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Introduction

In algebraic number theory, the class number of an algebraic number field
is one of the most important and fundamental objects. It is still an open
problem whether there exist infinitely many algebraic number fields with
class number one. In order to approach this problem, we study Weber’s class
number problem. The aim of this thesis is to generalize Weber’s class number
problem for the cases of real quadratic fields. This study can be said to be
unprecedented.

Let p be a prime number. We denote by B, ,, the n-th layer of the cyclo-
tomic Z,-extension of Q. We also denote by h,,,, the class number of B, ,,.
Then we consider the following problem:

Weber’s class number problem. Is the class number h,,, equal to 1 for
any prime number p and any positive integer n ?

In the case of p = 2, Weber [43] showed that hs, is odd for any posi-
tive integer n. He also showed that he; = heo = hos = 1. Though We-
ber conjectured that hy4 is not equal to 1, it was shown that hyy = 1 by
Cohn [6], Bauer [3] and Masley [25]. Moreover, van der Linden [24] showed
that hes = 1. Linden also showed that hgs = 1 holds under the assump-
tion of generalized Riemann hypothesis. In 2014, Miller [28] showed that
has = 1 holds without the assumption. He also showed that hy7 = 1 under
generalized Riemann hypothesis.

In the case of p # 2, on the other hand, it is known that h,, = 1 for
(p,n) €{(3,1),(3,2),(3,3),(5,1),(7,1)} by [3] and [24]. Linden also showed
that, if we assume generalized Riemann hypothesis, then we have h,,, = 1 for
(p,n) € {(3,4),(5,2),(11,1),(13,1)}. Recently, Miller showed that h,, =1
for (p,n) € {(5,2),(11,1),(13,1)} without the assumption.

In 2012, Coates [5] asked the generalized version of Weber’s class number
problem. Let F be a totally real number field and F'(cyc) the composite of the
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cyclotomic Z,-extension for all prime number p. For each positive integer m,
we denote by F'(m) the unique intermediate field of F'(cyc)/F which satisfies
[F(m) : F] = m. Let h(F(m)) be the class number of F(m). Then Coates
asked the following question:

Problem. Does there exist a number C'(F') > 0, which is not depending on
m, such that A(F(m)) is at most C(F) for all positive integer m ?

This problem is so difficult because, even in the case of ' = Q and m = p"
for a prime number p and a positive integer n, it is too difficult for large p™
to calculate h(Q(p™)) = hy,, directly. Therefore, we study the (-divisibility
of h(F(m)) for a prime number ¢:

Problem. Does there exist a prime number ¢ dividing h(F(m)) for a totally
real number field F' and positive integer m 7

The (-indivisibility of h,, has been studied actively. In the case of £ = p,
Iwasawa [23] proved that p does not divide h,,, for any positive integer n.
For each prime number ¢ # p, Washington [41] showed that the ¢-part of h,,,
is bounded as n tends to oo.

K. Horie [13, 14, 15, 16] and K. Horie and M. Horie [18, 19, 20, 21, 22]
gave an effective breakthrough for proving (-indivisibility of h,,. We shall
cite a part of their results:

Theorem 0.1 (K. Horie, K Horie and M. Horie).

(i) Assume that 3 < p < 23 and a prime number { is a primitive root
modulo p*. Then { does not divide h,,,, for any positive integer n.

(ii) Assume that p = 2 and a prime number { satisfies that { = +1
(mod 8). Then { does not divide hy,, for any positive integer n.

(iii) Assume that p < 101 and a prime number ¢ does not exceed 13. Then
¢ does not divide h,,, for any positive integer.

In the case of p = 2, Fukuda and Komatsu [7, 8, 9] studied (-indivisibility
of hs,, deeply:

Theorem 0.2 (Fukuda and Komatsu). Let ¢ be an odd prime number. If £
is less than 10° or satisfies { # £1 (mod 32), then £ does not divide hy,, for
any positive integer.

Recently, Morisawa and Okazaki [33] showed that ¢ does not divide hs,,
for any positive integer n if £ #Z £1 (mod 64).
In the case of p = 3, Morisawa [30, 31] showed the following:
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Theorem 0.3 (Morisawa). Let £ be a prime integer. If £ is less than 10°
or satisfies ¢ # £1 (mod 27), then { does not divide hs,, for any positive
integer n.

In this thesis, we study the class numbers of the intermediate fields of
the cyclotomic Zy-extension of Q(v/5). The reason why we treat Q(v/5) is
because Q(v/5) has the minimal discriminant in those of all real quadratic
fields. This case can be said to be a most accessible one as a generalization
of Weber’s class number problem to real quadratic extensions.

Through this thesis, we put

sz@cﬁﬂws%) (0.0.1)

2n+2

for each non-negative integer n. Then K, is the n-th layer of the cyclotomic
Zo-extension of Ky = Q(\/g) We also denote by h,, the class number of K.
For an odd prime number ¢, let d, be 0 or 1 according as ¢ = 1 (mod 4) or
not and 2% the exact power of 2 dividing ¢°*! — 1. For a real number x, we
denote by |x]| the greatest integer not exceeding x.

Now we describe our results:

Theorem 0.4. Let ¢ be an odd prime. Put

S 2¢ + |logy (50— 1)| — 0, — 2 if £ #5,
7 )4 if € =5.

Then ¢ does not divide hy,/hy, for any n > my.

Theorem 0.5. Let ¢ be an odd prime number less than 6 - 10*. Then ¢ does
not divide h, for any positive integer n.

Theorem 0.6. The class number of K5 is at most 133.
Theorem 0.7. The class numbers of K4 and K5 are 1.

In chapter 1, we recall fundamental facts of an algebraic number field, that
is, the class number, the integral basis, the discriminant, the root discrim-
inant and the cyclotomic Z,-extension. In particular, the explicit integral
basis and the value of discriminant of K, play important role in chapter 5.
So we study them precisely.



In chapter 2, we shall prove theorem 0.4. my, given in theorem 0.4, is an
explicit bound of Washington’s theorem for the cyclotomic Z,-extension of
Q(V5).

In chapter 3, we shall explain how to obtain theorem 0.5 by using the
result in chapter 2 and a computer.

In chapter 4, we shall study Miller’s method to establish an upper bound
of the class number of a totally real field with large root discriminant by
using Poitou version of Weil’s explicit formula and class field theory. The
result of this chapter plays an important role in the next chapter.

In chapter 5, we shall prove theorems 0.6 and 0.7. In order to apply
Miller’s result in chapter 4, we need to construct a large set of prime numbers
each of which splits completely into a product of principal prime ideals of
K5. We also explain the algorithm to find such prime numbers.

In chaper 6, we shall describe perspectives of our research by referring to
previous researches for Weber’s class number problem.



Chapter 1

Fundamental Facts of Algebraic
Number Fields

In this chapter, we recall fundamental facts of an algebraic number field K,
that is, the ideal class group, the discriminant and the root discriminant of
K. Next, we also recall the definition of the cyclotomic Z,-extension K,
of K and some properties of the class number of K, ,,, where K, ,, is the n-th
layer of K, /K.

If we do not remark anything, we shall give proofs in this chapter following
Washington [42].

1.1 Ideal Class Groups of Algebraic Number
Fields

Let K be an algebraic number field with finite degree over Q. We denote by
Cl(K) the ideal class group of K. We also denote by h(K) the cardinal of
Cl(K), which is finite. We call h(K) the class number of K. Then we have

the following:

Lemma 1.1. Let L/K be an extension of algebraic number fields which con-
tains no nontrivial unramified abelian subextension. Then the norm map
from CI(L) to CI(K) is surjective.

Proof. We denote by H(L) and H(K) the Hilbert class field of L and K,
respectively. By the class field theory, we have the following commutative
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diagram (cf. Washington [42, Appendix § 3]):

CI(L) —— Gal(H(L)/L)
norm restrection ( L.1. 1)
Cl(K) —— Gal(H(K)/K),
where both of horizontal maps are the Artin maps. By the assumption, we
have H(K)N L = K. Since H(K)L/L is an unramified abelian extension,
we have H(K)L C H(L) and
Gal(H(L)/L) - Gal(H(K)L/L) = Gal(H(K)/K),

which implies that the restriction from Gal(H(L)/L) to Gal(H(K)/K) is
surjective. By (1.1.1), the norm map from CI(L) to CI(K) is surjective. [

For a prime number ¢, we denote by A(K) the ¢-Sylow subgroup of Cl(K).
We define D(L/K) the kernel of the norm map from A(L) to A(K):

Lemma 1.2. Let L/K be an extension of algebraic number fields with degree

prime to {. Then the natural map from A(K) to A(L) is injective and we
have

A(L) = A(K) & D(L/K). (1.1.2)

Proof. We put m := [L : K]. Since m is prime to ¢, the composite map

A(K) natural map A(L) norm map A(K) m~! A(K)

is the identity of A(K'). Therefore, the natural map form A(K) to A(L) is
injective and the sequence

1— D(L/K)— A(L) - A(K) — 1
is split. This completes the proof. ]
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1.2 Integral Basis and Discriminants of Alge-
braic Number Fields

Let (,, be a primitive m-th root of unity in C for a positive integer m. For
an algebraic number field K with n = [K : Q] < oo, let

{wlaw% T awn}

be an integral basis of K. As well-known results, we give two examples of
integral basis.

Example 1.3. For a quadratic field Q(v/d) with square free rational integer
d # 1, the set

5 {1,V/d}  ifd#1 (mod 4),
{154} ifd=1 (mod 4)
forms an integral basis of Q(v/d).

Example 1.4. For a cyclotomic field Q((,,) with positive integer m # 2
(mod 4), the set

{17 Cma 72717 U 7Ci(m)_l}>
forms an integral basis of Q((,,), where ¢ : Z>1 — Z>; is the Euler function.

For the maximal real subfield Q((,,)" := Q((m + (1) of Q(¢n), we can
also obtain an integral basis of Q((,,)" explicitly:

Proposition 1.5. The set

{17 Cm + gn_q,la (gm + 617_11)27 ) (gm + C;ml)¢(m)/2_1}
forms an integral basis of Q((n)™.

Proof. Since the minimal polynomial of (,, + (,;! has degree ¢(m)/2, it is
enough to show that the integer ring of Q((,)" is Z[(, + ¢,']. We assume
that @ € Q((,)* is an algebraic integer and put

a=ay+ar(Gn+Cl) + o an(Gm + DY
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with N < ¢(m)/2 — 1 and a; € Q. Multiplying ¢V and expanding the result
as a polynomial in (,,, we have

(ha=an+- +anC.
Since {1, G, €2, -+, (2™ ™Y is an integral basis and 2N < ¢(m) — 2,

{17 Cm7 ) CE@N}

is a subset of an integral basis of Q((,,). Since (¥« is an algebraic integer of
Q(¢m), we have ay € Z. Therefore, it is true that

a—an(Gn + )Y = a0+ a1(Gn + G+ an—1 (G + GOV

is an algebraic integer of Q((,,)". By induction, we have a; € Z for all integer
¢t with 0 < ¢ < N. This completes the proof. O

let d(K) be the discriminant of K, i.e.,

2

o1(w1) o2(wr) on(wr)
d(K) = | det 01(@ 02(:&)2) 0”{%) ,
o1(wn) oo(wn) -+ oplwy)

where {01, 09, ,0,} is the set of all embeddings of K into C. Denoting by
Trg g the trace mapping from K to QQ, we obtain

o1(w1) - op(wr) o1(wi) -+ o1(wy)
Ry —det | | ) ) )
or(wn) - op(wn) on(wy) -+ op(wy)
Trgjg(wiwr) -+ Trgygwiwn)
_ et | Tralen) o Trgalan) (1.2.1)
Trijg(wnwi) -+ Trijg(wnwn)

It is well known that d(K) is a rational integer and the absolute value of
d(K) is greater than 1 if K # Q.

Odlyzko [38] gave lower bounds for discriminants of totally real number
fields:
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Theorem 1.6 (Odlyzko). There exist pairings of non-negative real numbers
(A, E) satisfying

d(K) > A" F (1.2.2)

for any totally real number field K with n = [K : Q).

A E A E

18.916 5.3334 | 54.333 26.667
21.512 6.0001 | 55.335 29.334
24.016 6.6667 | 56.129 32.001
28.668 8.0001 | 57.286 37.334
36.347 10.667 | 58.070 42.667
42.018 13.334 | 58.624 48.001
46.138 16.001 | 59.028 53.334
51.371 21.334 | 59.896 74.667
53.047 24.001 | 60.704 200.01

Table 1.1: the pairing of (A, F) in Odlyzko’s theorem!

The table 1.1 is an abstract from the table in Odlyzko [39]. Odlyzko cal-
culated these pairings analytically (cf. [36, Theorem 1] or [37, Theorem 1]).
Finally, we introduce the following proposition to determine the discrimi-

nant and an integral basis of a composite field of two algebraic number fields
(cf. Neukirch [35]):

Proposition 1.7. Let K, resp. K', be a Galois extension over Q with degree
n, resp. n'. We denote by {wi,wa, -+ ,wp}, resp. {wi,wh,- - ,wh,}, an
integral basis of K, resp. K'. If KN K = Q and d(K) and d(K') are
coprime, then

B = {ww;|[1<i<n1<j<n'}
is an integral basis of KK’ and

A(KK') = d(K)"d(K')".

Labstracted from Odlyzko [39]
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Proof. Since K is a Galois extension over Q and K N K’ = Q, we have
[KK': Q] =nn'. Thus B is a basis of KK’/Q. Let a be an algebraic integer
of KK’ and write

n2 ni

04:2 E i Wi

j=1 i=1

with a; ; € Q. We put
n
ﬁj = Zai7jwi S K.
i=1

Let Gal(KK'/K') = {01,09,--- ,0,} and Gal(KK'/K) = {d},0},--- 00, }.
Then we have

Gal(KK'/Q) = {o}o; | k=1,2,--- ,n, 1 =1,2,--- .n}.

Putting

we have det(X)? = d(K') and
a= Xb.
We denote by X the adjoint matrix of X. Then we obtain
det(X)b = Xa.

Since all the elements of Xa are algebraic integers of KK, all the elements
of d(K")b, d(K")p; = >, d(K')a; jw;, are algebraic integers of K. Thus
we have d(K')a;; € Z. Changing the roles of w;’s and wj}’s, we also have
d(K)a;; € Z. Since there exist x, 2" € Z satisfying

rd(K) + 2'd(K') =1,
we have

ai,j = l’d(K)&iJ + l‘ld(K/)CLiJ’ c 7.
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Therefore, 9B is an integral basis of K K'.
In order to compute d(KK'), we calculate the determinant of the nn’ x
nn/-matrix

M := (opoj(wiw))) = (ak(wi)al’(w})).

Since we can regard M as a n’ x n/-matrix whose (7j, [)-element is n X n-matrix

Qo (w;) with Q := (o4 (w;)), we have

Q 00 - 0\ (Eal() Ewnls)) - Bow(w))
|0 @ 0| | Buld) Buhlwh) - Budli(h)
O+ 0n Q) \Buci(W) Euoh(ly) - Euoly(w))

where O, is the n X n-zero matrix and FE,, is the n X n-unit matrix. Therefore,
we have

det(M) = det(Q)”/det(af(w;))" = d(K)" d(K")",

which completes the proof. O

1.3 Root Discriminants of Algebraic Number
Fields

For an algebraic number field K with degree n over QQ, the root discriminant
rd(K) of K is defined by

rd(K) := |d(K)|V™, (1.3.1)

that is, the positive real number whose n-th power is equal to the absolute
value of d(K). Then Masley [25] proved the following proposition:

Proposition 1.8 (Masley). Let L/K be an extension of algebraic number
fields with finite degrees over Q. Then we have rd(K) < rd(L). Moreover,
the equality holds if and only if L/ K is an unramified extension at all finite
primes.
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Proof. Let d(L/K) be the absolute norm of the relative discriminant ideal
for L/K. Then we have

|d(L)] = d(L/EK)|d(K)[ .

It is true that d(L/K) > 1 and the equality holds if and only if L/K is an
unramified extension at all finite primes. This completes the proof. ]

Proposition 1.8 implies that for an algebraic number field K and its
Hilbert class field H(K), we have

rd(H(K)) = rd(K). (1.3.2)

Using the equation (1.3.2), we can establish an upper bound of the class
number h(K) of a totally real algebraic number field K with small root
discriminant, which is used in Masley [25] or Linden [24]:

Proposition 1.9. Let K be a totally real field with degree n and (A, E)
a pairing of real numbers which appears in the table of Odlyzko [39]. If
rd(K) < A, then we have

E
h(K) < n(log A —logrd(K))

Proof. Since K is totally real, the Hilbert class field H(K) of K is also totally
real. By theorem 1.6, we have

(1.3.3)

d(H(K)) > AMOme=F

for each pairing in the table of Odlyzko [39]. By the equation (1.3.2), we
have

d(H(K)) = rd(H(K))"m = yd(K)"Em,
Therefore, we have
h(K)n(log A —logrd(K)) < E.
If rd(K) < A, then we obtain log A —logrd(K) > 0. Therefore, we have

E

h(K) < n(log A — Tog rd(K))’

which completes the proof. ]
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Remark 1.10. The maximal of A in the table of Odlyzko [39] is 60.704 (cf.
tabel 1.1). Therefore, if the root discriminant of an algebraic number field

K exceeds 60.704, then we cannot use the class number upper bound given
in (1.3.3).

In order to calculate root discriminants, we have the following lemma by
proposition 1.7:

Lemma 1.11. Let K and K’ be algebraic number fields given in proposi-
tion 1.7. Then we have

rd(KK') = rd(K)rd(K').

1.4 Cyclotomic Z,-extensions of Algebraic Num-
ber Fields

We recall that ¢, is a primitive m-th root of unity in C for a positive integer
m. By Galois theory, the extension Q((yn+1)/Q has an unique real extension
B, ,, with degree p" over Q for a prime integer p and a non-negative integer
n. Since B, ,, C B, ,41 for each non-negative integer n,

(o)
By = U By
n=0

is a field, which is called the cyclotomic Z,-extension of Q. We note that
B, ~/Q is a Galois extension and the Galois group of B, ,/Q is isomorphic
to Z, as topological groups.

For an arbitrary algebraic number field K, We put K, . :== KB, . Then
K, /K is a Galois extension and

Gal(K,o/K) = Gal(B, /B, N K) = Z,

as topological groups. We call K,  the cyclotomic Z,-exstension of K.

By Galois theory, there exists an unique intermediate field K, ,, of K, /K
with degree p"” over K for each non-negative integer n, which is called the
n-th layer of the cyclotomic Z,-extension of K.

17



In the case of p=2 and K = Q(\/g), we have
K2,n = Kn

for each non-negative integer n, where K, is defined in (0.0.1). Using the
upper bound given in (1.3.3), Linden [24] proved the following:

Theorem 1.12 (cf. Linden). The class numbers of Ky, Ky and K3 are 1.

Since lemma 1.11 implies that
rd(K,) = rd(Q(v5))rd(B,)
for each positive integer n, we have
rd(K,) = V52027 > 68.520

for n > 4. So we cannot use the class number upper bound given in (1.3.3)
for K,, with n > 4.

Then we are interested in ¢-divisibility of h,, the class number of K,,, for
a prime number £. In the case of £ = 2, since the class number of Ky is 1, we
have the following by applying the result of Iwasawa [23]:

Theorem 1.13 (cf. Iwasawa). The prime number 2 does not divide h,, for
any positive integer n.

In the case of ¢ # 2, we can apply the result of Washington [41]:

Theorem 1.14 (cf. Washington). For an odd prime number {, let (™ be the
exact power of £ diwviding h,,. Then e, is bounded as n tends to co.

18



Chapter 2

Explicit Bound of
(-indivisibility

In this chapter, we shall recall theorem 0.4 and prove the theorem. For each
odd prime number ¢, theorem 0.4 gives an explicit bound m, of Washington’s
theorem for the cyclotomic Zy-extension for Q(v/5). Since ¢ = 5 divides the
discriminant of Q(v/5), we deal with the case of £ = 5 separately.

We recall our notations. For an odd prime number ¢, let d, be 0 or 1
according as ¢ = 1 (mod 4) or not and 2% the exact power of 2 dividing
¢%*+t — 1. For a real number z, we denote by |z| the greatest integer not
exceeding x. Then we prove the following:

Theorem 2.1 (Theorem 0.4). Let ¢ be an odd prime. Put

QCg + L10g2(5€ — 1)J — (55 -2 Zf@ # 5,
my ‘=
7 )4 if € = 5.

Then ¢ does not divide hy,/hy, for any n > my.
Remark 2.2. For ¢ = 5, my is derived from
my = 2Cg + UOgQ(E — 1)J — (5@ — 2.

Remark 2.3. Since the prime ideal of K| lying above 2 is totally ramified
in K, /K, for any positive integer n, we have h, /h,_1 is a rational integer.
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2.1 The /-parts of the generalized Bernoulli
Numbers

Toward the theorem 2.1, we first study the /-parts of the generalized Bernoulli
numbers. For an odd prime number /, let v, be the additive ¢-adic valuation
normalized by v,(¢) = 1. For a non-negative integer n, we put K/, := K,({,).
We denote by G,, and G/, the Galois group of K,,/Q and K/,/Q, respectively.
We also denote by A, the Galois group of Q((,)/Q. We define the character
we 1 Ay — Zy by gé ¢ for all § € A, , which is called the Teichimiiller
character. Then w? generates the character group of Gal(Kj/Q). We remark
that there are canonical isomorphisms

{ Gnx Ay if 0 #5, (2.1.1)

a, =
FnXAg 1f€:5,

n

where T',, denotes the Galois group of B,,/Q. We denote by 1, a character
modulo 2"*2 whose order is 2".

Let f, be 5 or 5¢ according as £ = 5 or not and x a character modulo f,
with x(—1) = —1. Then we define the generalized Bernoulli number Bj .,
by

_2n+2
1 fl

By, = 7, o > xa(b)b
b=1

We remark that we can regard xi, as a character xv, : G|, — Z;. Then we
can define the idempotent e,.,, by

ean = A

Z Te(x oY (0))o € ZGL,

n ’ O,GG/

where Tr is the trace mapping from Qu(x¥n(G,)) to Q. Since we can act
exy, ON Al we put A} = ey, Al,. The following theorem is a direct
consequence of Mazur and Wiles [26, p.216, Theorem 2]:

Theorem 2.4 (Mazur and Wiles). We have

ve(| 45, anD = (Zo[xn(G),)] : ZE)W(BL;(W#)- (2.1.3)
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Theorem 2.4 implies that vy(Bi .y, ) > 0 for each x. For x, we also define
Jix(T) € Qu(T) by

D=1 > x'O1 (Tff'ff“—l)_l. (2.1.4)

b=1 (mod 2°0)
0<b< fp-26etL

Then we have the following by [42, pp.386-387]:

Lemma 2.5. Let n > 2¢, — 1. If fi,(n) # 0 (mod_Z) for any primitive
2"2-th root of unity n in Q,, then B, tyd 20 (mod ¢) for any odd integer
4, where € is the ideal of Z[n] generated by .

Lemma 2.6. If n > my + 1, then fi,(n) # 0 (mod 0) for any primitive
2"F2_th root of unity n in Q,.

Proof. We put
g(T) = fi (T)(T7* — )T (2.1.5)

Since x is a character modulo fy, we have

g(T) = > X )T € Z,[T).
b=1 (mod 2)
0<b<1+(fe—1)-2¢

We denote by deg(g) the degree of g(T'). For all n > m,+1 and any primitive
2"*2_th root of unity 7 in Q,, we have

[Qe(n) : Q] = 2m+2-eto
> 264+Uog2(fz—1)J+1
> 2%(fy — 1) > deg(g).

Hence we have g(n) # 0 (mod 0) for any primitive 2"+2_th root of unity 7 in
Q. Thus we have f1,(n) Z 0 (mod ¢) for any . O

Therefore, we obtain the following proposition by lemmas 2.5 and 2.6:

Proposition 2.7. If n > my+ 1, then we have vy(B
integer 7 with 0 < 5 < 2" — 1.

=0 for all odd

Lx—lw;j)
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2.2 Isomorphisms between Z,|A/-modules

This section is devoted to the proof of proposition 2.8, which is proved uni-
formly for the cases of ¢ # 5 and ¢ = 5. Proposition 2.8 plays an important
role for our proof of theorem 2.1.

For an integer ¢ with 0 < i < ¢ — 2, we define the idempotent e; by

Let A, and A/, be the ¢-Sylow subgroup of CI(K,,) and CI(K]), respec-
tively. Since natural mappings A,y — A, and A)_;, — Al are injective
by lemma 1.2, we can regard A, and A/ _, as G,-submodule of A, and
G’,-submodule of A/ respectively. Let D, and D; be the kernels of the
norm mappings A, — A, and A}, — Al _,, respectively. Then we have
A, =A,1® D, and A, = A, _, ® D, again by lemma 1.2.

Let L! be the maximal unramified elementary abelian (-extension of K],
that is, the maximal unramified abelian extension over K, whose Galois
group over K is isomorphic to a direct sum of Z/¢Z. Note that L] /Q is a
Galois extension since K] /Q is a Galois extension. Since Gal(L!/K!) is a
normal abelian subgroup of Gal(L! /Q), we can act G!, on Gal(L! /K] ) by

0% = gog~,
where o € Gal(L],/K]) and g € Gal(L!,/Q) such that the restriction of § to
K! is equal to g. Therefore, Gal(L! /K!) is isomorphic to A/ /lA! as G-
module by the Artin mapping. By class field theory, we have Gal(L] /L), K])
D /D! . Since

Gal(L'/n/K’:z) = A;/KA; = A;’l—l/gA;’L—l D D;/ED;”

there exists an intermediate field M of L! /K such that Gal(L! /M) =
Al JPA! | by the Artin mapping. Note that D/, is a G/ -submodule of A’ .
Then we have the following:

L, =ML, (2.2.2)
L K, NM, =K), (2.2.3)
Gal(M! /K') = D' /eD!, (2.2.4)
M]/Q is a Galois extension. (2.2.5)
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Since ¢, € K}, M) /K] is a Kummer extension. Then there exists a subgroup
V of K /(K'™)* such that M! = K'(v/V) in the obvious notation. Since
M /Q is a Galois extension, we can act G/, on V' by

b = g(b)(K.")",

where b = b(K'*)! for b € K*. Let W be the subgroup in C* generated by
(¢. Then there is a non-degenerate pairing

Gal(M! /K') x V — W; (h,b) — (h,b),

which is defined by

for all h € Gal(M!/K') and b = b(K'*)¢ and satisfies (h9,b9) = (h,b)¢ for
all g € G!. Then the reflection theorem (cf. Gras [11, pp.18-19]) says the
following:

Proposition 2.8. As abelian groups, we have

e;V = e;Gal(M), /K]) (2.2.6)

for integers i,j with i +j =1 (mod £ — 1).

2.3 The case of { #5
For ¢ # 5, we prove the following:
Lemma 2.9. Ife (Al /Al ) =0, then A, = A,_1.

Proof. By (2.2.6), we have

I

e1V = eyGal(M, /K))
eo (D, /tD},)

=D, /tD, = (An/An_1)/l(An]An_1). (2.3.1)

2
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We assume that A, # A,_1. Then e;V is not trivial by (2.3.1). Therefore,
there exists b(K’¥)¢ € e,V such that the extension K (v/b)/K? is non-trivial.
Since K/, (vb) C M, we have

L' K'nK (Vb =K. (2.3.2)

by (2.2.3). Then there exists an ideal b of K, whose ideal class belongs to e; V'
and satisfying b = (b), the ideal generated by b in K. Since e, (Al JA!,_|) =
e1 Al Je1 A there exists d € K/, such that b’ = (d). Hence there exists a
unit u of K] satisfying b = du. This implies that
b(E)" = er(D(KL)) = (ex(d(K7))) (er (u(K1)1)).

Since eq (u(KX)Y) = ¢(K/*) for some ¢ € W, we have K’ (vb) c L, K",
Therefore, by (2.3.2), we have K’ (v/b) = K’ , which contradicts to the choice
of b(K!*)*. O

Then we study e (Al /Al ) = e1A!,/Je1Al,_,. By (2.1.3) and decomposing
e1 Al using ¢J and w2y (cf. Gras [11, Section 3 in Chaper 2|), we can
describe the difference between the ¢-parts of |e; A],| and |e; A!,_,| as follows:

Proposition 2.10. We have

2" —1

ve(lerAy]) — veler Ay, _4]) = Z <W(B1,w;1w;f) + W(B1,w;1wg2¢;f)> .

j=1l:odd

So we study the (-parts of BLwZ—lw;j and Bl7we—1w5—2w;j for odd integer j
with 1 < 5 < 2" — 1. We can obtain the following condition for vanishing
the (-parts of B, Wi (cf. Fukuda and Komatsu [7, Section 4]):

Proposition 2.11 (Fukuda and Komatsu). Let n > 2c¢; + | 5log, ¢]. Then
we have vy(B, wé—lw;]') =0 for all odd integer j with 1 < j < 2" — 1.

We remark that since my+1 > 2¢, + L% log, ¢] for all odd prime mumber
¢, proposition 2.11 implies that if n > m, + 1, we have 'Ug(BLwe—l,w;j) =0 for
all odd integer j with 1 < 7 < 2" — 1.

By putting x = wpw?, proposition 2.7 is reformulated as follows:
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Proposition 2.12. Ifn > m,+ 1, then we have ve(B, w;1w52w;j) =0 for all
odd integer j with 0 < 7 < 2™ — 1.

Then the following proposition is immediately obtained by propositions 2.10
thorough 2.12:

Proposition 2.13. If n > my + 1, then we have e;A), = e A,

n—1-

We assume that n > my. Then we have e, A}, = e A}, | =---=e A} by
proposition 2.13. Therefore, lemma 2.9 says that A, = A,_; = --- = A,,.
This completes the proof of theorem 2.1 for the case of ¢ # 5.

2.4 The Case of / =5

In the case of ¢ = 5, we cannot obtain the isomorphism (2.3.1) because we
have

Gal(Q(G:)/Q) = Gal(K,/B,).

In order to obtain an isomorphism similar to (2.3.1), we use es. Let o € Al,.
Since the 5-part of C1(B,,) is trivial for all positive integer n (cf. K. Horie [16,
Proposition 3] or Fukuda and Komatsu [7, Corollary 1.3]), we have

1
eg(oz):Z Z o— Z 7|«

c€Gal(K/, /Ky) r€Gal(K!, /B,)\Gal(K/, /K,)
1
s o)

oc€Gal(K/, /Ky)

for all « € A],. Therefore, we can regard e, as the norm map from A/ to A,
and (2.2.6) says that

Il

e3V = e,Gal(M, /K))
62(D;/£D1,1)

= D, /tD,, = (Ay/An1)/U(An) A1),

1%

which allows us to prove the following by a similar argument in the proof of
lemma 2.9:
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Lemma 2.14. Ife3(Al /A, ) =0, then A, = A,_1.

To describe the difference between the 5-parts of |es A} | and |esA!, |, we
repeat a similar argument in the proof of proposition 2.12:

Proposition 2.15. We have

2n—1

vs(les ) = vs(les A ) = Y us(By,aym0).

j=1l:odd

By putting x = wg, proposition 2.7 is reformulated as follows:

Proposition 2.16. If n > m, + 1, then we have v5(BLw5_3%j) = 0 for all
odd integer 7 with 0 < 7 < 2" — 1.

Propositions 2.15 and 2.16 allow us to obtain the following:
Proposition 2.17. If n > my+ 1, then we have e3Al, = e3 Al

n—1-

By proposition 2.17 and lemma 2.14, we have A, = A, 1 = --- = A,
for n > my, which completes the proof of theorem 2.1 for the case of £ = 5.
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Chapter 3

Numerical Result

In this chapter, we shall recall theorem 0.5. This theorem is derived from
theorem 2.1 by a computer calculation. So we give the algorithm to calculate
(-indivisibility of h,,.

We recall our result:

Theorem 3.1 (Theorem 0.5). Let £ be an odd prime number less than 6-10%.
Then £ does not divide h,, for any positive integer n.

3.1 General Setting

Let ¢ be an odd prime number less than 10°. For a character y : G,, — Zi,
we define the idempotent e, by

ey = ﬁ Z Tr(x ' (0))o € Z[G,), (3.1.1)

" reGn

where Tr is the trace mapping from Q(x(G,)) to Q. Since we can act e,
on A,, we put A, , := e, A,, which is called the x-part of A,,. Then we have

A, = EBAW, (3.1.2)
X/

where Y\’ runs over all representatives of Q;-conjugacy classes of the character
group of G&,,. Let K, be the subfield of K, corresponding to Kery and A, the
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x-part of the (-Sylow subgroup of Cl(K,). Then there is a canonical group
isomorphism

Ay 2 A, (3.1.3)

n7X -

We rewrite (3.1.2) more concretely. Let p be the generator of T',, induced
by Con+2 > (Suye, 0 the generator of Gal(K/Q) induced by (5 — (Z, and ¢
the generator of the character group of I',,. We abbreviate ws as w. We put
F, = KKew™ and H, = Gal(F,/Q). We define X C Z to make {¢7|j € X}
be a set of representatives of injective characters of I',,. Then {w?y7|j € X'}
is a set of representatives of injective characters of H,,.

Noting the isomorphism (3.1.3), we can rewrite (3.1.2) as follows:

An=A 1 @D Anys © D Anrgs- (3.1.4)
jex jex
For each j € X, we have |A, 4| =1 if £ < 10° by [9]. Therefore, if it is true
that |A, ,24i| = 1 for all j € X, we have A,, = A,_;, which implies that ¢
does not divide hy,/h,—1. Since h; = 1, we may assume that n > 2.
In order to prove that ¢ does not divide

we define a cyclotomic unit &, of K,. For non-negative integer n, let (5.on+2
be a primitive 5 - 2"72-th root of unity in C. We put (ont2 = C§.2n+2 and
(s = 527;32 We also put

En = (Gslantz — 1)(GGonn — 1)(G5 Ganiz — 1(G5 Gl — 1) € Ko
For y = w?y? with j € X, we define a truncation e, , € Z[G,] of e, by
eys = e, (mod {).
Then we can act e, ¢ on &,. The following is the special case of 2, Lemma 1]:

Lemma 3.2. [f there exists a prime number p congruent to 1 modulo 5¢-2"+2
and satisfies

p

(&) T #1  (mod p) (3.1.5)

for some prime ideal p of K,, lying above p, then we have |A,, | = 1.
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Let s = ¢y — d;. Then 2° is the exact power of 2 dividing £/ — 1 or £ + 1
according as £ = 1 (mod 4) or not.

Owing to Lemma 3.2, we may regard x as a character of G, into F,,
where Ty is the algebralc closure of Fy = Z/lZ. Let n, be a primitive 2"-th
root of unity in F, and

L= Fé(nn)
We may also define e, to be an element of Fy[G,,] and assume that ¢(p) = n,,*.
Then we have

2n—1

1 L 4
Cotys = 5o Z Trrm,(nd) (0" —op') . (3.1.6)
i=0

Now, let p be a prime number satisfying p = 1 (mod 5¢ - 2"*?) and g,
a primitive root modulo p. Since p is totally decomposed in Q((s.0n+2)/Q,
there exists a prime ideal P in Q((5.0n+2) lying above p which satisfies

p—1

Csont2 = gy 52 (mod ‘43)

To consider (3.1.5), we can ignore 1/2"*1 in (3.1.6). Therefore, we put
2 e s o = S ot ai(pf — op?), that is,

a'ij = TI'L/FZ(H;J)

We fix non-negative integers z1, 2o, 23, 24 satisfying

z1=gp°  (modp),z21 =1 (mod p),

zm=g7 " (modp),zzz=1 (mod p).

Then we have

2n lezw]e_H<
=0

I

@gm— D) (CsCoite — DG G — DG G — ))
2n+2_ )(C5§2n+2 - )(€5 C2n+2_ )(C5 <2n+2_ )

(
(¢
((Z1Z3 — 1) (22} —1)(2225 —1)(222’4 —1)> ’ (mod p)

22y — )(2124 _1)(2223 _1)(2224 —1)
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with p = PNK,,. For convenience, we fix ((b') € Z satisfying 0 < ((b*) < p—1
and

(212 — (212 — D22 — D(z2h —1)
(2228 — 1)(30 — D) — 1) - 1

¢(b') = (mod p)

for each integer b > 1 and i > 0.
We need to determine X, a;; for each positive integer ¢ and j € X and b
explicitly. We treat 4 cases for this purpose.

3.2 Thecase /=1 (mod4) and 2<n<s

In this case, we have L = [F,. Hence Trpp, (Mn) = np. Since the choice of 7,
is arbitrary, we may assume that

£—1

=g, (mod {),

where g, is a primitive root modulo /. Since there are 2"~! non-conjugate
primitive 2"-th roots of unity in [y, there are also 2"~! Fy-conjugacy classes
of injective characters of H,,. We put

X={jeZll <j<2"—1,jisodd}.

Then {w?y’|j € X} is a set of representatives of the Fy-conjugacy classes of
injective characters of H,. We fix non-negative integers a;;’s by

aij = g;" (mod /)

for each 0 <7 < 2" —1 and j € X. Then we have the following criterion:

Lemma 3.3. If for each j € X, there exists a prime number p congruent to
1 modulo 5¢ - 2"+2 satisfying

p—1

2n—1 2
(H <<5Z>%> £1 (mod p),
=0
then € does not divide hy,/hy,_1.
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3.3 The case (=1 (mod 4) and s+ 1 < n.
In this case, we have [L : F;] = 2"7%. So the minimal polynomial of 7, over
Fg is

gn—s

n—s
T2 —

n

Therefore, if 2"~ does not divide ¢, then Try g, (1%) = 0. So we have

251
1 n—=s54 n—s; n—s;
Coty) = oit > Trpym, (7 Y) <02 —ap’ )
i=0
=
= ontl Z Trr/r,(n) <P2 T op? ”)
i=0
251

1 id n—s; n—s;
T sl Znsj ('02 —op’ >
i=0
Since there are 257! non-conjugate primitive 2"-th roots of unity in Fy, there
are also 2°7! F-conjugacy classes of injective characters of H,. We put
X={jez1<j5<2°—1,jisodd}.

Then {w?Y7|j € X} is a set of representatives of the Fy-conjugacy classes of
injective characters of H,. We fix non-negative integers a;;’s satisfying

p=1;j
ai; = g,% (mod ¢)

for each 0 <7 <2°—1and 5 € X. Then we have the following criterion:

Lemma 3.4. If for each j € X, there exists a prime number p congruent to
1 modulo 5¢ - 2"2 satisfying

p—1

251 =
(H C(52n_si)““> #Z1 (mod p),
i=0
then € does not divide hy,/hy,_1.
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3.4 The case /=3 (mod4) and 2<n <s

In this case, we have [L : Fy] = 2. Hence we obtain
Ty e, (M) = 1 + 11y

Since there are 2”2 non-conjugate primitive 2"-th roots of unity in Fy, there
are also 2"~ 2 F,-conjugacy classes of injective characters of H,. We put

X={jezZ|l1<j<2"'—1,jis odd}.

Then {w?y?|j € X} is a set of representatives of the F,-conjugacy classes of
injective characters of H,. We fix non-negative integers a;;’s satisfying

Q5 = t25+1*"ij (mod 6)

for each 0 <7 < 2" — 1 and 5 € X, where t;’s are elements in [, defined in
(3.5.1) in section 3.5. Then we have the following criterion:

Lemma 3.5. If for each j € X, there exists a prime number p congruent to
1 modulo 5¢ - 22 satisfying

p—1

(ﬁc(&ai)%) 1 (mod p),

then € does not divide hy,/h,_1.

3.5 The case (=3 (mod4) and s+1<n
In this case, we have [L : Fy] = 2"7%. Let
T* —alT -1

be the minimal polynomial of 7., over F,. Then the minimal polynomial of
N over [y is

2n7571

" —aT —1.
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Thus if 2"~ does not divide ¢, then Tryr,(n,) = 0. Therefore, we have

gs+l_1

1 n—s—1;, n—s—1; ne—s—1:
T DI TN U <p2 = op? 1Z>
i=0
2st11
ij n—s—1; n—s—1;
= ontl Z Trr/r,(051) (Pz —op? )
i=0
1 2st1—1
17 n—s—1,; n—s—1;
= 92 Z Trey (nea) /e (11551) (,02 —op® ) _
i=0
We put
ti = Tre, (g, 1) /6, (0o 1)- (3.5.1)

We need to calculate t;’s. Fukuda and Komatsu showed the following two
lemmas in [7, Lemmas 3.3 and 3.6]:

Lemma 3.6 (Fukuda and Komatsu). Put as = 0 € F, and define a; € F,
for all 3 <i < s+ 1 by the recursive formula

a;=+/24+a;1 (3<i<s),
Gs+1 =V —2+a,.

Then we have t; = agy1.

Proof. We recall that

t; = 772-1—1 + 77;!;1

for all integer i. Noting that n{T{ = —1, we obtain

to = 77§+1 + nfﬁl
+1
= (Nsy1 + 77§+1)2 - 277§++1 )

= (Ns1 + 77§+1)2 +2
=17 42
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and

_ 9k 2ky
tQk - /)78+1 + T]s—f—l

k—1 k—1 2k—1(p11
= (2 020 ) = 2050 ey

k—1 k—1
= (773-1-1 + 773—1—1 2)2 -2
— t3k71 - 2

for all integer k with 2 < k < s— 1. Since
tzs—l = t%sfz — 2 == O,
we obtain the lemma by reversing the above procedure. O

Remark 3.7. For each step, we have two square roots. So we have just 257!
instances of ¢;. Since they correspond to the 2°~! non-conjugate primitive
25*1th roots of unity in F,, we fix an arbitrary one.

Lemma 3.8 (Fukuda and Komatsu). We have t; o = t1t;11+t; for alli > 0.

Proof. A straightforward calculation gives

i i+1)¢
titier = (Msg1 4+ nbyy) (M) + 77£»+1) )
i i+2)¢ ¢ i it
= (25 + ) e Ok +0)
= lit2 — Uy,
which completes the proof. ]

Since there are 2°~! non-conjugate primitive 2"-th roots of unity in Fy,
there are also 2°~! Fy-conjugacy classes of injective characters of H,,. We put

X={j€Z:oddl1<j<2lor2°+1<j<2°+2°" -1}

Then {w?y?|j € X} is a set of representatives of the F,-conjugacy classes of
injective characters of H,. We fix non-negative integers a;;’s satisfying

Qi = tij (IIlOd 6)
for each 0 <7 < 2°t! — 1 and j € X. Then we have the following criterion:

Lemma 3.9. If for each j € X, there exists a prime number p congruent to
1 modulo 5¢ - 22 satisfying

p—1

25+1_1 £
( 11 c<52"-*“”>aff) £1 (mod p),
1=0

then € does not divide hy,/hy,_1.
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3.6 The Logarithmic Algorithm

It takes too much time to verify that an odd prime number ¢ with large s
does not divide h,,, with the previous criteria. For example, it takes more
than 3 weeks with a computer calculation by Mathematica 9 to verify that
6143 = 3 - 2 — 1 does not divide hss.

To obtain theorem 3.1, we need to verify that 8191 = 213 — 1 does not
divide hyg. Thus we are led to a logarithmic version of the previous criteria
(cf. Aoki [1, Theorem 13]).

For x € F), let v,(z) be the unique non-negative integer less than p
satisfying

xr = g;?(m) .

The calculation of v,(z) is considered hard for large p. But v,(z) modulo ¢
is enough for our purpose. Let v,(x) =i+ j¢ with 0 < ¢ < ¢. Then we can
determine i by

2T = ()T = (a7 )
Hence we can fix x; € Z satisfying 0 < x; < ¢ and
7 = () (mod 0),
where b is defined by
b:{Bn_c %f2§n§s,
5277 ifs+1<n.
We also put r by
T_{n if2<n<s,
c ifs+1<n.

Then we obtain the following criterion as the logarithmic version of lem-
mas 3.3 through 3.5 and 3.9:

Lemma 3.10. If for each j € X, there exists a prime number p congruent
to 1 modulo 5¢ - 2"2 satisfying
2r—1

Z a;r; Z0 (mod ¢),

=0

then € does not divide hy,/hy,_1.
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Lemma 3.10 allows us to verify that if an odd prime number ¢ satisfies
that £ = 8191 or 10* < ¢ < 6-10%, then ¢ does not divide h,, for any positive
integer n.
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Chapter 4

Establishing an Upper Bound
of Class numbers

In this chapter, we explain Miller’s method in [28] to establish an upper
bound of class numbers of totally real algebraic number fields with large
root discriminants. The root discriminant of an algebraic number field is
defined by (1.3.1). Without knowledge of prime ideals or non-trivial zeros
of the Dedekind zeta functions, we cannot obtain any upper bound of class
numbers of algebraic number fields with large root discriminants. In order to
establish an upper bound of class numbers of those algebraic number fields,
we need to study prime ideals of totally real algebraic number fields.

4.1 Another Unconditional Upper Bound of
Class Numbers

In this section, we shall show another upper bound of class numbers of totally
real number fields except that given in section 1.3. Let K be an algebraic

number field with degree n and r; real embeddings into C. We denote by
Ni the absolute norm map of the ideal group of K. We define v by

1=t (Z —logm>a

the Euler constant. Then we have the following by Poitou [40]:

| =
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Theorem 4.1 (Poitou). Let F' : R — R be a Schwarz function satisfying
F(0) =1 and F(—x) = F(x) for all x € R. For each s € C, the transforma-
tion ® of F is defined by

D(s) := /00 F(x)e(s_%)zdx.

o0

Then we have

7T 1 —F(x)
log |d(K)| = = ] — i
og |d(K)| T12+n(7+ og 87) n/o Y

—ry / Adm — 4/ F(z) cosh Lz
0 0 2

2 cosh f

—G—ZCI)( +ZZZlOgNKp F(mlog Nkp), (4.1.1)
P

p m=1

where p runs over all non-trivial zeros of the Dedekind zeta function of K
which satisfies that 0 < Re(p) < 1 and p runs over all finite prime ideals of
K.

Remark 4.2. In theorem 4.1, the choice of F' does not depend on a totally
real field K.

First, following Miller [28], we shall establish an unconditional upper
bound of class numbers of totally real algebraic number fields:

Proposition 4.3 (Miller). Let K be a totally real number field with degree
n. We define F.: R — R by

Fo(z) = (4.1.2)

for each c € Ryy. We put

€:g+'y+log87r, (4.1.3)

glc) = /OOO 1_5‘3(@ ( 1, z) da. (4.1.4)

X
sinh 3 cosh 5

If it is true that
¢ —g(c) —logrd(K) > 0, (4.1.5)
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then we have

2c\/T
7 (€ 9(c) — logrd(K))

h(K) <

Proof. For a totally real field K" with degree n, we note that d(/£) > 0. Then
the equation (4.1.1) is rewritten as follows:

1ogd(K):ne:—n/Ool_§(x) ( I x)d:c

X
0 sinh §  cosh §

4 /0 " Fa) cosh gdx +3 @(p)

log N p
—i-QZZ mK/2 (mlog Nkp). (4.1.6)

pml

Let H(K) be the Hilbert class field of K. Since K is totally real, H(K) is
also totally real. Putting F' = F, with positive real number ¢, we have

/ F.(x) cosh L da :/ o dy = ﬂ
0 2 0 2

Then we obtain

log d(H(K)) = h(K)n€ — h(K)ng(c) — 2cv/7 + Y _®(p))

logNH
+2ZZ OB /2 F(mlog Ngx)B), (4.1.7)
B m= 1

where p’ runs over all non-trivial zeros of the Dedekind zeta function of H(K)
which satisfies that 0 < Re(p’) < 1 and B runs over all finite prime ideals of
H(K). By (1.3.2), we obtain

logd(H(K)) = h(K)nlogrd(K).

Since

log Ng(
Z@ > 0 and ZZZ o8 Hg)gﬁ c(mlog Ng)B) > 0
B m= 1
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for F = F,, we have an inequality

h(K)n (€ —g(c) —logrd(K)) < 2cy/T
If the inequality (4.1.5) holds, then we have

2c\/T
n (€ —g(c) - logrd(K))’

which completes the proof. [

h(K) <

Remark 4.4. If a totally real field K has the root discriminant greater
than 4me’™! = 60.839, then we cannot establish an upper bound of the class
number of K by proposition 4.3.

4.2 Miller’s Upper Bound of Class Numbers

As we mentioned in section 1.4, the root discriminant of K, is greater than
68.520 if n > 4. So we cannot establish an upper bound of the class numbers
of either K, or K5 by proposition 4.3.

To establish an upper bound of class numbers of algebraic number fields
with large discriminant, we shall follow Miller’s work in [28] to study

1OgNH(K
QZZNH(K‘IS 75 Fe(mlog Nigio) ) (4.2.1)

more precisely.

Let K be a totally real field with degree n. We denote by S(K) the set of
all prime numbers each of which splits completely into a product of principal
prime ideals of K. By class field theory, we have following:

Proposition 4.5. Let H(K) be the Hilbert class field of K. A prime ideal p
of K splits completely in H(K)/K if and only if p is a principal ideal.

We assume that ¢ € S(K). Then ¢ splits completely in H(K)/Q by
proposition 4.5, which implies that the number of prime ideals in H(K)
lying above ¢ is h(K)n. Since we have

NuxQ =¢q

40



for each prime ideal Q in H(K) lying above ¢, we obtain

lOgNH(K
222 * Nir(re)Bm/? Felmlog Nizuo)

Using the above inequality, we obtain a generalization of proposition 4.3 as
follows:

Proposition 4.6 (Miller). Let K be a totally real algebraic number field with
degree n. For a subset T of S(K) and real number ¢, we put

B(e,T) =€ —g(c) —logrd(K) + QZ F.(mlogq). (4.2.2)

qeT m= 1

If it is true that
B(c,T) >0 (4.2.3)

for some ¢ and T, then we have

h(K) < é(cg). (4.2.4)
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Chapter 5

An Upper bound of the Class
number of Kr

In this chapter, we shall establish an upper bound for the class number of
K5 using Miller’s method introduced in the previous chapter.
We recall our results:

Theorem 5.1 (Theorem 0.6). The class number of K is at most 133.

Considering that hs has no prime factor ¢ less than 60000 by theorem 3.1,
we have hs = 1. Moreover, remark 2.3 says that h; = 1 implies hy = 1. Thus
we obtain the following result:

Theorem 5.2 (Theorem 0.7). The class numbers of K, and Ky are 1.

In section 5.2, we shall prove that hy is at most 518 without the knowledge
of theorem 5.1.

5.1 Integral Bases of K,

In order to prove theorem 5.1, we need to construct a subset of S(kK,,) which
contains many small prime numbers. We recall that S(K,,) is the set of all
prime numbers each of which splits completely into a product of principal
prime ideals of K,, . To verify whether a prime number p is in S(K,,), we use
the following lemma:
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Lemma 5.3. A prime number p is contained in S(K,) if and only if there
exists an algebraic integer o of K,, which satisfies that

p = [Nk, 0(@)], (5.1.1)

the absolute value of the norm map of a form K, to Q.

Proof. Let p € S(K,,) and p a prime ideal in K, lying above p. Then there
exists an algebraic integer a of K, satisfying

p=(a).

Therefore, we have

|Nk,o(a)| = Nk, p = p.

Conversely, we assume that there exists an algebraic integer o in K, which
satisfies (5.1.1) for a prime number p. Then the ideal p = («) is a prime
ideal of K, lying above p. Since K,,/Q is a Galois extension, all prime ideals
of K, lying above p is principal. For p = 2 or p = 5, it is not possible to
satisfy the equation (5.1.1) for any algebraic integer a. Thus p is unramified

in K,,/Q.
Therefore, p spilts completely into a product of principal prime ideals of
K,,, which implies that p € S(K,). This completes the proof. ]

In order to apply lemma 5.3, we need to give an integral basis of K,. We
put

1+5
5
Then {1,w} is an integral basis of Q(v/5) (cf. example 1.3). Since K, =

B, - Q(v/5) and the discriminants of B, and Q(/5) are coprime, we obtain
an integral basis of K, by propositions 1.5 and 1.7 as follows:

Lemma 5.4. For each rational integer j with 0 < j < 2"*1 — 1, we put

(2cos 2255)7 if0<j<2n,
U; =
R if 2 < j < 2mt

Then the set
s:Bl = {u07u17u27“' 7u2"+171} (512)

forms an integral basis of K,,.

44



Though we obtain an integral basis of K,, B; is not enough for our
purpose. We recall that we need to establish a subset 7" of S(K,,) which
satisifies that

< |
B(e,T) = € — g(c) — logrd(K,) + 2> ;Tg/ch(m logq) > 0
qeT m=1

with some real number c. Since F,. is a Schwarz function, we need T to

contain many small prime numbers. If we obtain an algebraic integer a of
K, by

o = agUg + a1y + - -+ + Qon+1_1Ugn+1_1

with rational integers a;’s each of which satisfies that |a;| < 2, then it is very
hard to find o with small absolute value of N, /o(c).

In order to find an algebraic integer a of K, with small absolute value of
Nk, jo(a), we cite Cerri’s work in [4]:

Theorem 5.5 (Cerri). Let n be a positive integer. For each rational integer
J with 0 < j < 2™, we put

{1 if j =0,
€; =

200822,3% if 1 <5 <2m.
Then

{60, €1, ,€2n71}

15 an integral basis of B, and satisfies the follwing;
(i) Trg, q(eo) = Trg, jo(ef) = 2" and Trp, g(ej) =0 for j # 0.
(ii) Trg, q(eF) = 2"t for j # 0 and Trg, jg(eie;) = 0 fori # j.

Proof. For convenience, we put

¢ = Gonea.

Then we recall that
{LC+HCH(CHCT? - ¢+ Y
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is an integral basis of B,, by proposition 1.5. Since
e; = + ¢

for each integer 1 < j < 2™ — 1, we have

l5]

wy =G+ =) (2) ¢ = (é) €2
0

k=0 k=

Wl

Therefore, there exists a 2" x 2™-matrix M such that

1 €0
w1 €1
W2 =M €2

Waon 1 €on_1

and whose all components are rational integers. Since M is a lower triangular
matrix and each diagonal component of M is 1, we have M € GL(2",Z).
Thus

{60, €1, 7€2n—1}

is an integral basis of B,,.
(i) Trivially, we have

Trg, jg(e0) = Trp, jo(ef) = Trp, jo(1) = 2"

We assume that j # 0. We denote by I',, the Galois group of B, /Q. Then
we have

2m—1
Trs, joleg) = D oley) = Y (D — ¢t
o€l k=0

2" —1 2n—1
k=0 k=0
1= -y

46



If 7 is even, we have

1 - 2n+1j
LI )
C*J — CJ
If 7 is odd, we have
1— ¢ 2
(i—(¢ (-

which is a pure imaginary number. Therefore, we have Trg, ,g(e;) = 0.
(ii) We assume that j = 0 and i # 0. Then the property of (ii) is obvious
by (i). So we assume that ij # 0. Then we have

eiej = (( + D) (¢ + ¢,

We remark that 2 < i+j < 2**1. If i+ = 2", then we have ¢/ 4+¢ 0+ = (.
By a similar argument in (i), we can show

Trg, /o(¢ + (") =0
for each ¢ and j with 1 <1,j < 2" — 1. If i # j, we have
Trg, /o(¢7 +¢ ) =0
again by (i). If i = j, we have (7 + (079 =2 and
Trs,jq(e;) = Tr, jg(2) = 2"+
This completes the proof. ]

Remark 5.6. The properties of the integral basis of B,, given in theorem 5.5
are important to calculate the discriminant of B,,. As a cororally of theo-
rem 5.5, we have the following (cf. Cerri [4] or equation (1.2.1)):

d(Bn) = 2(n+1)2n_1.
We put

€; if0 <y <2,
v =
T wejign if 20 <G < 20t

Then we have another integral basis of K, except that given in lemma 5.4:
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Lemma 5.7. The following subset of K,, is an integral basis of K, ;

B = {vg, V1, Vg, , Vgnt1_1 }.

Remark 5.8. For each element v of 98B, there exists a element v’ of B such
that v and v" are Galois conjugate. An integral basis of 9; does not have
such a property. Owing to this property, an algebraic integer obtained by
a linear combination of B over Z tends to have small absolute value of the
norm.

5.2 Construction of a Subset of S(K))

As an easy example, we calculate norms of algebraic integers of K, and
construct an upper bound of the class number of K, without the knowledge
of theorem 5.1. The integral basis of K4 given in lemma 5.7 is as follows:

o =0,
Vj = Gyt Ced = 2008(%) (1 <j<16),
Wuj—16 (16 < j < 32).

Using a computer, we can verify the following:
Lemma 5.9. Put

Y1 I:U1+U3—|—U5+’U9—’U16,

Y2 1= Vs + V15 — V16-
Then we have

’NK4/@<71)‘ =191,
[Nk, j0(y2)| = 449.

Remark 5.10. 191 and 449 are the first two smallest prime numbers each
of which splits completely in Kj.
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We put T := {191,449} and ¢ = 210. Then we have

log p
222 m/2F210 (mlogp) > 0.1643.

peT m= 1

Therefore, we have

1
¢ — g(c) — logrd(K,) +2ZZ 8D g o(mlogp) > 0.1643 — 0.1193

m/2
peT m= 1

= 0.0449,

which implies that

420~/7
K)<|—Y" | =51 2.1
W) < {32-0.0449J o18 (5:2.1)

by lemma 4.6. Therefore, we have the following:

Proposition 5.11. The class number of K4 is at most 518.

5.3 Construction of a Subset of S(K5)

To establish an upper bound of the class number of K5, we construct a subset
Ty of S(K5) to apply lemma 4.6. The case of K5 is much more complicated
than that of K4 because we need to verify that a large number of small
prime numbers are in S(Kj) for our result. For each rational integer j with
0 <7 <64, we put

1A . . <j - 0)7
Vj 1= 4 (log + Cog = 2005(%) (1<) <32),
WU 32 (32 < ] < 64)

Then
{v; | j is an integer with 0 < j < 64}
is an integral basis of K5 by lemma 5.7.
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We consider an algebraic integer a in K5 of the form
8
a= Zakvjk, (5.3.1)
k=1

where ji’s are integers with 0 < j; < -+ < jg < 32 < j7 < Jg < 64 and a;’s
are integers with —2 < a; < 2. We denote by A the set of & € O, of the
form (5.3.1). For convenience, we put

N(a) := |Ni o(@)]
for all algebraic integer o in K5. We also put

U:={N(a)|ae A},
U, .= {m € U | all prime factors of m are less than 109} ,
Ty :={p € Uy | p is a prime number} .

Then we have T; C S(Kj5). However, T} is not enough to give an upper
bound of h(Kj). So we use the following lemma.

Lemma 5.12. Let p, q be distinct prime numbers and assume thatp € S(K3).
If there exists an algebraic integer o in K5 satisfying N(«) = pq, then it is
also true that ¢ € S(Ks).

Proof. We denote the prime ideal factorization of («) in K by
(@) = pa,
where p is a prime ideal lying above p and q is a prime ideal lying above ¢.

Since p € S(Kj3), there exists an algebraic integer 5 in K5 such that p = ().
Therefore we have

(a/B) = q.

Since o/ is an algebraic integer in Kj5 satisfying

N(O[/ﬁ) = NK5q =dq,

we conclude ¢ € S(K5) by lemma 5.3. O
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We define U,,;, and T}, recursively by

Unpi1 = { |m € U U, p € U T and — is an 1nteger}

k=1
Toi1:=4{¢€Us1lqisa prlme}

for all positive integer n. Lemma 5.12 implies that 7,, C S(Kj) for all positive
integer n.

We define Tj) by
To:=J T (5.3.2)

This Tj is what we want to obtain the upper bound given in theorem 5.1.

Remark 5.13. Since A is a finite set, there exists some integer M which
satisfies that T,, = () for all integer n > M. In our case, we have T, = () if
n > 5.

5.4 Proof of Theorem 5.1

We prove theorem 5.1 using the subset Tp of S(K3) constructed in section 5.3.
For ¢ = 210, we have

¢ — g(210) — log rd(K5) > —0.8341

and

logp
2y Z m/2F210 (mlogp) > 0.9212.

peTy m= 1

Therefore we have

€ — g(210) — logrd(K;) +2 ) Z s 8P g o(mlogp) > —0.8341 + 0.9212

pETp m= 1

= 0.0871.
Proposition 4.6 says that
420
VT J = 133.

hKs) < | —o V"
(1) < L64-0.0871

This completes the proof of theorem 5.1.
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5.5 Examples of the Elements of T

Finally, we give several examples of prime numbers contained in 7. The set
of the ten smallest primes which split completely in K5/Q is

P := {641,769, 1151, 1279, 1409, 2689, 3329, 4481, 5119, 6271 }.

We can verify that P C Tj. For positive integer ¢+ with ¢ < 10, we define an
algebraic integer o, in K5 by

o 1= —U13 — V14 + V16 + V17 + V32,

Qg := V7 + U8 — V19 — V11 + V13 + V14 + V3,
Qg3 1= V4 + V5 + Vg + V32,

Quy 1= —Ug1 + Vg + Va3 — Vay + Vog + V32,

Q5 = V19 + V11 + V12 + V13 + V1a 1+ V32,

g = V1 + V13 + V32,

Q7 1= Vg5 — Vg + Vg7 — Ugg + V29 — Usg + Usa,
Qg 1= —Uy — U5 + Vg + V32,

Qg = V19 — V12 + V13 + VU39,

Qo ‘= V19 + V21 + U32.

Then we have

N(oy) =641, N(ap) =769, N(asz) = 1279,
N(ay) = 3329, N(as)=4481, N(ag) = 5119,
N(az) = 2689 - 3329, N(as) = 1151 - 2689,
N(ag) = 1151 - 1409, N(a0) = 641 - 6271.

The above equations imply that there exist algebraic integers 71, 72, 73, 74 of
K5 which satisfy that

N(y1) = 6271 (5.5.1)
N(72) = 2689 (5.5.2)
N(7s) = 1151, (5.5.3)
N(74) = 1409 (5.5.4)



by lemma 5.12. Indeed, we can determine 7,’s which satisfy the equations
(5.5.1) through (5.5.4) explicitly as follows.

We assume that for distinct prime numbers p and ¢, there exist algebraic
integers «, f in K5 which satisfy that N(«) = pg and N(B) = p. Let o be
the generator of the Galois group of Q(v/5)/Q induced by (5 — ¢? and p a
generator of the Galois group of B5/Q induced by (iag > (fhg. Then for all
T € Gal(K;5/Q), there exist some rational integers k, [ which satisfy

T=0"p.
For integer 0 < ¢ < 64, we chose rational integers i1, 7o which satisfy
1= 3211 + iy

with 0 < 45 < 32. Then we put 7; := 0" p”. We also put

To(Uo) To(Ul) 7'0(%‘3)
V= 71(1)0) T1(U1) 7_1(7)63)
763(210) TGB(Ul) 763(1)63)

Then det(V)? = d(K35), which implies that V' € GL(64, K3). For each integer

0 < k < 64, we put 7, = a/5™. Then there exist rationals acgk) which satisfy
that

x(()k)vo + ngk)"Ul + -+ Z’é’;)ve;g = Vk-

Operating 7; for each integer 0 < i < 64, we have
(k) (k) (k)

xy Ti(vo) + 1 Ti(vy) + - -+ xgy Ti(ves) = Ti(Vk)-

Therefore we have the following equation:

) To(’Yk)
v A7 | ) ,
o) To3 (k)
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which implies

x(()k) 70(Vk)

-
Ty 1(@ . (5.5.5)
xg;)) 763(%)

Thus we have the following:

Lemma 5.14. For some ko, if it is true that :Eg-ko) given in equation (5.5.5)

is rational integer for all 0 < 7 < 64, then we can conclude that vy, is an
algebraic integer of Ky which satisfies that N (k) = q.

Using lemma 5.14, we can give algebraic integers 71, 72, 73, 74 in K5 which
satisfy equations (5.5.1) through (5.5.4) explicitly. For convenience, we de-

note y = Z?io xjv; by v = [0, 21, , Te3).
Example 5.15.

1. The following ; satisfies that N(v;) = 6271:

v = [93,—38, —55,90, —17, —70, 81, 6, —82, 67, 28, —90, 50, 47, —93, 31, 61, —87,
7,74, —76, 17,85, —63, —37, 90, —45, —55, 89, —24, —69, 81, —57, 21, 34, —55, 8,
46, —51, —3,53, —43, —13, 54, —30, —27, 54, —16, —41, 54, —4, —50, 50, 7, —52, 40,
21, —52,26, 36, —53, 13, 46, —51].

2. The following 7, satisfies that N(y2) = 2689:

vy = [-17,14,-10,6,1,—3,7, 7,6, —6,3, —3,4, —4,9, —10,12, 12,9, —4, —3,
10, 15,19, —19,16, —13,8,—3,1,2, —1,15, —12,12, —7,3,—1,-2,3,-2,3, -2,
3,-3,5,—6,9,—10,11, 8,6, -2, —3,5,—7,8,—7,5,—1,0,2, -2, 1].

3. The following v satisfies that N(v3) = 1151:

s = [27,25,20, 20,23, 25,22, 22, 20, 21, 22, 22, 16, 16, 19, 20, 18, 15, 11, 11, 15, 15,
10,8,9,10,8,5,1,3,5,4, —12, —13, —16, —20, —12, —7, —12, —17, —17, —14, —9,
—8,—15,—17,—11,-8,—7,—11,—-13,-10, -2, —4, -9, —10, -8, —4, 0, —2, —8,
—3,3,3].
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4. The following -, satisfies that N(vy4) = 1409:

vo=[-2,2,—11,20,8,-39,23,7, -8, 15, —30, 11,24, —21, —3,8, 2, —11, 20,

— 5, —34,42, -3, —24,23, 26, 19,21, —42,11,17, —11,1,0,7, —13, —4, 26, — 15,
—5,7,-9,18, -6, —14,12,2, -3, —1,5, —11,4,20, —26, 3, 14, —14, 18, —14, —13,
28, —7,—13,9).

Furthermore, we can also verify that 71 = ajg/af™, 12 = ar/aj®, v3 =
763

s /73 and 74 = g /75

The subset Ty of S(K5) we construct consists of 741,766 elements.
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Chapter 6

Perspectives of the Research

In this chapter, we shall describe perspectives of our research by comparing
to known results on Weber’s class number problem.

6.1 Lower Bounds for /-indivisibility

An explicit lower bounds for ¢-indivisibility of h,, plays a very important
role. Let p, ¢ be distinct prime numbers, ¢ be 4 or p according as p = 2 or
not, f,(¢) the order of ¢ modulo ¢ and s,(¢) the exact power of p dividing
¢/»(O=1 " Then for a prime number p and positive rational integers s, f, the
set of prime numbers D(p, s, f) is defined by

D(pasvf) = {E%p|fp(f):f,8p(€)28}

As an improved version of K. Horie and M. Horie [20], Morisawa and Okazaki [34]
proved the following:

Theorem 6.1 (Morisawa and Okazaki). Let p, ¢ be distinct prime numbers,
q be 4 or p according as p = 2 or not, s a positive integer and f a positive
divisor of ¢(q) with the Euler function ¢. We put ¢ = (p — 1)p*~! and

NS
VT c+2 ; _
(2<\/§10g(2+\/§)> T'> pr - 27

Glps, f) = c 1/f
V2r e42) o
((33/4 log((340/81+\/380/81+4)/2)) 2 ) pr 3.

If ¢ € D(p,s,f) and £ > G(p,s, f), then  does not divide h,,,, for any
non-negative integer n.
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Remark 6.2. They also provided the constant G(p, f,s) for general prime
number p > 5.

As a corollary of theorem 6.1, we have following:

Theorem 6.3 (Morisawa and Okazaki). If a prime number { satisfies that
¢ # £1 (mod 64), then £ does not divide hy,, for any positive integer n.

So the following is a natural question:

Problem. Can we provide an explicit lower bound for /-indivisibility of the
cyclotomic Z,-extension of Q(v/5) ?

6.2 The Z, X --- X Z,-extension

In order to approach the conjecture of Coates, it is natural to study the
Ly, X% - - - X Ly, -extension with distinct prime numbers py, - - -, ps. K. Horie [17]
and Morisawa [32] also gave explicit lower bounds for ¢-indivisibility of the
class numbers of the Z,, x --- x Z, -extension of Q.

On the other hand, K. Horie [12] found examples of prime numbers which
divide class numbers of intermediate fields of Z, x Z,-extension. We denote
by h(p™ - ¢") the class number of B,,B,,, for distinct prime numbers p, ¢
and positive integers n, m. We shall cite some of known results:

Example 6.4.

(i) 31 divides h(2 - 31) (proved by K. Horie [12]).

(ii) 1546463 divides h(2 - 1546463) (proved by Fukuda and Komatsu,
cf. [10]).

(iii) 114689 divides h(2' - 114689) (proved by Fukuda, Komatsu and
Morisawa [10]).

(iv) 107 divides h(2 - 53) (proved by Fukuda; cf. [2] and [10]).

So the following is an interesting question:

Problem. Fix a prime number ¢. Does there exist an intermediate field F'
of Zy, X -++ x Z,.-extension of Q(v/5) such that the class number of F is
divisible by F' ?
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