 

Fukushima Daiichi Nuclear Power Plant filled with strong lethal radiation. Thanks 

to the rapid evolution of robot technology, disaster response robots emerge into 

our sight as an option of the substitute of human to perform rescue tasks in disaster 

areas. This possibility has drawn wide and public attention in the world, especially 

for countries with high-level robot techniques.  

For worldwide events, “DARPA Robotics Challenge Finals” [7] held in June 

2015 was a big stage for robots from countries all over the world to get together 

and compete with each other about their rescue capability in man-made situations 

that could be found in disaster situations. However, frequent fall and errors in both 

hardware and software (the difficulty of tasks to be completed was not very high 

and some were even very easy for human) in the competition reminded us that 

disaster response robots at present are still far from completion and their range of 

application is still highly limited. 

As for the situation in Japan, several robot-related projects were launched for 

disaster response, and this study is a part of the “Tough Robotics Challenge” in the 

project ImPACT (Impusing Paradigm Change through Disruptive Technologies 

Program) launched and managed by Cabinet Office, Government of Japan [8]. In 

“Tough Robotics Challenge”, the aim of the project is to develop “tough” robots 

capable of performing disaster response tasks in extreme environment and this 

thesis is also a part of this project. 

To realize the objective of developing robots working in extreme environment, 

the first thing we must do is to define “extreme environment”. In our perspective, 

we proposed the following 3 indexes: narrowness, unevenness and inclination so 

that the extremity of environment in disaster areas can be measured by these 3 

indexes illustrated in Fig. 1.1. 

The next question that has to be cleared is: what should a robot be like and 
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capable of in extreme environment? After the Great East Japan Earthquake in 2011, 

committees of the Council on Competitiveness-Nippon (COCN) in Japan 

consisting of about 100 members from Japanese government ministries, 

companies, and universities proposed an establishment plan for a disaster response 

robot center and published a report in 2013. The 2013 report of COCN [10] lists 

and examins the required specifications and functions for disaster response robots. 

It claims that the capability of locomotion and manipulation is the essential 

function for disaster response robots. Moreover, robots must have the capability of 

sensing and recognition to gather information in extreme environment. In this 

thesis, locomotion capability with preliminary environment recognition is mainly 

discussed, since the capability of manipulation and other rescue tasks are based on 

the fact that the robot must be able to reach the destination and perform the target 

task. 

1.2 Categories of disaster response robot 

There are various types of natural disaster, thus the forms of robots expected 
to be applicable to deal with them also vary. The followings are some major types 

Fig. 1.1 Three indexes to measure the extremity of environment [9]. 
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of robots applied or to be applied in disaster response [10]: 

(1) UGV (Unmanned Ground Vehicle): 
UGV with wheels is applied mainly to the ground that normal vehicles usually 
run on. However, there is technical issue about remote control and 
communication. As for UGV with caterpillars, they are developed with the 
purpose of locomotion on steps, rubble, uneven terrain, etc. The achievements 
of this type of UGV are mainly for military use. Nevertheless, in disaster sites 
their locomotion capability and reliability are limited, with the requirement of 
tougher, lighter, and better locomotion capability for the body and caterpillars.  

(2) Legged robots: 
Legged robots are developed for the application of manipulation on inclined 
terrain, transportation on uneven terrain and so on. Although the stability of 
multi-legged walking has been an issue to solve, recently it becomes much 
easier to stabilize the walking. At present, robots with performance close to 
practical use, such as BigDog and TITAN IV have been developed. Few 
researches and developments were made for the application of the legged 
robots to disaster response, but now in the United States project like PETMAN 
aiming at locomotion capability on uneven terrain was launched and 
competition of DARPA Robotics Challenge was also held to appeal legged 
disaster response robots. 

(3) Exoskeleton robots: 
With the target of assistance in moving heavy objects for human, exoskeleton 
robots such as XOS Exoskeleton and HAL were developed and are also close 
to the application. 

(4) UAV (Unmanned Aerial Vehicle): 
Helicopters with the length of meters have been applied, with the instance of 
Yamaha RMAX in the disaster of volcanic eruption and many others. 
Unfortunately, issues of communication and safety still remain. Besides, 
small-sized drones within 1 meter are close to the practical use and their indoor 
flying has been studied. For them, there are issues about stability and safety of 
strong/sudden wind, flying in narrow spaces, payloads, flying time and so on. 

(5) Wall climbing robots: 
For this category, it becomes technically feasible for climbing on a plain metal 
surface, but it is not the case for uneven walls or walls with obstacles. For those 
concrete walls with no magnetic attraction, although suckers have been 
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utilized for wall climbing robots, but it is difficult to guarantee sufficient 
attraction force for walls with uneven surface as well.  

(6) Robots in narrow spaces: 
A representative example of this type of robot is snake-shaped robots, being 
capable of digging in rubble and other narrow places like gaps. However, 
issues of overturn, turning performance and location estimation are there to be 
improved. 

For locomotion, there is no doubt that a robot with high locomotion capability 
should be able to go over various different situations that may exist in disaster 
areas. Among current rescue robots that have been engaged into disaster areas, 
such as Quince (Fig. 1.2), MHI-MEISTeR (Fig. 1.3) and so on sent into nuclear 
power plants in Fukushima, wheeled robots and crawler robots represent the 
mainstream. Looking Fig. 1.1 back, we could find that they can overcome 
situations with “narrowness” or “unevenness” easily, but it is not the case for 

 

Fig. 1.2 Quince [11]. 
 

 

Fig. 1.3 MHI-MEISTeR [12]. 
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situations with “inclination”. Flying robots like drones seem to be a good option, 
but it is true that they are not omnipotent in vertical locomotion, especially for 
indoor tasks or narrow places with little light. As for snake-shaped robots, their 
versatility in locomotion styles is impressive, but their manipulation capability is 
still limited due to the feature of their structure. Therefore, we choose legged robots 
that cover all locomotion situations in Fig. 1.1 as well as the manipulation 
capability. 

1.3 Main topics of this thesis 

As the alternative solution of flying for vertical locomotion in disaster areas, 
vertical ladder climbing is more likely to be practical, which is also the major topic 
of this thesis. In the following texts, if not explicitly indicated, “ladder” all stands 
for “vertical ladder” and the word “vertical” will be omitted because inclined 
ladders are not within the scope of this thesis. Moreover, we choose four-limbed 
robots as the platform for disaster response because in locomotion aspect legged 
robots can deal with the extreme environment with any index (indexes) mentioned 
in Fig. 1.1, and four-limbed robots can maintain high output in manipulation tasks, 
which may be difficult for other types of robot. 

(a) Tokyo, Japan        (b) Beijing, China     (c) Daejeon, Korea 
                                        (with safety cages) 

Fig. 1.4 Ladders in Asian countries. 
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Why do we choose ladder climbing performed by legged robots as the major 
concern of our study? The answers are summarized as follows: 

1) Ladder climbing is required in disaster response as well as routine maintenance 
of infrastructures and plants, but few attempts have been put into the 
application. In fact, ladders are much closer to us than we can imagine. Fig. 
1.4 shows examples of ladders that the author saw in some Asian countries. 
Ladders are popular because of the following features: (i) Low cost; (ii) Easy 
to be attached to walls; (iii) Less space required than stairs or other types of 

 

Fig. 1.5 Off-shore wind turbine and the ladder inside ([13], [14]). 
 

 

Fig. 1.6 High-rise chimney and ladders on it [15]. 
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vertical locomotion structures; (iv) No power source required. These features 
make ladder climbing a popular option in vertical locomotion. As for the 
specific examples of routine maintenance of infrastructures and plants, high-
rise chimney (long ladders attached outside) shown in Fig. 1.5 and off-shore 
wind turbine (ladders hid inside) shown in Fig. 1.6 can be given. 

2) Ladder climbing is with risk and danger for human climbers. Ladder climbing 
is a type of high energy consuming locomotion because the climber has to 
sustain his, her or its self-weight for all the time during climbing and even 
climbing a short range would cause sore of muscle. It is not hard to imagine 
that climbing a long ladder is not without the risk of falling and even injury or 
death of the climber. And robot climbers would eliminate this risk.  

3) Even if the climber is fully equipped with safety tools, such as ropes to fix the 
climber to ladders or safety cages attached on the ladder, they would be 
meaningless if the ladder itself gets aged and breaks. Thus, a robot ladder 
climber is always safer than a human ladder climber. 

In summary, with the ladder climbing capability and other locomotion styles 
to be performed by our robots, a four-limbed robot first becomes available for 
locomotion in most of the situations expected in disaster areas.  

1.4 Related researches 

1.4.1 LCR-1 

As a matter of fact, the history of robot ladder climbing is not long, and it is 
particularly true for human-sized robots. Dated back to 1989, H. Iida et al. 
developed "LCR-1", a four-limbed robot that could climb up and down the ladder 
with 4 gripper actuators equipped at the end of each limb to hold the rungs of the 
ladder (Fig. 1.7). It is one of the pioneers in robot ladder climber. Unfortunately, 
not many details of LCR-1 were given, neither were the algorithms about ladder 
climbing. 

1.4.2 Gorilla-III 

In 2008, Fukuda et al. developed “Gorilla-III”, a four-limbed robot with height 
of 1.0m and weight of 22kg (based on the size of real gorillas) that can climb a 
ladder as well as brachiation (Fig. 1.8). This is the first influential robot (although 
it is a little bit small and light for human) capable of ladder climbing in a manner 
that is close to human. It climbed the ladder with the maximum speed of 0.05m/s 
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and grip recognition of rung by output voltage of joints is applied to judge whether 
rung grip of end-effectors is successful or not. Besides, optimal allocation of load 
was also proposed [18], which is also the source of inspiration of reaction force 
control in this thesis (the second half of Chap. 4). In stability analysis of ladder 
climbing for Gorilla-III, single-mass model and equilibrium of moment around 
AoY (Axis of Yawing), an axis connecting the contact points between the robot 
and rungs of ladder were utilized [19], which is also one of the origin of ideas in 
this thesis about stability analysis. A half-circle path was used in trajectory 
generation of ladder climbing.  

(a) Overview and explanations of parts     (b) model structure and sizes 
Fig. 1.7 LCR-1 [16]. 

 

 
Fig. 1.8 Gorilla-III [17].
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Fig. 1.9 HRP-2 climbing a ladder [20]. 

 

Fig. 1.10 Ladder climbing by the robot developed by Honda R&D [21]. 
 

 

Fig. 1.11 E2-DR climbing a ladder [22]. 
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1.4.3 HRP-2 

Known as a universal humanoid platform for biped walking, HRP-2 was also 
applied to ladder climbing. Vaillant et al. proposed MCP (Multi-contact Planner) 
for planning and control of ladder climbing for HRP-2 and utilized FSM (Finite 
State Machine) to generate ladder climbing motion in 3-point contact that can 
avoid contact with obstacles in simulation. Static equilibrium was considered in 
this study. Fig. 1.9 presents HRP-2 climbing a ladder.  

1.4.4 Robots of Honda R&D 

Nozawa et al. applied CoM feasible region to ladder climbing of a robot 
developed by Honda R&D in 2016. Whole-body motion planning with dynamic 
stability of the robot was considered and discussed. The robot succeeded in 
climbing a ladder with the speed of 10s/rung (Fig. 1.10). After that, E2-DR (the 
newest model) released by Honda R&D also succeeded in ladder climbing as Fig. 
1.11 shows. However, few details were open to the public about the algorithms 
related to ladder climbing of E2-DR. 

1.5 Objectives of this thesis 

As the title of this thesis, the objective of this thesis is to develop systems 
consisting of the following approaches to generate and guarantee stable ladder 
climbing of a four-limbed robot: 

1) Appropriate and easy-to-use motion generation. According to the unique 
features of ladder climbing, a suitable motion generation system should be 
established so that unique constraints of ladder climbing could be satisfied. 
Besides the existing whole-body motion planning applied for humanoid robots, 
motion planning and generation that deals with spatial and time (mainly related 
to hardware limits of the robot) constraints independently in ladder climbing 
would simplify this issue greatly. 

2) Stability in “swing” state of ladder climbing. When end-effector(s) is(are) 
moving in the air, the ladder climbing may fail if the equilibrium of force and 
moment cannot be maintained. Therefore, solutions of both motion generation 
and force feedback control in consideration with stability are introduced and 
applied in this thesis. This point is especially significant when the robot is 
climbing a ladder in 2-point contact (to be introduced in Chapter 3), which is 
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a climbing gait that 2 limbs of the robot move simultaneously and is rarely 
realized for human-sized robots. 

3) System to guarantee successful and appropriate contacts between the robot and 
ladder. Unlike other types of locomotion, ladder climbing has strict constraints 
on contact points between the robot and the ladder rungs and even slight error 
of position may cause failure in contact and ladder climbing itself. Taking this 
issue into consideration, this thesis proposes a sensor system to obtain position 
and orientation data of rungs of a ladder as well as corresponding motion 
planning to make sure that each contact with the ladder is correct and accurate. 
Moreover, recognition of ladder rung with varied or even unknown 
specifications would also be enabled with this system, which has not been 
claimed to be realized by any robot before. 

With 3 points above realized and integrated, the robot literally becomes 
capable of “stable” ladder climbing in the expected real application.  

Note that this thesis deals with the ladders that: 

1) Obey the specification in JIS (Japanese Industrial Standards). This is because 
the research in this thesis is studied and developed in Japan. Ladders in other 
standards like MIL (Military Standard) is not within the scope of this thesis 
but would be discussed for the future work. 

2) Are time-invariant. In another word, this thesis only considers ladders that will 
not change, including deformation, destruction and any other factor 
accompanied with change of shape during the ladder climbing. Similar to the 
point above, solution to time-variant ladders would be a major concern for the 
future work. 

1.6 Outline 

The structure of this thesis is illustrated in Fig. 1.12. It is organized as follows: 
In Chapter 1 “Introduction”, the background and motivation of this research 

are introduced, combined with previous and related works for reference and 
objectives of this research. 

In Chapter 2 “Robots used in this thesis”, 2 robots developed by us, “The 
Prototype” and “WAREC-1” are introduced as the hardware platforms of ladder 
climbing. Their specifications, mechatronic systems and main features related to 
ladder climbing and other types of locomotion styles as well as manipulation are 
described, which are also the base of the contents of following chapters. 
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In Chapter 3 “Motion generation system”, the whole-body motion planning of 
ladder climbing for the four-limbed robots developed by the authors are introduced. 
Whole-body motion planning in this thesis is divided into 3 components: (i) 
Climbing gaits; (ii) End-effector trajectory planning and (iii) Body trajectory 
planning. Main gaits of ladder climbing and their features are introduced, and 
respective strategies are given. With climbing gait determined, end-effector 
trajectory planning is described. In this thesis planning of path and time profile in 
end-effector trajectory can be done individually after mathematical conversion so 
that spatial and hardware constraints of the robot can be dealt with separately, 
making trajectory planning flexible and easier. Besides, minimization of path 
length with given mid-points of the path are proposed in this thesis to shorten the 
total path that end-effector must travel, contributing to the reduction of total time 
required in ladder climbing. Finally, body trajectory planning is given according 
to different climbing gait with consideration of stability, and these 3 components 
form whole-body motion planning in this thesis. Besides, inverse kinematics used 
for the robots are also explained, which are mainly based on pseudo-inverse of 
Jacobian. 

In Chapter 4 “Sensor feedback systems”, 2 main sensor systems are described: 
(i) Proximity sensor feedback system to compensate error existing between the 
robot and ladder; (ii) Force sensor feedback system with PID reaction force 
controller manages to reduce the bias of reaction force at hand and foot in 2-point 
contact climbing gait, which is one of the main reasons of failure in ladder climbing. 
For (i), specification and framework of proximity sensor system are introduced 
and algorithm of calculating error as well as the corresponding motion planning of 
error compensation are proposed. Experiments show that besides the error 
compensation, proximity sensor feedback system is also capable of recognizing a 
ladder with unknown varying specification, such as rung interval and inclination 
of the rung. For (ii), the details about the PID controller as well as the calculation 
of reaction force required for stable 2-point contact ladder climbing are also 
presented. Finally, the total integration of all systems in Chapter 3 and Chapter 4 
are made and experiments verified the effectiveness of integrated systems, with 
discussion of results. 

Finally, in Chapter 5 “Conclusion”, contribution of this thesis is summarized 
in major points. Meanwhile, limits of this thesis and prospective works based on 
limits analyzed are given as well.  
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Fig. 1.12 Outline of this thesis.
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Chapter 2. Robots used in this thesis 

2.1 Overview 

Prior to the description and explanation about the main parts of this thesis, in 
this chapter the features of robot platforms used this thesis, including those highly 
concerned with this thesis, will be introduced as the prerequisite knowledge. 
Especially, the end-effector trajectory generation in ladder climbing motion to be 

(a) Overview               (b) DoF configuration  
Fig. 2.1 The Prototype [23]. 

 

 

Fig. 2.2 Mechatronic system configuration of The Prototype [24].  
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introduced in Chap. 3 and sensor feedback for error compensation to be introduced 
in Chap. 4 are highly dependent on the hardware design of end-effector, and so are 
the size and weight of the robots for whole-body motion generation to be 
introduced in Chap. 3. These details about the robots will be included in the brief 
introduction about the overall specification of robots as well as system 
configuration in this chapter to offer complete fundamental information of the 
robot platforms in this thesis. 

The study in this thesis began at nearly at the same time point as the initiation 
of project “ImPACT” and to meet the requirement of developing robot platforms 
to validate our proposed concepts and ideas for disaster response robot, the 
following 2 robots were developed: The Prototype and WAREC-1. 

2.2 Introduction of The Prototype 

The first robot to be introduced was designed and assembled in 2014. It has no 
official name and for the convenience it is called “The Prototype” in this thesis. Its 
overview and DoF (Degree of Freedom) configuration can be seen in Fig. 2.1. Its 
mechatronic system configuration is illustrated in Fig. 2.2. 

As is explained in Chapter 1, our disaster response robot should be capable of 
performing various locomotion styles to deal with complicated and diverse types 
of environment in disaster areas. Taking this point into consideration, we chose 
four-limbed robot (legged robot) instead of popular robots that have been engaged 
into disaster area, such as wheeled robots and crawler robots. This choice is 
especially important because the concentration of locomotion style for this robot 
in this study is on the vertical ladder climbing, which is highly required in both 
indoor and outdoor and both disaster response and routine maintenance of 
infrastructures, but few robots were created to meet these needs.  

Table 2-1 Specifications of The Prototype. 

Term Value 

Height mm 1290 

Width mm 396 

Weight kg 110 

Number of DoF 
One limb: 7 

Body: 1 (Pitch) 
Total: 29 

Sensors equipped One force/torque sensor for each limb (4 in total) 
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The main specifications of The Prototype are listed in Table 2-1. One of the 
biggest feature of this robot is that all its 4 limbs share the same structure, which 
is different from humanoid robots. This design eliminates the difference of all 
limbs to guarantee that all limbs are functionally identical. In this way, all limbs 
can be used for both arm and leg, and thus the robot can continue working with 
rest of the limbs in case that one limb is broken or out of control. Besides, 
symmetric design and configuration of limbs also make it possible for the robot to 
perform locomotion (like biped walking) or manipulation even if it is upside down. 
There are also 4 force/torque sensors equipped beside end-effectors for the force 

 

Fig. 2.3 Design and scale of the end-effector [25]. 
 

 

(a) Working as a hook     (b) Working as a foot 
Fig. 2.4 Different usages of the end-effector. 

 

(a) Gorilla-III [17]        (b) HRP-2[20]       (c) Robot of Honda         
H&D [21] 

Fig. 2.5 End-effectors of other ladder climbing robots for foot. 
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control. 
The end-effector equipped at the end of each limb of The Prototype is also 

identically designed for ladder climbing. It can be used for both hand and foot 
while climbing the ladder. Its overview and its 2 usages in ladder climbing are 
presented in Fig. 2.3 and Fig. 2.4, respectively. Its overall scale and design concept 
are for the climbing of ladder in JIS (Japanese Industrial Standard) [25]. 

To avoid the complication of mechatronic system, we did not choose robot 
hand with multiple actuators as the end-effector, since ladder climbing requires 
high output actuators to sustain the self-weight of the robot, and robot hand that 
makes this possible would be unnecessarily big for ladder climbing.  

As is shown in Fig. 2.3, there are one hook-shaped part and two groove-shaped 
parts on the end-effector so that end-effectors would not slip out from rungs of the 
ladder. In comparison with other ladder climbing robots, our end-effector not only 
unifies the design for hands and feet, but also avoids slippery of feet while other 
robot climbers tended to use plat plate-shaped end-effectors for foot (Fig. 2.5) with 
the risk of slippery remained if there is no sufficient friction force. 

2.3 Introduction of WAREC-1 

The second robot as well as the newest robot developed is called WAREC-1 
(WAseda REsCuer-No.1). Its overview and DoF configuration are depicted in Fig. 
2.6 and its specification is presented in Table 2-2. 

WAREC-1 is the improved version of The Prototype. Both the features 
inherited from The Prototype and features improved are concluded in Table 2-3. 
Its mechatronic system configuration is depicted in Fig. 2.7. 

Table 2-2 Specifications of WAREC-1. 

Height mm 1690 

Width mm 497 

Weight kg 155 

Number of DoF One limb: 7 
Total: 28 

Sensors equipped One force/torque sensor for each limb (4 in total) 
Two proximity sensors for each end-effector (8 in total)

One IMU in the body 
Ten depth cameras around the body (optional) 
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As the successor of The Prototype, WAREC-1 was designed so that it is capable 
of not only ladder climbing but also crawling, a locomotion style that the body of 
the robot and its limbs contact the ground alternately and move forward (Fig. 2.8). 
Therefore, the improved features above are necessary to make the robot contact 
the ground and start crawling, which will also be mentioned again in a more 
detailed manner for the application of error compensation by sensor feedback in 
Chap. 4. 

As for the capability of ladder climbing, of course, is improved as well for 
WAREC-1. Its slimmer body enables it to climb through safe cage (Fig. 2.9), an 
attachment that can be often seen on ladders to decrease the risk of falling. Higher 
output of the actuators also makes WAREC-1 possible to climb faster and longer 

 

Fig. 2.6 Overview and DoF configuration of WAREC-1 [26]. 
 

 
Fig. 2.7 System configuration of WAREC-1. 
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limbs allow it to perform ladder climbing with a wider range of available postures.  
In this study, results of ladder climbing performed by WAREC-1 are mainly 

discussed and some results from The Prototype will also be concerned for 
necessary explanation and for reference. 

Table 2-3 Features of WAREC-1 in comparison with The Prototype. 

 The Prototype  WAREC-1 

Inherited 
features 

Identical design of 4 limbs and end-effectors 

Same end-effector design for ladder climbing 

Force/Torque sensors equipped 

Different 
features 

(Improved 
in 

WAREC-1) 

All wirings, encoders, 
decelerators and related gears 

exposed to the external 
environment  

Hollow structure of actuator 
units that (i) allow wirings to 
go through joints without the 

exposure and (ii) encoders and 
decelerators embed inside 

Centralized control with much 
more wirings required 

Decentralized control to 
decrease the number of 

necessary wirings greatly  

External PC with much bigger 
size  

Smaller PC hid inside the body

No contact with external 
environment available except 

for end-effectors  

Concave body design allowing 
direct contact with the ground

Actuator output: 150W for all 
Actuator output: 370, 580 and 

750W in different joints 

No IMU equipped  
IMU sensor added to measure 
the inclination of the body in 
ladder climbing and crawling 

2.4 Summary  

This chapter introduces and describes the robot platforms for ladder climbing 
in this thesis. Their features and designs related to ladder climbing are focused on 
as the base and prerequisite knowledge to be known in advance before the 
introduction of the main contents of the study in this thesis start. 
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Fig. 2.8 WAREC-1 crawling on uneven terrain. 
 

 
Fig. 2.9 WAREC-1 climbing a vertical ladder with safety cage. 
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Chapter 3. Motion generation system 

3.1 Introduction 

With the consideration of end-effector design in Chap.2, from our perspective 
first it is necessary to generate motion that enables all end-effectors to move from 
the current position to the target position (in another word, from a rung to another 
rung) without colliding with any rung unexpectedly. A successful ladder climbing 
motion thus can be divided into the following 3 steps:  

1) The end-effector(s) leaves (leave) the current rung(s) without getting stuck. As 
the expense of avoiding slip between the end-effectors and rungs of ladder, the 
hook and groove part of end-effector may get stuck and appropriate motion 
planning is required; 

2) The end-effector(s) moves up or down to a position higher to the target rung 
without colliding with the target rung inappropriately. For instance, when 
climbing up, if the end-effector moving up collides with the target rung (a 
higher rung) from the bottom, then it would not be able to reach the target rung 
from above, which is an appropriate way;  

3) The end-effector(s) is (are) put on the target rung(s) correctly.  

And ladder climbing motion of end-effectors may fail if any one of the steps 
above cannot be guaranteed, with the failed cases illustrated in Fig. 3.1.  

 
Fig. 3.1 Trouble cases that may happen between the end-effector and rung. 

Blue arrows are the direction that the end-effector is moving towards. 
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With discussions above, it is not difficult to find that ladder climbing has 
different features and constraints with multi-legged locomotion styles, such as 
biped and quadruped walking in the following points, which are also significant 
bases of the rest of contents in this chapter: 

1) Constraint of start and end position: Each step of end-effectors must be on a 
line, not a surface. It is much stricter than multi-legged walking. 

2) Constraint of path: Besides the point above, the path of end-effectors must 
guarantee that collision with the target rung would not happen. 

To generate whole-body motion of the robot in ladder climbing, 3 crucial 
components are introduced and explained in the later sections:  

1) Gaits (climbing patterns) of ladder climbing; It determines the way limbs of 
robot move in ladder climbing. 

2) End-effector trajectory planning. It determines the way end-effectors move so 
that they can reach the target rung from current rung successfully; In this thesis 
path and time in trajectory are planned individually, which will be explained in 
Section 3.3. 

3) Body trajectory planning.  

Fig. 3.2 Whole-body motion planning scheme. 
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And the combination of them finally determines the whole-body motion 
planning of the robot in ladder climbing. The scheme of whole-body motion 
planning is depicted in Fig. 3.2. 

3.2 Gaits of ladder climbing 

The word “gait” is often used for describing the order and the number of limbs 
to move in multi-legged walking. Since our robots both have 4 limbs, in the 
perspective of quadruped walking ladder climbing patterns of the robot in this 
thesis can also be considered as quadruped walking gaits, which have also been 
introduced by the former studies [17].  

Although human body is flexible and able to be bent to perform various 
postures in climbing, such as crossed arms or legs in rock climbing and even 
reversed posture with legs over the head, these high-difficulty climbing gaits (Fig. 
3.3) are not within the scope of this thesis but will be considered in the future for 
the limit of robots’ material and hardware structure.  

Similar to quadruped walking, different choice of gaits in ladder climbing 
brings huge influence on the ladder climbing motion, mainly in stability (to be 
discussed in the later sections) and it is the same for strategy of ladder climbing as 
well. Therefore, in the procedures of whole-body motion planning and generation, 
gaits of ladder climbing would be determined first.  

In this thesis, the following 2 conventional climbing gaits will be mainly 
discussed: (i) 3-point contact climbing; (ii) 2-point contact climbing. Explicitly, 
“3-point contact” means that while climbing there are always at least 3 contact 
points between the robot and ladder, and this is the same for “2-point contact”. 

(a) Crossed arms [40]          (b) Legs over the head [41] 
Fig. 3.3 Climbing “gaits” with high difficulty. 
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These 2 climbing gaits can be divided further: 4-step and 5-step types for 3-point 
contact climbing and trot and pace for 2-point contact climbing. Illustration of 
them in steps can be seen in Fig. 3.4 ~ Fig. 3.6.  

Table 3-1 Comparison of 3-point contact and 2-point contact climbing. 

 3-point contact climbing 2-point contact climbing 

Advantage(s) 
Easy to maintain 

stability 

Faster motion with less steps; 
3-point contact: 4 or 5 step/rung;

2-point contact: 1 step/rung. 

Disadvantage(s)
Slower motion with 
more steps required 

Proper planning or control of 
climbing motion may be needed.

 
Fig. 3.4 3-point contact climbing (in 4 steps, with body keep moving). 

 

Fig. 3.5 2-point contact climbing (not used in this thesis). 
 (trot gait, with 2 limbs in different side move simultaneously) 

 

Fig. 3.6 2-point contact climbing. 
 (pace gait, with 2 limbs in the same side move simultaneously) 
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The characteristics of 3-point and 2-point contact climbing gait can be 
concluded in Table 3-1. Since at least 3 points are required for forming a plane, 
apparently 3-point contact climbing is more stable than 2-point contact climbing 
(although this does not mean that 3-point contact climbing is absolutely safe), but 
it also has the shortcoming that more steps are required for climbing a rung than 
2-point contact climbing. On the other hand, 2-point contact climbing needs less 
steps and is theoretically faster than 3-point contact climbing under the same 
circumstances but risk of slippery and falling from ladder must be eliminated by 
appropriate motion planning and/or control methods. In practical application, the 
choice of these 2 types of climbing gaits depends mainly on the conditions of the 
target ladder and power supply of the robot itself. Considering the safety of the 
robot, 2-point contact ladder climbing is chosen if and only if the ladder is wide 
and tough enough for the robot to make dynamic climbing motion and the power 
supply cannot support the whole ladder climbing if 3-point contact climbing is 
chosen. For all other cases, 3-point contact climbing is preferred even if 2-point 
contact climbing is available.  

The details of selection for climbing gaits will be presented further in Section 
3.4 as the first step of whole-body motion planning. 

3.3 End-effector trajectory planning 

After the climbing gait is decided, trajectory planning of end-effectors becomes 
a significant point in realizing successful steps of climbing motion. As is explained 
in the beginning of this chapter, constraints of start and end position as well as path 
in trajectory of end-effector must be considered thoroughly. Meanwhile, the limits 
in hardware level cannot be ignored as well. Specifically, upper limit of joint angle 
controlled by inverse kinematics to be introduced in Section 3.6.2, angular velocity, 
and output torque for each joint must be obeyed while the robot is moving.  

To establish a trajectory planning that satisfy both geometric constraints of end-
effector and hardware limits, in our opinion it is necessary to separate path (for 
geometric constraints) and time profile (for hardware limits) in trajectory so that 
they can be planned individually, which has barely been focused on in the field of 
ladder climbing robots. With path and time profile separated, it is possible to avoid 
limit over for respective constraints and limits, even enabling flexible and detailed 
adjustment according to the need in application. Note that time profile is different 
from “time scale”. 
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In path planning, the shape of the path is determined and in time profile 
planning speed along the given path is given. In this thesis the separation of path 
and time profile is mathematically processed by the method of arc-length 
parameterization so that they two can be done independently without influencing 
each other, which is inspired from the idea of “event-based planning” proposed by 
Tarn and Xi [28]. However, this idea has rarely been applied on ladder climbing 
motion. In the following contents of this section, the math knowledge involved will 
be introduced first and details of our proposed path-time independent trajectory 
planning method will be described ([24], [29]). 

3.3.1 Prerequisite math knowledge 

Now we will explain the reason why the cubic spline is employed to act the role 
of the interpolation function in our path planning (Section 3.3.2). According to the 
characteristics of motor, minimal acceleration will release the burden of motor and 
is thus desirable in practical application. Based on this consideration, we need to 
find what type of curve possesses the minimal acceleration. In order to achieve this 
purpose, the variation method is used in Riemannian manifolds ([30], [31]). Since 
Euclidean space is a special Riemannian manifold, the results obtained in 
Riemannian manifolds are also effective in Euclidean space. 

Next, let us introduce briefly about Riemannian geometry. It is very known that 
the theory of general relativity by Einstein is a generalization of the Newton’s 
mechanics, where Riemannian geometry is used to give the energy-momentum 
equation. In addition, geodesic, the shortest distance connecting two points of a 
space gives the motion equation of objects. As the generalization of Euclidean 
space, Riemannian manifold (M, g) with the non-trivial metric g can be seen a 
symmetric positive-definite matrix. Roughly speaking, a Riemannian manifold in 
local is a Euclidean space indeed. The difference of Euclidean space and 
Riemannian space is that the former is a flat space and the latter is a curved space. 
To describe a curved Riemannian space, we need to give the concept of curvature 
tensor of a Riemannian manifold. Let X, Y and Z be vector fields over M, the 
curvature tensor is defined by 

 [ , ]( , ) X Y Y X X YR X Y Z Z Z Z      , (3.1) 

where the symbol ∇ denotes the covariant derivative. With (3.1) we can obtain the 
expression of the coefficients 𝑅௜௝௞

௟  or 𝑅௜௝௞௟ ൌ 𝑅௜௝௞
௠ gij, where gij is the components 
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of the Riemannian metric g. The sectional curvature is defined as 

 
2

ijij
ij

ii jj ij

R
K

g g g
 


, (3.2) 

and (3.2) describes how curved a Riemannian manifold is. The fundamental 
contents about the Riemannian geometry can be seen in Appendix C. 

Suppose that M is a smooth manifold and γ: [0,1]→M a smooth curve (the 
definition of smoothness for manifold and curves on a manifold can be seen in [31]). 
Denote by 

 1

0
( ) ,d d

dt dt

F dt         , (3.3) 

a functional of γ, where 𝛾ሶ  denotes the speed of the curve γ, and  ,  denotes the 

Riemannian metric on M. When M=Rn, i.e., Euclidean space, the curvature tensor 

R of M is zero, and ∇ ೏
೏೟

𝛾ሶ   is exactly 𝛾ሷ , the second-order derivative of γ. In order to 

obtain the minimum value of the functional F, the variation method can be utilized. 
Now we consider the space {γ} of smooth curves, γ: [0,1]→M, satisfying 

 1010 )1(,)0(,)1(,)0( vvxx    . (3.4) 

In our case, we suppose that start speed and end speed are zero. We have the 
following proposition [31]: 

Proposition. 𝛾 ∈ ሼ𝛾ሽ is a critical point of F(γ) if and only if γ satisfies 

 0),(3   
dt
d

dt
d R  (3.5) 

for all 𝑡 ∈ ሾ0,1ሿ.  
From the proposition above we see that when M=Rn, namely, the Riemannian 
manifold is a flat Euclidean space, γ(4)=0 and γ is therefore a cubic polynomial. In 
another word, γ(t)=a0+a1t+a2t2+a3t3 can be given. On the other hand, noting that 

when M=R3, the functional F becomes  

 dtF  
1

0
,)(   , (3.6) 



30 
 
 

and from the expression of (3.6) it is apparent that the functional F is minimized by 
the cubic polynomial. Precisely, among the curve family {γ} the cubic polynomial 
has the minimal acceleration. 

Remark. The proposition above involves the general case of Riemannian manifold 
which may be a curved space. In this thesis, we only focus the robot motion on a 
Euclidean space instead of a curved Riemannian space. In fact, in order to give 
more precise motion path of robot, the later item including curvature in (3.5) plays 
important role, and we will consider such situation in the future work. 

3.3.2 Path planning 

For path planning, cubic spline curves are chosen as the path, calculated by 
spline interpolation connecting given start point, end point and mid-points along 
the desired path. Besides the reason explained in the last section, spline curves also 
provide smooth path, which has been verified to be contributive to reducing peak 
load to motors while climbing the ladder [29]. In addition, cubic spline curve with 
less orders can also be calculated with less computational resource. 

To begin with, set sj(t)= (x(t), y(t), z(t)) as the expression of each piecewise 
polynomial for cubic spline interpolation generating the path, where x(t), y(t) and 
z(t) are the coordinate of end-effector in X-axis, Y-axis and Z-axis, respectively. 
With the definition of cubic spline interpolation curve, we have the following 
equation: 

 2 3( ) ( ) ( ) ( ) , 1, 2,..., 5j j j j j j j js t a b t t c t t d t t j        . (3.7) 

With the given initial point, terminal point and mid-points for spline interpolation, 

it is not difficult to find that sj(tj)=aj, j=1, 2, …, 5 and aj are all given constants as 
well. The following continuity conditions should be satisfied:  

 1 1 1( ) ( )j j j js t s t   , (3.8) 

 )()( 111   jjjj tsts  , (3.9) 

 )()( 111   jjjj tsts  . (3.10) 

Setting hj=tj+1-tj, we have 
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 1 1 1 1 1( ) 2j j j j h h jb c c h c h b        , (3.11) 

 1( )1

3
j j

j
j

c c
d

h


   . (3.12) 

With (3.11) and (3.12), (3.8) ~ (3.10) can be written as 

 AC b , (3.13) 

where 

 
1 1 2 2

2 2 3 3

3 3 4 4

1 0 0 0 0

2( ) 0 0

0 2( ) 0

0 0 2( )

0 0 0 0 1

h h h h

h h h h

h h h h

 
  
  
 

 
 
 

A , (3.14) 
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C b
. (3.15) 

Solving matrix equation of (3.13), the expressions of c1 ~ c5 with respect to h1 ~ h4 
can be obtained. That is 

 1 2 3 4( , , , ), 1, 2, 3, 4, 5.j jc c h h h h j   (3.16) 

Furthermore, by (3.11) and (3.12) due to the known cj we can obtain the expressions 
of b1 ~ b5 and d1 ~ d5. Since 

 2 3( ) ( ) ( ) ( ) ,j xj xj j xj j xj jx t a b t t c t t d t t        (3.17) 

 2 3( ) ( ) ( ) ( ) ,j yj yj j yj j yj jy t a b t t c t t d t t        (3.18) 
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Fig. 3.7 Critical points with risk. 
 

 

Fig. 3.8 Generated end-effector path of climbing up motion in XoZ space. 
Coordinates in X and Z-axis is the distance from the origin to end-effector. 
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 2 3( ) ( ) ( ) ( ) , 1, 2,3, 4,5j zj zj j zj j zj jz t a b t t c t t d t t j        , (3.19) 

the arc-length of the whole path can be given by 

 
5

2 2 2
1 2 3 4 0

1

( , , , ) ( ) ( ) ( )
jt

j j j
j

l h h h h x y z d   


       . (3.20) 

3.3.2.1 Selection of mid-points in path planning 

To deal with the troubles in Fig. 3.1, Fig. 3.7 shows critical points as reference. 
Apparently, the positions of these critical points are dependent on the shape design 
of end-effectors, as is explained in Chap. 2. The mid-points of end-effector path are 
set to be farther to the rungs than critical points with margins empirically 
determined so that the risk of undesirable collisions can be fully eliminated. An 
example of generated path (depicted in XoZ plane to make itself easier to see) can 
be seen in Fig. 3.8. 

3.3.2.2 Path length minimization (optional) 

With mid-points to guarantee appropriate end-effector path in ladder climbing 
fixed, there is still possibility for further optimization. In this thesis, minimization 
of path length can be applied optionally. To solve the minimum value of the path 
length (3.20), we use a sequential quadratic programming (SQP) method [32], 
which is “fmincon” in MATLAB. In this method, at each iteration the function 
solves a quadratic programming (QP) subproblem solved by active set strategy. An 
estimate of the Hessian of the Lagrangian is updated at each iteration with Broyden-
Fletcher-Goldfarb-Shanno (BFGS) formula and a line search is performed. With 
this method, the best combination of h1 ~ h4 can be obtained, minimizing the total 
path length of each segment. This can be contributive to reducing total time spent 
in ladder climbing. 

The comparison of the path before and after length minimization is shown in 
Fig. 3.9. Before length minimization, the parameters h1 ~ h4 of spline curves 
consisting the path are randomly chosen and after path length minimization h1 ~ h4 
are uniquely determined by method introduced above. Distinctly, the path after 
length optimization goes less distance, although they all pass the same mid-points. 
Their length data are shown in Table 3-2 with parameters shown in Table 3-3. These 
results prove that the path length with optimization (red curve) is the shortest one 
among 3 lines. Table 3-3 shows specific values of parameter h1 ~ h4 for each curve. 
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Table 3-2 Comparison of path length. 

Condition Path length mm 

With path length minimization 488 (the red curve in Fig. 3.9) 

Without path length 
minimization 

 (parameters randomly chosen)

506 (the green curve in Fig. 3.9) 
502 (the blue curve in Fig. 3.9) 

Table 3-3 Value of parameters in path length comparison. 

Condition 
Value of parameter 

h1 h2 h3 h4 h5 

Case 1: Green curve 0 4 15.36 18 20.1 

Case 2: Blue curve 0 3 10 15 20.1 

Case 3: Red curve (optimized) 0 2.28 15.36 17.82 20.1 

3.3.3 Separation of path and time: Arc-length parameterization 

The idea of event-based planning proposed by T. Tarn and N. Xi [28] opened 
a door to the field of non-time-based planning. In their works idea of individual 

  

Fig. 3.9 Comparison of path length of climbing up motion. 
 (The start, end and mid-points are marked by circles) 



35 
 
 

planning for path and time profile is provided, but unfortunately no specific 
methods of separation between path and time profile was given. 

In order to realize non-time-based planning, we refer to the approach discussed 
in [33] and [34], arc-length parameterization, and bring this idea into application 
[24]. The essential idea of arc-length parameterization is to substitute the variable 
in former planning, say t, to arc-length s here. However, this substitution requires 
the condition that s must be the real path length, and its calculation is shown below. 
Let γ:[0, 1]→R3 be a smooth curve denoted by 

 ( ) ( ( ), ( ), ( ))t x t y t z tγ , (3.21) 

where ]1,0[t  is an arbitrary parameter. The arc-length of γ satisfies 

 2 2 2

0
( ) ( ) ( ) ( )

t
s t x y z d        . (3.22) 

When t=s, namely, the parameter t is adapted as the arc- length parameter of γ, then  

 2 2 2( ) ( ) ( ) 1x s y s z s      (3.23) 

should be satisfied. It is well known that the arc-length parameterization for cubic 
spline curves cannot be expressed as a combination of elementary functions, 
however can be evaluated numerically. In fact, the numerical solution for inverse 
function t=t(s) of s(t) can be obtained, hence we have curve γ(t(s)) with the arc-
length parameter s [33]. After introducing arc-length parameter s, we obtain the 
new curve 

 ( ) ( ( ), ( ), ( ))s x s y s z sγ    , (3.24) 

with the arc-length parameter 

 1[ , ], 0,1,..., 1j js s s j m   , (3.25) 

 2 3( ) ( ) ( ) ( )j xj xj j xj j xj jx s a b s s c s s d s s          , (3.26) 

 2 3( ) ( ) ( ) ( )j yj yj j yj j yj jy s a b s s c s s d s s          , (3.27) 
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 2 3( ) ( ) ( ) ( )j zj zj j zj j zj jz s a b s s c s s d s s         , (3.28) 

where j=0, 1, 2, …, m-1. And 

 2 2 2| ( ) | ( ) ( ) ( ) 1s x s y s z s   γ        (3.29) 

is satisfied. 

3.3.4 Time profile planning 

After path planning and arc-length parameterization, free time profile planning 
becomes available because the separation of path and time profile comes from arc-
length parameterization and it ensures that path will always stay the same, no matter 
how we change the time planning s(t), making it convenient for us to freely choose 
the desired time profile. 

Excessive acceleration or deceleration would be harmful to motors in robots’ 
joints and thus should be avoided. Viewing from this aspect, the ideal motion plan 
with least burden to the motor is that the robot should start moving without or with 
slight initial velocity and acceleration, accelerate gradually until it reaches desired 
speed, slow down gradually when it gets close to the terminal point and stops 
without or with slight deceleration as well in the end. To satisfy this plan, we choose 
the following “s-shaped” piecewise function 

 
2

1

1 2
2

2

, 0

( ) ,

( ) ,f f f

at t t

s t bt c t t t

s a t t t t t

  
   
    

 (3.30) 

as the time planning. Three parts refer to acceleration period, constant speed period 
and deceleration period, where t1 is the terminal time for acceleration period, t2 is 
the initial time for deceleration period, tf is the total time of whole motion and 
sf=s(tf) denotes the total path length traveled. Coefficients a, b and c are all 
constants. Note that t here infers time and it is different from the meaning in path 
planning and spline interpolation.  

To realize minimized burden of motors, our time planning should satisfy the 
following conditions: (i) Path length s(t) should always be continuous; (ii) Speed 

𝑠ሶሺ𝑡ሻ should always be continuous. According to these 2 conditions, a, b and c can 
be calculated as below: 
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An example of the time profile s(t) designed for our robot and applied in 
experiments is depicted in Fig. 3.10. 

Finally, combining time planning (3.30) with path planning (3.24), we have a 
complete trajectory planning: 

 ( ) ( ( ), ( ), ( ))t x t y t z tγ . (3.34) 

And Fig. 3.11 shows the generated end-effector trajectory of climbing up motion 
in 3D space with time profile in Fig. 3.10. In the figure black dots are plotted for 
each 0.01s and the origin is the root of the limb where the end-effector is attached. 
It is not difficult to find that the closer it is to the start and end point of trajectory 
the denser black dots become and in the middle part of trajectory interval of dots 
stays almost the same. This feature exactly coincides with time profile of (3.30). 

  
Fig. 3.10 The curve of time profile designed for the robot. 
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Fig. 3.11 Trajectory of end-effector for climbing up motion in 3D space. 

All coordinates are the distance from origin to end-effector. 
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3.4 Body trajectory planning 

In the former sections, gaits of the climbing and end-effector trajectory 
planning are introduced and discussed in detail. To obtain whole-body motion 
planning, the only missing piece of puzzle is trajectory planning of the body.  

3.4.1 Background: Stability analysis 

In Section 3.2, typical gaits of ladder climbing for a four-limbed robot are 
explained. Calling back the main features of 3-point and 2-point contact climbing, 
it has been concluded that 3-point contact climbing is much easier to keep stability 
but slower with more steps required, while 2-point contact climbing is much faster 
but may be unstable and requires stabilization methods. Therefore, before going 
through the details of body trajectory planning of the robot, stability conditions 
will be given first as the base and stability must be considered for whole-body 
motion planning in 2-point contact climbing gait. 

In fact, stability of ladder climbing did not draw sufficient attention in previous 
researches, because 3-point contact climbing suffices to guarantee stability for a 
four-limbed robot on a ladder for most of common circumstances. Specifically, the 
robot on a ladder would keep stable in 3-point contact climbing unless the robot 
takes an extremely acrobatic posture that the projection of CoM of the robot goes 
beyond the range of polygon formed by contact points. Take HRP-2 and robot 
climbers developed by Honda R&D as instances, they climbed ladders only in 3-
point contact climbing gait, only a simple static stability condition is given for 
HRP-2 [20] and stability judgement based on CoM feasible region is given for 
robots of Honda [21]. 

However, it is completely different for 2-point contact climbing. For Gorilla-
III developed by Fukuda et al. 2-point contact climbing was realized and 
discussions about its stability are given in [17] and [18], with single-mass model 
used for robot model. In their stability analysis, the sum of moment (including 
gravitational moment and external force moment) around AoY (Axis of Yawing, 
an axis connecting 2 contact points between the robot and ladder) is calculated. it 
is concluded that if it is zero, then there will be no rotation around AoY, and stable 
climbing of the robot can be realized. Though illuminative this idea is, 
unfortunately it and other previous studies have their limits since they used single-
mass model for the robot climber. For robots with mass distribution that is not 
concentrated on its body and long limbs that may cause CoM of the robot changes 
drastically with the change of robot posture, model error might be too big to be 
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ignored while calculating gravitational moment, a significantly influential factor 
to stability in ladder climbing. As a matter of fact, WAREC-1 is exactly the case 
and its data of mass distribution and length data are listed in Table 3-4.  

Table 3-4 Mass distribution and length data of WAREC-1. 

 Mass kg Length mm 

One limb 33 1098 

Body 23 546 

WAREC-1 155 2742 (fully stretched) 

 

 
Fig. 3.12 Illustration of WAREC-1 on a ladder. 
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Apparently, single-mass model lacks reliability if applied to WAREC-1. To 
solve this issue, in this thesis multi-mass model is chosen for stability analysis. 
Due to the limit of joint angles, trot gait with 2 limbs on different sides moves at 
the same time is not within the scope of this thesis and only pace gait is chosen. 
Stability conditions of ladder climbing in multi-mass model to be proposed will be 
applicable to not only WAREC-1, but also a wider range of legged robots for ladder 
climbing. 

Fig. 3.12 shows a situation of WAREC-1 climbing a ladder with 2-point contact. 
In this thesis, the “origin” is defined as the contact point between the foot on ladder 
and rung of the ladder. If both of 2 feet are on the ladder, then the contact point of 
right foot will be the origin.  

It has been introduced that stable ladder climbing should guarantee that there 
is no rotation of robot during climbing motion, of which the idea is originated from 
the studies of Gorilla-III [17]. Therefore, the stability conditions of WAREC-1 can 
be given as 

 0g ext= + M M M , (3.35) 

   0g extAoY
= + M R M M , (3.36) 

where 

 
1 0 0

0 cos sin

0 sin cos
  

 

 
   
  

R , (3.37) 

 = ( × )g i i
i

mM r g , (3.38) 

 = +ext hand footM M M , (3.39) 

 = ×hand hand handM r F , (3.40) 

 = ×foot foot footM r F . (3.41) 

The definition of variables can be seen in Table 3-5. Equation (3.35) and (3.36) 
express the equilibrium of moment around the origin and AoY, respectively.  
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Table 3-5 Explanation of variables. 

Variable Explanation 

∑M Total sum of moment around the origin of the robot 

∑MAoY Total sum of moment around AoY 

Mg Total sum of gravity moment 

Mext 
Total sum of external force (force at contact points between 

the robot and ladder) moment 

θ Inclination angle of AoY 

Rθ Rotational matrix of θ 

i  
Number of the link in the robot (the body of robot is also 

included) 

ri Displacement vector from the origin to CoM of the ith link 

mi Mass of the ith link 

g Acceleration of gravity 

Mhand Moment of force at the supporting hand 

Mfoot Moment of force at the supporting foot 

rhand 
Displacement vector from the origin to contact point on the 

hand 

rfoot 
Displacement vector from the origin to contact point on the 

foot 

Fhand Total force at the supporting hand 

Ffoot Total force at the supporting foot 

In this way, (3.35) and (3.36) can be written as 

 ( × ) × × 0,i i hand hand foot foot
i

= m +   M r g r F r F  (3.42) 

 ( × ) × × 0.i i hand hand foot footAoY
i

= m +
 

  
 

 M R r g r F r F  (3.43) 

3.4.2 Body trajectory in different climbing gaits 

Stability conditions (3.42) and (3.43) reveal that the equilibrium of moment is 
maintained by the balance of gravity moment Mg and reaction force moment Mext, 
with sufficient Mext to cancel current Mg. Therefore, there are 2 major methods to 
keep stability for moments: (i) Reduce Mg to a level that Mext can cancel it; (ii) 
Increase Mext (which are actually Mhand and Mfoot) around the contact points to 
make it sufficient to cancel Mg. The former can be realized by the motion planning, 
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thus is introduced in this chapter. As for the latter, it requires feedback of force 
sensor and therefore will be introduced in the next chapter.  

Considering the stability conditions described above, the body trajectory in 
ladder climbing motion can be divided into 2 cases depending on climbing gaits: 

Case1: For 3-point contact climbing, the body of robot moves only vertically 
in a constant speed, with the distance of a rung interval that synchronizes the speed 
of end-effectors so that the move of body and end-effectors starts and stops at the 
same time. As is explained, since 3-point contact climbing gait requires more steps 
to climb up or down a rung and stability is much easier to be maintained, body 
trajectory in this case only involves change of coordinate in Z-axis. In another 
word, take Fig. 3.4 as instance, the body of robot moves up/down with the distance 
of 1/4 of rung interval for each step, and finally moves up/down exactly with one 
rung interval so that the robot can be brought back to the initial state before the 
ladder climbing and start another climbing cycle.  

Case 2: For 2-point contact climbing, the body of robot moves in either Z-axis 
and X-axis, since for pace gait the gravity moment will be much bigger around 
AoY and horizontal move of the body can greatly reduce it. To reduce Mg 
significantly, the robot climber takes whole-body movement instead of partial 
movement. Since this thesis only discusses pace gait for 2-point contact ladder 
climbing, moving the body horizontally to reduce ri in (3.38) is chosen as an 
effective and rather easier solution to reduce gravity moment around the origin and 
along AoY.  

Specifically, body move of the robot continues until the CoM of the robot in 
Y-axis (set as ybody) is exact at the middle of that for supporting hand (set as yhand) 
and foot (set as yfoot), which can be written as ybody=(yhand+yfoot)/2. Especially, in this 
thesis for the simplicity yhand=yfoot satisfies in pace gait, and thus the body moves 
until yhand=yfoot=ybody, with CoM of the robot and contact points between the robot 
and ladder form a plane that is parallel to XoZ plane. A similar method was 
proposed by Ishiguro et al. [45] that the body of robot swings tracking the planned 
CoM trajectory, but it was not intended and planned for reducing gravity moment 
around the contact points, and only simulation results of a small-sized robot were 
provided.  
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3.5 Whole-body motion planning 

Summarizing the former sections in this chapter, whole-body motion planning 
in this thesis can be concluded by Fig. 3.4 for 3-point contact gait and Fig. 3.13 for 
2-point contact gait.  

3.6 Kinematics 

As is well known, kinematics is indispensable to realize motion planning of 
robot in both simulation and reality. In this section forward and inverse kinematics 
and their applications are detailly presented as the base of motion generation. 

Fig. 3.13 Phases of whole-body motion planning for pace gaits [36]. 
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3.6.1 Forward kinematics 

To begin with, the definition of coordinate system is depicted in Fig. 3.14. The 
red arrows refer +X axis direction, green arrows refer +Y and blue arrows refer +Z, 
which is applicable to not only the robot itself but also all joints in the robot. To 

  

Fig. 3.14 Coordination system of WAREC-1. 
Red arrow: +X; Green arrow: +Y; Blue arrow: +Z. 
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avoid gimbal lock and discontinuity of interpolation in motion generation, in this 
thesis we choose quaternion [37] to express orientation in forward kinematics. Take 
Axis-angle, a method of orientation presentation illustrated in Fig. 3.15 as 
reference,3-dimensional vector e=(ex, ey, ez) denotes the rotational axis and scalar θ 
denotes the amount of rotation along e.Then the orientation in Fig. 3.15 can be 
expressed by the quaternion q(x, y, z, w) as the following equation with its norm 
equals 1. 
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q , (3.44) 

where i, j and k are all unit imaginary with features below 

 2 2 2 2 1i j k l     , (3.45) 

  

Fig. 3.15 Orientation presentation by Axis-angle ([35], [36]). 
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 , ,j k jk i ki j   , (3.46) 

 1ijk   , (3.47) 

and a unit quaternion has the following feature 

 1 ( , , , )x y z w     q q , (3.48) 

The point p(x,y,z,0) with rotation of quaternion q can be given by 

 1 1 p qpq . (3.49) 

With expressions above, interpolation between orientation q1 and q2 are given by 

 1 2

sin(1 ) sin( )

sin sin

t t 
 


   q q q , (3.50) 

where 

 1
1 2cos ( )  q q . (3.51) 

Moreover, considering that the norm of quaternion is always 1 and 4 variables 
(x,y,z,w) are not independent to each other and thus cannot be utilized in the 
calculation of Jacobian, conversion of logarithm quaternion [38] is applied. In the 
expression of logarithm quaternion lnq=(xl,yl,zl) can be converted from quaternion 
q(x,y,z,w) in the following expression 

 1cos ( )lx x w , (3.52) 

 1cos ( )ly y w , (3.53) 

 1cos ( )lz z w . (3.54) 

Having stablished the basic representations about position and orientation above, 
forward kinematics can be calculated in the steps below. To begin with, all variables 
used in forward kinematics are defined in Table 3-6. And the position and 
orientation of each link can be given by 
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 1 1i i i b q a , (3.55) 

 1 1 1( , )i i i i  q p b q , (3.56) 

 1 1 1i i i i   r q l r . (3.57) 

Finally, forward kinematics can be given by rn and qn, respectively. 

Table 3-6 Explanation of variables related to quaternion. 

Variable Explanation 

n Total number of joint in one limb (for WAREC-1, n=7) 

i The number of joint, counting from the root of limb to the end 

θi Angle of the ith joint 

li Vector of the ith link for “origin posture” in Fig. 3.14 

qi Quaternion that shows rotation of the ith link 

ri Vector from the root of limb to the end of the ith link 

ai 
Unit vector along the rotation axis of the ith joint for “origin 

posture” 

bi Unit vector along the rotation axis of the ith joint 

p(θ,v) 
Quaternion that shows the rotation with axis vector v and 

angle θ 

3.6.2 Inverse kinematics 

   In this thesis inverse kinematics based on Jacobian is mainly implemented. The 
following introduces the basics of Jacobian and its related applications first. After 
that, details about actual calculation in the computer based on the theories are also 
given. The detail results and their proofs about inverse kinematics can be found in 
the Appendix B. 

Let 𝐱 ൌ ሺ𝑥ଵ,  𝑥ଶ, … ,  𝑥௠ሻ் ∈ 𝐑௠  denote the configuration vector, and  𝛉 ൌ
ሺ𝜃ଵ, 𝜃ଶ, … , 𝜃௡ሻ் ∈ 𝐑௡ denote the joint angle vector, then we have 

 ( )fx θ . (3.58) 

From (3.58), we get 

 ( )x J θ θ , (3.59) 
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where 𝐉ሺ𝜽ሻ ൌ డ௙ሺ𝛉ሻ

డ𝛉೅  denotes the m×n (m≤n) Jacobian matrix and 𝛉ሶ  denotes 

angular velocity of joint. When rank(J)=m, we want to solve the following 

problem 

 2min | |θ , subject to ( )x  J θ θ , (3.60) 

and from (3.60) we have 

 θ J x  , (3.61) 

where J+=JT(JJT)-1 denotes the pseudo-inverse of J. Especially, when m=n and J 
is an invertible matrix, then we have J+=JT(JJT)-1=J-1. Namely, in this case, the 
pseudo-inverse J+ is exactly the inverse J-1. 

In order to carry out a number of tasks such as avoid obstacles and so on at the 
same time as the robot moves, we need the following: 

Proposition. The velocity of the joint angle can be expressed as 

 + +( )  θ J x I J J ξ  , (3.62) 

where ξ is an arbitrary n-dimensional vector.   

Remark. Taking 
( )

=k



θ
ξ

θ
, where k is a constant and ψ(θ) is a cost function of 

θ, we can consider the obstacle avoidance problem. In details, by setting θo as the 
point ones hope to avoid and choosing 

 T1
( ) ( ) ( ) ( , )

2 o o od    θ θ θ W θ θ θ θ  (3.63) 

as the distance function measuring θ and θo, where W is a diagonal matrix with 
positive diagonal entries. Thus, by using 

 
( )

( )k
  

   


θ
θ J x I J J

θ
  , (3.64) 

where k > 0, we can get the maximum of ψ(θ) so that the distance between θ and 
θo is far enough to avoid collision. 
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Remark. For the case of rank(Jm×n) < min{m, n}, we need to solve 

 2 2min{| | | | } x Jθ θ  , (3.65) 

where λ≠0 is a real number. The solution of (3.65) gives 

 2( )T T θ J J I J x  , (3.66) 

where I denotes an identity matrix. 
To adapt to ladders with different scales and specifications, such as rung 

distances and side pole distances, position-based control is utilized in our robot. It 
is also effective in compensating the error caused by deformation between ladder 
and the robot. Consequently, joint angles should be given to control end-effectors 
of the robot to the desired position in space, and inverse kinematics is necessary to 
convert generated trajectory into joint angles. 

In this thesis, taking advantage of redundant DoF, 7-DoF inverse kinematics 
combined with pseudo-inverse Jacobian is used to calculate the joint angles of the 
robot. Inverse kinematics in this form enables multiple tasks. Here, the first task is 
the trajectory tracking of end-effector and the second task is target posture of end-
effector to avoid self-collision caused by going beyond the movable range of  
angle for each joint. The specific equation with pseudo-inverse Jacobian is shown 
as 

 + +
1 2 2 2( - )[ ( - )]d d  θ J x I J J x H x x   , (3.67) 

where 7 1θ θ  denotes angular velocity of joints, 6 1
1 1

x x  denotes velocity of 
end-effector, H=H7×7 denotes a diagonal gain matrix showing the error between 
desired and real target posture. 7 1

2 2d d
x x  denotes desired target posture in the 

second task, 7 1
2 2

x x denotes real posture for the second task, I=I7×7 denotes an 
identity matrix, J=J6×7 denotes Jacobian and J=J+7×6 denotes pseudo-inverse 
Jacobian. While trajectory can be converted into joints angles, we can give 
appropriate target posture x2d to get rid of self-collision at the same time [39].  

As for the actual process in the computer, detailed ideas and calculation are 
shown below: The inverse kinematics problem for robot that has 7 DoF for one 
limb like WAREC-1 is the problem of finding 2 points in 7 DoF joint angle space 
that can be mapped from 2 points in 6 DoF configuration space consists of 
information of position (in 3 variables) and orientation (in 3 variables). Note that 
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both joint angle and configuration space has discontinuous sections. For joint angle 
space there is the constraint of joint angle limits and for configuration space there 
are constraints of accessible range and avoidance of self-collision.  

Actual numerical solution for inverse kinetics to solve joint angles that satisfies 
desired position and orientation of the end-effector has various types. The author 
used to choose a method of the most basic one that obtains desired trajectory by 
interpolation, samples the trajectory for each small “step” and calculate the 
difference of joint angles for the calculation of Jacobian. However, the 
shortcomings of this method are that (i) Division of the trajectory to many small 
sections are necessary; (ii) It is difficult to calculate with multiple initial conditions 
and (iii) The error in numerical solution accumulates. Therefore, we improved the 
approach and applied Newton-Raphson method to inverse kinematics expressed as 
non-linear equations shown below 

 ( ) ( )e t x θ x x θ 0 , (3.68) 

where θ is the present joint angle vector to be updated, x is the present configuration 
vector to be updated, xt is the target configuration vector and xe is the error between 
the latter two. With 
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x , (3.69) 

where x, y and z are coordinates of the end-effector and xl, yl and zl are the 
components of logarithm quaternion, inverse kinematics expressed in (3.59) can 
be solved in the following steps: 

1) Determine initial joint angles as the initial condition. In most of the cases they 
are exactly the present joint angles of the robot. 

2) Solve configuration vector x(θ) by forward kinematics with given joint angle 
vector θ to be updated. Then obtain error xe by (3.59). 

3) Obtain numerical solution of Jacobian. Specifically, set scalar h as a very small 
value and solve numerical partial differential of a function f(t) by 
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 ( ) ( ( ) ( )) / 2f t f t h f t h h    . (3.70) 

With (3.59), elements in the desired Jacobian can be obtained. 
4) Update joint angle the following 2 equations 

 1 1( )T T
e

  θ W J JW J x , (3.71) 

 ( ) ( ) ( )t t t t t    θ θ θ , (3.72) 

where W is a weight matrix, t is the present time and Δt is the time elapsed 
during the section of updating joint angles. 

5) Judge convergence. Set a threshold xeth and check whether xe is smaller than 
this threshold. If it is, end update of joint angles. If xe cannot converge after 
update back to step “2)” then calculate again. Calculation will be ended if xe 
cannot converge after certain times of update (10000 in our case). 

The update law above has the merits of: 

1) Reducing error of joint angles in each “step” to the level that can be set freely; 
2) Since this method interpolates joint angles instead of configuration to make 

end-effector reach the desired configuration, there is no need to consider the 
continuity of the path. 

3.7 Experiments in simulation 

3.7.1 Conditions 

To verify the validity of our climbing motion generation system 
comprehensively, experiments of the four-limbed robot “WAREC-1” in simulation 
was made. Specific conditions of the simulator (the same for all other simulations 
in the following chapters) as well as the ladder and ladder climbing gait in 
simulation can be seen in Table 3-7. 

3.7.2 Results 

As the integration of all contents this chapter, Fig. 3.16 and Fig. 3.17 show the 
snapshots of the ladder climbing in both 3-point contact and 2-point contact gait, 
verifying successful ladder climbing motion is generated for both 2 cases in the 
simulation. 
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Table 3-7 Conditions of simulation. 

Term Explanation/Value 

Operating System 
of PC 

Ubuntu (Linux) 

Simulator Gazebo 

Middleware ROS (Robot Operation System) 

Gaits of ladder 
climbing 

Transverse (3-point contact) and 
pace (2-point contact) 

Rung interval mm 250 

Pole distance mm 600 
 

 

 

Fig. 3.16 Generated 3-point contact ladder climbing motion in simulator. 
 

Fig. 3.17 Generated 2-point contact ladder climbing motion in simulator. 
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3.7.3 Discussions 

With the simulation results presented above, the motion generation system 
proposed in this chapter has been validated that it is capable of generate 
appropriated motion for ladder climbing while obeying the spatial constraints and 
avoids troubles shown in Fig. 3.1. Note that in simulation we suppose that (i) All 
objects (the ladder and robot) are considered as rigid bodies; (ii) There is no error 
in position, orientation or force. However, these conditions may not be satisfied in 
reality, bringing our concern to the next chapter for the completion of this thesis. 

3.8 Summary 

This chapter describes motion planning and motion generation of ladder 
climbing that consists of (i) Climbing gaits (ii) End-effector trajectory planning 
and (iii) Body trajectory planning.  

For climbing gaits, basic gaits are introduced because motion planning starts 
first with the decision of gaits. For end-effector trajectory planning, basic ladder 
climbing motion planning method used in this thesis is explained: path-time 
independent trajectory planning. This method is realized by arc-length 
parameterization and the combination of this method with ladder climbing enables 
free speed adjustment (i.e., time profile) without bringing influence to planned path, 
and this point is particularly significant for ladder climbing because of constraints 
of path to avoid unexpected collision with ladder rungs and constraints of end 
position of trajectory to guarantee appropriate and accurate contact with rungs. In 
addition, minimization of path length to be travelled for end-effector is also 
available if necessary and feasible, realizing the reduction of total time spent in 
ladder climbing. For body trajectory planning, different strategies are chosen 
according to different gaits and finally the pattern of whole-body motion planning 
are presented. 

Afterwards, both forward and inverse kinematics are introduced specifically 
for the base of motion generation of the robot. Basic definitions for position and 
orientation for WARCE-1 are given as the base of quantitative calculation in the 
following chapters first. Forward kinematics with quaternion as the orientation 
presentation is presented and inverse kinematics based on Jacobian and update law 
of Newton-Raphson are mainly utilized in this thesis as fundamental kinematics.  

Finally, experiment results in simulation are given. Based on the features of 
motion generation methods in this thesis, functions that could be used in real 
situation are developed and verified, such as self-collision avoidance by the 
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utilization of redundant DoF and reverse function of motion in the case of 
unexpected collision, wrong planning, motion generation and so on.  
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Chapter 4. Sensor feedback systems 

4.1 Background and introduction 

In the last chapter, planning and generation of appropriate motion customized 
for ladder climbing of the robots developed are presented and ladder climbing is 
realized in simulation. Unfortunately, similar to multi-legged robot walking, 
motion planning alone does not suffice stability in climbing motion in the following 
points: 

1) Reaction force distribution at contact points: As is mentioned in Section 3.4.1 
as well as former study [21], the bias of reaction force at contact point may 
cause unstable states that robot rotates around either one of the contact point 
while climbing in 2-point contact gaits. And the robot keeps stable only if the 
bias of reaction force is reduced to a level that suffices equilibrium of moment 
around both 2 contact points. 

2) Recognition of ladder rungs. Ladders in this world differ from each other in 
different standards, such as JIS and MIL. So far there is no ladder climbing 
robot claimed to be capable of climbing a ladder with unknown specification, 
especially for unknown rung interval, the crucial parameter that determines the 
start and end point of end-effector trajectory and eventually influences whole-
body motion of the robot. However, in the environment where there is no one 
around the robot, the rung interval must be obtained somehow by the robot 
itself to perform successful and stable ladder climbing; In addition, besides the 
change in rung interval rungs of the ladder may also be inclined due to the 
damage in disaster situations. Therefore, recognition of ladder rungs for not 
only position but also orientation is required to realize truly stable ladder 
climbing in this thesis. 

Therefore, taking 2 major issues given above into consideration, sensor feedback 
systems below are developed and utilized in this thesis:  

1) Force/torque sensor feedback system to measure and reduce the bias of reaction 
force at contact points as the solution to the former issue. 

2) Proximity sensor feedback system for measuring relative distance and 
orientation between the end-effectors and rungs as the solution to the ladder 
issue. 

In the following sections of this chapter, (i) The introduction of each system, 
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(ii) The mechanism of each system, (iii) The application of each system and (iv) 
The integration of these 2 sensor feedback systems with motion planning in Chap. 
2 will be detailly explained and their validity will be verified in experiments. 

4.2 Force sensor feedback control 

4.2.1 Overview 

So far, the systems and methods of creating and realizing climbing motion as 
well as sensor feedback control for guaranteeing appropriate contact between the 
robot and ladder are proposed and verified. However, unfortunately as Section 3.4.1 
explains, they are still not sufficient for stable ladder climbing, especially for the 
case of 2-point contact ladder climbing for human-sized robots that requires certain 
conditions that keeps the equilibrium of moment around contact points. Therefore, 
in this section force sensor feedback control in pace gait is introduced so that 
besides the stable motion in 3-point contact gaits, stable ladder climbing in 2-point 
contact gait also becomes available as an option when required, especially for cases 
that 3-point contact climbing is not fast enough to meet the requirement. In the 
former studies, although Gorilla-III [17] realized ladder climbing in both pace and 
trot gait, but it is a pity that Gorilla-III is a little bit small (with the height of 1.0m 
and weight of 22kg) to be called a human-sized robot. And as for human-sized 
robots in ladder climbing in recent years, ladder climbers such as HRP-2 [20] and 
the robot of Honda R&D [21] only climbed the ladder in 3-point contact gait. Thus, 
it is necessary to propose a complete system to guarantee stable 2-point contact 
ladder climbing for a human-sized robot.  

Recalling the stability analysis and stability conditions (3.42) and (3.43) in 
Section 3.4.1 and motion planning of the body to reduce gravity moment described 
in Section 3.4.2, although horizontal body move does make it easier for the robot 
to stay stable in ladder climbing, there still must be sufficient external force moment 
Mext to cancel Mg. In the case that Mext is not big enough, reaction force on 
hand/foot contacting the ladder can be adjusted to increase Mext. Detailly, if the 
external force on either contact point is too small, it is not hard to imagine that 
rotation of the robot may occur around the other contact point.  

Looking back to Fig. 3.12, the state that the robot only has 2 contact points with 
the ladder: Supporting hand and supporting foot. Note that end-effectors are 
simplified as points in this thesis. Therefore, there are possibility of rotation for the 
robot around either one contact point. The solution of body motion planning has 
been described, and here another solution of reaction force control is introduced. 
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The idea is simply: if moment of reaction force at hand (Mhand) or foot (Mfoot) is too 
small to maintain stability, then “push down” the corresponding end-effector to 
increase the reaction force and obtain reaction force moment sufficient for avoiding 
rotation of the robot. 

4.2.2 Sufficient stability conditions for reaction force norm 

Now the main concern is: How much force does it require to maintain stability 
without rotation around the contact points? The calculation of reaction force 
required at contact points is presented below: 
According to D’lemberts’ Principle, we have 

 0i hand foot i gi
i i

m m    g F F a , (4.1) 

where agi is the acceleration of the CoM of the ith link. The calculation of agi in 
(4.1) is shown in steps as follows. First, the angular velocity and angular 
acceleration of each joint can be given as: 

 1 1 1= +i+ i i+ i+ω ω s  , (4.2) 

 1 1 1 1 1 1= + + × ( )i+ i i+ i+ i+ i+ i+ ω ω s ω s   , (4.3) 

where ωi is the angular velocity, iω   is the angular acceleration, θi is the joint 
angle and si is the rotation axis vector of the ith joint.  

In this thesis, accumulation expressions like (4.2), (4.3) and others in this paper 
that will appear are only valid for the joints in the same limb (not including the 
body of robot). As for the numbering of joint in one limb, i starts with the number 
“1” at the root of the limb and increases one by one to the end-effector. Here, based 
on the definition of forward kinematics, si can be given as 

 ˆ=[ ( )]i i i i
i

θs R s , (4.4) 

where Ri(θi) and ˆis  are the rotational matrix and initial rotation axis of the ith joint: 
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s  (4.6) 

With (4.2) and (4.3) known, we can further solve the velocity and acceleration of 
each joint by Newton-Euler method [46] 

 +1 = + × +i i i i iv v ω l l , (4.7) 

 1 2 ( )i+ i i i i i i i i i= + + × + × + × ×a a l ω l ω l ω ω l  , (4.8) 

where li is the link vector of the link connecting the ith joint, denoted by 

 ˆ=[ ( )]i i i i
i

θl R l , (4.9) 

and ˆ
il  is the initial link vector of the corresponding link. According to (4.7) and 

(4.8), the velocity and acceleration at CoM of each link can also be given as the 
following equations 

 = + ×gi i i giv v ω l , (4.10) 

 2 ( )gi i gi i gi i gi i i gi= + + × + × + × ×a a l ω l ω l ω ω l       , (4.11) 

In this way, accelerations of the CoM of each link, agi, can be obtained. 
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Since the stability condition (3.43) can be satisfied as long as (3.42) holds, from 
(3.42) we have 

 ( )hand hand foot foot i i
i

m     r F r F r g , (4.12) 

and from (4.1), we have 

 ( )foot i gi hand
i

m   F g a F . (4.13) 

Substituting (4.13) into (4.12), we have 

 ( ( ) ) ( )hand hand foot i gi hand i i
i i

m m        r F r g a F r g , (4.14) 

 ( ) (( ) )hand foot hand foot i i foot i gi
i

m m      r r F r r g r a . (4.15) 

And the norm of both sides in (4.15) satisfies 

 ( ) (( ) )hand foot hand foot i i foot i gi
i

m m      r r F r r g r a . (4.16) 

Since 

 ( ) ( ) sinhand foot hand hand foot hand      r r F r r F , (4.17) 

where θ=<rhand- rfoot, Fhand>, with 

 |sin | 1  . (4.18) 

From (4.16) ~ (4.18) the following inequality satisfies 

 (( ) )hand foot hand foot i i foot i gi
i

m m      r r F r r g r a , (4.19) 

and the inequality about the norm of force at hand can be given as 

 
(( ) )foot i i foot i gi

i
hand

hand foot

m m   




 r r g r a

F
r r

. (4.20) 

In the same way we also have 
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 ( ) (( ) )foot hand foot hand i i hand i gi
i

m m      r r F r r g r a , (4.21) 

and  

 
(( ) )hand i i hand i gi

i
foot

foot hand

m m   




 r r g r a

F
r r

 (4.22) 

for calculating force required for the foot side.  
In addition, set the right side of (4.15) as the vector A, we also have 

 ( )hand foot hand    A r r F A A . (4.23) 

According to the property of triple product, (4.23) becomes 

  ( )hand foot hand    A r r F A A , (4.24) 

and taking the norm of the both sides of (4.24), we have 

   2
( )hand foot hand   A r r F A . (4.25) 

According to the definition of dot product of vectors,  

  ( ) ( ) coshand foot hand hand foot hand        A r r F A r r F  (4.26) 

satisfies, where φ=<A×(rhand - rfoot), Fhand>. 
Similarly, because  

 |cos | 1   (4.27) 

holds, then the following inequality also satisfies 

  2
( ) ( )hand foot hand hand foot hand       A A r r F A r r F , (4.28) 

which leads to another inequality of norm of force at hand: 
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2

(( ) )

(( ) ) ( )

foot i i foot i gi
i

hand

foot i i foot i gi hand foot
i

m m

m m

   


     





r r g r a

F

r r g r a r r

, (4.29) 

and the one for foot: 

 

2

(( ) )

(( ) ) ( )

hand i i hand i gi
i

foot

hand i i hand i gi foot hand
i

m m

m m

   


     





r r g r a

F

r r g r a r r

. (4.30) 

With (4.20), (4.22), (4.29) and (4.30) obtained, the sufficient conditions of the 
norm of reaction force for both 2 contact points can be given. It means that if at 
least one of (4.20), (4.22) and at least one of (4.29) and (4.30) are both satisfied, 
then the robot will not rotate on the ladder. In the case that they are not satisfied, 
then stability conditions for avoiding rotation (3.42) and (3.43) are checked. If 
(3.42) and (3.43) are not satisfied, then the robot is not stable and needs reaction 
force control to bring the robot back to stable states, which leads to the next section. 

4.2.3 Conditions and distribution of reaction force at contact points 

It has been explained and also verified by the former studies that bias of reaction 
force at contact points may lead to insufficient reaction force moment at contact 
points. Therefore, appropriate distribution of reaction force at 2 contact points 
besides the motion planning of the body to reduce gravity moment around the 
contact points is crucial to avoid rotation of the robot on the ladder.  

Here, set ybody as the coordinate of CoM of the robot in Y-axis, yori and zori as 
the coordinate of the origin in Y-axis and Z-axis, yhand and zhand as the coordinate of 
hand in Y-axis and Z-axis, yfoot and zfoot as the coordinate of foot in Y-axis and Z-
axis, respectively. Also, set Fhand=(Fhandx, Fhandy, Fhandz) and Ffoot=(Ffootx, Ffooty, Ffootz) 
as the reaction force on supporting hand and foot, respectively. According to the 
characteristic of gravity force that it always pointing the direction of -Z axis in this 
thesis, then we have the following calculation of moment in scalar:  

 
( ) ( ) ( )

( ) ( ) .

i ori i hand ori handy foot ori footyroll
i

hand ori handz foot ori footz

M y y m g z z F z z F

y y F y y F

        

     

 
 (4.31) 
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If the origin is set as the contact point at the supporting hand, then yori= yhand and 
zori= zhand, thus we have 

 
( ) ( )

( )

i hand i foot hand footyrollhand
i

foot hand footz

M y y m g z z F

y y F

     

  

 
 (4.32) 

as the total moment in Roll direction around the contact point at supporting hand. 
Similarly, we have 

 
( ) ( )

( ) .

i foot i hand foot handyrollfoot
i

hand foot handz

M y y m g z z F

y y F

     

  

 
 (4.33) 

Now it is clear that both (4.32) and (4.33) should be zero to avoid rotation in Roll 
direction and keep stable, otherwise rotation around either contact point may 
happen. Besides, from (4.1) we have 

 ghandz footz i i giz
i i

F F m m a    , (4.34) 

where agiz is the acceleration of the ith link in Z-axis, which means that the sum of 
reaction force in Z-axis for supporting hand and foot is calculable and the increase 
of either one directly leads to the decrease of the other one, proving that distribution 
of reaction force is significant to satisfy both (4.32) and (4.33). Also, assume that  

 handy handzF F  , (4.35) 

 footy footzF F   (4.36) 

are satisfied, where μ is the friction coefficient between the end-effectors and the 
ladder. Then (4.32) and (4.33) become 

( ) [( ) ( )]i hand i foot hand hand foot footzrollhand
i

M y y m g z z y y F         , (4.37) 

( ) [( ) ( )]i foot i foot hand hand foot handzrollfoot
i

M y y m g z z y y F         . (4.38) 

Let (4.37) and (4.38) be zero, then  
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 ( ) / [( ) ( ) ]handz i foot i hand foot hand foot
i

F y y m g y y z z        , (4.39) 

 ( ) / [( ) ( ) ]footz i hand i hand foot foot hand
i

F y y m g y y z z         (4.40) 

satisfy, which are the minimal target value of reaction force in Z-axis for hand and 
foot. Therefore, the best distribution of reaction force in Z-axis between Fhandz and 
Ffootz can be given as 

 
( )

( ) ( )

( ) ( ) ( )

i foot
hand foot hand foothandz i

footz i hand hand foot foot hand
i

y y
y y z zF

F y y y y z z




    
 

    




. (4.41) 

The problem of (4.41) is that friction coefficient μ has to be known to calculate the 
best distribution between Fhandz and Ffootz. However, it may not be practical to obtain 
μ in application. Taking this point into consideration, in this thesis we set yhand = yfoot 
in 2-point contact ladder climbing. Now we have 

 1handz

footz

F

F
  (4.42) 

from (4.41), which is exactly Fhandz = Ffootz, an equation that is not related to μ. 
In the real application, it is desirable to satisfy the following condition: 

 footz handz tolF F F  , (4.43) 

where Ftol is the tolerance of the difference of forces that satisfies stability 
conditions between supporting hand and foot, which is expected to exist inevitably 
due to the noise of force/torque sensors, response delay of force control and so on. 
In this thesis Ftol is set to be different values according to different situations. 
Specifically, if the reaction force in Z-axis of the to-be supporting hand/foot is not 
sufficient to satisfy (4.43), then force control for the corresponding hand/foot acts 
until Fhandz and Ffootz get close enough to satisfy (4.43). 

In this thesis, among various types of force controller, we choose PID controller 
of reaction force with respect to end-effector position in Z-axis to control the force 
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at contact point of hand and foot. This is because (i) PID controller in this thesis is 
free from the position error caused by deformation, which will be discussed in the 
Section 4.3; (ii) PID controller is simple and easy to adjust. The specific equation 
of PID controller is given as: 

 ( )
( ) ( ) z zd

z p z zd i z zd d

d F F
r K F F K F F dt K

dt


      . (4.44) 

And the definition of variables in (4.44) is listed in Table 4-1. In summary, the flow 
of reaction force controller for 2-point contact ladder climbing is depicted in Fig. 
4.1. 

 
Fig. 4.1 Flowchart of reaction force feedback to maintain stability. 
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Table 4-1 Definition of variables. 

Variable Definition 

Δrz 
Modification amount of position in Z-axis 
required for the corresponding end-effector 

Kp Proportional gain 

Ki Integral gain 

Kd Derivative gain 

Fz Current value of reaction force in Z-axis 

Fzd Desired value of reaction force in Z-axis 

4.2.4 Experiment: Comparison  

4.2.4.1 Conditions 

In this section, results of comparative experiment performed by WAREC-1 are 
presented to validate whether feedback control of reaction force is contributive to 
enhancing stability of ladder climbing in 2-point contact gait or not. Conditions of 
the experiment are listed in Table 4-2.  

Table 4-2 Conditions in Experiment 1. 

Condition Value 

Rung distance mm 250 

Pole distance mm 600 

Ftol for 2-point contact state N 100 

Initial force for left hand N 
(lifted on the air on purpose) 

0 

Time for 1 climb motion s 10 

Time for idling s 
(inputing command) 

6 

Total time s 26 

Both 2 cases with and without reaction force feedback controller are shown as 
comparison. Note that in this comparative experiment the initial force at left hand 
is zero because it is lifted on the air initially on purpose to create bias of the reaction 
force between supporting hand and foot in 2-point contact ladder climbing. 
Moreover, for the avoidance of complexity, horizontal move of body is omitted 
here. 
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4.2.4.2 Results 

Snapshots of comparative experiments can be seen in Fig. 4.2 and Fig. 4.3,  
reaction force data at hands and feet of WAREC-1 are illustrated in Fig. 4.4 and 
Fig. 4.5, respectively. For the case with PID reaction force feedback controller the 
climbing was successful, but for the case without the robot rotated and the climbing 
motion failed with the rotation of the robot in Roll direction. 

4.2.4.3 Discussions 

Focusing on force data in Z-axis presented in Fig. 4.4 and Fig. 4.5, averaging 
by PID controller of reaction force worked well with marks of the red ellipses in 
Fig. 4.4, It was confirmed that the biggest bias of force in Z-axis between the 
supporting hand and foot was less than 100N, which completely satisfied the 
condition of (4.9). However, for the case without PID reaction force feedback 
controller, the bias of reaction force in Z-axis remained, and when t=8s the climbing 
failed.  

According to the calculation of required force in Z-axis given in the previous 
sections, there should be approximately at least 352N in Z-axis for the left hand to 
maintain stability, while at the moment of t=8s this condition was no longer 
satisfied. However, it should be noted that there was actually error between the 
calculated required force in Z-axis for the left hand and the real reaction force data 
measured. The reason may be (i) The error of calculation; (ii) The error of 
force/torque sensor and other factors. 
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Fig. 4.2 2-point contact ladder climbing by WAREC-1: Successful. 

 (with PID reaction force controller) 
 

 

Fig. 4.3 2-point contact ladder climbing by WAREC-1: Failed. 
 (without any reaction force feedback control) 
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Fig. 4.4 Reaction force in Z-axis measured in 2-point contact ladder climbing. 

(with PID reaction force controller). 

 
Fig. 4.5 Reaction force in Z-axis measured in 2-point contact ladder climbing. 

(without any force feedback control) 
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4.3 Proximity sensor feedback system 

Due to the size and weight of WAREC-1, error of position and orientation in 
ladder climbing mainly caused by the deformation of robot as well as ladder and 
other factors appears inevitably. Although end-effector design in Fig. 2.3 enables 
error absorption within a certain range ,which is up to the width of hook and groove 
part in Fig. 4.6, the error existing in ladder climbing still may be too big to be fully 
cancelled by mechanical “compliance” for end-effector and causes failure in ladder 
climbing. Fig. 4.7 shows typical cases of unsuccessful grabs of rungs that may 
directly result in failure of ladder climbing. Moreover, this error is complicated, for 
it may be the mixture of position and orientation and its amount varies for different 
postures of the robot.  

Among the previous studies, Yoneda et al. proposed a recovery motion model 
for Gorilla-III in the case that the grip of ladder rungs fails, with the judgement of 
success/failure of grip by output of voltage of the motor in joint [17]. Unfortunately, 
although it did work with failed contact of the case shown in Fig. 4.2(b), it could 
neither solve other cases of Fig. 4.2(a) and Fig. 4.2(c) nor correct the wrong contact 
quantitatively, let along with the recognition of rung with variable specifications. 

Table 4-3 Comarison of sensor options. 

Features 

Proximity sensor: 

VL6180X [42] 
LRF:  

Ubg-04lx-f01 [43] 

Depth camera: 

Pico flex [44] 

 

Size mm 18 × 13 × 2 70 × 60 × 60 68 × 17 × 7.35 

Measurable range 

mm 
0~150 60~4000 100~4000 

Accuracy ±3% ±1% ±1% 

FoV 

(Field of View) °

±12.5 (horizontal 

and vertical) 
±120 (horizontal) 

±31 (horizontal) × 

±22.5 (vertical) 

Mechanism 
ToF  

(Time of Flight) 

LBS  

(Laser Beam Section)

ToF 

(Time of Flight) 
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Fig. 4.6 Width of hook and groove on the end-effector. 

   

     (a) Too far away       (b) Not enough    (c) Incorrect orientation 
Fig. 4.7 Typical cases of failed grab of rungs. 

Side poles are omitted for better look. 
 

 

Fig. 4.8 Proximity sensor VL6180X [42]. 
 

 
Fig. 4.9 System configuration of proximity sensors. 
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Consequently, to deal with this issue we developed an environment (rung) 
recognition system composed by proximity sensors to measure the amount of error. 
In this thesis, we choose proximity sensor “VL6180X” made by 
STMicroelectronics shown in Fig. 4.8 among other options of environment 
recognition sensors listed in Table 4-3, mainly for (i) The shortest measurable range 
and (ii) Super-small size. The first point is especially significant because in ladder 
climbing end-effector may get very close to the target rung, even only within 
millimeters, and the sensor must be able to measure distance in that case. 
Apparently, LRF and depth camera listed in Table 4-3 do not satisfy this crucial 
requirement. 

In the rung recognition system, sensing data is transmitted via wireless 
communication. In detail, there are 8 proximity sensors and small-sized batteries in 
total with 2 sensors equipped at each end-effector and every 2 proximity sensors on 
the same end-effector are connected to an Arduino Fio (4 in total) as the 
microcontroller.For each Arduino Fio a Xbee wireless module is connected for 
sending data to control PC. There is also a master module for wireless 
communication to transmit and receive data from all 4 Arduino Fios. The whole 
system configuration for the proximity sensors is depicted in Fig. 4.9. Note that 
total FoV of VL6180X is as narrow as 25° for enhancing directivity of measuring 
and avoiding measuring undesired objects to a certain degree. Based on this feature, 
proximity sensors are attached to end-effectors of WAREC-1 as Fig. 4.10 so that it 
is in the optimal orientation for recognizing the ladder rungs.  

The reason of attaching 2 proximity sensors on each end-effector is that 2 

 

(a) Sensors for hands    (b) Sensors for feet 

Fig. 4.10 The position and orientation of proximity sensors at the end-effectors.
(blue circles). 
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sensors are the minimum requirement for sensing both error in position and 
orientation in ladder climbing, which can be calculated by the difference of data 
from 2 sensors, which will be explained detailly in the following section. 

4.3.1 Error sensing and compensation motion 

The following explains (i) how proximity sensors pick up data and calculate 
relative distance and orientation between end-effectors and rungs and (ii) how the 
robot moves its end-effectors to compensate the error and hang on rungs correctly.  

As is mentioned in Table 4-3, FoV of the proximity sensors is relatively narrow. 
This feature is contributive to reducing mistakes of measuring wrong target, but 
also makes it more difficult to adjust the position and orientation of sensors so that 

 
Fig. 4.11 The process of proximity sensors passing the target rung. 
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the target is within the FoV and measurable range. As a solution, in this thesis a 
sensing motion called “scan motion” is added for rung recognition. As its name, 
this motion moves the end-effector forward until it passes over the target rung and 
with distance moved forward recorded. Apparently, when distance data has reached 
shortest value and starts to increase again, it indicates that the shortest distance 
among all measured data is the real distance between the sensor and target rung.  

The flow of sensing for proximity sensors and rung recognition goes as follows 
(Fig. 4.11):  

1) Start point of “scan motion”: Let end-effector move to the area where 
50~150mm higher in Z-axis and 50~200mm less further in X-axis than the 
target rung;  

2) “Scan motion”: End-effector moves forward in X-axis. In this procedure both 
distance data of the sensor and the range of moving forward for 2 sensors 
calculated by forward kinematics will be recorded. The “scan motion” ends 
once the end-effector passed over the target rung. 

3) Calculation of error: With distance data from sensors and moving range data 
calculated by the robot, it is possible to calculate relative position and 
orientation now. Specific calculation of distance to move and orientation to 
adjust are presented in (4.45) ~ (4.52) and definitions of variables in Table 4-4: 
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( )-
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 arcsin( )l r
roll

d

l - l

s
 = , (4.51) 

 arcsin( )l r
yaw

d

x - x

s
 = . (4.52) 

Table 4-4 Explanation of variables related to sensor. 

Variable Explanation 

ll ,lr 
Shortest distance detected by the sensor on the left and right in 

scan motion 

xl, xr Coordinate of 2 proximity sensors in X-axis at ll and lr 

i Number of record for data of ll ,lr and xl, xr.  

xe, ze Calculated relative distance in X-axis and Z-axis 

xc Current coordinate of the end-effector in X-axis after scan motion

xoffset, zoffset Offset position of the sensor in X-axis and Z-axis 

θroll, θyaw Calculated relative orientation in Roll and Yaw 

sd Distance between 2 sensors at the same end-effector 

4) Hanging motion to the target rung: the end-effector will first adjust its 
orientation according to the results of (4.51) and (4.52). After that, with (4.45) 
~ (4.48) the end-effector moves horizontally and vertically in order to put itself 
on target rung smoothly and accurately. 

4.3.2 Measures for robustness 

To eliminate uncertainty existing in the whole proximity sensor system and 
reinforce its reliability as much as possible, we also added the following measures: 

1) Measure for poor wireless communication quality: “wait and repeat”. Since 
wireless communication in standard of “Zigbee” with frequency of 2.4 GHz is 
used in transmitting data of measured distances in time series, it is completely 
possible that in environment filled with radio waves the communication may 
be interrupted, which did happen in our experiments. Our solutions to this 
problem are that (i) During the “scan move” in hanging the end-effector to 
target rung, if no data is returned then stop the motion and wait until data is 
received. This process is made for the delay of wireless communication, and it 
lasts for 0.5s, which is longer than the biggest delay that may happen; (ii) After 
the stage of “wait”, if there is still no data returned from the end-effector, then 
do the reverse of “scan motion” and go back exactly to the start point and try it 
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again. Note that (i) and (ii) here may repeat for multiple times until 
communication quality is good enough to obtain distance data from proximity 
sensors and continue ladder climbing.  

2) Measure for incomplete or incorrect data: auto-check and ask for permission. 
Even if communication quality is good enough to transmit measured data, there 
are still other cases that are not sufficient to make a successful hanging motion: 
(i) Data comes back from only one sensor. Since data from both 2 proximity 
sensors on one end-effector is indispensable for calculating orientation angle 
required to adjust, in this case scan motion must be done again until complete 
data from 2 sensors could be collected; (ii) Incorrect data that may cause 
unreasonable move for the robot. Due to the mechanism of proximity sensor 
(ToF), when end-effector passes the rung there may be interference of external 
light or measuring wrong objects that cause incorrect data, which may lead to 
incorrect calculated orientation angle to adjust as a result. To avoid these cases 
to happen, an auto-check process is added so that when distance measured from 
2 sensors differ too much, warning message and calculated orientation angles 
to adjust will be displayed to the operator of the robot and the operator will be 
asked for the permission of continuing hanging motion of end-effector. Never 
will the end-effector move unless the operator examines actual situation and 
gives permission. The whole process and flow of hanging an end-effector to 
rungs of a ladder is depicted in the flowchart of Fig. 4.12. 

4.3.3 Integration of trajectory planning and proximity sensor feedback 

Although end-effector trajectory in ladder climbing is proposed and introduced 
in Chapter 3 and error compensation system is constructed in this chapter as well, 
integration of these two systems is required. Our solution is to divide the trajectory 
of ladder climbing motion for an end-effector into 2 parts: (i) End-effector 
trajectory planning from the initial position (usually a rung) to the start point of 
“scan motion”; (ii) Rung recognition and hanging motion onto the target rung. For 
(i), trajectory planning described in Chapter 3 is applied. For (ii), motion for error 
sensing (namely, “scan motion”) and adjustment take over to lead the end-effector 
to the target rung. 

To realize the process above, the actual trajectory planning is designed to be 
like the one in Fig. 4.13. The position of 3 mid-points of the cubic spline path and 
terminal point is modified so that the end-effector stops at an appropriate position 
for starting scan motion. Time profile used in the trajectory planning is the same 



78 
 
 

pattern as the one shown in Fig. 3.10 so that at the transition point between 
trajectory planning and rung recognition, the end-effector stops once, switch to rung 
recognition system and finally hangs on the target rung. The position of transition 
point is explained in the last section, which is also the best point for WAREC-1 to 
start rung recognition. This position, of course, can be adjusted freely. 
 
 

 

Fig. 4.12 Flowchart of hanging an end-effector on the target rung. 
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4.3.4 Experiment 1: Reliability and accuracy test 

4.3.4.1 Conditions 

For the examination of reliability of proximity sensor and accuracy of rung 
recognition and adjustment, experiments of 3-point contact ladder climbing were 
made with proximity sensor feedback. The rung interval of the ladder is 250mm, 
pole distance is 600mm and the diameter of the rungs is 19mm. 

4.3.4.2 Results 

The statistics of results can be seen in Table 4-5, with success rate of 97.5%, 
and the rest of 2.5% for unsuccessful cases (5 times) were caused by human error 
or inappropriate orientation of foot that caused unexpected collision with rungs, for 
which the inappropriate motion planning made by human should be responsible. 
Due to the condition of indoor environment filled with electromagnetic waves 
inside (where there were more than 50 audiences with their cellphones), the 
interference of wireless communication did cause interruption of wireless data 
transmission between proximity sensors and the control PC for WAREC-1, which 

 

Fig. 4.13 Flowchart of hanging an end-effector on the target rung. 
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refers to the case of “With retry” (9 times). Fig. 4.14 ~ Fig. 4.17 pick up the worst 
case throughout all experiments-it took 4 trails to make a successful hanging on 
target rung.  

Table 4-5 Statistics of error compensation results. 

Case Number of times Percentage 

Successful 

(195 in total) 

Without retry 186 93% 
97.5% 

With retry 9 4.5% 

Failed     

(5 in total) 

Unexpected 

collision 
3 1.5% 

2.5% 

Human error 2 1% 

Total 200 200 - - 

4.3.4.3 Discussions 

Through the experiment, the reliability and accuracy of the proximity sensor 
system is partially verified, but the wireless communication is not perfect yet. Thus, 
we are planning to change it to a wired system to enhance its reliability in future. 



81 
 
 

 

 
Fig. 4.14 Trial 1 for hanging end-effector to rung: Failed. 

 

Fig. 4.15 Trial 2 for hanging end-effector to rung: Failed  
(cannot even finish the whole scan motion). 

 
Fig. 4.16 Trial 3 for hanging end-effector to rung: Failed. 

  
Fig. 4.17 Trial 4 for hanging end-effector to rung: Succeeded. 
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4.3.5 Experiment 2: Climbing a ladder with a higher rung 

Although a ladder is usually manufactured with a certain degrees of tolerance 
accuracy, the rung interval of a ladder may still change for some reasons. Damage 
of ladder in disaster situation is an instance. Besides, some handmade temporary 
ladders equipped in construction sites also may have different rung interval, with 
an exampled depicted in Fig. 4.18. 

 

Fig. 4.18 An example of handmade temporary ladder. 
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Therefore, in our opinion it is desirable that the robot becomes capable of 
recognizing and climbing a ladder with different rung distances varying within a 
certain range.  

4.3.5.1 Conditions 

In this thesis, in the reference of rung interval range in JIS (225mm~300mm), 
the difference between the longest and shortest rung interval is 75mm. Thus, it is 
considered to be reasonable that the error of rung interval is within the range of 
±37.5mm. According to this idea, we made an attachment to the ladder, which is a 
wooden plate to simulate a higher rung. For the convenience in this thesis we call 
it “Ladder Attachment 1”. Its picture with scales marked can be seen in Fig. 4.19. 
The change of specification for rung after the Ladder Attachment 1 is attached to 
the ladder is listed in Table 4-6. With Ladder Attachment 1 equipped, ladder 
climbing experiment was made to examine whether it is possible for WAREC-1 to 
climb such a ladder without inputting any information about the rung interval.  

 

Fig. 4.19 Ladder attachment 1 on the ladder. 
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Table 4-6 Change of specification after equipping Ladder Attachment 1. 

Change of specification  Value 

Position in X-axis mm -23 

Position in Z-axis mm +37 

Inclination angle ° 0 
 

 
Fig. 4.20 Snapshots of climbing a ladder with Ladder Attachment 1. 
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Table 4-7 Time data in the experiment of Fig. 4.20. 

Term Time s 

Climbing motion 40 (10 for each limb) 

Scan and compensation motion 36 (9 for each limb) 

Idling (confirming the results and 
input of commands for safety) 

17 

Total 93 

4.3.5.2 Results 

The snapshots of the experiment are depicted in Fig. 4.20 and data about time 
spent is presented in Table 4-7. The results show that it is possible for WAREC-1 
to recognize a rung with the error of +37mm in Z-axis and -23mm in X-axis.  

4.3.5.3 Discussions 

Although rung recognition was successful, it still took 76s (1min 16s) for the 
robot to climb up a rung, which is 3.5mm/s in speed. The 3-point contact gait, slow 
speed of sensing motion are all the cause of being such slow.  

4.3.6 Experiment 3: Climbing a ladder with an inclined and higher rung  

4.3.6.1 Conditions 

In disaster sites, besides the difference of rung interval, inclination of rung may 
also be seen due to the damage by the external environment. Hence, we made 

Fig. 4.21 Ladder attachment 2 on the ladder.
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another wooden plate called “Ladder Attachment 2” with inclination of -5° in Roll 
axis, depicted with scales in Fig. 4.21. 

Here, the reason of -5° for inclination angle is that since the shortest pole 
distance of ladder in JIS is 400mm, to meet the distance error of ±37.5mm explained 
in the last section, the biggest inclination angle possible in the condition of pole 
distance of 400mm is approximately 5°. Same as the Case 1, The changes of 
specification are listed in Table 4-8.  

 
Fig. 4.22 Snapshots of climbing a ladder with Ladder Attachment 2. 
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Table 4-8 Change of specification after equipping Ladder Attachment 2. 

Change of specification  Value 

Position in X-axis mm -23 

Position in Z-axis mm 

+64 (for right hand) 
+48 (for left hand) 

Inclination angle ° -5 (in Roll axis) 

 
Fig. 4.23 Proximity sensor data of right hand in the Case 2. 

 

Fig. 4.24 Proximity sensor data of left hand in the Case 2. 
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4.3.6.2 Results 

Table 4-9 Time data in the experiment of Fig. 4.22 

Term Time s 

Climbing motion 40 (10 for each limb) 

Scan and compensation motion 36 (9 for each limb) 

Idling  9 

Total 85 

Time data of the experiment is shown in Table 4-9. The total speed excluding 
the idling time is also the same: 3.5mm/s. The data of proximity sensor for both left 
and right hand in scan motion are given in Fig. 4.23 and Fig. 4.24. According to 
(4.45), (4.46), (4.51) and measured data in these 2 figures, the error angle are 
calculated to be -5° and -4.2° for the left and right hand, respectively. This result is 
very closed to the real value, proving the accuracy of the whole system. 

4.3.6.3 Discussions 

In addition to the “Experiment 2”, it was also verified that proximity sensor 
feedback system can recognize a ladder rung with error in X-axis for -23mm and 
Z-axis for +48 ~ +64mm as well as inclination angle of -5° in Roll axis, a situation 
that may happen when the target rung is inclined by deformation, aging, etc. 

4.3.7 Experiment 4: Comparison in simulation 

4.3.7.1 Conditions 

Finally, we made a ladder with error in both position and orientation that are 
completely the same with the conditions in the “Experiment 3” in simulator Gazebo. 
The comparison of ladder climbing performed by WAREC-1 with and without 
proximity sensor feedback system is made in simulator. All conditions about the 
simulator and simulation are completely the same as those listed in Table 3-7, thus 
is omitted here. 

4.3.7.2 Results 

The results are presented in Fig. 4.25 and Fig. 4.26. Apparently, proximity 
sensor feedback system did avoid falling of WAREC-1 by guaranteeing proper 
contact between end-effectors and the target rung, while the robot fails to contact 
the rung correctly and falls directly for the case without it. 
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4.4 Total integration experiment  

4.4.1 Total flow of ladder climbing motion  

As the integration of all contents in Chap. 2 and Chap. 3, Fig. 4.27 presents a 
flowchart of ladder climbing for WAREC-1. To begin with, it is required to choose 
climbing gait: 2-point or 3-point contact climbing. The processes in squares on the 
straight line connecting “Start” and “End” correspond to the case of 3-point contact 
climbing and the processes on the right side of them correspond to the case of 2-
point contact climbing. Since stability has the highest priority in ladder climbing, 
2-point contact climbing will be chosen only if it is feasible and necessary. The 
point needs to mention is that ladders that cannot be climbed with neither 2-point 
contact or 3-point contact climbing gaits, like broken ladders, are of course existing 

 

Fig. 4.25 WAREC-1 climbing a ladder with error. 
 (with proximity sensor feedback system) 

Fig. 4.26 WAREC-1 climbing a ladder with error. 
(without proximity sensor feedback system) 
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in reality but are not within the range of discuss in flowchart of Fig. 4.27. In that 
case, locomotion styles other than ladder climbing would be considered. 

Fig. 4.27 Flowchart of motion generation for WAREC-1. 
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4.4.2 Conditions 

In the last 2 sections (Section 4.2 and 4.3), the solutions to (i) Unstable states 
caused by the bias of reaction force distribution at contact points and (ii) 
Recognition of ladder rungs with unknown specification in ladder climbing are 
described and demonstrated with verification, respectively.  

However, from Section 4.3 although it could be seen that although stable ladder 
climbing is realized with recognition of rungs with error, it takes approximately 
76s (3.5mm/s in speed) for the robot to climb up a rung, which is relatively slow 
in comparison with ladder climbing in 2-point contact gait. Therefore, to improve 
the speed in climbing a ladder with unknown or variable specification, all systems 
in Chap. 3 and Chap. 4 are integrated and the experiment results of the integration 
will be presented in this section. Specifically, the robot climbs the ladder in Section 
4.2, while “Ladder attachment 2” in Section 4.3 is equipped at the target rung for 
simulating inclination of the target rung. Table 4-10 shows the conditions in this 
integration experiment.  

Table 4-10 Conditions of the total integration experiment. 

Term Value/Description 

Target rung With Ladder attachment 2 

Pole distance mm 600 

Distance of horizontal body move mm 
100 (first step) 

200 (second step) 

Time for 1 climb motion s 5 

Time for 1 scan motion and 
compesation motion s 

12 

Time for horizontal hody move s 
2 (first step) 

4 (second step) 

Time for idling s (inputing command) 6 

Total time s 46 

4.4.3 Results 

Fig. 4.28 presents the snapshots of the experiment. Excluding idling time, total 
time spent is 40s (12.5mm/s in speed), which did improve the total speed of ladder 
climbing in comparison with the experiment in Section 4.3.6 (the case in 3-point 
contact climbing gait).The data of reaction force in Z-axis is shown in Fig. 4.29. In 
this integration experiment, the threshold of bias of reaction force in Z-axis between 



92 
 
 

supporting hand and foot is adjusted to 200N, which is of course an acceptable and 
sufficient value to maintain stability without the risk of unstable state as well. In 
detail, the biggest reaction force required force for both hand and foot is 321N, 
which is sufficiently satisfied. 

As for the recognition result of the proximity sensor feedback system, it is 
presented in Fig. 4.30, with the error angle calculated as -5°, which is in a very good 
accuracy. 

Fig. 4.28 Snapshots of the total integration experiment. 
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Fig. 4.29 Reaction force in Z-axis in 2-point contact ladder climbing. 
 

Fig. 4.30 Proximity sensor data of right hand in the total integration. 
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4.4.4 Discussions 

Results show that the integration is successful in: (i) Reaction force bias 
between supporting hand and foot is within the threshold of 200N and (ii) 
Recognition of the inclination of “Ladder attachment 2” with high accuracy. As a 
result, the speed of climbing a ladder with variable or even unknown specifications 
becomes much faster (from 3.5mm/s to 12.5mm/s) in comparison with the 
experiment in Section 4.3.6, which is in 3-point contact climbing gait. 

4.5 Summary 

In this chapter, 2 types of sensor feedback system are introduced: (i) Force 
sensor feedback to control reaction force at supporting hand and foot in 2-point 
contact climbing gait. It reduces the bias reaction force at 2 contact point between 
the robot and ladder to avoid rotation of robot on the ladder; (ii) Proximity sensor 
system for measuring relative position and orientation between the end-effectors 
of the robot and rungs of ladder to enable recognition of the target rung to climb.  

For (i), based on the stability analysis, it is possible to specify the reaction force 
required for stable ladder climbing at contact points. In this thesis a PID controller 
with respect to end-effector position is applied to control the reaction force at hand 
and foot in 2-point contact ladder climbing, reducing the bias of reaction force to 
keep the climbing motion stable. Strategy for controller is also described. The 
validity of force sensor feedback system is verified through experiments. 

For (ii), the specification and system framework are detailly introduced, with 
the feature of the proximity sensor system corresponding motion for measuring 
and compensation motion planning are also designed and described. In the 
experiment, the proximity sensor feedback system does not only compensate the 
error of both position and orientation mainly caused by deformation of robot and 
ladder, but also recognize a higher rung or even an inclined rung with relatively 
high accuracy in measuring the position as well as inclination of the rung. 

Finally, the results of total integration of all contents in Chap. 3 and Chap. 4 
are shown and discussed. 
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Chapter 5. Conclusions 

5.1 Contributions 

This thesis establishes systems and algorithms that enable the following points 
that have rarely been realized (or claimed to be realized) before by any human-sized 
robot: 

1) Independent planning of path and time profile in end-effector trajectory of 
ladder climbing enables: (i) Planning ladder climbing motion avoiding 
unexpected collision between the robot and rungs of the ladder by individual 
planning of path in trajectory without making any change to time profile and 
vice versa; (ii) Adjustable time profile that can be given freely contributes to 
flexible motion adjustment with variable dynamic effects while path planning 
of motion stays the same. With these features, the complication of the motion 
planning in ladder climbing can be greatly reduces with the individual 
consideration of spatial and time constraints becomes available. 

2) Ladder climbing in 2-point contact gait by human-sized robots. Apparently, 2-
point contact ladder climbing is faster than 3-point contact, but is also 
challenging because appropriate force and moment must be maintained to 
guarantee stability, otherwise the robot may rotate on the ladder and eventually 
fall from the ladder. In this thesis the robot realizes stable 2-point contact ladder 
climbing of our human-sized robots with appropriate motion planning as well 
as the feedback of force/torque sensor, providing a powerful option of faster 
ladder climbing in comparison with 3-point contact ladder climbing. 

3) Rung recognition and error (for both position and orientation) compensation 
between the robot and ladder rungs realized by the feedback of proximity 
sensors system. Super-small proximity sensor system and corresponding 
motion planning are developed for both sensing and compensation motion to 
make end-effectors “find” and hook on the target rung. This system guarantees 
that each contact between the robot and ladder is successful and appropriate. 
Measures prepared for expected error in sensing process enhances the 
robustness of the whole system. In addition, this system is also validated to be 
capable of recognizing a ladder rung with error of +37 in Z and X axis and even 
a rung with the inclination angle of 5°.  

With these systems, the range of ladders available for our robots to climb is 
expended greatly to ladders in the standard of JIS, even with unknown rung 
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interval or a rung with inclination to a certain degree. This compatibility to 
ladder specification greatly reinforces its capability in practical application in 
future. 

5.2 Limitations 

5.2.1 Developed but incomplete capability of environment recognition 

Although in this thesis the robot is capable of recognizing a rung with offset in 
X and Z-axis and even an inclined rung in Roll axis with high accuracy, its 
environment recognition capability is still not complete and limited due to the 
characteristics of proximity sensors. Their maximum measurable distance is only 
up to about 150mm and FoV of proximity sensors are also very narrow (25° in 
total). As a matter of fact, proximity sensor feedback system at present on the robot 
could only “see” the closest rung to its end-effectors, which may be insufficient in 
motion planning of ladder climbing, and it is especially the case when the robot is 
climbing a long ladder. Besides, current proximity sensor feedback system could 
not recognize side poles. This may be a problem when the robot climbing a ladder 
is sliding horizontally.  

5.2.2 No solution to time-variant ladder in different standards 

Moreover, since this thesis only discusses time-invariant ladders with the 
specifications in JIS, at present the systems in this thesis cannot deal with any 
ladder that may change in shape during ladder climbing. However, in application 
there is no guarantee that the target ladders are all in specifications of JIS and will 
not change their shapes during the ladder climbing. 

5.2.3 No manipulation capability in ladder climbing 

Although the robots in this thesis are designed and developed to be capable of 
performing manipulation tasks, it has not been integrated into ladder climbing. 
However, manipulation in ladder climbing would be highly required when the 
target of the manipulation is on the wall that the ladder is attached to. Feasibility 
of manipulation in ladder climbing is also easy to be proved, since the robot is 
capable of supporting itself and hold on the ladder with only 3 or even 2 end-
effectors contacting the ladder. This means that the possibility of one-limb or even 
2-limb manipulation does exists. 
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5.3 Future works 

According to the problems and discussions described in Section 5.1 and 5.2, 
we expect that the points below could be realized for the improvement of our 
present systems applied in ladder climbing: 

1) Autonomous ladder climbing with the improvement of environment 
recognition and corresponding motion planning of ladder climbing. Besides 
the use of existing proximity sensor system, environment recognition by other 
types of sensors could recognize the whole target ladder as the base of motion 
planning. For example, at present we have equipped multiple depth cameras 
to the robot and constructing recognition of the target ladder with sufficient 
precision to support stable ladder climbing. At the same time, motion planning 
combined with existing sensor feedback systems to cope with the change of 
ladder would also be discussed and developed, such as the solution to the 
destruction or deformation of the rungs during climbing.  

2) Manipulation tasks in ladder climbing. So far, our robot “WAREC-1” has 
completed heavy manipulation of turning valves with the torque of 90Nm as 
well as dexterous manipulation tasks such as button, switch and key operation. 
The integration of manipulation with ladder climbing would highly improve 
its capability in practical application. Certainly, feedback of force/torque 
sensor and other types (like IMU) would also be considered to guarantee the 
stability of the robot while it is performing manipulation on a ladder. 

3) Development of hardware that contributes to ladder climbing. Body structure 
of the robot to enable its hooking to the ladder and corresponding ladder 
climbing pattern to (i) Accelerate the speed of climbing; (ii) Decrease the 
energy consumption in ladder climbing and (iii) Guarantee the stability of 
climbing motion will be a promising and innovative direction. 
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Appendix…………. 

A. Pseudo-inverse matrix 

It is well known that in many situations we need to obtain the inverse of a matrix, 
which is a square matrix. However, in some cases, we must face the case that the 
matrix we will deal with is not a square matrix. In order to obtain the inverse of a 
non-square matrix, we introduce the concept of pseudo-inverse. Here we introduce 
briefly about the properties of inverse matrix, which are often used in robotics.   

Let A be an m×n real matrix. There exists only one pseudo inverse A+ of A 
satisfying the following conditions: 

  AA A A , (a1) 
   A AA A , (a2) 
 + T +( ) AA AA , (a3) 
 + T +( ) A A A A . (a4) 

Furthermore, from the equations above, we have the following properties: 

 + +( ) A A , (a5) 
 T + + T( ) ( )A A , (a6) 
 T + + T +( ) ( )AA A A , (a7) 
 + + +( ) AB B A , (a8) 

where A, B are square matrices with the same order 

 + T + T T T +( ) ( ) A A A A A AA . (a9) 

Suppose that A is an m×n matrix. When rank(A)=m, then  

 + T T 1( )A A AA , (a10) 

and when rank(A)=n, then  

 + T 1 T( )A A A A . (a11) 

From (a10) and (a11), it can be found that in both cases the pseudo inverse matrix 
A+ is exactly A-1 when A is an invertible matrix. 
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B. Inverse kinematics   

Inverse kinematics plays a significant role in the robot motion. Here we briefly 
introduce the main contents used in this thesis. For the forward kinematics, we have 

 ( )fx θ , (b1) 

where the vector x means the posture including the positions and the orientations, 
and the vector θ denotes the joint angle. By using this formula through the given 
joint angles, the desired posture can be obtained. Compared with the forward 
kinematics, the inverse kinematics becomes more complicated. It is rather difficult 
to obtain joint angles from the desired posture. To solve this issue, by derivative 
with respect to t from (b1) we get 

 ( )x J θ θ , (b2) 

where T( )
( ) ( )

f



θ

J θ
θ

is the Jacobian, an m×n (m≤n) matrix.In order to obtain the 

expression of θ from (b2), the following lemma is needed: 

Remark b1: When rank(J(θ))=m, the matrix JJT is invertible.  

In fact, since JJT is an m×m matrix, XTJJTX=(JTX)T(JTX) ≥ 0 for any mX R , 
and the equation holds if and only if JTX=0. Furthermore, rank(JT)= rank(J)=m 
implies that X=0. This proves that the quadratic form is positive definite and the 
matrix JJT is a positive definite matrix so that it is an invertible matrix. Now, with 
the assumption that JJT is invertible, we have the following: 

Proposition b1: For the problem 

 2min | | , subject toθ x = J(θ)θ  , (b3) 

we have T T .-1θ = J (JJ ) x   

To solve this problem, we use the Lagrange multiplier method 

 2 T1
( , ) | | ( ),  

2
L    mθ λ θ λ x - J(θ)θ λ R   . (b4) 

From (b4) we get  

 ( , )L
 


θ λ

θ J(θ)λ
θ

 
  (b5) 
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and 

 ( , )L



θ λ

x - J(θ)θ
λ

  . (b6) 

Let right sides of (b5) and (b6) be zero, we get TJθ = JJ λ  , T 1( )λ JJ x  and 

further 

 T T 1( )θ J JJ x  , (b7) 

where J+=JT(JJT)-1 is called the pseudo inverse of J. Equation (b7) means that for 
pointed posture, we can obtain joint angles. 

Corollary b1: In (b3), 2 T| | θ θ θ    is the Euclidean length. However, in many cases 

we need weighted length 2 T| |M θ θ Mθ   , where M is a positive definite matrix, and 

for some cases we just assume that M is a diagonal matrix with all positive entries. 
Thus, for the following problem: 

 2min | | ,subject toMθ x = J(θ)θ  , (b8) 

by constructing the Lagrange function 

 2 T1
( , ) | | ( )

2
L   Mθ λ θ λ x J(θ)θ   , (b9) 

and letting ( , ) ( , )L L 
 

 
θ λ θ λ

0
θ λ

 
  from (b9) we can obtain 1 Tθ M J λ  , 

1 T 1( ) λ JM J x . Therefore,  

 1 T 1 T 1( )  θ M J JM J x  . (b10) 

For simplicity, we write + 1 T 1 T 1( )  MJ M J JM J so that (b10) can be written as 

 Mθ J x  . It is obvious that when M is an identity matrix as the same order as M, 

(b10) becomes (b7). 

Remark b2: When rank(J(θ)) = n, (b7) and (b10) become  

 T 1 T( )θ J J J x  , (b11) 
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and 

 T 1 1 1 T( )  θ J M J M J x  . (b12) 

On the other hand, noticing that  

 + + T T 1( ) ( )     J I J J J JJ J J JJ JJ J 0  (b13) 

and 
 + + + +( ) ( ( ) ),         mx JJ x J I J J X J J x I J J X X R   , (b14) 

we have 

Proposition b2: 
 + +( )  θ J x I J J X  . (b15) 

From the analysis above it can be found that (b15) is also a solution of (b7), and 
the second term of (b15) is useful so that we can complete two works at the same 
time, namely, when we obtain the joint angles for given posture, we also can 
complete another work like obstacle avoidance and so on.  

Remark c3: To obtain the optimal value of a cost function 

2 T1 1
( ) | |

2 2
H  Wθ θ θ Wθ    , where W is a positive definite matrix or even a diagonal 

matrix with all positive entries. We want to obtain minimum of ( )H θ , while 

solving the solution of (b7). Since ( )H



θ

Wθ
θ

 
 , substituting ,  k k X Wθ R  

into (b15) we get 

 + +( )k  θ J x I J J Wθ  . (b16) 

From (b16) we find that when k > 0, we can get the maximum and when k < 0 we 

can get the minimum of ( )H θ , while solving joint angles based on the desired 

posture. 
Above theories are under the assumption that rank(J) = m or rank(J) = n so that 

the matrices JJT or JTJ are invertible. Unfortunately, in many cases the conditions 
above are not satisfied, precisely, rank(J) = r < min{m, n}. As a result, the methods 
above are not effective. To deal with such issue, we introduce the following 
“damped least-squares method” for inverse kinematics.  

 



110 
 
 

Proposition b3: The solution of damped least-squares methods for inverse 
kinematics problem 
 2 2 2min{| | | | },     x Jθ θ R   (b17) 

is given by 

 2 1 T( )T   θ J J I J x  , (b18) 

where I denotes the n×n identity matrix.  
In fact, setting 

 2 2 21
( ) {| | | | }

2
F   θ x Jθ θ   , (b19) 

by calculation we get 

 T 2 T T T 2( ) 1
{( ) ( ) } ( )

2

F   
       

 
θ

x Jθ x Jθ θ θ J x J J I θ
θ θ

         , (b20) 

and ( )F



θ

0
θ


  implies that T T 2( )   J x J J I θ 0 . Since for any 0  , the 

matrix JTJ+λ2I is invertible, thus, we get T 2 1 T( )  θ J J I J x  .  

Corollary b3: The solution of damped least-squares methods for inverse 
kinematics problem 

 2 2 2min{| | | | },  R   Mx Jθ θ   (b21) 

is given by 

 T 2 1 T( )  θ J J M J x  , (b22) 

where M is a positive definite matrix.  
The proof is similar to proposition b3, and here we omit it.  

Remark b4: For problem (b17), we have  

 T T 2 1( )  θ J JJ I x  . (b23) 

In fact, only check that JT(JJT+λ2I)-1=(JTJ+λ2I)-1JT, we can get the result in (b23).  

Remark b5: When m < n, JJT+λ2I is an m×m matrix, and in this case, the 
complexity of (JJT+λ2I)-1 is lower. Similarly, when n < m, the complexity of 

T 2 1( ) J J I  is lower. Thus, one can choose the different form depending size of 
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m and n.  

Remark b6: In real operation of robot, there are some singularities of the matrix 
JJT+λ2I when λ approaches to zero, therefore one needs to choose suitable λ to use.  
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C. Riemannian manifold 

The Euclidean space is a linear space which is flat and the shortest distance 
connecting two points is a straight line. Different from the Euclidean space such 
as sphere, which is no longer flat and the shortest distance connecting two points 
is no longer a straight line. The reason is simple that the space is curved, and the 
curvature describes how curved the space is. As the generalization of curves and 
surfaces in Euclidean space, the abstract manifold appears. The concept of 
manifold is complicated and here we only give a simple introduction. A manifold 
first is a topological space and is locally Euclidean so that at any point of manifold, 
the inner product (metric) on the tangent space like the one in Euclidean space can 
be defined. By using the metric, the curvature of manifold can be defined. 
Furthermore, the geodesic, which is the shortest curve connecting two points on 
manifold can be defined as well. Here the fundamental concepts involved in this 
thesis are introduced briefly. 

Definition c1: Let M be an n dimensional manifold. The affine connection defined 
by 

 p p pT M T M T M  ： , (c1) 

satisfying the Leibnitz's rule and the linearity, where TpM denotes the tangent space 
at point p M . 

Definition c2: Let M be an n dimensional manifold. The Riemannian metric is 
defined by 

 : p pg T M T M  R , (c2) 

satisfying 

 ( , ) ( , )g X Y g Y X , (c3) 
 ( , ) ( , ) ( , )g kX Y Z kg X Z g Y Z   , (c4) 
 ( , ) 0g X X  , (c5) 

and the equality holds if and only if X=0. Where X, Y, Z TpM are the tangent 
vectors, kR.  

Before introducing the concept curvature of manifold, the concept curvature 
tensor will be given first: 
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Definition c3: The curvature tensor of a manifold is defined as 

: p p p pR T M T M T M T M   , 

or precisely,  

 [ , ]( , ) X Y Y X X YR X Y Z Z Z Z        , (c6) 

where [ , ]  denotes the Lie bracket satisfying [X, Y]f=X(Yf)-Y(Xf), X, Y and Z are 
over M and ( )f C M .  

By a direct calculation from (c6) we can get the component expression of the 
curvature tensor as 

 
l l
kjl h l h lki

ijk kj hi ki hji j
R

x x

 
       

 
, (c7) 

where 1{ }i n
ix  are the coordinate of the point p and the connection coefficients k

ij

satisfy
i

k
ijj k

x
x x



 
  

 
 . Especially, for the Riemannian manifold M with the 

Riemannian metric g, we have 

 1
( )

2
jk ijk ik

ij j i k

g gg

x x x

 
   

  
, (c8) 

which are called the Riemannian connection coefficients. Set m
ijkl ijk mlR R g . The 

sectional curvature of M is defined by  

 
2

( , ) ijij

ii jj ij

R
K i j

g g g
 


. (c9) 

From (c9) by computation it can be found that the curvature of the plane is zero, 
the curvature of a sphere is 1 and the curvature of hyperbolic space is negative. By 
(c7) Ricci curvature and the scalar curvature can be defined as follows: 

 jl
ij ijklR R g , (c10) 

where  
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 1,  i = j

0,  i j
jl j

li ig g 


   
, (c11) 

 ij
ijR R g . (c12) 

The sectional curvature, Ricci curvature and the scalar curvature are 3 kinds of 
curvatures describing how curved a manifold is. As a very famous example, the 
Einstein equation consists of curvatures. For instance, the curvature of the 
Euclidean space Rn is zero, the curvature of the sphere Sn is 1, and the curvature of 
a hyperbolic space is negative. For a flat Euclidean space, it is well known that the 
shortest distance of two points on Euclidean space is exactly the straight line 
connecting them. However, in the curved space like sphere S2, the shortest distance 
of two points on S2 is the minor arc of the great circle on S2. We call this shortest 
distance “geodesic distance” and the curve connecting these points “geodesic”. It 
is obvious that on the curved space, the curve with shortest distance is no longer a 
straight line like it is in Euclidean space.  

Now, let us recall the concepts of geodesic and geodesic distance. There are 
several ways to give the concept of geodesic. Among them the critical point of 
energy functional along curves with fixed original point and the end point derives 
the shortest curve, geodesic, and the corresponding distance is the geodesic 
distance. Generally speaking, the motion of an object should move along the 
geodesic, the shortest path. However, for the robot motion minimizing the 
acceleration for reduction of energy consumption is necessary. Similar to the 
energy functional, we consider the acceleration functional to search for a curve 
that along which the acceleration is minimal. The curve we want is the path of 
robot motion. 

Now, let us introduce the concept of geodesic. It is known that geodesic in a 
curved manifold is not a straight line, but a curve. In geometry, geodesic is a curve 
which length is shortest locally. On the other hand, in physics geodesic is curve 
which is a critical value of energy functional, and precisely along geodesic the 
energy is the minimum. For a cost function defined on a Riemannian manifold, the 
geodesic distance will be the distance to get the optimal values. 

Definition c4: Let γ: (-ε, ε)→ M be a smooth curve. If the following condition is 
satisfied 

 ( ) ( ) 0t t    , (c13) 
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from (c13) we can get the expression of the coefficients 

 ( ) ( ) ( ) 0k k i j
ijt t t       . (c14) 

Since in the Euclidean space, the Riemannian metric gij=δij, combining with (c8) 

 0k
ij   (c15) 

is satisfied. And from (c14) it can be seen that 

 ( ) 0k t   (c16) 

so that 

 ( ) + ,  ,  k k k k kt a b t a b  R  (c17) 

and 

 ( ) ,  ,  nt a bt a b   R  (c18) 

are straight lines. 
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D. Application of proximity sensor system 

D.1 Introduction: Continuous motion from the ground to a ladder 

The whole continuous sequential motion from the ground to ladder for a robot 
climber has not been concerned in the former studies but is indispensable for 
practical use, where there is no human for assist near the robot. In this part, the 
motion in 2 sequences of approaching and transition for vertical ladder is explained 
respectively.  

(1) Approaching. In this thesis the robot approaches the ladder on a flat ground 
without obstacles as a preliminary attempt and verification, considering the 
application in complicated situations of disaster sites we choose crawling, the most 
stable locomotion with the lowest CoM and biggest area of support polygon that 
WAREC-1 can perform as the locomotion style for approaching the target ladder.  

To make WAREC-1 crawl to the target ladder, first it is necessary to plan the 
path of the robot. There are at least 2 parameters required for the path planning of 
crawling: the difference of position for body center and the orientation between the 
present values and desired ones. In this paper these parameters are measured and 
input to the system by human. With 2 parameters known crawling motion of 
WAREC-1 is planned as follows:  

Stage 1: When the ladder is not within the range of one crawling motion, which 
is approximately 300mm for WAREC-1, the robot would first take a pivot turn so 
that it is faced towards target ladder. Then the robot starts crawling motion with the 
biggest stride possible to realize straight move towards the target ladder with max 
speed available. Finally, when the center of body reaches the desired point, the 
robot will take another pivot turn to adjust the orientation of the robot to desired 
value. This stage can be skipped if the ladder is within the range of one crawling 
motion and goes to the Stage 2 directly. The details of crawling motion are detailly 
described in [48]. Basically, it is the repetition of the following in order: (i) lifting 
body off the ground; (ii) moving body towards the desired direction; (iii) putting 
down body until it contacts the ground and limbs floating in the air and (iv) moving 
limbs towards the desired direction. 

Stage 2: Considering that there may be deviation in moving distance and 
direction in Stage 1. In this stage the error between desired and real position and 
orientation are measured again. According to the amount of error, there will be 
another crawling motion for adjustment to reduce the error to the biggest degree.  

The trajectory of pivot turns in both Stage 1 and 2 can be given by 
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 id i
 x qx q d , (d1) 

where xi is vector from rotation center point (body center point here) to the ith end-
effector, q is relative target orientation quaternion of crawling, d is relative target 
position of crawling. The illustration of strategies described above and snapshots 
of corresponding simulation are depicted in Fig. D.1 and Fig. D.2, respectively.  

Note that crawling motion not only enables pivot turn for adjustment of robot’s 

Fig. D.1 Motion planning for 2 stages in approaching the target ladder. 
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orientation but also supports omnidirectional movement simultaneously (Fig. D.3). 
This feature makes the approaching motion planning more efficient, flexible and 
requires less space than traditional wheeled robots and robots with caterpillars. 

 
 
 

 
Fig. D.2 Approaching motion, stages 1. 
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Fig. D.3 Approaching motion, stage 2. 
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(2) Transition. Until now, no robot has been claimed to be capable of transition 
to a ladder autonomously before climbing it from the state on the ground. However, 
being faced with a ladder in actual application, especially in extreme environment 
where there is nobody putting the robot on the ladder so that the robot can start 
climbing, like the situation in laboratory, attaching to ladder is indispensable 
because it is a process that can never be omitted before ladder climbing.  

The attempt of transition to a ladder starting from biped standing has been 
realized by The Prototype in 2015, but it can only be done when the robot is 
standing on the specified position. And even slight error in the standing position (in 

Fig. D.4 Ladder attaching of The Prototype. 
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millimeters) would cause failure in ladder attaching. Fig. D.4 shows the snapshots 
of attaching to a ladder by The Prototype. It starts with biped stance and first put its 
2 hands simultaneously on a rung, then puts its 2 feet on another rung in orders to 
finish attaching. 

With preliminary attempts of ladder attaching, our robot managed to attach to 
the ladder “independently” but it is still far from genuine autonomous ladder 
attaching because the robot could only freely attach to the ladder with no need of 
human help after being put on the right position, but this process itself still requires 
support of human. 

Through our challenges described above, it is clear that:  
(i) The relative distance and orientation between the robot and ladder are crucial 

for ladder attaching;  
(ii) Besides the attaching itself, the posture before attaching should also be 

considered if necessary. For the case of The Prototype, it is biped stance but high 
CoM position and small area of support polygon in biped stance makes it a rather 
difficult posture to maintain stability before ladder attaching;  

(iii) Expanding ladder attaching further and prior, the locomotion style for 
approaching the ladder should also be designed appropriately so that with the step 
of (a) Approaching (b) Preparation (posture change if necessary) and (c) Attaching, 
a continuous and practical ladder attaching finally completes. 

As for the transition to ladder by WAREC-1 after the attempt by The Prototype, 
in consideration of stability and reducing interval steps with change of contact point, 
we choose a pose called “Gorilla stance” depicted in Fig. D.5 for the initial state of 
transition from ground to target ladder. Biped stance and quadruped stance that are 
more difficult in guaranteeing stability are not chosen. 

To shorten the total time of attaching and make whole attaching motion smooth, 
there is a preparation phase before 4 limbs are attached to the ladder. The body of 
robot leaves the ground and rotates in Pitch axis until it is perpendicular to ground 
while all 4 end-effectors of the robot keep contacting the ground, which looks like 
a gorilla standing on the ground with all 4 limbs.  

With “Gorilla stance” in Fig. D.5, transition to the ladder starts in the order of 
(i) one arm; (ii) the other arm and (iii) 2 legs at the same time. This order can 
guarantee as big support polygon as possible, for there are always at least 3 contact 
points between the robot and ladder or on the ground. After 2 arms attached to the 
ladder, body approaches and contacts the ladder so that 2 legs of the robot can float 
in the air and attached to the ladder simultaneously.  
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Fig. D.5 Gorilla stance. 

 

 

Fig. D.6 Initial position and orientation with error before transition. 
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D.2 Posture adjustment after transition 

Unfortunately, proximity sensor system in Section 4.3 can only eliminate the 
error between end-effectors and rungs of ladder and cannot deal with undesired 
change in whole-body level. Thus, additional approach is required for error in 
whole-body motion.  

First, due to various factors, error may still exist (and it did in experiments) 
after Stage 1 and Stage 2 of approaching target ladder, which influences the result 
of transition. Fig. D.6 shows an example for this type of error.  

Although there is no problem for transition from ground to ladder, it is apparent 

Fig. D.7 Posture adjustment after transition. 
Red arrows are error existing and black arrows are the direction of correction. 
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that error will remain and may even lead to failure for subsequent ladder climbing. 
Depicted in Fig. D.7, our solution is to utilize forward kinematics combined with 
joint angles of WAREC-1 to calculate the amount of error in both position and 
orientation and their corresponding compensation motion will be done with all end-
effectors on the rungs of ladder. Note that error in z-axis, Roll and Pitch is not 
considered because it is too small to make a difference. 

D.3 Experiment 

In this part the experiments in an indoor field of Tohoku University, Japan are 
presented. The rung interval, diameter and side pole distance of the ladder are 
250mm, 19mm and 600mm, respectively. To make it easier to see the snapshots of 
continuous motion of approaching, transition and ladder climbing are divided into 
2 different angles: For approaching, snapshots taken from WAREC-1’s back are 
shown in Fig. D.8 and for transition and ladder climbing, snapshots in Fig. D.9 are 
taken from WAREC-1’s side. In Fig. D.8, ①~⑥  correspond to “Stage 1” 
(approaching) and ⑦ ~ ⑧  correspond to “Stage 2” (adjustment for error 
compensation). In Fig. D.9, ⑨~⑯  are the process from crawling posture to 
“Gorilla stance”, ⑰~㉘ are the transition from “Gorilla stance” to target ladder. 
Note that in ㉔~㉖ the body of WAREC-1 contacts the ladder so that its feet can 
float in the air and close to the state in ㉖. The whole motion takes 9min48s in total 
and details of time spent are shown in Table D-1.  

Table D-1 Time spent in each sequence. 

Phase Time 

Approaching 1min46s 

Transition 8min2s 

Total 9min48s 
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Fig. D.8 Snapshots of the sequence of “approaching”. 
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Fig. D.9 Snapshots of the sequence of “transition”. 
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E. Specification of the ladder in JIS used in this thesis 

Table E-1 Specifications about vertical ladders in JIS (JIS B 9713-4) [49]. 

Term Value (range) mm 

Rung interval 225~300 

Side pole distance 
400~600 (300~400 is also 

acceptable if conditions limited) 

Distance from wall to 

the attached ladder 
No less than 150 
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