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Chapter 1

Introduction

In this dissertation, we develop the asymptotic theory of statistics associated with
binary series. We devote ourselves to independent and identically distributed
(i.i.d.) series and stationary time series. A binary process is also called a clipped
process and a zero-one valued process. It can be recognized (i) a process derived
from an underlying latent process or (ii) a process whose marginal distribution is
binomial.

In the former (i), Stieltjes (1889) gave a fundamental result. Let (G, G>) be
Gaussian process such that

Gy 0 T 1 pcc
E = d E(G1,Gy) (G1,Gr) = Bt
(1) = (o) e BGLG @re = () 7o)

Then, the following relation holds

0£G,G, = sin (27TCOV{]I{G1>O},]I{G2>O}}) .

This equation shows that binary series (I;g,>0y and I{5,>0}) have information about
the correlation of original series (G| and G»).

Closely related to binary series, there is a concept called the number of zero
crossings (ZC), which can be calculated from the clipped series. ZC are defined
as the points where the sign changes in an observed time series. Rice (1944)
investigated a trailblazing work of this field. In the context of continuous-time,
Rice (1944) studied the relation between distributions of processes and expecta-
tions of the number of ZC. Afterwards, several authors studied the counterpart
results (e.g.Ylvisaker (1965) for Gaussian processes, He and Kedem (1989) for
ellipsoidal processes, Barnett and Kedem (1998) for Mixtures and Products of
Gaussian processes, and Barnett and Kedem (1991a) for functions of Gaussian
processes). Barnett (2001) gave a good review of these results. The relation is
called Rice’s formula for continuous cases or cosine formula for discrete cases.



Hence, the cosine formula allows us to estimate the autocorrelation of a broad
class of stationary processes by using the ZC. The estimator of autocorrelations
called a ZC estimator. Kedem (1980) showed the consistency and asymptotic
normality of the ZC estimator for scalar Gaussian processes. Kedem (1994) de-
veloped the theory of the zero crossings in the filtered time series in discrete time.
Recently, the level crossing and the categorical time series have been studied by
many authors (see Blake and Lindsey (1973); Abrahams (1986); Kaufmann (1987);
Fahrmeir and Kaufmann (1987); Fokianos and Kedem (1998, 2003); Kedem and
Fokianos (2002)). There are a number of applications of ZC. For example, emo-
tion recognition from brain signals (Petrantonakis and Hadjileontiadis (2010b,a)),
speech discrimination (Panagiotakis and Tziritas (2005)), nondestructive testing
of bounded metal adherents (Kedem (1994, p.7)), and tracking a vocal sound of a
Humpback Whale (Kedem and Li (1989)), etc.

Going back to the story of zero-one valued processes, Buz and Litan (2012);
Keenan (1982); Lomnicki and Zaremba (1955) studied the properties of binary
time series. Estimation of the spectral density function based on binary series
has been developed for stationary Gaussian processes. Hinich (1967) showed
the consistency and derived the asymptotic variance of estimators of the spectral
density for M-dependent stationary Gaussian processes. Brillinger (1968) derived
the asymptotic normality for short memory stationary Gaussian processes.

So far, we know binary process for appropriate classes of stationary processes
have the information of spectra of stationary process. However, the ordinary
spectral density

1
f2(A) 1= 5= ) CoV{Zi. Zuur} explita}
2n tezZ

is based on the second moment. For uncorrelated processes like GARCH process
and QAR process (Koenker and Xiao (2006)) and processes with infinite variance,
the methods based on the ordinal spectral density do not available. In order to
overcome the defect, recently, several authors advocate new type of spectra. For
strictly stationary process {Z;}, Li (2008) proposed Laplace spectra defined by

1 .
foo(d) = o é Cov{lyz <0y, 1(z,.,<0y } exp{ilA}.

This corresponds to spectrum based on binary series. Li (2012), Li (2014), and
Hagemann (2011) studied quantile spectra, defined, for x € R, as

1 .
fx,l—x(/l) = % Z COV{]I{ZtSX}9]I{Zt+[S1—X}} exp{lf/l}-
teZ



More generally, Dette et al. (2015) introduced the Laplace spectral density kernel
and the copula spectral density kernel, which are defined by, for strictly stationary
process {Z;} with marginal distribution F, for any (q1,¢2) € R? and (11,12) €
(0,1)%,

Jax(A) = Z Covi{lyz <q11- 1{z,r <} } exp{i€a},
teZ

fon(d) = Z Covi{lir(z)<niy LiF(z0)<n) } expli€a},
(eZ
respectively. See also Birr et al. (2017), Kley et al. (2016), Hong (2000), Lee and
Rao (2012). Hong (1999) proposed the generalized spectral density defined, for
(u,v) € RZ, as

£S5 = € Z Cov{e'Z, %+ } exp{ifA}.
’ 2r
(eZ

As regards discriminant analysis for time series, statistical theory for discrim-
inant analysis has been studied by many authors (see Anderson (1984), Johnson
and Wichern (1988), Liggett Jr (1971), and Shumway and Unger (1974)). The
quality of classification is measured by misclassification probability, that is, the
probability of classifying the process into the incorrect category. For more deli-
cate evaluation, we often consider the misclassification probability when the two
categories are contiguous. For the nonparametric approach, Taniguchi and Kak-
izawa (2000) elucidated that, for the /-divergence measure, the misclassification
probability tends to zero and evaluated when the categories are contiguous. Using
the Chernoff disparity measure, Zhang and Taniguchi (1995) showed that mis-
classification probability tends to 0, and discussed robustness when a sharp peak
contaminates the spectral density. Kakizawa (1996) introduced a more general
disparity measure, which includes /-divergence and Chernoff divergence measure,
and discussed the two properties. Sakiyama and Taniguchi (2004) showed the
above for locally stationary processes.

However, these classification methods are based on a periodogram or smoothed
periodogram, and properties of disparity measures are only discussed. On the other
hand, Kedem and Slud (1982) introduced a discrimination method based on bi-
nary time series, and this was applied to emotion recognition from brain signals
(Petrantonakis and Hadjileontiadis (2010a,b)), and speech discrimination Pana-
giotakis and Tziritas (2005). Bagnall and Janacek (2005) studied the advantages
of using binary data for the classification of various time series models. They
concluded that using binary data has three good points. First, the classification
accuracy on binary data is not significantly less than that on the original data.
Second, the accuracy is better than that on the original data when outliers con-
taminate the data. Third, we could analyze the time series data when the data is
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available only for binary time series. For example, rainfall data (rainy day= 1, dry
day= 0) and binary self-assessment measurements of arthritis (good= 1, poor= 0)
(see Fitzmaurice and Lipsitz (1995)). Although, theoretical properties of their
classification method have not been exploited so far.

Regarding directional statistics, which is a field that deals with directional data,
directional statistics date back to the 1950s. Fisher (1953) had considerable influ-
ence and appealed to the necessity of directional statistics. After that, many authors
tackled the problem (see Mardia (1975); Watson (1983); Fisher et al. (1993)). In
recent years, directional statistics have attracted attention because of Mardia and
Jupp (2000). Many distributions on the circle have been developed (e.g., uniform,
cardioid, wrapped Cauchy, von Mises distribution). These distributions are closely
related to the spectral density functions in time series with complex-valued coef-
ficients (see Taniguchi et al. (2020) for details). For example, the spectral density
of the autoregressive model of order 1, that of the moving average model of order
1, and that of the autoregressive model of order 2 correspond to wrapped Cauchy
distribution, cardioid distribution, and the more flexible distribution proposed by
Kato and Jones (2013), respectively. Optimal estimation and testing based on lo-
cal asymptotic normality for directional data are addressed in Ley and Verdebout
(2017). However, estimation theory based on binary series in directional statistics
has not yet been investigated.

In the latter (ii), the binary time series modeling has been developed recently
(see Kedem and Fokianos (2002)). The categorical time series modeling is also
studied by, for example, Fahrmeir and Kaufmann (1987); Fokianos and Kedem
(1998, 2003); Kaufmann (1987); Kedem and Fokianos (2002). Binary and cate-
gorical time series can be regarded as a particular case of count time series.

Count time series appear in a variety of fields, for example, the number of
patients with infectious diseases (Ferland et al. (2006), Pedeli et al. (2015)), that
of transactions per minute for the stock (Fokianos et al. (2009)), that of corporate
defaults (Agosto et al. (2016)), and that of earthquakes (Wang et al. (2014)).

The basic approach of the modeling of count time series is to use generalized
linear model (GLM) advocated by McCullagh and Nelder (1989). GLM is con-
structed by three factors: a random component, a systematic component, and a
link function. For the sake of explanation, we define a random variable R with
some probability density function p(x;6) and the expectation has the following
structure

¢(E(R)) = XB,

where ¢ is some function, S and 6 are unknown parameters, and X is a covariate.
Then, the random component, the systematic component and the link function
correspond to p(x;6), XfB, and ¢, respectively. One often uses the exponential
family as a random component. If we use Xf as the systematic component,



then it is called a linear predictor. Time-varying parameter models classified
into two classes, parameter-driven models and observation-driven models, by Cox
(1981). For parameter driven model, we refer to Davis et al. (2000) and Davis
and Wu (2009). We shall focus on observations driven models in this disserta-
tion. For observation driven model, McKenzie (1985) and Al-Osh and Alzaid
(1987) introduce first-order Integer Autoregressive (INAR) model, denoted by
INAR(1). Alzaid and Al-Osh (1990) discussed INAR(p) model. Ferland et al.
(2006), Fokianos et al. (2009), Fokianos and Tjgstheim (2011), and Wang et al.
(2014) discussed Poisson integer-valued generalized autoregressive conditional
heteroskedasticity (INGARCH) model. Davis et al. (2003) and Benjamin et al.
(2003) scrutinize the model motivated by GLM. Poisson INGARCH model shows
conditional equidispersion, whose conditional mean is equal to the conditional
variance, and overdispersion property, whose variance is greater than the mean.
Whereas many phenomena show underdispesion and strong overdispersion prop-
erties, authors examine distributions other than Poisson. Zhu (2011), Christou
and Fokianos (2014), and Cui and Wang (2019) examined the negative binomial
distribution which can capture strong overdispersion. Fokianos (2001), Heinen
(2003), Zhu (2012a), Zhu (2012b) and Melo and Alencar (2020),Zhu (2012c¢),
and Gorgi (2020) probe doubly truncated Poisson, double Poisson, generalized
Poisson, Conway-Maxwell Poisson, zero inflated Poisson and zero-inflated neg-
ative binomial, Beta-negative binomial, respectively. Diop and Kengne (2020)
introduced a piecewise stationary INGARCH model. The fundamental proper-
ties such that stationarity and ergodicity of the model are also explored by many
researchers. Neumann (2011) showed a sufficient condition for a solution of non-
linear Poisson INGARCH(1,1) models to have stationarity, ergodicity, S-mixing
property. Doukhan et al. (2013) clarified the existence of the stationary and er-
godic solution of general nonlinear Poisson AR models with any finite moment
under the contractive condition. Agosto et al. (2016) dealt with nonlinear Poisson
INGARCH(p,q) models with exogenous variable. Davis and Liu (2016) introduced
the one-parameter exponential family for count processes including Poisson, neg-
ative binomial, and Bernoulli distributions and proved stability of the models.
Structural break tests have been studied from the 1950s. Page (1955) gave a
pioneer study and appealed to the importance of the detection of structural breaks.
The cumulative sum (CUSUM) test for the parameters of time series models is
proposed by Lee et al. (2003). For the integer-valued time series models, Franke
et al. (2012) proposed the residual-based CUSUM test based on the conditional
least square estimator for non-linear Poisson AR(1) models. Kang and Lee (2014)
focused on Poisson nonlinear INGARCH(1,1) models and constructed the Wald
type test and the normalized residual-based CUSUM test based on the conditional
maximum likelihood estimator (CMLE). Lee et al. (2016) and Lee et al. (2018)
studied for nonlinear zero-inflated generalized Poisson INGARCH(1,1) models
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and linear bivariate Poisson INGARCH(1,1) models, respectively. Lee and Lee
(2019) compared several change tests include the Wald type, the score based,
and the residual-based CUSUM tests. Doukhan and Kengne (2015) developed
a change test for the general nonlinear Poisson AR models and investigated the
asymptotics under the null and the alternative. Diop and Kengne (2017) studied
the change detection problem for a one-parameter exponential INGARCH(1,1)
models and constructed a consistent test. Hudecova et al. (2017) advocated test for
structural change based on probability generating functions for INAR(1) model.
Cui et al. (2020) established the statistical inference for a location of change point.

However, it is unrealistic to assume the knowledge of the underlying conditional
distribution in practice. To the best of my knowledge, the change detection prob-
lem without conditional distribution assumption has not yet been investigated.
Moreover, although several change test procedures for INGARCH (1,1) models
and other simple models are well studied, those procedures for general non-linear
Poisson AR models have not yet been discussed except for Doukhan and Kengne
(2015). On the other hand, Ahmad and Francq (2016) dropped the assumption
of conditional distribution and devoted to Poisson quasi maximum likelihood es-
timators (PQMLE) for the general nonlinear AR models. They showed the strong
consistency and asymptotic normality (CAN) of PQMLE. Aknouche et al. (2018)
and Aknouche and Francq (2020) proposed negative binomial (NB) QMLE and
Exponential QMLE and showed CAN, respectively. Aknouche and Francq (2020)
elucidated the sufficient condition for the count time series to have the proper-
ties of the strict stationarity, ergodicity, and S-mixing. The essential condition
is called the stochastic-equal-mean order property and is satisfied by many time
series models.

Local asymptotic normality (LAN) plays a vital role in optimal inference and
testing. The concept is introduced by LeCam (1960). Once the LAN property
holds, optimal tests and estimations can be constructed (LeCam (1960); Ibragimov
and Khasminskii (1981); Taniguchi and Kakizawa (2000)). Several authors studied
LAN property for various models (See Roussas (1972) for Markov process, Roussas
(1979) for extension of Roussas (1972) to non-Markovian process, Swensen (1985)
for AR (p) models with regression term, Hallin et al. (1985) for a hypothesis that
the null and alternative is given by white noise and ARMA models, respectively,
Kreiss (1987) for ARMA models, Kreiss (1990) for AR (c0) models, Hallin and
Puri (1994) for regression models with ARMA disturbances, Garel and Hallin
(1995) for multivariate version of Hallin and Puri (1994), Hallin et al. (1999)
for regression models with long memory disturbances, Benghabrit and Hallin
(1996b) and Benghabrit and Hallin (1996a) for a hypothesis that the null and
alternative is given by AR models and bilinear models, respectively, Linton (1993)
for ARCH models, Kato et al. (2006) for CHARN models, Dahlhaus (1996) for
Gaussian locally stationary processes, Sakiyama and Taniguchi (2003) for optimal
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estimations based on Dahlhaus (1996), Hirukawa and Taniguchi (2006) for non-
Gaussian locally stationary processes, Cutting et al. (2017) for a hypothesis that the
null and alternative is given by uniform distributions and rotationally symmetric
distributions on high dimensional spheres, respectively, Paindaveine et al. (2017)
for rotational symmetric distributions when the concentration parameter converges
to 0 as the sample size diverges. ) Jeganathan (1995) made a general review
including local asymptotically quadratic (LAQ) and local asymptotically mixed
normal (LAMN). Cutting et al. (2017) for a hypothesis that the null and alternative
is given by uniform distributions and rotationally symmetric distributions on high
dimensional spheres, respectively.

The simultaneous equation system is one of the pivotal models in economics.
The limited information maximum likelihood estimator (LIMLE) is introduced by
Anderson et al. (1949). Theil (1953) and Basmann (1957) proposed two-stage
least squares estimator (TSLSE). Both are best asymptotically normal estimators,
that is, asymptotically efficient estimators. Theil (1961) advocated the k-class
estimator, including the LIMLE and TSLSE as a special case, and showed the
sufficient conditions that the k-class estimator is consistent and efficient. Fujikoshi
et al. (1982) gave the asymptotic expansions of density functions for the LIML
estimator and the TSLS estimator, and compared them. Takeuchi and Morimune
(1985) showed that the bias-adjusted LIML is third-order efficient. As a result,
LIML is superior to the bias-adjusted efficient estimator encompassing TSLS in the
sense of concentration on the true parameter uniformly. Phillips (1989) proposed
the concept of limiting Gaussian functional and dealt with partially identified
structural equations.

Analysis of variance (ANOVA ) is the statistical method to analyze the difference
of more than groups, effects of factors, and interaction of the factors. Fisher (1918)
gave a trailblazing work of analysis of variance (ANOVA) to analyze genetic
research. There are many applications of ANOVA method to various fields, for
example, genetics (Dickerson (1942) and Sprague and Tatum (1942)), biological
experiments (Anderson, 1960), horticultural sampling (Sharpe and Van Middelem,
1955), agriculture (Talbot, 1984). Details of ANOVA can be seen in, for example,
Searle et al. (1992) and Hirotsu (2017)

In Chapter 2, first, we elucidate the joint asymptotic distribution of the ZC
estimator. Next, we show that the variance of the ZC estimator does not attain
the Cramer-Rao lower bound (CRLB). However, it is shown that the ZC estimator
has robustness when an outlier contaminates the process, In contrast with this, we
observe that the quasi-maximum likelihood estimator (QMLE) attains the CRLB.
However, we can see that QMLE is sensitive to outlier.

In Chapter 3, we introduce a discriminant analysis based on a binary time
series. We show the consistency of our discrimination method and evaluate the
misclassification probabilities for two contiguous categories. We also elucidate
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the robustness of our method against an outlier; the classical method is sensitive to
the outlier. However, for /-divergence measure, our method is insensitive against
an outlier.

Chapter 4 proposes a family of circular distributions of a moving average model
of order p type and discusses estimation of trigonometric moments based on binary
series. We derive an explicit form of the root n consistent estimator. Although
the estimator based on clipped series does not attain Cramér—Rao lower bound,
it enables us to construct an efficient estimator by the Newton—Raphson iterative
method. We also show the robustness of the estimator when the probability
density function is contaminated with noise. The finite sample performance of the
proposed estimator is also investigated.

Chapter 5 tackles the change detection problem based on QMLEs under the
general nonlinear AR model. We emphasize our model includes the nonlinear
INGARCH(p,q) models and do not require to specify the conditional distribution.
We advocate the Wald type, score-based, and residual-based CUSUM tests based
on Kang and Lee (2014) and Lee and Lee (2019) and derive the limiting behavior
for these statistics under the null. As a result, we obtain the distribution-free
size « CUSUM test. However, since the asymptotics of these statistics under the
alternative is difficult to show, we also propose the Wald type test statistics based
on Doukhan and Kengne (2015) and establish the consistency of the test. From
a mathematical point of view, we deal with the Skorokhod space D([0, o), R%),
and provide a clear proof by using the multidimensional martingale difference
functional CLT.

Chapter 6 shows the LAN property for the curved normal families and the
simultaneous equation systems. On the other hand, we reveal that one-way random
ANOVA models do not have LAN property. We consider the two cases that
variance of random effect belongs to the interior of parameter space and boundary
of parameter space. In case of the former, the log-likelihood ratio converges to
0 or diverges. In case of the latter, the log-likelihood ratio has atypical limit
distributions which depend on the contiguity orders. The contiguity order is
also extraordinary. Consequently, we cannot use the optimal theory based on
LAN property. Therefore, we show the test based on the log-likelihood ratio is
asymptotically most powerful.

Figure 1.1 shows the relation of chapters. Chapters 2 and 3 are essentially
based on the cosine formula. Chapter 4 develops the statistical theory by the
cosine formula for circular data. Chapter 5 devotes the statistical theory for count
time series. Count time series can be seen as a generalization of binary time series.
Chapter 6 is independent of Chapters 2-5.



Binary time series Count time series
Chapter 2 and Chapter 3 Chapter 5

Binary series for circular data
Chapter 4

Likelihood ratio process
Chapter 6

Figure 1.1: Chapter Relations



Chapter 2

Robustness of zero crossings
estimator

In this Chapter, we examine the asymptotic theory of the estimator based on
zero crossings (ZC), which is the number of zero crossings observed in a time
series. As previously described in Introduction, the expected value of the ZC
specifies the autocorrelations of the ellipsoidal processes. In Section 2.1, we
derive the asymptotic distribution of the ZC estimator and compares the asymptotic
variance of the ZC estimator with CRLB. Section 2.2 provides the robustness of
ZC estimator against an outlier. In Section 2.3, we give the simulation study
in order to know the influence of the outlier. We apply our estimator to the 91
monthly interest rates of an Austrian bank which contains three outliers in Section
2.4. This Chapter is based on Goto and Taniguchi (2019).

2.1 Asymptotic variance of ZC estimator

In this section, we define the ZC estimator, establish the asymptotic normality of
the ZC estimator under the ellipsoidal assumption and elucidate the accuracy of
the ZC. In the beginning, we introduce the ellipsoidal process.

Definition 2.1.1. A random vector X = (X, - -, X,)" has an n-dimensional ellip-
soidal distribution with location parameter u, scale parameter X, and functional
parameter g, where u € R”", X, is positive definite matrix and g is a nonnega-
tive continuous function on [0, co) such that fooo gn] g(t)dt < oo, if its probability
density function py; ... x, is given by

Pxi s, (9) 1= ——g ((y -, (y - ﬂ)’),

VIZ.|

where ¢, = T(n/2)/(x"? [~ "7l g(t)dt) and y = (y1,- -+, ya)-
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Gomez et al. (2003) is helpful as a reference for the ellipsoidal distribution.

Definition 2.1.2. A stochastic process {Z;} is called an ellipsoidal process if all
the finite dimensional distributions are ellipsoidally distributed.

Kedem (1994, p.120) introduced an ellipsoidal process. The existence of a sub-
class of ellipsoidal process, at least, is stated in Tanaka and Shimizu (2001), which
includes normal, logistic, Laplace, and double-exponential distributions. Further-
more, Kano (1994) showed that the ellipsoidal distribution whose any marginal
distributions belong to an ellipsoidal family is a mixture of normal distribution.
Thus, essentially, we deal with a process whose any finite distributions are a scale
of mixture of normal.

Let {Z;} be an ellipsoidal m-dependent strictly stationary process with location
parameter 0, scale parameter X, functional parameter g. Define a clipped time
series {X;} from {Z;} by

1, ifZ >0,
X; = (2.1.1)
0, ifZ <O.

The number of zero-crossings Dy is defined by

Ni
Dy := Z(Xk(t—1)+1 — Xp-2)+1)*
=2

Nk Ni
=2 Z(Xk(t—1)+1 + Xp(=2)+1) — 2 Z Xi(t-1)+1Xk-2)41 — X1 — Xi(v=1)+1
=1 =2
where Ny = [NT_I — 1]. Throughout this Chapter, we assume that g satisfies

/000 t %g (t)dt < oo and X satisfies the following condition; for any random vector
(Zy,s+ -, Z:,), X has the form

n o 127 gt)dr

0,00

> = Ztly“',tn = ! ) % d (O-ti,tj)Zj:]’
Joooo 128(0)d1

where o, satisfies o5, = yz(s — t), which is the autocovariance function of {Z;}
atlag s — .

The condition for g implies VarZ; < oo, the condition of X is technical assumption.
It means that Var(Z;,,--- ,Z; ) = (yz(i — j))?,jzl'
We denote that the autocovariance function of X, at lag /, and the autocorre-
lation function of X; at lag [ by yx(l) and px(l) respectively. Here we as-

sume that the autocorrelations of {Z;} pz(l), [ € Z are unknown, and estimate

11



pz. = (pz(1),-- -, pz(m)) by using ZC.
The following lemma is due to He and Kedem (1989) (see also Barnett and

Kedem (1991b)).

Lemma 2.1.1. If {Z;} is a strictly stationary ellipsoidal process with zero mean,
finite variance and autocorrelation pz(k). Then,

pz(k) = cos ( 7EDy ) .

N -1
This equation is called as the cosine formula

Theorem 2.1.1. Let {Z,} be a strictly stationary ellipsoidal m-dependent process
with zero mean, and finite variance. Then,

D, —ED,

1 | Do—ED;
Wl o

D, —ED,,

where V = (Vgt)si=1...m and vy is the limit value of 4/N Z?ikz Zj.vzsz[l(x(k,s(j -
1) = k(i =2),5(j —2) = k(i =2)) + yx(k(i = 1) = s(j = D)yx(k(i —2) —s(j - 2)) +
yx(k(i =2) = s(j = D)yx (k@@ = 1) = s(j = 2))].

Now we proceed to estimate the unknown parameter vector pz. The ZC
estimator of pz(k) is defined by

JTDk
O7(k) := ,
ety [ 2
and we define pz¢ := (0zc(1),- - -, pzc(m)) By employing the cosine formula and

Theorem 2.1.1, the following Corollary is proved.

Corollary 2.1.1. Let {Z;} be a strictly stationary ellipsoidal m-dependent process
with zero mean, finite variance, autocorrelation pz(k) and pzc(k) be the ZC
estimator of pz(k). Then,

Pzc(1) — pz(1)
N Pzc(2) = pz(2) s NO.AVA)
pac(m) = pz(m)
where V. = (Vgy)ss=1.m and vy, is the limit value of 4/ N Z?ﬁz Zj.viz[KX(k,s(j -
D)= k(i =2),s(j —2)— k(i =2)) + yx(k(i = 1) —s( = D)yx(k(i—=2) - s(j - 2)) +
yx(k(i =2) = s(j = D)yx(k@ = 1) = s(j — 2))] and

A = diag (71\/1 — pz(1)2,21\J1 = pz(2)2,- -+ ,mm+[1 - pz(m)z)

12

’



2.1.1 Evaluation of asymptotic variance of ZC estimator and
CRLB

In this section we evaluate the Gaussian efficiency. We confine ourselves to the
case of MA(1), so we assume pz(l) = 0, |I| > 2, and {Z;} is a Gaussian process
with unit variance. This is a special case of m—dependent ellipsoidal process. In
this case, the spectral density function f7 of {Z;} is represented as

fz(A) = %(1 +2pz(1)cos ). (2.1.2)

It follows from Corollary 2.1.1 that

1
-—— - —5
16 4r?

- 3 .
Vilg = in~ pz(1) - an sin lPZ(l) + 2E{X; 2 X1 X: X;1}. (2.1.3)

Proposition 2.1.1. Let {Z;} be an MA(1) Gaussian stationary process, which is
a special case of m—dependent ellipsoidal process, with mean zero, and spectral
density function f, and let {X,} be the clipped time series in (2.1.1). Then,

E{Xt+2Xt+1XtXr—l}
:L Z pz(l)Z(m1+m2+m3+l)
472 0 (2my + 1)2my)!(2m3 + 1)
my,my,m3=
(2(m1 + mp))!(2(ma + m3))!
21 (my )12+ (my 4+ mp)!12"2t M3 (my 4+ m3 )12 (ms3)!

3 1
+ g Sil’l_1 pZ(l) + E

From (2.1.3) and Proposition 2.1.1, we have

4% (1 - pz(1)H)vy
) o0 2(my+my+msz+1)
n - pz(1)
= 1 —_ 1 2 - 5 2 1 2
D Y e s ey

My ma,m3=
(2(my + mp))!(2(my + m3))!
2m (ml)!2m1+m2(m1 + mz)!2m2+m3(m2 + I’H3)!2m3(l’H3)! '

Next, we evaluate CRLB 1/1(pz(1)), where I(pz(1)) is the Fisher information
in stationary time series;

1 9 2
Hpr(1) = 1 /[] (—apz(l) log fz(/l)) .

Note that pz(1) satisfies |pz(1)| < 1/2 under the stationary condition.
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Proposition 2.1.2. For the spectral density f, represented as (2.1.2), we have

1 (pz(1) =0)
1 8pz(1)*-1 1
—d——{1 + = 0< | < 5
Ho(1) = { g 1+ 2202 0 <lpa(] < D).
+00 (pz(1) = 1)

2.1.2 Comparision of asymptotic variance of ZC estimator with
CRLB

We have already calculated the asymptotic variance of ZC estimator and CRLB
in Corollary 2.1.1 and Proposition 2.1.2 under Gaussian MA(1) model, which is a
special case of m—dependent ellipsoidal process. So we compare the variance with
I(pz(1)). We plotted the graphs of asymptotic variance of ZCE and CRLB where
the variable on the horizontal axis is pz(1) in Figures 2.1 and 2.2 respectively.

Figure 2.1: Asymptotic variance of ZCE
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Figure 2.2: CRLB I '(pz(1))

| pz(1) | ¢(pz(1)) |

0. 1.4674
0.1 1.5
0.2 | 1.56829
0.26 | 1.59816
0.27 | 1.60081
0.28 | 1.60261
0.29 | 1.60349
0.3 | 1.60338
0.31 | 1.60223
0.32 | 1.59997
0.33 | 1.59655
0.34 | 1.59192
0.35 | 1.58603
04 | 1.53621
0.5 | 1.31595

Table 2.1: Approximate values of ¢(pz(1))
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Figure 2.3: Values of function ¢(pz(1))

Define the function ¢ (= (asymptotic variance of ZCE) — (CRLB)) by

#(pz(1)) = 4n*(1 = pz(1)*)vi; = I (pz(1)).

Table 2.1 shows the value of pz(1) and the approximation value ¢(pz(1)) cor-
responding to pz(1). We plotted the graph of ¢(pz(1)) where the variable on
the horizontal axis is pz(1) in Figure 2.3. The asymptotic variance of the ZC
estimator is the closest to the CRLB when pz(1) = 0.5 and the difference of the
value between the asymptotic variance of the ZC estimator and CRLB is about
1.31595. Besides, we can show that ¢(0) > 0 mathematically. Thus we conclude
the asymptotic variance of the ZC estimator does not attain the CRLB.

2.2 QOutlier robustness of ZC estimator

In this section, we consider the case when {Z;} is contaminated by an outlier.
Then, we elucidate that pz¢ is robust with respect to such an outlier but the quasi
maximum likelihood estimator (QMLE) of pz is not so. Let {Z’} be a process
whose the initial value is contaminated by an outlier, i.e. Z; = s and Z; = Z, for
t>2.

2.2.1 Sensitivity of QMLE estimator

QMLE was studied by Hosoya and Taniguchi (1982). First, we fit a certain
parametric spectral density fy to the spectral density of {Z;}.
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Let T(1,) be a value that minimizes

L,(1)
Jo()

with respect to 6, where I, (1) is the periodogram of {Z,}, given by

Mt = [

[_ﬂ’ ﬂ]

[log fo() + ] da,

— 1 Y itd Y —itd
znw—ﬁ{;zte }{;zte )

We make the following assumptions on parameter space O:

The parameter space © is compact subset of R™, 8; # 6, implies fy, # fo,, fo(1)
is twice continuously differentable function of § € ® and continuous with respect
to A € [—x, x|, there exist constants ¢ > 0, C such that ¢ < fy(1) < C, uniformly
infe®and A €[-nn].

From Wold’s decomposition (see Brockwell and Davis (1991, p.187) and the
assumption of m—dependence of the process, we have Z; = h+m n Pje—j where
{e;} is a m—dependent white noise sequence. Hosoya and Tamguchl (1982) does
not impose distribution assumption, but require the below condition to {e, }:

1) for each m,

Var [E {e(n)e(n + m)|B(n — 1)} —E{e(n)e(n + m)}] = O (t77¢), & >0,
uniformly in 7.

2)

E|[E{e (n1) e (n2) e (n3) € (n4) | B (01 — 1)} —E {e (n1) e (n2) e (n3) e (n4)} |
=0 (T_l_") ,

uniformly in nj, where ny < n, < n3 <ngandn > 0.

3) Z;ijz,h:—oo |K€ (j19.j2’j3)| < 0,
where K, is fourth order cumulant of {e,}.
From m—dependency of {e;}, the conditions 1), 2), and 3) are established.

The following lemma is essentially due to Hosoya and Taniguchi (1982).

Lemma 2.2.1. Under the assumptions on parameter space, it holds that

N
(0)

[ [2aw,
0u= [ s smoen|

(TU,) - T(f2) = N(©0.0}'S;,0;),

where
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and Sy, = (Sﬁfz’j))i,jzl,...,n such that

s ol S )
1 ¥30) Ji—ra) lfzu){at% Jo]) 106 \Jo ) lg=r(s,) “

1 T T 0 0
T 20y20) / / [(%f 9“1)) (8_0]f "(h))]@ﬂ(m

X Z exp{—i(—A1t1 + Adats — W2t3)}Kz(t1,12,13)d A1 d 2.

I1,02,13=—00

For m-dependent process, the value T(fz) € R™ coincides with p. Thus QMLE
can be used for the autocorrelation estimation when we can obtain uncontaminated
observations.

Next, we consider the case that we use observations contaminated by the outlier,
that is, we estimate the autocorrelation by using {Z;}.

Theorem 2.2.1. For fixed n and given Z1,2,,- - - , Z,, it holds that

T(I,) — renig/ 1/fo(1)dA  as s — oo, (2.2.1)

[-7.7]
where I is the periodogram of {Z'}.

Remark 2.2.1. Kedem (1994) pointed out that if Z; > 0, the sample autocovari-
ance tends to 0 as s — oo. Theorem 2.2.1 shows, if a process is contaminated
by the outlier, QMLE tends to a non-zero constant (it is more general than the
Kedem’s result), i.e. the right hand side value of (2.2.1). Hence, QMLE does not
work well. Thus we conclude that QMLE is sensitive to the outlier. Combined
the above two results, we conclude that ZCE is better than QMLE if the process is
contaminated by the outlier.

2.3 Simulation studies

In this section, we present the simulation studies. We compare the mean of ZCE,
sample autocorrelation (SACF), and highly robust estimator (HRE), proposed
by Ma and Genton (1998), for AR(1) (or MA(1)) model with for these with
contaminated AR(1) (or MA(1)) model, i.e. the process is contaminated with
outliers. HRE is a sort of the U statistics, defined by

On-n(u+v) = Qn_p(u—v)
Qn—h(u + V) + Qn—h(u - V),

18
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where u is a vector of the first n — [ observations of an observation sequence, v is
a vector of the last n — [ observations of an observation sequence,

0n(2) =2.219¢1Z; - Z;|;i < j}uw)» Kk =int [((;’) + 2)/4 +1,

int(-) denotes the integer part, and {|Z; — Z;|;i < j}«) denotes kth order statistic
of the set of all absolute differences |Z; — Z;| fori < j. We consider AR(1) model
and MA(1) defined by

Zi=aZ;_1+e€, Z;=¢6+be

where {¢ } My (0,1), respectively.
The procedure is as follows: First, we generate 500 samples Z,- - - Zs5o0 and

computed the estimators, pzc(1),psacr(l) = Vsacr(1)/Vsacr(0), par(l). Next,
we replace Z; with Z; + Mmax{Z,,--- Zsoo} for i = 1,---,10, and computed

the three estimators, ﬁé”c(l),ﬁSACF(l) = VsucrD/V5ucr(0), o), where M
is a constant. We iterated 500 times above procedure. Then, we compare the
influence of the estimation value, the mean E(p; — ﬁj.” ) ~ 1/500 Z?B? ﬁ(.i ) M (l)),
j=Z2CE,SACF,HRE.

The results are in Table 2.2. Roughly speaking, the Tables shows that pz¢ (/)
and pyr(l) is not affected by the outliers. By contrast, psacr(l) is influenced by
the outliers. We conclude that pz¢(/) and pyg(l) are insensitive to the outliers
and psacr(l) is sensitive. More precisely, pzc(1l) is a little bit more robust against
outliers than pyr(1).
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Table 2.2: Influence of estimators in the mean value by thel0 outliers
AR(1) model with a = —0.6

time lag | M | pzc | PuR | PsacF

1 1 |-0.03|-0.03 | -0.23
2 1-0.03]-0.03 | -0.63
4 -0.03-002| -1.11
8 |-0.03|-0.02 | -1.38
2 1 ]-0.02]-0.03 | -0.07
2 1-0.02]-0.03 | -0.19
4 1-0.02|-0.03| -0.33
8 [-0.02]-0.03| -041

MA(1) model with b = 0.4
timelag | M | pzc | Pur | Psacr

1 1 -0.02]-0.03 | -0.08
2 1-0.02-0.03 | -0.23
4 1-0.02|-0.03| -0.41
8 [-0.02]-0.03 | -0.51
2 1 ]-0.02]-0.03] -0.12
2 1-0.02]-0.03 | -0.33
4 1-0.02|-0.03 | -0.60
8 |-0.02]-0.03 | -0.74

2.4 Real data analysis

In this section, we apply our estimator to the data of 91 monthly interest rates of
an Austrian bank. The data is already analyzed by Kunsch (1984), Ma and Genton
(1998), and many other authors. Figure 2.4 is the plot of the data. There are
three doubtful points at number 18, 28, 29 whether these points are outliers or
not. Kunsch (1984) replaced these points by 9.85, and discuss the influence which
caused by the substitution. The influence of replacement is small, then we could
be reliable the value of estimate.

We run pz¢ and psarc on the original data and on the replaced data. Note that
the mean value changes in the substitution. The result is in Table 2.3. Comparing
the two tables, we can see that pz¢ is not influenced by the outliers at all, contrary
to this, psarc is affected by the outliers. Thus we conclude that pz¢ is more
reliable than psarc. From the point of view of the interest rate of a bank, a high
autocorrelation is reasonable. Because the interest rate of a bank is determined by
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reference to the past interest rate.
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Figure 2.4: 91 monthly interest rates of an Austrian bank
F

Table 2.3: Estimated values of the autocorrelation
original data

time lag | pzc | Psarc
1 098 | 0.79
2 094 | 0.62

replaced data
time lag | pzc | Psarc
1 098 | 091
2 094 | 0.83
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Chapter 3

Discriminant analysis based on
binary time series

In Chapter 3, we discuss the discriminant analysis and propose a classification
method based on binary time series for an ellipsoidal alpha mixing strictly sta-
tionary process. Assume that the observations are generated by time series which
belongs to one of two categories described by different spectra. We propose a
method to classify into the correct category with high probability. First, we will
show that the misclassification probability tends to zero when the number of ob-
servation tends to infinity, that is, the consistency of our discrimination method.
Further, we evaluate the asymptotic misclassification probability when the two
categories are contiguous. Finally, we show that our classification method based
on binary time series has good robustness properties when the process is contam-
inated by an outlier, that is, our classification method is insensitive to the outlier.
However, the classical method based on smoothed periodogram is sensitive to
outliers. We also deal with a practical case where the two categories are estimated
from the training samples. For an electrocardiogram data set, we examine the
robustness of our method when observations are contaminated with an outlier.

This chapter is organized as follows: Section 3.1 introduces some notations and
assumptions. Section 3.2 provides the fundamental properties of our discriminant
method. We show its consistency and evaluate the contiguous misclassification
probability. In Section 3.3, we show robustness of our discriminant method
against an outlier. In Section 3.4, unknown categories case is considered. We give
a simulation study to see the robustness in Section 3.5. We apply our discriminant
method to electrocardiogram (ECG) data in Section 3.6. This Chapter is based on
Goto and Taniguchi (2020).
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3.1 Settings

In this section, we discuss ellipsoidal a-mixing processes and introduce some
relevant assumptions. First, we restate the definitions of the ellipsoidal distribution
and the ellipsoidal process.

Definition 3.1.1. A random vector Z = (Zi,---,Z,)’ has an n-dimensional el-
lipsoidal distribution with a location parameter u € R", scale parameter X, and
functional parameter g, where X, is a positive definite matrix and g is a nonnega-
tive continuous function on [0, co) such that fooo "2 1g(r)dt < oo, if its probability
density function pg, ... 7, is given by

Cn

Pzy2,(¥) = ——8 ((y -z (v - u)’),

VIZn|
where ¢, := ['(n/2)/(n"/? fooo "2 1 g(t)dr)and y = (y1,- -+, yn).
Gomez et al. (2003) is helpful as a reference for the ellipsoidal distribution.

Definition 3.1.2. A stochastic process {Z;} is called an ellipsoidal process if all
the finite dimensional distributions are ellipsoidally distributed.

(Kedem, 1994, p.120) introduced an ellipsoidal process. The existence of a
subclass of ellipsoidal processes, at least, is stated in Tanaka and Shimizu (2001),
which includes normal, logistic, Laplace, and double-exponential distributions.
Furthermore, Kano (1994) showed that the ellipsoidal distribution whose any
marginal distributions belong to an ellipsoidal family is a mixture of normal
distribution. Thus, essentially, we deal with a process whose any finite distributions
are a scale of mixture of normal.

In this Chapter, we need the @-mixing assumption, which is associated with
the dependence structure on the process.

Definition 3.1.3. A stochastic process {Z;} is called @-mixing or strongly mixing
if, for each k € Zandn € N, A € B8F_ and B € B, , together imply

sup |P(AB) — P(A)P(B)| < a(n),
keZ AeBk, ., BeB®

k+n

where Bé’ is the o-field generated by {Z; : a < t < b} and a(-) is a function, called
a-mixing coefficients, satisfies a(n) — 0 as n — co.

Let {Z;} be an ellipsoidal @-mixing strictly stationary process with location
parameter 0, scale parameter X,, functional parameter g, a-mixing coefficients
a(-) satisfying a(n) = O(1/n¥+%) for some 6 > 0, and the second order spectral
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density function of f7(1). We define the clipped time series {X;} generated from
{Z:} by

1, ifZ, >0,
Xt: =
0, ifZ <0.

The second order spectral density function of {X;} is denoted by fx(1), and the
autocovariance function of {Z;} at lag £ and that of {X;} are represented as yz ()
and yx(£), respectively.

Throughout the Chapter, we assume that g satisfies fooo "2g(H)dt < oo,
vz(0)=1, and X, satisfies the following conditions; for any random vector
(Zyys -+ s Z4,),

%, has the form

n [, 12 g()dt
0,00
Zn = Z[l’...,[" = [ )

n

n (O-ti,lj ij=1’
f[O’w) 12 g(t)dt

where o, = yz(s —t). Recall that cumulant of order ¢ of (X1, - - , X¢) is defined
as

. EHXVP ,

Jjevp

Cum(Xy,- -+, X;) 1= Z -1 '(p - 1) (E ﬂ X,,

(ViseosVp) Jjevi

with the summation 2, _, ) extends over all partitions (Vi,...,vp) of
{1,2,---,¢} (see Brillinger (1981)). The order assumption of @-mixing coefficient
implies that

(1)
(), fx(2) € C¥[-n,7] (see (Ibragimov and Rozanov, 1978, p.181));
(ii)
Z |Cum(X;, Xi1g)5 -+ Xpvg, )| <00 fork=2,---.8
VAR ——
(see Kley (2014));
(iii)

yx(€) — Eyx(€) = Op(l/\/r_z) uniformly in € (see Robinson (1991)).
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The condition on g guarantees the existence of yz(0). The condition on the
is a technical assumption which ensures that Var(Z,,---,Z; ) = (yz(i - j))fj: I
vz(0)=1 means yz(£) = pz(€) where pz(€) is the autocorrelation function of {Z;}
at lag ¢.

Remark 3.1.1. Brillinger (1968) imposed the summability condition of the cu-
mulant for the process {X;}. Strictly stationarity and damping order of a-mixing
coeflicient are essential to describe the condition on {X;} in terms of that on {Z,}.
Also, the assumption for strictly stationarity is not restrictive. Giraitis et al. (2000)
discuss the strict stationarity of a very general class of ARCH models. In this case
we need stronger assumption for weakly stationarity.

Remark 3.1.2. In this dissertation, we restrict ourselves to an ellipsoidal process.
For strictly stationary process, Li (2008) proposed Laplace spectra defined by

1 .
foo(A) := 7 Z Cov{liz <o}, iz, <0y} exp{if}.
(e’

More generally, Dette et al. (2015) introduced Laplace spectral density kernel and
copula spectral density kernel defined by, for strictly stationary process {Z;} with
marginal distribution F, for any (g1, ¢>) € R? and (11, 72) € (0,1)?,

Fanar) = D Co{liz,241) Lz, 20y} expLilA},
ez

Fra() = > Co{I(pz,2m) T F(znrzer) } eXPLiCA},
teZ

respectively.

The following lemma is due to He and Kedem (1989) (see also Barnett and
Kedem (1991b)).

Lemma 3.1.1. If {Z,} is a strictly stationary ellipsoidal process with zero mean,
finite variance and autocorrelation pz({). Then,

n
p2(0) = sin (3 px(0)
where px({) is the autocorrelation function of {X;} at lag €.

From the lemma, the sample version of the autocorrelations for {X;} and {Z;}
at lag £ are given by

n—|¢€|
PY(0= 5 306~ )i = 3). a0 ) = s (O
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respectively.

We define the window function W,, by

W,(6) := M Z W (M(6 + 27v))

y=—00
where W(6) and M satisfy the following assumptions:

Assumption 3.1.1. (W1) W(6) is a real, bounded nonnegative, even function with
/ W()ds = 1, / 6*W(6)ds = kp > 0.

(W2) w(x) = /_O:o W(6)exp (i6x)ds satisfies |w(x)| < w(x), where w(x) is even,
integrable, and monotonically decreasing on [0, o).
(M) M := M(n) satisfies the following relationship; M /vn + n'/*/M — 0 asn

— 00,

Remark 3.1.3. The above assumptions are standard; (W1) and (W2) can be seen
in Hannan (1970), Brillinger (1981), Taniguchi and Kakizawa (2000), and we can
find (M) in Taniguchi (1987).

Let f7(1) be a nonparametric spectral estimator given by

f2(2) = WA = W, (1dp, (3.1.1)

[—m.x]

where

N 1 R .
L) = 5~ m;M pz(£) exp (it ).

3.2 Discriminant analysis

In this section, introducing a new discriminant method based on clipped time series,
we elucidate its fundamental properties. We use a general disparity measure in-
troduced by Kakizawa (1996), which includes /-divergence disparity measure and
Chernoff disparity measure. Although Kakizawa (1996), Taniguchi and Kakizawa
(2000), and Sakiyama and Taniguchi (2004) discussed the problem of discriminant
analysis, the used spectra are based on {Z; }, not clipped ones. Suppose that an ob-
served stretch {Z,- - - ,Z,} (or only {X1,- - -, X, }) is available. Then, we consider
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the problem classifying it into two categories 11, Il described by spectra fz and
8z:
Iy : fz(), T : gz().

Here we introduce a disparity measure DM(f, g) by

_ 1 fz(A)
DM(fz,8z) := yp /[_n,n]H(gz(/l))d/l'

Remark 3.2.1. This class of disparity measure is sufficiently wide. Actually, if we
take H(x) = —log|x|+tr(x) —m, then DM(f,g) is I-divergence disparity measure
(Whittle type disparity measure). If we take H(x) = log |ax + (1 — @)| — a log | x|,
then DM (f, g) is the Chernoff disparity measure.

We impose the following assumptions on H(-) and categories.

Assumption 3.2.1. (H1) H(-) has a unique minimum at 1.
(H2) H(-) is a holomorophic function in a neighborhood of 1.
(H3)H(1)=H'(1)=0,H"(1) = c.

(C) there exists a constant d > 0 such that d < fz(1), gz(1).

(H1) is for that H(-) leads to a distance between f and g, (H?2) is for the consis-
tency, and (H3) is for the evaluation of property when the two categories are the
contiguous. (C) is not strong condition (e.g. Kakizawa (1997)).

Remark 3.2.2. Here, we deal with the divergence class of functionals of spectral
density ratio fz(1)/gz(4). Thus condition (C) is essential. If readers want to deal
with no band-limited cases where the spectrum vanish over frequency subintervals,
we can use the following important divergence measure;

P80 = g [ KOGAD - gD

where K is a real function (see Taniguchi and Kakizawa (2000)).

For fz calculated from the clipped time series, we propose a classification
statistic D( fz, fz,gz) by using above disparity measure

D(fz, f2,82) := DM(fz.87) — DM(fz, f2),

and the classification rule is as follows:

If D(fz, f2,82) > 0 (or < 0), then {Z;} is classified into I1; (or IL,), (CR)
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respectively. We show a basic property of the (CR) in view of misclassification
probability.

Theorem 3.2.1. Under Assumptions 3.1.1 and 3.2.1, we have

lim P(D<0|I)=0 and lim P(D > 0| L) = 0.
n—oo n—oo

Remark 3.2.3. This result shows the consistency of D. Many discrimination
methods have this basic property (see Zhang and Taniguchi (1995), Kakizawa
(1996)).

Thus, next, we evaluate a more delicate property of D. Consider the case when
the two categories are contiguous:

()

Iy : fz(A), Ip:gz(A) = fz(A)+ N

where h(1) € C*([-n,x]). Then we have,

Theorem 3.2.2. Under Assumptions 3.1.1 and 3.2.1, it holds that

lim P(D <0 | ;) = lim P(D > 0| II,) =

()] /[—ﬂ,ﬂ] hz(/l)fz_z(/l)d/l

\/ St FOOF (r)\/ (1= pZ(O)1 = p3,(r)Q(t, L. 1)

where Q(t,€,r) := [16Kx(=€,t,t —r) + {px(O)px(t + € —1)+ px(t = r)px(t + )}]
and f(£) = 1/(2x) /[_ h(A) £, (D)e AdA.

Remark 3.2.4. This result enables us to compare D with the other discrimination
methods. However, generally, binary time series do not have this type of efficiency.
Thus we discuss robustness against outliers in the next section.

!

3.3 Robustness against outlier

In this section, we deal with the case when the process of {Z;} is contaminated by
an outlier. We assume that an observed stretch {Zy, - - - , Z,} is available, and show
our discrimination method based on binary time series has a robustness against the
outlier. However, the classical method based on the periodogram does not have
this property. Let {Z} be the process replaced Z; by Zj = s.
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First, we consider the classical method. For the original observations {Z, }, the
nonparametric estimator based on periodogram is defined by

f ()= - ]Wn(l—u)ln(u)du, (3.3.1)

where

2

1
L) = mn

n
Z Zp exp (=il)
(=1

Let DM be the I-divergence disparity measure for {Z;}:

_ 1 V@I 0
DM(fz,87) := = '/[_Wr]( log 12(0)| +gz(/l) 1)d/1. (3.3.2)

Then we have,

Theorem 3.3.1. For fixed n and given Z,,. . .,Z,, it holds that

00, / 1 __1 41>0
lim D(f . fz.82) = D(f , f2,82) = { [~.7] 82() le(ﬂ)d/1 .
" fra 0~ 7 <0

Recall that f7 is defined by (3.1.1), and that fzs is the one replaced Z; by Z;
from the clipped time series {X;}. Then we have,

Theorem 3.3.2. For fixed n and given Z,,. . .,Z,, it holds that

0, Z1 =20

lim D(fzs, fz,82) — D(fz. f2.82) =
§—o0 c, 71<0,

where c is a constant.

Remark 3.3.1. Theorems 3.3.1 and 3.3.2 show the classical method is sensitive
to the outlier, but our new method is insensitive to it. Therefore, we conclude that
our method has the robustness against the outlier.

3.4 Unknown category case

In this section, we deal with the practical case where the two spectra fz and
gz, which describe two categories I1; and Il,, are estimated from the training
samples. Let {Z;;} and {Z;»} be the training samples of {Z;} under II; and
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I1,, respectively. Assume that {Z;}, {Z;;}, and {Z;,} are mutually indepen-
dent, and {Zy,---,Z,}, {Z11,- -, Zu1}, and {Z1p,- -+, Zy2} (or {X1,---, Xy},
{Xi1,---,Xn1}, and {X12,- - -, X,2}, which are binary times series correspond to
{Z:}, {Z;,}, and {Z,z} respectively) are available. We introduce nonparametric
spectra estimator fz (1) and gT(/l) in the same way as fz. Then, we have the
following theorem.

Theorem 3.4.1. Under Assumptions 3.1.1 and 3.2.1, we have
lim P(D(fz, f7,.87,) < 0| 1) = 0 and lim P(D(fz. fz.47,) > 0| Th) =

Remark 3.4.1. The above result enables us to apply our method to practical
situation.

Next, we elucidate that an outlier in the training samples deteriorates the
classical method and, however, does not have a detrimental impact on our method.
Let {Z; s} and {Z;5} be the process replaced Z;; and Z; by s.

Theorem 3.4.2. For fixed n and given Z,...,7Z,, the following equations hold
true:

(i)slirgoD([Zorgz,[ ,,g )—D(f Orgzjz,g )=-

oy 1 T\ _ —
(ii) Slggo D(iz or gz’izl’gzzvs) D(iz or gz’iZ;’EZz) -

Theorem 3.4.3. For fixed n and given Z,...,7Z,, the following equations hold

true:
1 A Ny P Z13 20
(i) lim D(fz or §z.f;, .8%) — D(fz or §z. f5.8%) = :
§—00 > , Zl,l <0
Where C/ IS a constant.
. A N A N T A 0, Zi>0
(i) lim D(fz or 8z.f}.8, )—D(fz or §z./5.8,) =1, :
§—00 »$ c”, Zl,2 <0

where ¢” is a constant.

Remark 3.4.2. These theorems show that if training sample {Z,;} has a big
outlier, then the classical method tends to classify the process into I, and if {Z;,}
has a big outlier, then the classical method tends to classify the process into I1;.
However, our method has resistance to such a big outlier.
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3.5 Simulation studies

This section provides simulation studies. We will see the robustness of the pro-
posed method against the outlier. We generate Zy,- - - , Z,, from the AR(1) model

Zi=aZ, 1+ &,

where {¢ } My (0,1). Let the two categories I1; and I, be

| 1
, I, : A) = .
ol —aepGUE 2 82 = S e )P

Iy« fz(4) :=

We choose a as 0.3,0.5,07. Here, we use the /-divergence disparity measure,
defined by (3.3.2), and Parzen’s window function,

1-6x2+6|x® if|x| <3
w(x) :=42(1 - |x|)? if% <|x| <1
0 if 1 < |x|.

The simulating procedure is as follows: first, we generate n (n = 100, 300, 500)
samples Zy,---,Z, for each a = 0.3, 0.5, 0.7, and choose M (M = 5, 7, 8)
corresponding to n (n = 100,300,500) respectively. Next, we replace Z; by
Zy = Zy — s xmax{Zy, - ,Zsoo} for s = 0, 3, £5, then we computed the
discriminant function D( fZS, fz,gz) based on binary time series, and D( f 5 f2.87)
based on the ordinary periodogram. Finally, we iterate 500 times and compute
discriminant probability.

The results are shown in Table 3.1. Table 3.1 shows that the accuracies of
our discriminant method are almost the same as that of the classical method for
s = 0. For s = £3,+5, the detection probabilities of our method are still high.
On the other hand, that of classical method are low. For s = +5, all the correct
classification probabilities of the classical method are lower than 50%. Thus, we
conclude that our classification method is insensitive to the outlier. However, the
classical one is sensitive. Comparing s = 3 and s = —3, these results have no
significant difference. The same is true of s = 5 and s = 5.

3.6 Real data analysis

We apply our classification method to electrocardiogram (ECG) data. This dataset
has two categories. One is the dataset recorded during normal heart beat, denoted
by category A. The other is the dataset recorded during myocardial infraction,
described as category B. This dataset (ECG200) was formatted by Olszewski
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Table 3.1: Correct classification probabilities (%)

a n | binary | periodogram
0.3 | 100 | 43.6 42.6
300 | 60.0 63.2
500 | 65.6 74.0
0.5 | 100 | 67.8 72.8
300 | 92.8 97.8
500 | 96.8 99.8
0.7 | 100 | 82.8 92.8
300 | 99.6 100
500 | 100 100 s | a n | binary | periodogram
0.3 | 100 | 42.8 6.2 -3 103 | 100 | 42.8 6.4
300 | 59.0 204 300 | 59.6 244
500 | 65.6 344 500 | 654 37.6
0.5 | 100 | 66.0 6.0 0.5 | 100 | 66.8 7.6
300 | 89.6 53.2 300 | 904 53.8
500 | 96.8 86.6 500 | 96.6 87.2
0.7 | 100 | 834 11.8 0.7 | 100 | 81.3 10.6
300 | 99.6 85.8 300 | 99.6 84.4
500 | 100 100 500 | 100 100
0.3 | 100 | 42.8 0.4 -5 103|100 | 42.8 0.0
300 | 59.0 0.4 300 | 59.6 1.4
500 | 65.6 0.6 500 | 654 4.6
0.5 | 100 | 66.0 0.2 0.5 | 100 | 66.8 0.0
300 | 89.6 2.6 300 | 904 2.6
500 | 96.8 14.6 500 | 96.6 19
0.7 | 100 | 834 0.2 0.7 | 100 | 81.3 0.0
300 | 99.6 7.8 300 | 99.6 8.2
500 | 100 44.8 500 | 100 49.5
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(2001) and is available from Dau et al. (2018). ECG200 consists of test data and
training data, and the test data are composed of category A (36 time series, each
length of series is 96) and category B (64 time series, each length of series is 96).
Figures 3.1 and 3.2 show the plots of the data from category A and category B
respectively. In this real data anlaysis, we will see whether the proposed method
is valid for the real data or not and confirm the impact of the outliers.

The procedure is as follows: first, the series from categories A and B are de-
noted by {Z4(t)} and {Zp;(¢)} fort = 1,...,96, j =1,---,36,andi =1,--- ,64
respectively, and take difference {Z, (t + 1)} := {ZA ](t + 1) = Z4;(t)} and
{Zy (t + 1)} = {Zpit + 1) - ZB,(t)} for t = 1,...,95 in order to obtain zero
mean stationary sequences. Second, we estimate normalized spectral density
((spectral density)/(variance)) by nonparametric spectral estimator based on bi-
nary time series denoted by fA, ;(4) and fAB,,-(/l) and smoothed periodogram denoted
by f A,j(/l) and f B’i(/l), respectively. Third, we compute the discriminant function

D(faj(A), faj(A). f5i(2)) and D(fp;(A). fa,j(A). fpi(2)) based on binary time se-
ries, and D( iA,j,(/l), iA’j(/l), iB,i(/l)) and D( iB,i,(/l), iA,j(/l), iB,l_(/l)) based on the
smoothed periodogram for j,j’ = 1,--- ,36 andi,i” = 1,- - - ,64 using /-divergence
disparity measure. Finally, we compute the detection probability. Note that if the
spectral density estimator takes negative values, the sequence is excluded from the
dataset of both methods.

The detection probability of the proposed method is 60.25% and that of the
classical method is 64.12%. These results shows the accuracy of both methods
are almost the same. From the simulation study in Section 6, the results indicate
the structures spectra of normal heart beat and myocardial infraction are different
and these spectra possibly are not contiguous.
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Figure 3.2: Plots of time series from category B

Next, we confirm Theorems 3.4.2 and 3.4.3. The procedure is as follows:
First, the series from categories A and B are denoted by {Z,(¢)} and {Zp,(¢)} for
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t=1,...,96,j=1,---,36,and i = 1,-- - ,64 respectively, and replace {Z4(2)}
and {Zp1(2)} as a and b, respectively (a and b are outliers). Second, we take differ-
ence {Z;x,j(t"' 1)} and {Zg’i(t+ 1)} fort =1,...,95. Third, we estimate normalized

spectral densities fy i), fri(), f Aj(/l), and f Bi(/l). Finally, we compute the de-

tection probabilities (1) D(fa ;(A), fa1(A), fp:(1)) and D( f Aj(/l), !, 1(/1), f Bi(/l))
forj=2,---,36,andi = 1, - - ,64 (the training sample of ca:tegory A includes an
outlier) EespectiAvely, angi
(1) D(fu (. fiy (D). foa(D). and DS, (D). £, (D], (D) for
j,j’ = 1,---,36(the training sample of category B includes an outlier) respectively.
The result is in the Table 3.2. The case [ in the Table 3.2 indicates if training
sample {Z41(7)} has a big outlier, then the classical method tends to classify the
process into [1p. The case I in the Table 3.2 indicates if {Zp ()} has a big outlier,
then the classical method tends to classify the process into I1;. On the other
hand, the proposed method has resistance to such a big outlier (see Remark 3.4.2).
Thus, we could confirm the results of Theorems 3.4.2 and 3.4.3 via ECG data.
We conclude that the classification results of the classical method are unreliable
and that of the proposed method are reliable when the observed time series have
outliers

Table 3.2: Detection probabilities when the training sample is contaminated with
an outlier

case
outlier | proposed method | classical method
a=0 41.56% 55.17%
a=1 50.06% 66.61%
a=2 50.06% 26.71%
a=3 50.06% 10.83%
a=>5 50.06% 3.33%
a=10 50.06% 1.11%

case 11
outlier | proposed method | classical method
b=0 59.21% 39.13%
b=1 59.21% 44.22%
b=2 65.45% 60.77%
b=3 65.45% 74.40%
b=5 65.45% 82.41%
b=10 65.45% 90.32%

36



Chapter 4

Estimation of trigonometric
moments for circular distribution of
MA (p) type by using binary series

Directional statistics have received a great deal of interest in recent years, and
a variety of distributions on the circle have been proposed. In this Chapter, we
propose circular distributions of a moving average model of order p type which in-
cludes the cardioid distribution, and discuss estimation of trigonometric moments
based on binary series. We give an explicit form of the root n consistent estimator
based on clipped series, which enables us to construct an efficient estimator by the
Newton—Raphson iterative method. We also show a robustness of the proposed
estimator when the probability density function is contaminated with a noise term.

The Chapter is organized as follows: In Section 4.1, we introduce circular
distributions of the moving average model of order p type and the estimator of
trigonometric moments based on binary series for the proposed distribution. We
show the asymptotic normality and compare the asymptotic variance with Cramér—
Rao lower bound. In Section 4.2, we elucidate a robustness of the estimator when
the probability density function is contaminated with noise. The finite sample
performance of proposed estimator is investigated, and asymptotic normality of
the proposed estimator is illustrated by computer simulation in Section 4.3. This
Chapter is based on Goto (2020).

4.1 Settings and main result
In this section, we define a family of circular distributions of MA(p) type and

propose a root n consistent estimator based on binary series. After that, we show
the asymptotic normality and compare the asymptotic variance of the proposed
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estimator with Cramér—Rao lower bound.
Throughout this Chapter, we consider a family of circular distributions of
MA(p) type whose probability density function is defined by

. = 1 i0y2
Porl6) = 5 () (.11

where ¢(z) = 1 + ¢1z2 + ¢p2z> + -+ - + ¢,z” and ¢, € R for any j.

Let {®; : k € N} be independent random variables with a common circular
distribution defined by (4.1.1).  From the residue theorem and symmetry of
(4.1.1), the j-th sine and cosine moments can be obtained as

E{sin(j®y)} =0 forj € Z,
Git+Pi1 1+ +Ppdp_j

E{COS(j@k)} = { l+¢%+...+¢12)

0

for |j| < p,
for |j| > p+1,

respectively. Then, the mean resultant length and the mean direction of {®; : k €
N7} can be obtained as

[E{e®}| = e R
0 é1+ a1+ -+ pdp_1 >0,
arg B{e’®} = {n ¢1+ a1+ -+ dpdp_1 <O,

undefined ¢y + ¢apy + -+ + ¢dppp_1 =0,

respectively. From Mardia and Jupp (2000, p.31), (4.1.1) can be written as
| P
Peire(6) = 7 [ 1+ Zlnj cos(j6) |. (4.1.2)
]:

where nj = 2(¢j + ¢js101 + -+ + Gpdp_ ) /(1 + 7 +--- + ¢7). If we take p = 1,
(4.1.2) is the well-known cardioid distribution (see Mardia and Jupp (2000, p.45)).
Clearly, if ¢; = 0 for any j € {1,...,p}, (4.1.2) is a uniform distribution. The
proposed model (4.1.1) is generally non-identifiable. Actually, for p = 2 and

(1,92, ¥1,42) = (0,—%,1\/;—1), we have p(6; ¢1,$2) = p(0; y1,¥2).

In this Chapter, we discuss the estimation problem of 7y, . . ., 77, of the proposed
probability density function by using clipped series. Hereafter, we confine our-
selves to the case that (¢1,. .., ¢,) satisfies ¢1 + g1 + - - + ¢p¢,-1 > 0. Define
(a1,a2,...,ap) € RP such that 0 < @1 < @ < -+ < @, < m. For each «;,
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j =1,...,p, binary series {X]{} are defined, forany j = 1,...,p,

ij _ I -a; <0 < aj
0 otherwise.

Applying the technique for the derivation of an orthant probability for normal
distribution (see Kedem (1994, p.48)), we have the following equation

P(-a; < 0 < ay) 3 bit by -+ b1, \[(m
P(-ca; <@ <m)| |3 .\ 1 |ba1 b -+ by ||m
: B %] T N
P(-a, < 01 < a)) 07” byt by -+ by, My
where
byy b1y -+ by
by by -+ by
bpl pr bpp
/—(21 cos 6d6 f_(;'] cos26dg - -- f_csl cos pode
_ [ cos6de [ cos26d6 .- [ cos pAdo
/_(Z; cos 6dé /_(Z’p cos26dg - -- /_CZ; cos pfdéo
Here, we suppose the observed stretch {®y,...,0,} is available. We choose
(a1,a,...,ap) € RP adequately so that (l?,-j)fj=1 is a nonsingular matrix, and
substitute
n n T
l/nZXkl,...,l/nZka
k=1 k=1
for
T
(P(—a; <O < @y),....P(—a, <0 <)) .
Then, the binary estimator (#1,. . ., ﬁp)T can be defined as
A bll blZ blp 1 n Xl_ﬂ
TZI 22 L pp [t sz &
2 — nZkzl k P
k A .o 1 : .
Ay pPl pr2 ... ppP Ly X -2
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where (b7 )p i j= is the inverse matrix of (b; J) =t
Before we derlve the asymptotic distribution of the proposed estimator, we
give some examples that (b;; )ijzl is a nonsingular matrix for specific models.

= Z then

Example 4.1.1. MA(2) case: if we take @ = 7 an =7,

and «
1
(blf)l] | = (\f (1)), b’l)l] 1_( 2 )

Example 4.1.2. MA(3) case: if we take a1 = 7, a2 = 7, and a3 = %, then

1 1 1
(bl])ljl 2 0 _\/3 s (b])ljl g 03 _1_
V2 -1 % PR NG

The following theorem shows that the asymptotic normality of the proposed
estimator.

Theorem 4.1.1. It holds that

=
= m

\Vn . = N(O,V),
fp = Mp

where V = (vij)szl and

Vij = Ar? Zf,k:l bisbjk{P(—as <0 <a,-a; <0; < ay)
—P(—a; £ 01 < ay)P(—ax < O < ay)}.

Next, we investigate whether our proposed method attains the Cramér—Rao
lower bound or not. For simplicity, we confine ourselves to the case of circular
distributions of MA(1) type.

Proposition 4.1.1. The Cramér—Rao lower bound is given by

I ) =1-ni+ 1 -n}

Proposition 4.1.1 enables us to compare the asymptotic variance of the proposed
estimator with the Cramér—Rao lower bound. Thus, we have the following state-
ment.
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Remark 4.1.1. The Binary estimator is not efficient.

Actually, If we consider the case n7; = 1, then it is easy to see that
(Covariance of /1) — 7~ (171) > 0.

Remark 4.1.1 is not a preferable property of the estimator. However, from Hosoya
and Taniguchi (1982, Theorem 5.1), we can construct an efficient estimator from
1, - . .1 by the Newton-Raphson iterative method. In the next section, we show
a robust property of the estimator when the true probability density function is
contaminated.

4.2 Robustness of proposed estimator against con-
tamination

In the previous section, we showed that proposed estimator is root n consistent, and
it enable us to construct the efficient estimator by the Newton—Raphson iterative
method. In this section, we show our estimator is robust when the true probability
density function is contaminated with noise. Let ggirc, contam(+) be a contaminated
probability density function defined, for § € [—x, 7] and some 8 € (0,7/2), as

peirc(0) if—m+B<0<7m—p,
c&(0)  otherwise,

Ycirc, contam(g) = {

where p.irc(0) is defined by (4.1.1), £(0) is a non-negative function with
f” i;ﬂ £(6)do > 0, c is some constant such that gcirc, contam(6) is probability density
function. In the above setting, c£(6) corresponds to a noise. Assume that the

process {®; : k € N} is misspecified, that is, the true model of {®; : k € N}
comes from ¢circ, contam(6), but we fit the process to peirc(6).

Theorem 4.2.1. If a), and 3 satisfy ap < m — B, then the our estimator does not be
influenced by the contamination.

Thus, the proposed method is robust against the contamination of probability
density.

4.3 Simulation studies

In this section, we study finite sample performance of the proposed method,
and confirm the asymptotic normality of the proposed estimator based on binary
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process. In this simulation, the circular distributions of MA(1) and MA(2) types
are discussed. First, we illustrate finite sample performance. The procedure
is the following; first, we generate random variables {U; : i = 1,...,n} (n =
100,300, 500, 1000), which follows i.i.d. standard uniform distribution. Next, we
compute {®; = 1...,n} = {FY(U;):i=1,...,n}, where F~! is the generalized
inverse of a distribution function of (4.1.1), which follows the circular distribution
of MA(p) type for p = 1,2. Then, we calculate the proposed estimators of i7; and 77,
for the each set of parameters ¢; = 0.4,0.7,—0.5 and angulars o) = n/4,7/2,31/4
for MA(1) type distribution, and (¢1,¢2) = (0.7,0.4),(1.0,0.7),(0.9,—0.3) and
(a1,an) = (n/4,7/2),(n/2,31/4) for MA(2) type distribution. We iterate 1000
times and calculate mean absolute error, defined as MAE; := 2,1{2010 ﬁ;k) —-n;|/nfor

j = 1,2, where ﬁ;k) is the estimator of 77; of k-th iteration. Next, we calculate, for

n = 1000, {va(a} —n1); k = 1,...,10000} and {ya(A}" —n0), V(3" —m); k =
1,...,10000} for circular distributions of MA(1) type with ¢; = 0.7 and MA(2)
type with (¢1,¢2) = (0.7,0.4), respectively to confirm the asymptotic normality
of the proposed estimator. Then, we give the Q-Q plots in Figures 4.1, 4.2,
and 4.3. We also provide the Kolmogorov—Smirnov test of normality to check
the asymptotic normality of the proposed estimator. The null hypothesis is that
{+\/n(1)1—n1)} follows the normal distribution for large n. Forn = 100, 1000, 10000,
(Vi =m)sk = 1,100} and {va(}" = m), VaGiy” = n2); k = 1,...,100}
are calculated for circular distributions of MA(1) type with ¢; = 0.7 and MA(2)
type with (¢1,¢2) = (0.7,0.4). Then, we compute p-value by using R-function
ks.test() when {\/ﬁ(ﬁgk)—m); k=1,...,100} regarded as a set of i.i.d. observations
with respect to k. Note that, from the definition of binary estimator, we possibly
have the exact same value ﬁ;k) = A;k/) for some k and k’(# k). Therefore, we

added a small perturbation to {\/ﬁ(ﬁgk) —n1);k =1,...,100} by R function jitter()
in order to compute p-value (see Robert et al. (2010, p.17-18)).

The results are shown in Tables 4.1 and 4.2 and Figures 4.1, 4.2, and 4.3. Tables
4.1 and 4.2 show the proposed estimator works well, and the mean absolute errors
get smaller as the sample size increases. In Table 4.1, for ¢; = 0.4and 0.7 in MA(1)
type model, MAE; is smallest when | = 37/4 among «; = n/4, n/2, 3n/4. On
the other hand, for ¢; = —0.5 in MA(1) type model, MAE; is smallest when
a1 = /4 among three angulars. It is because MA(1) model with ¢; = —0.5 has
a mean direction . The mean directions of the proposed model are O in the other
cases. In Table 4.2, MAE, are smaller than MAE,. For better estimation of ¢,, the
set of angulars (/2,37 /4) is better than (1 /4, 7/2). Regarding to estimation of ¢,
both sets of angulars (7/2,37/4) and (7/4,7/2) provide almost the same MAE;.
Figures 4.1 4.2, and 4.3 show that almost of all points are on the reference line,
that is, we could confirm that our estimator has asymptotic normality. Moreover,
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for MA(1) model, the p-values of the KS test are obtained as 0.582, 0.987, 0.981
for n = 100, 1000 10000, respectively. For MA(2) model, the p-values of the KS

test for {\/r_z(ﬁgk) —n);k =1,...,100} are obtained as 0.528, 0.507, 0.718 and
that for {va(3\" — m2); k = 1,...,100} are obtained as 0.990, 0.799, 0.989 for
n = 100, 1000 10000, respectively. As a result, it shows that we cannot reject the
null hypothesis in all cases we investigated.

Table 4.1: MAE for circular distributions of MA(1) type
’(;51\0[1 ‘ n \MAEl\qﬁl\al ‘ n ‘MAEl‘

04 | n/4 | 100 | 0.175 | 0.7 | n/4 | 100 | 0.171
300 | 0.103 300 | 0.108
500 | 0.076 500 | 0.077
1000 | 0.054 1000 | 0.055
7/2 | 100 | 0.115 7/2 | 100 | 0.098
300 | 0.065 300 | 0.060
500 | 0.050 500 | 0.044
1000 | 0.036 1000 | 0.032
37/4 | 100 | 0.106 37/4 | 100 | 0.071
300 | 0.059 300 | 0.038
500 | 0.046 500 | 0.030
1000 | 0.034 1000 | 0.022
05| x/4 | 100 | 0.087
300 | 0.052
500 | 0.041
1000 | 0.029
7/2 | 100 | 0.113
300 | 0.065
500 | 0.049
1000 | 0.034
37/4 | 100 | 0.180
300 | 0.103
500 | 0.077
1000 | 0.055
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Table 4.2: MAE for circular distributions of MA(2) type
| (41.¢2) | (a1,a2) | n | MAE, | MAE, |
0.7,04) | (n/4,7/2) | 100 | 0.081 | 0.215
300 | 0.045 | 0.121
500 | 0.036 | 0.099
1000 | 0.026 | 0.069
(m/2,3n/4) | 100 | 0.083 | 0.094
300 | 0.046 | 0.055
500 | 0.037 | 0.041
1000 | 0.026 | 0.029
(1.0,0.7) | (m/4,7/2) | 100 | 0.060 | 0.222
300 | 0.035 | 0.129
500 | 0.028 | 0.096
1000 | 0.020 | 0.070
(m/2,3n/4) | 100 | 0.064 | 0.070
300 | 0.036 | 0.039
500 | 0.027 | 0.032
1000 | 0.019 | 0.021
(09,-03) | (m/4,7/2) | 100 | 0.115 | 0.210
300 | 0.066 | 0.125
500 | 0.051 | 0.095
1000 | 0.035 | 0.069
(m/2,3n/4) | 100 | 0.111 | 0.155
300 | 0.067 | 0.094
500 | 0.052 | 0.075
1000 | 0.036 | 0.052
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Figure 4.1: Q-Qplots of {\/ﬁ(ﬁik) -n1); kK =1,...,10000} for a circular distribution
of MA(1) type with ¢ = 0.7 for n = 1000.
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Figure 4.2: Q-Qplots of {\/ﬁ(ﬁgk)—m); k =1,...,10000} for a circular distribution
of MA(2) type (¢1,¢2) = (0.7,0.4) for n = 1000.
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Figure 4.3: Q-Qplots of {\/ﬁ(ﬁgk) —-12); k = 1,...,10000} for a circular distribution
of MA(2) type (¢1,¢2) = (0.7,0.4) for n = 1000.
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Chapter 5

Distribution free tests for structural
break of count time series

In this Chapter, testings for structural breaks of a count time series have been well
studied under several distributional assumptions, including one-parameter expo-
nential families and zero-inflated distributions. Here, we deal with the testing for
parameter change for count time series whose intensity functions have nonlinear
dependence structures without assuming any distributions. We derive the asymp-
totic null distribution for the Wald type, score based-, and residual-based CUSUM
statistics and, consequently, obtain the distribution-free tests. We also show the
test based on the modified Wald type statistic is consistent. A simulation study
illustrates that the residual-based test outperforms the other proposed methods.

The Chapter is organized as follows: In Section 5.1, we introduce count
processes with parametric intensities which have nonlinear dependence structures.
Next, we define the Poisson, negative binomial, and exponential QMLEs and
make assumptions. The strong consistency and asymptotic normality of QMLEs
are reviewed. These results are shown by Ahmad and Francq (2016), Aknouche
et al. (2018), and Aknouche and Francq (2020). In Section 5.2, we formulate the
testing for structural breaks and define the Wald type, the modified Wald type, the
score-based, and the residual-based CUSUM test statistics. We derive the limit
laws of these statistics under the null hypothesis. We illustrate the finite sample
performance in Section 5.3. The results reveal that the classical Wald type test
is easily affected by the underlying conditional distribution. On the other hand,
the proposed Wald tests work well. However, Wald type statistics show the size
distortion because of the instability of PQMLE. In contrast, the score-based and
the residual test provide good empirical size. Our simulation study suggests the
residual-based test is superior to the score based test from the perspective of the
power.
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5.1 Quasi maximum likelihood estimators

In this section, the fundamental settings and the quasi maximum likelihood es-
timators (QMLESs) are introduced, which is investigated by Ahmad and Francq
(2016), Aknouche et al. (2018), and Aknouche and Francq (2020).

Let {Z;} be a count time series or non-negative time series on the probability
space (Q, ¥, P) with conditional expectation, for any t € Z

E(Ztl?;—l) = /l(Zt—lsZt—29 ceegs 00)

where ;1 is the o-field generated by {Z;,s < t — 1}, 0 is an unknown parameter
on a parameter space ® ¢ R¢, and 1 is a known measurable function on [0, c0)* x®
to (6, +o0) for some § > 0.

For any @ € ® and t € N U {0}, we define

/11(0) = /I(ZI—DZI—Z, ceeas 0)’ /il(a) = A(ZI—I’ZI—QJ s 7ZI’X0; 0)

where x¢ € [0, c0)™ be an initial parameter. The function A, which can be calculate
from observed process is proxy for A, which contains population values. Since
we use specific models like the linear INGARCH(p,q) model as A in practice,
s0 X9 € [0,00)% reduces to a finite dimension vector. Moreover, the impact of
the choice xg € [0,00)> is asymptotically negligible as n — oo. Instead of the

conditional distributional assumptions, we assume the stationarity and ergodicity
of {Z;};

Assumption 5.1.1. (A0) {Z,} is strictly stationary and ergodic.

Remark 5.1.1. This assumption is satisfied by a broad class of the time series of
counts. Aknouche and Francq (2020) showed sufficient conditions of Assumption
(AO) for the non-linear INGARCH(p,q) model, and it includes the exponential
family and the zero-inflated distributions.

The Poisson quasi (conditional) maximum likelihood estimator (PQMLE) is
defined as follows;
1 n
0" .= argmax LY, LF(9):= - Z F@), () = -1,(0) + Z log 1,(0).
n

0O =1

Similarly, the negative binomial QMLE (NBQMLE) and the exponential
QMLE (EQMLE) are defined below; for fixed r > 0,

nr > N
6cO

A . . (BN
OB = arg max L\B, INB(9) := - Z NB (o),
: n L
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NB(g) . rlog —— _A0)
b 0):= ”"g(wﬂ;(a))+Z’1°g(r+i,(0))’
and

~ B - 1<
0° = argmax LF, LF(0):= - Z ), F0):=-
0cO n =1 t )

- log /11(0),

respectively. We define €7, {’,]lVrB , and ¢£ in the same way as é’,f , f,llvf , and £F using

A,(0) instead of 1,(0), respectively. Throughout this Chapter, || - || denotes £, norm.
We make the following assumptions;
Assumption 5.1.2. (A1) O is a compact set and 6y belongs to the interior of @.
(A2) EZ'*" < oo for some ;7 < 0.
(A3) 1,(0) = 2,(0)) a.s. if and only if @ = 6 for any ¢ € N.
(A4) For a; := supgee |/lt(0) - i,(0)|, it holds that @, = o(1) and a;Z; = o(1) a.s..
(AS) For any 1 € N, 1,(0) is twice continuously differentiable with respect to 6.

(A6) If sT3/00.1,(60) = 0 as., then s = 0.

(P7) For b, := supgcg ||0/06 (1,(8) — 1,(0))|| and

ol |

C; = Sup max(
0O

o))

there exists k > 1/2 such that b, = O(t™), b;Z; = O(t™), and a;c;Z; =
O(t7™ ) ass..

1.(8) 80 1(0) 60

(NB7) For d, := supy.g [12(6) — A7(8)| and

1
4(0)(r + 2,(0)) 60

1
10 + 2,(6)) 59

o)

there exists k > 1/2 such that b, = O(t™), b,Z;, = O(t™), a;e; = O(t™),
atetZt = O(I_K), and d,etZ, = O(I_K) a.s..

€; := sup max (
6O

(E7) There exists « > 1/2 such that b; = O(t™), b,Z;, = O(t™), a;c; = O(t™)
and a;¢,;Z, = O(t™) as..
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(P8) For some neighborhood V(6) of 6y and any i,j € {1,...,d}, 1+6

sUPgey(gy) [IF ()] Supgey g | /¥ (0)], and

(4(60) — 4,(9)) 0

su 1,(0)
0€V(I:0)0) /lt(O) 80,(96J !
are integrable for any i,j € {1,...,d}, where some § > 0,
(Z - 4(0)* &
7@ .=~—"_""" — (0 —/l 0
and
P 1 0
J; (0) = /11(6’) 11(0)

2,(0) 96;

In particular, we denote I¥ := EIF(6) = ( AV;((Z)) a% :(60)-2- 36, /lt(OO)) JP =

EJP(8) with the conditional variance v,(6y) := Var(Z|F;_1) = B(Z?|F;-1) -
ﬂz(ﬁ’o)z-

(NB8) For some neighborhood V(6y) of 8y and any i, j € {1,...,d}, |I NB(g, )|1+6

(i’(/lz(i‘)o) 4:(0))(24,(6) + 1)

220)(r + 2,(6))? ) EY: ﬂr(G)—/l,(a)‘

HGV(O())

r(A(6o) — 4:(0)) 9

and SUp |- T 1(0)) 36,00,

0<V(6))

o)
are integrable, where some 6 > 0,

r’(Z - 4(60)) 3

NB .
i0) = 2(0)(r + 1,(6))? 36;

t(0)—/1t(0)

r 0 0
L0+ 1) a6, P aa;

In particular, we denote INB := EItNB(OO), JALEE EJtNB(Oo).

and JtNB(O) = A:(0).

(E8) For some neighborhood V() of 6y and any i,j € {1,...,d}, |IE(490)|1+(S

SUPgev (6y) |IzE (9)|’ SUPgev (6,) |JzE (9)|’ and

A:(6o) — 4,(0) 0

sup |[——=——~ (0) 4,(0)
0€V£0) PRC)) a6;
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are integrable, where some 6 > 0,

B . (Zi = (0)?* 8
It (0) . W@@ t( )_/lt(a)
and J,E(G) = ! i/lt(t9)i/l,(6?).

A2(0) 06 06
In particular, we denote IF := EI5(6y), JNB := EJE()).
(A9)For some neighborhood V(6y) of 6y and any i,j € {1,...,d},

W00, sup | a0) - 50

and sup
0<V(6o) 96

0cV (o)

6—9/1:(9)‘

are integrable, where some ¢ > 0.

Remark 5.1.2. (A1)-(A3) and (AS) are the fundamental assumptions to show the
strong consistency and the asymptotic normality. (A4), (P7), (NB7), and (E7)
are used to ensure that approximated processes based on 1,(8) converge to proper
processes based on A4,(8). We can show that J/ is the invertible matrix by (A6).
(P8), (NBS), and (E8) guarantee the existence of .IJ' and J/ and the almost surely
convergences of 1/n Y I/(8,) and 1/n ¥, J/(8,) to I/ and J/, respectively.
(A9) is the moment conditions for the residual-based CUSUM test.

The strong consistency and the asymptotic normality is established by Ahmad
and Francq (2016), Aknouche et al. (2018), and Aknouche and Francq (2020);

Lemma 5.1.1. Assume that, for j = P,NB, or E, (A0)-(A6), (j7), and (j8). Then,
it holds that,

0, — 6y as asn— oo, Vn(B; -6 = NO.(J)'FU)") asn— oo

Remark 5.1.3. If Z;|F;_; ~ Pois(4,(6y)), NB(r,r/(r + 2,(6p))), or Exp(1/2,(6p)),
then 17 = JP, INB = JNE or I¥ = JE, respectively. Hence, QMLE is efficient for
each case.

5.2 Detection of structural breaks

In the previous section, we introduced QMLEs and confirmed the strong consis-
tency and the asymptotic normality. In this section, we deal with tests for structural
breaks, which is the main object in this Chapter. The null hypothesis Hy is there
is no change point of the true parameter, and the alternative H; is that the true
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parameter changes after an unknown point | n7 | where 7 € (0, 1). More precisely,
the null hypothesis is given by

Hy: E(Z|Fi-1) := A(Z4-1,Z-2,...,;60) foranyt e {1,...,n},
and the alternative is, for some (% 6y),

Hy :E(Z|Fi-1) := A(Zi-1,Z-3,...,;60) foranyr e {1,...,|nt]},
E(Z|F ) =AZ_.Z ,,...,;61) foranyt e {|nt]+1,...,n},

where ;1 and " | are the o-field generated by {Z;, s < -1} and {Z[,s < 1-1},
respectively.

5.2.1 Wald type CUSUM test

First, we propose the Wald type CUSUM test which is investigated by Kang and
Lee (2014), Lee et al. (2016), and Lee et al. (2018). From the definition of the
QMLEs and the Taylor’s expansion, it follows that, for j = P,NB, or E,

O i Ai
0 =/n—1L(0
\/7180 ()
a .
=\Vn—1L]
\/ﬁaa n(00)+

a7 LiO1 V(8] ~ 60).

e
where 6y s 0, s 6). Then, we have

PN}~ 00) = NnAG T1(00) + A,

where
. - 1 . R
oo 1 e L) (Gadar Lh@)) N Li0) i (e Li6l))  exists,
" ( o+ aegaT i’ (01 ) \Vn ((ﬂl —6p) otherwise.
(5.2.1)
Since
LnSJ Aj
\/— (aLnsJ - 0n)
Lns] n
|_nsJ 0 LnsJ |_nsJ
_51 0)— —2 N @ =N :
\/_Z (@) ‘/ﬁzzl aat( o)+ lnml — p M
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we know J/ | ns|/ \/ﬁ(é{m | 0?;) takes the form of the CUSUM statistics. Under

the assumption that I for j = P,NB, or E is positive definite matrix, let us define
the Wald type test statistics as, for j = P,NB, or E,

K2 o gt (TG
= lréll?;{n 7(0]( - 0}1) JKL(IKL) JKL(Ok - on)’

J .
TKL,Wald ’

where
. 1< o . 1< o A
Ii(L = ; Zig(g_ll)a Jf(L = Z Z jg(of’l)a
t=1 t=1

and Ijt and J? is defined in the same way as I; and Jlj using A,(@) instead of 1,(0),
respectively. Then, we have the following asymptotic null distribution.

Theorem 5.2.1. Assume that, for j = P,NB, or E I is positive definite matrix,
(A0)-(A6), and (j7)-(j8). Then, under the null hypothesis Hy, it holds that

' 2
Tirwaa = SUp 1BG()II® asn — oo,
0<s<1

where B(s) is d-dimensional standard Brownian bridge.

From Theorem 5.2.1, we can construct the distribution-free CUSUM test based
on TéL’Wal 4 Which rejects the null hypothesis Hy when TéL’Wal 4 = C, where Cis
a critical value defined as follows; for significance level « such that 0 < o < 1,

P (supOSssl ||B;’l(s)||2 > C) = «a. Then, this is asymptotic size a test. However,

the consistency of this test is difficult to show since the asymptotics of 8, has
to under the alternative does not take into consideration. As an alternative, we
propose Doukhan and Kengne (2015) type of statistics. Let us define the alternative
statistics as follows; for j = P,NB, or E,

T! ¢ wag = . Max —kz(”_k)z(éf —6 NI AT 6], -8l )
DK, Wald '_ISkSn—l n3 1:k k+1:n DK\"'DK DK\"1:k k+1:n7°
where

. 1 <& oA o 1 G s ai

i E fi = E 7 (6

Ipg = Uy It(ai:un)’ Jpk = Un i01.,)
=1 t=1

up is an integer value sequence such that u,, — oo and u,/n — 0 as n — oo, and
02 18 the JQMLE estimator based on {Z,,...,Z;} for j = P,NB, or E. Then, we
have the asymptotic results.
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Theorem 5.2.2. Assume that, for j = P,NB, or El is positive definite matrix,
(A0)-(A6), and (j7)-(j8). Then, under the null hypothesis Hy, it holds that

TJ

2
DKWwaid —> SUp [IBg(s)lI” asn — oo,
0<s<1

where Bj(s) is d-dimensional standard Brownian bridge.

From Theorem 5.2.2, we therefore obtain a distribution-free and asymptotic
size « test if we reject Hy when TDKWal 4 = C. As expected, we obtain the
consistency of the test.

Theorem 5.2.3. Assume that, for j = P,NB, or E,I' is positive definite matrix,

(A0)-(A6), and (j7)-(j8). Then, the test if we reject Hy when TDKW = C, where

C is a critical value given by P (SHPOSSSI ||B2(s)||2 > C) = « is consistent.

From Theorems 5.2.1-5.2.3, we conclude that we can construct the asymptotic
size @ CUSUM test based on T and the asymptotic size @ and consistent

KL,Wald
CUSUM test based on le)KW g~ However, these Wald type tests often encounters
size distortion (see Lee and Lee (2019)). Therefore, we examine more stable tests,
that is, the score based and residual based CUSUM tests, which provide better size

control than Wald type tests.

5.2.2 Score based CUSUM test

A score based statistics is studied by Berkes et al. (2004), Oh and Lee (2018),
and Lee and Lee (2019). We define the alternative statistics as follows. For
j =P,NB, orE,

T k
. i 0 -
j 7 (6)) 47
Tscore 12]?? (Z %fk(a ) (; 6_ (0 )
The reason why T, is called the CUSUM test is

)

max 1/vn

1<k<n

can be approximated by

max—ii70)—— iE/(a)
1<k<n\/_ P 00 ¢ (6o 00" o)

which is proven in Lemma 7.4.3 in Section 6.
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Theorem 5.2.4. Assume that, for j = P,NB, or El is positive definite matrix,
(A0)-(A6), and (j7)-(j8). Then, under the null hypothesis Hy, it holds that

Ts]core = sup ”Bcoz(s)llz asn — o,
0<s<1

where Bj(s) is d-dimensional standard Brownian bridge.
Similar to the above Wald type test, we obtain a distribution-free and asymptotic

size a test which rejects the hypothesis Hy whenever Tsjcore > C where Cis acritical

value defined by P (supOSssl ||B;(s)||2 > C) = a.

5.2.3 Residual based CUSUM test

Franke etal. (2012) and Kang and Lee (2014) discussed the residual based CUSUM
test. Define € := Z; — A(6y), &(0)) := Z, — (@), and the residual based CUSUM
statistics as

k n
Dladh - > @@

=1 t=1

Tj := max ! L
res * 1<k<n 1 vn gz(éj)\/ﬁ
n

n “r=1 "t

Theorem 5.2.5. Assume that, for j = P,NB, or E,I’ is positive definite matrix,
(A0)-(A6), (j7)-(j8), and (A9). Then, it holds that, under Hy,

Trjc;,s = sup |Bj(s)| asn— .
0<s<l1

Similarly, we obtain a distribution-free and asymptotic size a test rejects the
hypothesis Hy in favour of Hj if T, > C’, where C’ is a critical value given by
P (supo<,<; |BJ(s)| > C') = a.

5.3 The simulation studies

In this section, we investigate the finite sample performance of the proposed tests.
We use the linear INGARCH(1,1) model;

/11» =w+ Q’Zt_l +ﬁ/1l_].

The critical values are calculated by generating 10000 realizations of the stan-
dard Brownian bridge by the R function BBridge in the R package sde (Iacus,
2016) and these are 1.336995 and 3.011263 for maxy-1.....10000 | B](k/10000)| and

maxi=1, 10000 ||B§ (k/10000)||> at a significance level of 0.05, respectively. The
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INGARCH process is generated using the analytic mean of Z; for the model as
initial values of Zj and A by the R function ingarch.mean in the R package tscount
(Liboschik et al., 2017).

Since PQMLE is not stable for small samples (see Figure 5.1), we used the

. o P P .
modified statistics TKL’Wal & and TDK’Wal & which are defined as

K2 oo Apr b ep 1 sp AP A
TIEL,Waldz -= max _(915 - HE)TJIELZ(IIEL) IJIEL(OIE - 05)’

vp<k<n N
k*(n —k)* , ~ o . ~
P ) P P \T#P ($P \-17P (4P P
TpKwagz = Mmax ————— (014 = 0441.) JokUpk) ™ Jpk (01 — Op41),
vp<k<n—v, n

where v; = | (logn)?], respectively. In this simulation, we also use the following
test statistics

P _ k> op  AP\TEP \(AP _ 4P
Ty, = Vg?{-én 7(0/( —0,) (g0, —6,),
which is proposed by Kang and Lee (2014) under the conditional distribution of
the process being Poisson, to investigate the impact of the misspecification.
The procedure is the following; First, We investigate the empirical sizes of
the tests. we generate n (n = 300, 600,900) samples of the Poisson or negative
binomial INGARCH (1,1) with » = 4 for negative binomial distribution and

(w,,p) = (1,0.3,0.2). Next, we estimate the parameters §° and 67 by

PQMLE with the initial values Zle Zi/kand 37, Z;/(n—k)fork =vp,...,n
and k = vg,...,n —vg, respectively. The optimization is obtained by use of the
R package constrOptim given the gradient function and 0 as the initial value of
the gradient. Then, we calculate the proposed test statistics, and replicate this
procedure 200 times and calculate the rejection probabilities.

Second, we simulate the cases the parameters changes from
(w,a,B) = (1,0.3,0.2) to (1,0.3,0.4) and (1.5,0.3,0.2) at |n/2] + 1 to study the
empirical powers of the test statistics, respectively. The rest of the procedure is the
same as the above null case.

The results are summarized in Table 5.1 and 5.2. Here, we denote Poisson
distribution and negative binomial distribution with the parameter r as Pois(4;)
and NB(4,,r/(r + A;)), respectively. The classical statistics TIEL are sensitive
to the misspecification, the non-Poisson case. On the other hand, the alternative
statistics TIEL’Wal & and TSKWal 1 Work well since we need not specify the underlying
distribution. However, as Lee and Lee (2019) pointed out, these Wald type statistics
show the severe size distortions in Table 5.1. Although the modified Wald statistics
TgK’Wal &, are mathematically tractable, it provides the worst size control. This can
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be explained from the perspective of the instability of PQMLE. We can confirm
PQMLE based on small samples is not stable, and Wald type test statistics are
calculated through PQMLEs which are based on small samples. These facts cause
the size distortions.

In contrast, TX . and T, are based on PQMLE which are calculated from
full samples. Thus, these statistics achieve better size control. According to the
empirical power, Table 5.2 shows the test based on the residual has better power
than the test based on the score.

a |
o~
|
" mwwmw T
°7 R
ﬂﬂﬁ Fond ™, i
b o et T T
a |
° T T T T T
0 500 1000 1500 2000

Figure 5.1: PQMLE based on {Z,,...,Z;} for 4, = 1 + 0.3Z,_; + 0.24,_;; x-axis
is the number of observations (k). y-axis is the estimated values (9; > ,ég 5) for
(0.1,0.3,0.2).

Table 5.1: Empirical sizes at the nominal size @ = 0.05
/lt =1+ 0.3Z[_1 + 0.2/11_1 for all n

Conditional distribution | sample size TII()L Wald2 TIEL T]§K Wald2 TP e | TE
n =300 0.160 | 0.145 | 0.240 | 0.025 | 0.025
Pois(4;) n =600 0.160 | 0.170 | 0.215 | 0.040 | 0.035

n=900 | 0.095 |0.080| 0220 |0.020 | 0.020
n=300 | 0.175 |0970| 0305 |0.035|0.045
NB(1,4/(4 + 4,)) n=600 | 0.185 |0.980| 0290 |0.055|0.065
n=900 | 0.155 |0.995| 0260 |0.020 | 0.020

57



Table 5.2: Empirical powers at the nominal size @ = 0.05

A =1+0.3Z;_1 +0.24,_1 for the first half of n
A, =1+0.3Z,_; +0.4,_; for the latter half of n

Conditional distribution | sample size TIEL’Wal &2 TIEL TII;K’Wal &2 TP o | TE,
n =300 0965 |0970| 0.745 | 0.445 | 0.770
Pois(4;) n = 600 1.000 | 1.000 | 0.935 | 0.965 | 0.995
n =900 1.000 | 1.000 | 0.985 | 1.000 | 1.000
n =300 0.795 | 1.000 | 0.610 | 0.255 | 0.345
NB(4;,4/(4 + A;)) n = 600 0.890 | 1.000 | 0.660 | 0.575 | 0.800
n =900 0.995 | 1.000 | 0.895 | 0.885 | 0.975

A =1+0.3Z;_1 +0.24,_1 for the first half of n
Ay =1.5+0.3Z;_; +0.24,_; for the latter half of n

Conditional distribution | sample size TI?L Wald TlgL TSK Wald TF e | TE
n =300 0.840 | 0.840 | 0.840 | 0.540 | 0.755
Pois(4;) n = 600 0975 0990 | 0.975 |0.955 | 0.990
n =900 1.000 | 1.000 | 0.980 | 0.995 | 1.000
n =300 0.555 | 0995 | 0.645 | 0.225 | 0.340

NB(4;,4/(4 + A;)) n = 600 0.720 | 1.000 | 0.790 | 0.575 | 0.695

n =900 0.850 | 1.000 | 0.890 | 0.830 | 0.895
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Chapter 6

Likelihood ratio processes under
non-standard settings

Chapter 6 investigates the log-likelihood ratio for curved models and the one-way
random effect ANOVA model. Local asymptotic normality (LAN) is the specific
form of the asymptotic expansion of the log-likelihood ratio. Once we obtain
the LAN results for models, optimal tests and estimations can be constructed by
means of central sequences. More precisely, for example, the lower bound of loss
functions can be obtained among regular estimators, and the power of the tests
can be derived explicitly from the null distribution by the Le Cam’s third lemma.
Here, we show the simultaneous equation system, which plays a significant role in
econometrics, has LAN property. Hence, we can construct an efficient estimator
and an asymptotically maximin test. In contrast, we elucidate that the one-way
ANOVA model does not have LAN property. The limiting behavior is out of
the common. Thereby, we cannot use the existing theory to construct optimal
statistical methods. By use of the Neyman—Pearson lemma, we show our test is
the asymptotically most powerful.

The Chapter is organized as follows: In Section 6.1, we deal with the two types
of curved normal families. The first one is normal distributions whose mean and
variance are governed by the same parameter. The second one is the simultaneous
equation system. The regression parameter of the reduced form of the system is
endowed with a curved structure. For the two models, we show LAN property. In
Section 6.2, we focus on one-way random effect ANOVA models and derive the
limit distribution of the log-likelihood ratio when the variance of the random effect
belongs to the boundary and interior of parameter space, respectively. After that,
we show our test based on the log-likelihood ratio is asymptotically most powerful.
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6.1 Local asymptotic normality for curved models

In this section, we investigate the local asymptotic normality (LAN) for curved
models. Before getting to the main subject, we confirm the definition of LAN
property. For a sequence of probability measures {Pé")}, {Pé”)} said to be local
asymptotic normal (LAN) at @ if the log-likelihood ratio admits the following
expansion; For any vector  and any sequence of matrix {t,} such that ||7,|| — 0
as n — oo, it holds that

Or7ah _ pTp, — EhT;r(a)h +0,(1) asn— oo,

(1)
dp,
where Z(80) is the Fisher information matrix and
A, = N(0,Z(f)) asn — oo.

The random variable A, and the sequence 7, are called the central sequence
and the contiguity order, respectively. Especially, Z~'(8)A, is called the central
sequence. As discussed at Introduction, many models including ARMA, ARCH,
and CHARN hold LAN. Usually, the contiguity order is 1/+/n.

First, we consider the normal distribution N(6%, 6%), where 6 > 0 and (a, ) €
R2, that is, mean and variance have the curved structure. We are interested in the
hypothesis testing when parameter is contiguous;

) .o _ M. g_ g . h
Hy” 1 0 =600(>0), K, .9—9n._90+%(>0),

where h > —+/nfy. Assume that, for each n, {X,;,i = 1,...,n,n = 1,2,...}
is available and {X,,;} is independent for each n and i. We denote, for each n,
the sequence of hypothesis as N(G? for {X,,i = 1,...,n} under Hg’) and N(g’? for
{X,i,i = 1,...,n} under KE)”). Then, the next theorem shows, under Hgl) , the log-
likelihood ratio Ag(6y,8,) := log ng'? / ng(')) admits the asymptotic expansion.

Theorem 6.1.1. Under the null hypothesis Hgl), {N(Z), 6o > 0} is local asymptot-

ically normal, that is, for h € R and sufficiently large n such that h > —+/nfy, it
holds that

1
Ao(bo,6,) = hAY — 5hzfo(eo) +0,(1) asn— oo,

where 1y(6y) denotes the Fisher information defined as Io(6y) := ﬁ2962/2 +

a29§“‘ﬁ 2 and Ag denotes the central sequence defined as

AO o [An 00—,3 ga_ﬁ vn g_ﬂ G_ﬁ 1 N X — g4 X2 92& 9,3 g

n=\n \"n 70 "2 \"n Y0 %Z =% %4 "% “ Vo) -
i=1
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1 v T

—B-1 -B-1

=(@-pey ™ 30) =2 (xi-e5 X263 ) o))
i=1

which converges to normal distribution with mean zero and variance Iy(0y) as
n — oo.

The LAN property of a family of the curved normal distribution is given in
Theorem 6.1.1. However, one may think it is not natural to consider curved
models. Therefore, we discuss the simultaneous equation system, which is nat-
urally endowed with the curved structure. The model plays an essential role in
econometrics; see Anderson et al. (1986), Hosoya et al. (1989), and the references
therein.

Let a single structural equation be

Y1:Y2ﬂ+Zl‘y+€

and the reduced form of the system of equation be

(Y] Yz) = (Zl Zz) (g; g;z) + (V1 Vz)
where Y| and Y, are n X 1 and n X p; matrices of endogenous variables, Z
and Z, are n X p; and n X p3 matrices of exogenous variables, B, ¥, {11,421,
C1o, and & are py X 1, po X 1, pa X 1, p3 X 1, p» X p1, p3 X pi matrices of
coefficients, and €, vi, and v, are n X 1, n X 1, and n X p; vectors of errors,
respectively. Assume that {Y7 := (Y11,...,71,)'}, {Y2 = (Ya1,...,Y2,); Yo =
(Yzjl,. . .,Yszl),j = 1,. . .,n}, {Z1 = (Z11,. . -7Z1l’l),;Z1j = (lel,. . .,lepz),j =
1,. . .,n}, and {Z2 = (Z21,. . .,Zzn)';sz = (szl,. . .,szp3),j = 1,. . .,l’l} are
available.
We make the following assumption;

Assumption 6.1.1. (S1) the ranks of ({21 {22) and {», are p;.
(S2) the rows of (vi v) are independent of each other.

(S3) each row of (v1 v2) follows normal distribution with mean 0 and covariance
martrix

w11 W12
Q= .
w21 W

(S4) Q is a non-singular matrix and the inverse matrix Q=" is written by
ol ol o2
o2 02
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(S5)

1< (Z,T
ZziT (le' Zz,') :M+0p(1).
l

Then, under Assumption 6.1.1, itcan be seenthate = vi—v, 8,y = {11 - {128,
{21 = {2 B, the components of € are independent of each other and follow normal

distribution with mean 0 and variance O"l% = w1 — 201 + B'wypP. Therefore,

the reduced form of the system of equation can be written as

_ Bty {2
M 1) =(21 2) ( {np 522) +n )

Here, we suppose that we interested in 6 := (B8,7)’. We consider the testing
problem that the null hypothesis is

(n) Po
HY :0 =60, := ,
! ’ (70)

and the alternative is

h

+_
K(ln) :0=0,:= (ﬁ"),:: ('BO ;{?)
Yn 70+W

where h € RP'. For each n, the sequence of hypotheses are denoted as Ng;) for

(Y1 Y») under H(ln) and Ngl) for (¥} Y») under K", respectively. Then, we have the
LAN theorem for the simultaneous equation system.

Theorem 6.1.2. Under Assumption 6.1.1 and the null hypothesis H(ln), {Ng;)} is
local asymptotically normal, that is, for h € R, it holds that

Ny

0,
Al (00, an) = IOg (n
NG

1

:(’“T hzT) An - 2

(th hzT) 11(90) (Z;) + Op(l) asn — oo,
where

T
/ 12 Ipyx
T(00) = w!'! {12 P2><P2) M( p2 Pz)
1(80) ({22 0P3><P2 & 0P3><P2
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is the Fisher information matrix of the following model with respect to 6y,

(Vi Ya) = (Wi W) ({12£(2)5070 22) +(vii va) (6.1.1)

with (Wy;T Wy, ')YT(Wy; Way) = M and

$12 Loxps ) (2T, 11 12y (Vi = Z1d(&12Bo + v0) — Z2i2nBo
n ' ‘/_ Z (522 0P3><11772) (Z%l) (o) ( (Y2 — Ziif12 - Zz,{zz)T

which converges to normal distribution with mean zero variance Z,(6y).

Theorem 6.1.2 enables us to construct the local asymptotically maximin test
for the hypothesis testing whose the null and alternative are given by 6 = 6y and
6 + 6.

See Taniguchi and Kakizawa (2000, Theorem 3.1.21, p.78) for details. As
for estimation, we can see that the asymptotically centering estimator is efficient
among the regular estimators in the sense of Taniguchi and Kakizawa (2000,
Theorem 3.1.9, p.69).

1 A3(00, an) > Cn,hs

¢n,h = \Ynh A3(00, an) = Cn,h>
0 A3(00’ Hn) < Cn,hs

6.2 Likelihood ratio process for random effect ANOVA
model.

In this Section, we consider the one-way random effect ANOVA model; for i =
I,---,aand j =1,--- ,n,

Y,’j =u+a+ e, (621)
where (q;/, e; j)T follows the i.i.d. normal distribution with mean zero and variance
2
log

O"‘ | forany i,i’ = 1,---,a and j = 1,--- ,n. Equivalently, we can rewrite
e

the model in matrix form:;
Y=ul,, +(,®1)a+e,

Where Y = (Ylla' te ’Yll’laYZI" o aYala' v ’Ydl'l)Ta
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e = (e11,- - ,emear, - .€als »€an)’» and @ := (a1, -+ ,a,)". By noting
that Y ~ N(ulyp, I, ® (02J, + 021,)) (see Searle et al. (1992, p.79)), the loglike-
lihood function is given by

-1
log dN(")H e % log 27 — aln - 1) log o2 — glog(o-e2 + noﬁ)
-— (Yij — ) *3 ( -1
2072 P Y 2(0'e +na'a) g
where Y. := ?:1 Y;;/n. Hereafter, we denote that § := (61,6,,63) := (0'5, 0'62, ).

6.2.1 When the variance of random effect belongs to the bound-
ary of parameter space

In this subsection, we are interested in the following hypothesis;

h
0 T
HY:0=00:=[6], K":0=0,:=|6+22]
03 93+n733

where 6 > 0, h; > 0, and hy, > —nk20,.

Theorem 6.2.1. (i) Under the null hypothesis Hg"), the loglikelihood ratio has
the following asymptotic expansion; for h € R and sufficiently large n such
that hy > —n*26,, it holds that

N
d 6'1

N
dNg!

(113\/52 h )(gl(Tn)

A2(6o,0y) = log

h ah?
)—‘z‘log(1+32l) Ww,,u) k>1, k=4, k=1,

Or+h 2(6,+h) gz(T )
gl( T,)- +0p(1) ky > 1, k3=%, ki > 1,
2(62+h1)g2(T )— 2 Jog(1 + 021)+0,,(1) k21, k3>, k=1,
017(1) ky > 1, kz > %, ki >1,
where ,
_ (V=63 V(T 6)
T}’l = 9 00y D)
V6, Vo,
T T
(g1(x1,..oxa) g2(x1,. . x0)) = (2, 6 X, x7)
and

T, = N(0,1,x,) asn — oo under H(Zn).
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(ii) Under the null hypothesis ng) , the fisher information of the model (6.2.1) is

given by
sovr soar O
T5(0o) := 2(91102)2 2(91Jlr92)2 0
0 0 91-}—92

Remark 6.2.1. For {k2;0 <ky < 1} or {(k],kz, k3);k2 > 1,k3 < %, ki > k3 + %}’
A2(6o, 8,) shows indeterminate form asymptotically. For {(k1, k2, k3); ko > 1, k3 <
Lok < ks + 3y or {(ki,kaka)ska > 1, k3 > L ki < 1}, Ax(6,6,) tends to —co
as n — oo,

Remark 6.2.2. Clearly, g(T,,) and g>(T,) converge in distribution to N(0,a) and
X2 as n — oo, respectively.

Theorem 6.2.1 reveals that the asymptotic behavior of the likelihood ratio
process for the random ANOVA model is atypical. The contiguity orders of
this model are also unusual since these are different from the usual order n'/?,
The Fisher information matrix is singular. Obviously, we cannot apply the optimal
theory based on LAN such as Le Cam’s third lemma. In order to discuss optimality
of the testing problem, we restrict ourselves to the following hypothesis;

0 iR

H(”).o_o e K(”).0_0 - n
3 =90 .= 21> 3 —YUn .-— 92 )

03 05

where 6, > 0 and &1 > 0. Thereupon, we can prove the next theorem.

Theorem 6.2.2. Under the null hypothesis H("), it holds that

dNy
A3(00, 0n) = log (::)
dNg!

_ |5 log(1+ 3 + atiyea(Tn) +op(1) ki =1,

Op(l) ki > 1.

Remark 6.2.3. For {ki;k; = 1}, A3(60p,8,) tends to —co as n — 0.

Theorem 6.2.2 shows that the random effect ANOVA model does also not have
LAN property for the hypothesis Hg”). On the other hand, in this case, we can
derive the asymptotic distribution of the log-likelihood ratio under the alternative
Ké") from the direct calculation.

65



Theorem 6.2.3. Under the null hypothesis Kg"), it holds that

—4log(1 + ) + 5p-ga(Ty) + 0p(1) ki =1,

A3(80,6,) =
3(60.61) {0,,(1) ky > 1,

as n — oo, where
T

| VAR -63) (R~ 63)

™+ 6, \n6" + 6,

Remark 6.2.4. For {ki;k, < 1}, A3(6y,0,) shows indeterminate form asymptoti-
cally.

T, :

Next, we shall show the test derived from the log-likelihood is asymptotically
most powerful (AMP). The definition of AMP test at asymptotic level « is given
as follows ((Lehmann and Romano, 2005, Definition 13.3.1, p.541));

Definition 6.2.1. For the simple hypothesis 8 = 8y against 8 = 6,,, a sequence of
test {¢,4} is asymptotically most powerful at asymptotic level « if
limsup, Eg, (¢nn) < @ and, for any test {1, 5} such that lim sup, Eg, (Y1) < a,

lim sup (Eg, (¢1) — Eg, Wnn)) > 0.

We define the test function based on the log-likelihood, for @, such that @, — «
as n — oo,

1 A3(00, 0n) > Cn,hs
¢n,h = \Ynh A3(00, an) = Cn,h» (6-2-2)
0 A3(60.6,) < cups

where the critical value ¢, , and the constant y,, 5 are determined by Eg (¢n1) = @p.
Then, the next theorem shows the asymptotic power of the proposed test (6.2.2)
and our test is AMP.

Theorem 6.2.4. For k| = 1, the following statements hold true; (i) It holds that

a h h
Cph — C = —logilog (1 +9—;) + 2(02—_:_}11))(3[1 —a] asn— oo,

where y*[1 - a] denotes the 1 — a quantile of chi-square with a degree of freedom.
(ii) The asymptotic power of the test is given by

: 1y _ p(y2 b >

lim P(A3(60,6,) > cnnlK;") = P(x; > m)(a[l - al).

(iii) The test {¢nn}, defined by (6.2.2), is asymptotically most powerful at
asymptotic level a.
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Theorem 6.2.4 shows our test is optimal in the sense of AMP. For a small
perturbation £, the power is almost equal to significance level @. The optimal
tests endowed with uniformity with respect to /1 such as local asymptotically
uniformly most powerful (LAUMP) and asymptotically uniformly most powerful
(AUMP) are beyond the scope of the dissertation.

6.2.2 When the variance of random effect belongs to the interior
of parameter space

In this subsection, we shall consider the case 0'5

hypotheses are defined as

> (0. The null and alternative

01 01 + kl
H:0=00:=0]. K{":0=0,:=|0,+2%]|,
93 03+ /13

where 81 > 0,6, >0, h; >0, h; > —nklgl, and hy > —nkzez.

Theorem 6.2.5. Under the null hypothesis H("), it holds that, for all ki > 1,
kz > 0, and k3 > 0,

dNy

b 50 in probability as n — oo.
Ny
0

N4(60,0,) = log

Remark 6.2.5. For {k; k1 < 1}, A4(6p,8,) tends to indeterminate form asn — oo.

We expect A4(6o, 6,) has LAN property since the parameters belongs to interior
of the parameter spaces. However, Theorem 6.2.5 shows that the likelihood ratio
converges to the degenerate distribution. This is also an unusual result.

Furthermore, we consider the case that o> > 0 is only perpetuated.

(n) o (n) O+ i
H':0=60y:=(6|, K':0=0,:= 6, |
63 03

where 6; > 0, 6, > 0, h; > 0, and h; > —n¥16,. Then, we have the same result as
Theorem 6.2.5.
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Theorem 6.2.6. Under the null hypothesis Hgn), it holds that, for all ki > 0,

)
dNy!

o)
dNy!

As5(6o,0,) = log

— 0 in probability as n — oo.

Again, this theorem shows the erratic behavior of log likelihood ratio process.
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Chapter 7

Proof chapter

In this Chapter, we give the proofs of the propositions and the theorems stated in
Chapters 2, 3,4, 5, and 6.

7.1 Proofs in Chapter 2

Proof of Theorem 2.1.1.
It is easy to see thatl/VN(Dy — Dy) = op(1), where Dy = 22;’22 Xi(i=1)+1 —
2 3™, Xi(i-1)+1Xk(i-2)+1, hence it suffices to show that

D, -ED,
1 | D,—ED;
— . = N(0,V).
A

D,,—ED,,

First we show the asymptotic variance of 1/VN(D, — EDy,D> — ED»,...,D,, —
ED,,) is given by V. We can see that

S CoV Dy, D) = D D [Kxth,s( = 1) = K = 2,50~ 2) k(i - 2)
i=2 j=2
b aki = 1) = 5 = D)ya(k(i - 2) = 50— 2)
b ak(i =2) = 5 = D)yxlk(i = 1) = 5 ~ )]
b asfsin p{k(m1) = s(ns 1)) + sin p.{0)
— sin™ pAs(ng1)} — sin”! pAk(ni-1)},

which tends to vg s as N — oo.
Next, we show that the asymptotic distribution of (1/VN)D;. We define the
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random vector

Xi-n+1(1 = X(i—2)+ 1)1+ 1<n}

Y. . Xoii—1)+1(1 = Xo—2)+1)I{23i-1)+1<N}
= .

Xini-1)+1(1 = Xini=2)+ ) m(i=1)+1<N}

From Cramer-Wold device, it is sufficient to show that, for arbitrary 4 € R™,
(1/VN)A'(Y; — EY;) = N(0,2’VA). From the central limit theorem (see Brock-
well and Davis (1991, p.213)) for m-dependent sequences and the fact that
Q2/VNN) YN, Y = (Dy,- -+, Dy), we get the desired result.

Next, we calculate E{X;,»X;,1X;X;_1}. Let H,(x) be the function (see Baum
(1957)) given by

—-a x<-a,
Hy(x) = 4x |x| <aq,
a a<x
2 /°° sin au sin xu
= — ——du.
7 Jo u?
(7.1.1)
The function H, has the following relation:
H,(x) 1 x<0,
lim —<Y — 1o x=o, (7.1.2)
a—0 a
1 0< x.
Let A, be the function defined by
2 (7 w1 —u’
hp(x) = — u exp — sin(xu)du. (7.1.3)
T Jo 2
It holds that
h 2 (2m)!
fim M) J2 M 012 (7.1.4)
x—=0 X 7w 2"m!

Lemma 7.1.1. Let {Z;} be a Gaussian stationary process with mean zero, and
spectral density function f. Let H,(x) be the function defined by (7.1.1). Then the
following statements hold:

(i) E{Ha, (Z1)Ha,(Z2)Ha, (Z3)H,, (Z4) }
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(o)

= D0 (@) ey (@2) sy (a3) i ()

my,mo,m3=0
(11) E{Hal (Zl)HaQ(ZZ)Ha3(Z3)} = O’
2m+1
(iii) E{Ha, (Z1)Hay(Z2)} = Lo Zoor hn(ar) (@),
(iv) E{H,,(Z1)} = 0.
Proof. (i) We first compute E {sin Zju; sin Zyu; sin Zzu3 sin Zguy }.
Let X4 be a variance-covariance matrix of (Zy, Z», Z3, Z4), given by
1 pz(1) 0 0
s, = pz(l) 1 pz(1) 0O
4 —_

0 pz(1) 1 pz(D)|’
0 0 pz(1) 1

Recalling the characteristic function of multivariate normal distribution, we obtain
E{sin(m Z]) Sin(uzzz) SiIl(Lt3Z3) SiIl(Lt4Z4)}

:(zl-)—4E{(eiu121 _ e—imzl)(eiuzZz _ e—iuzZz)(eiu3Z3 _ e—iu3Z3)(eiu4Z4 _ e—iu4Z4)}

=274 Z (e1e2e3e4)E{exp{i(eiu1 Z) + eur Zy + e3usZs + €quqsZ4)}

€1,62,63,64=%1

)2(}’1’!1 +my +m3+1)

pz(1
2m; + DI2my)!2ms + D

_ 1
=2~ Z (e1€263€4) eXP{_E(flula €21, E3U3, €4ut4) X4(€1U1, U2, €3U3, E4U4)}
€1,6,63,64==1

B 1
=24 exp{—i(u% + u% + u% + ui)} Z (e16263€4)
€1,60,63,64==%1
x exp{—€e1euiuzpz(1) — ecsuuzpz(1) — e3e4uzuspz(1)}

_ 1 .
=4 exp{—i(u% + u% + u% + uZ)}23{s1nh(u1u2pZ(1) + upuzpz(1))

+ sinh(uyuz07(1) — upuzpz(1))}
X sinh(uzuspz(1))

1
=27V exp{—=(u? + u> + u? + u>)}2 sinh ujurpz(1) cosh uruz pz(1) sinh uzuspz(1)
Pums iy iy T Uy Ty

1
=exp{—=u’ + u> + u> + u’ U Uz p7(1)20mHmatms+l)
P \Hy T Uy U Ty
my,mp,m3=0

2my . 2(mi+mp) 2(mp+m3) 2ms3
1 Uz Uy

X .
(2m1 + 1)!(2m2)!(2m3 + 1)‘
By (7.1.1) and (7.1.3), Fubini’s theorem, the above calculation and term by
term integration, we have

E{ch (Zl )Haz (ZZ)Ha3 (ZS)Ha4(Z4)}

u
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4 . . . .

(2) /°° /°° /°° /°° sin aju; sin asuy sin a3us sin asus
. 2,222
) Jo Jo Jo Jo uyuyUzUy

XE {sin Zju; sin Zru, sin Zzuz sin Zauyg } duiduyduzduy

4 ; i i i
(2) /oo /00 /00 /oo i Sin aju SIn azu) Sin asziuz SIN a4u4
7 o Jo o o U U U3UY

my,ma,m3=0

1
X exp{—i(u% +ud + ud + ud)}pg (1)Hmrmarmstl)

2my . 2(mi+myp) uZ(m2+m3) 2ms3

X s 3 4 dulduzdu3du4
2my + D!I2m)!\2ms + 1)!

= D0 (@) ey (@2) sy (@3) s ()

my,mo,m3=0

u

pz(l)Z(ml +m2+m3+1)
2my + 1)!(2mo)!\2m3 + 1)!

(ii) It suffices to show E{sin(u;Z;)sin(uxZ)sin(u3zZ3)} = 0. Let X3 be the
variance-covariance matrix of (Z, Z,, Z3), given by

I pz(1) O
3= |pz(1) 1 pz(1)f.
0 pz(1) 1

We have
E{sin(u1 Zl) Sin(l/tzZz) sin(u3 Z3)}
(zl-)—3E{(eiu121 _ e—iulzl)(eiuzzz _ €_iu222)(€iu3z3 _ e—iu3Z3)}

(2i)73 Z Z Z (e1&&3)E{expli(eiu1Z1 + eurZ) + esu3Z3}

e1=x1 eo==%1 63=i1

1
w3 ’
(2i) Z Z Z (616263)6XP{—§(61M1,ezuz, e3u3)X3(€1uy, eur, 3u3)'}

e=xl eo==1 e3=+1

o 1
(2i) 3 exp{—i(u% + u% + u%)}

x Y Y (aae)exp{-aauinpz(1) - eeuuipz(1)}
€1=i1 e=+1 E3=il

= 0.
(iii) First, we observe

E{sin(ui1Z)sin(uyZ,)}
— (2l~)—2E{(eiu121 _ e—iu121)(eiuzzz _ e_i”222)}
= )7 ), ) (ae)E{explileunZi + enz))

e1=x1 &==%1
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1
=2 /
(2i) EZI EZI(Glez)eXp{_E(q”l’62”2’)22(61”1’62”2’) }
1=l =+

Qi epl-50 +w) Y)Y (ae)expl-acumup)

e1=x1 e==%1

1 .
exp{——(u% + u%)} sinhujuxpz(1)

exp{- —(u1 +”2)}Z ()™ 2l

o Qm 1 D1erz z(1)

By Fubini’s theorem, it follows that

E{Hal (Zl )Haz (ZZ)}

2\? sma1u1 s1na2u2
— sin Zju; sin Zourduiduy
T

sin a1u1 sin azuz . .
/ / E {sin Z,u; sin Zouy } duidus

sin a1u1 sin a2u2 1
rr exp{—5 (2 + 1))
Z (uu )Zm

* sinaju; sin arus
uiuy

:um >||~

Yot uzpz(1)2m+ldu1du2

xexp{—z(u% 2>}((2”‘”2)) 202" duydu
o 2m+1
o) ) mla),

—~ (2m+1)!

which completes the proof of the assertion.

(iv) It suffices to show E{sin(u;Z;)} = 0.

We obtain

E{sin(u1Z,)}
(zl-)—lE{(eile _ e—iulzl)}
27" > (e)E{expli(ein 1)}

e==1
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iy Y (e expl—z(erm)em))

e==1
~ 1
= (2i) lexp{—iu%} Z €]
e==1
= 0,
which concludes the proof. O

Proof of Proposition 2.1.1.
From the definition of (7.1.1), then it follows that

{Hu (Z1) + a1 H{Hu,(Z2) + a2 }{Hoy(Z3) + a3 }{Hy,(Z4) + as} < ot
ajarazay -

Then, use of the dominated convergence theorem and (7.1.2) leads to

E{Xt+2Xt+1 XtXt—l }

i E{Hul(zl) + a1 H{Hy,(22) + a2 }{Hay(Z3) + a3 }{Ho,(Z4) + a4}
16 ay.a2.a3,.a4—0 ajarasay '
Then from Lemma 7.1.1 and (7.1.4), we get the result. O

Proof of Proposition 2.1.2
From the definition of 7(pz(1)) we have

1 4 2cos A 2
1(pz(1)) = — da
(pz(D) = 2 /_,T (1 +2pz(1)cos/l)

First, for pz(1) = 1, I(pz(1)) = 1, by a straightforward calculation.
Second, for |pz(1)| < %, the residue theorem yields the assertion.
Third, for the case when pz(1) = %, we observe that

b/ /1 2
/( cos )dx
_r \I +cosA
T cosd \?
=2 —1 d
/0(1+c0s/1) *
1 2
t 1
:2/( ) di

2(s-1\> 1
— d
2-/0( S ) Vs(2 —s) ’
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2—€ _ 2
=2 lim ds + 2 lim (S 1) L
1

! (s— 1)2 1
€—0 J¢ S 1/s(z _ S) e—0 S
1 2 2—€ 2
. (s—1) ) . (s - 1) 1
> lim ds + 2 lim ds
e—0 J¢ ( S e—0 J1 S ,/s(z - S)

1 2—e 2
| -1 |
>2 lim [log s=2s+55°| +21lim (S ) ds
1 N

e—0 €—0 \ 15(2 — S)
2—€ 2
s—1 1
=2(+00) + 2 lim ( ) ds
€-0J § \Vs(2—s)
=+ o0.
The remaining case pz(1) = —% follows similarly. O

Proof of Theorem 2.2.1.
We can see that

DM(fo.1,)

1 1 C s it C s —it
.. [logf"wd“%/ o T 2 H N 7

= log fa(A Zy Zie AR )
/[_M]{nge( V4 m) Z 1 }

2s
" 2an [, 7] fe(/l)

dA

1
[-m, 7] f@(/l)

Z Z,cos{(t = DAYdA + 5 —

For fixed n and sufficiently large s, the minimization of D(fs, I}) with respect
to # equal to the minimization of the main order term s%/(27n) /[_ﬂ Al 1/ fo()dA,
so we get the result. O

7.2 Proofs in Chapter 3

The nonparametric spectral estimator fz(2), defined by (3.1.1), can be written in
the form

o 1 4
f2@) = 5~ m;M w (M) pz(£) exp (=it ).
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Expanding pz(¢) around pz(€), we obtain

p2() =p2(0) + S (px(€) = px(O1 = p(0)
2
- S (px(0) - px(0) sin(Fpx (O).

where px(€) 2 p3 () 2 px(£). Write

A 1 t
J2(A) =5~ mng (M) pz(€)exp (i)

+ 2 MEM w (%) (5x(0) = px(OW1 = p2(0) exp (<itd)

bis (f
—_— — W —
16 Ve M

= £ (D) + () + h(Q).

Lemma 7.2.1. Under Assumptions 3.1.1 and 3.2.1, then

) (Px(0) = px(O))* sin(5 p3(0) exp (=iLA)

lim B{f2(1) = fz(D)’

[an? [L K2(0)dsf2) (4% 0,27)
872 [ K20)ds () (A= 0,2m)

In order to prove Lemma 7.2.1, we wil use the following lemma is due to
Leonov and Shiryaev (1959).

Lemma7.2.2. Consider atwo-way array of random variables X;j,j = 1, -+, J;,i =

1,---,l. Let
Ji
=[] X i=1- 0
j=i
Then
Cum(Yy,---,Y) = Zcum{Xij;(i,j) € vi}---Cum{X;;; (0, ]) € vp},
v

where the summation is taken over all indecomposable partitions v = viU- - -Uv),.

Proof of Lemma 7.2.1
Note that

ZE(f(D) - £
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:%(Var(gu)) + Var(h(2)) + 2Cov(3, h))
+ (i) = f£() + E3(D) + ER(D)”
First, we show that
lim - Cov(g(11).8(42)
0 (/11 * i/lz)

={472 [L K2(0)dsf2) (4 = =A% 0,%n)
82 [ K2(O0)dsfAA) (A = Ay = A= 0,+n).

It is easy to see

27 COV(E(). §(42)

:ﬁ 3w (%) W (%) V1= 02031 - ()

[llr|l<M
X exp {i(rdz — £A1)}nCov((px(€) — px(0)), (0x(r) — px(r))),

and
nCov{(px(€) — px (), (px(r) — px(r))}

16 n n
_16 Ka(—t.i—ii—i— . iy
" § E[X( Joij—i-r)+yx(j-iyx(G-i+t-r)

i=l+1 j=r+1

+yx(—i—-ryx(j—i+ 0]

Hence, we have

17 Cov(E(). 8(12))

LS (%) w(L)NI-pyi-0 a2

eLIrl<M

xexp {i(rda = A1)} Y [{Kx(~C.u,u—r)

U=—00

+yx@)yx(u+—r)+yx(u—r)yyx(u+0}o,(u.l,r)l,
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where forr < ¢

0 (u<-n+r)
1-=% (-n+r<u<0)

du(u,lr):=q1-2 (0<u<t-r)
-84 (t—r<u<n-0)
0

n

(n—"C¢<u

(7.2.1) can be written approximately in the form

T COV(E(1). §(42)

1 t

- > w(ﬁ)w(%)exp{i(r/lz—&h)} (7.2.2)
|ellr|lsM

X Z {Kx(=Cu,u—r)+yx(w)yyxu+€—r)+

U=—00

=yt Ot o2 ).

The first term of (7.2.2) is of order O (1/M). The second term of (7.2.2) converges
to

asn — o9,

0 (A1 # A7)
ax? [L K2(0)dsf2() (= =)

The third term of (7.2.2) converges to

asn— oo

0 (A1 + A2 # O mod 27)
4x? [L K2(0)ds () (4= -2 = A)

(see Hannan (1970)), therefore we get the result.

Next, we show that
A M?
Cov(h(41), h(12)) = O (?) :
For simplicity, we use the following notation:
A = px(€) = Epx(£), Ce := Epx(£) — px(0).
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Since there exists constant ¢ such that w(x) < ¢ uniformly in x € R, we have

Cov(h(A;), h(A2))
P

cm LT, x
S1—62 Z |COV((A£+Cg)7~sm(§px(£))’(Ar+Cr)zsm(§px(r)))|
[, |r|l<M
2
=T O [E((A7 +240Ce + C(AY +24,C, + C)

[€]|rl<M
x sin(Z py (0) sin(5 p3 ()
— B{(A2 +24,C; + C?) sin(g PO}

x E{(A2 + 2A,C, + C?) Sin(gp}}(r))ﬂ.

From the above discussion of Var(g(1)), it follows that EA2 O(1/n).
We can see that

¢ o,
cl = oo sinpyen < 1 and 4l < 1,

therefore it is sufficient to show that 3| 1< EAZA2 O(M?/n?).
From Lemma 7.2.2, we have

EAZA7

elIrl<M

44
— Z Z E(Yilyil—é’ EYnYn f)( Y, ¢ - EY; Y, )
|ELIr <M irip=C+1,-
Juj2=r+1,

x (¥;,Y;, - — EY; Y - r)( Y;,— —EY;,Yj,_,)

42
=20 Z [Cum{Y,l,Y,l_g, Yot Y Yo Y Yy}

|f| [r|€M iyia=C+1,-
Juj2=r+l,

+ Z Cum{6terms}Cum{2terms} + Z Cum{5terms}Cum{3terms}
+ Z Cum{4terms}Cum{4terms}
+ Z Cum{4terms}Cum{2terms}Cum{2terms}

+ Z Cum{3terms}Cum{3terms}Cum{2terms}

79



+ Z Cum{2terms}Cum{2terms}Cum{2terms}Cum{2terms}],

where the all summations are in an appropriate range. Because of summability
of cumulant for the process {X;}, we can see the each summation is of order
O(M? [n?), therefore we get the result.

Using the Cauchy-Schwarz inequality, we get

%)

Next, we show f.(1) — f,(1) = O(1/M?). We observe

[IS][O%}

Cov(h(A1),§(41)) = O

M?(fz(2) = £,(2))

_ l_w(%)ﬁ l 14 M2 4 4

=5 )~ Cpz(Oexp(=itd) + = > pz(l)exp(~itd)
|[e|<M M2 |[€|>M

k oo
1 D, CrzDexp(-itd) < oo (n— ),
4r Pt

then we get the result.
Finally, we have

Eg(1) = —% Z 1 - 050w (%) exp(=ilA)lpx(£) = O (%)

[(|<M

and Ei(2) = O (1/n%) + O(M /n), Hence we have the desired result. O

Lemma 7.2.3. Under Assumption 3.1.1, then
max (fz(2) = fz(1)) = 0p(1)
Ae[-nr]
Proof. For any € > 0,n >0
P( max | fz(1) = fz(2)] > 77)
A€[-n,m]
o 1
SP( max |fz(1) - fz()| >n,—- <M < e\/ﬁ) (7.2.3)
A€[-n,m] €
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de4<U+P@W>ewa.

by Assumption 3.1.1, the second term and third term of (7.2.3) tend to 0. Hence
it is sufficient to show

max Q) = ()] = 0,(1),
I/GSmSG\/ﬁle( )= fz(A)] 17( )
/le[—n',ﬂ']

where fé”(/l) = % 2iejzm W (€/m) pz(€) exp (—i€A). Write as
170 = f2(0) =f7() - Ef7' (1)
+ W(d = {EL(1) = fz(1)}dx

[_ﬂ'vﬂ']

v [ WO )= s

=a; + ap + as,
where
ay := f5(2) —Ef}(a),

ay = Wo(A = W{EL(1) — fz(w)}dx,

[_ﬂ"ﬂ-]

ai= [ WO~ 1)~ faa)ds.

First, we show max, ;. ,<yi la1] = 0p(1). From px(£) — px(£) = O,(1/~/n)
A€[—n,r]
uniformly in ¢, therefore we obtain

max |aj] = max |g(1) —Eg(1) + h(1) — EA(Q)]
1/e<m<evn 1/e<m<en
A€[—n,r] A€[—n,r]

1 _f . N
<3 |K§WW(E)| (Px(€) —Epx(£)) |

+ ma - V(b (f) - y
1ezmeeyi 16 |t’|z<: w(—) (px(0) = px(0))
/le[—ﬂ"ﬂ] <m

=0, (% + 6[1 W(H)d@) +0,(1).

1
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Because € is arbitrary, we get the statement. Next, we Show max c,<e v 12| =
A€[—n,r]
op(1). It is easy to see that

max |as| < max |[El,(1) - fz(/l)|/ W(6)ds.
1/e<m<evn 1/e<m<evn —00
Ae[-n,x] A€[-n,r]

We can also show

max [EL(D - 01 =+ 5 S Wi 3 pst0

Vesmseln e e
T
+ E(px(0) — Epx(€))?
2. E0x(0-Epx(0)
|t|<evn

which tends to zero as n — co and € — 0.
Finally, we show max ., <.z laz| = 0p(1). For any & > 0,
A€[-n,r]

max |as|
1/e<m<eyn
Ae[-nr]

< max A=< pw) / " w(o)lds
] m —0

|01<€/e, A€[-nmn
1/e<m<evn

0
¢ max / IWO)|If2(A - =) = f2(2)]d0
l/ESmSS]/ﬁ |6]>¢&/€ m

Ae[-nm

0
- max |fz(A = =) = fz(1)] |W(6)|d¢
|6|<& /€, A€[—m,m] m |0]>&/e
1/e<m<evn

0
¢ max / WO -2 = £()1a0
1/e<m<evn J|g|<¢ /e m
A€[-n,m]

0
- max |fz(1 = =) = fz(D)] |W(6)|do
|0]<é /e, A€[—m] m 16]<€ /€
1/e<m<evn

9 o)
< g max M=) = f2(A)] /_ _IW©)lds (7.2.4)

1/e<m<evn

+4 max |fz(2)] [W(6)|d6.
A€[~mn] 0]>¢/€
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Because f7 is uniform continuous and |6/m| < &, the first term of the right hand
side of (7.2.4) can be made arbitrarily small by choosing small £&. The second term
of the right hand side of (7.2.4) tends to zero as € — 0, hence we have the desired
result. O

Remark 7.2.1. Robinson (1991) showed the consistency of smoothed periodogram
uniformly in A € |-, 7).

Lemma 7.2.4. Let {Z;} be a strictly stationary ellipsoidal a-mixing process with
zero mean, finite variance, autocorrelation pz(€) and and a-mixing coefficients
a(-) satisfying a(n) = O(1/n%*0) for some § > 0 and pz(€) be the binary estimator
of pz(€). Then,

pz(1) = pz(1)

0z(2) = pz(2)

\n = N(0,A’VA)

ﬁz(m) - ,OZ(m)
where V.= (Vey)er=1. m»
Ver = Ye—oo{ 16Kx (=l u,u — 1) + px(u)px (u +/€ —r)+px(u—r)ox(u+ L)} and

A = diag (ﬂ\/l —p%,ﬂ\/l —p%’... V1 —p2].

From lemma 7.2.1, we can see the asymptotic variance is given by A’VA .
Then, we show that the asymptotic normality. We define the random vector

YY1l
VY 2li<iy

i —
YY nlinii<iy

From the Cramer-Wold device, it is sufficient to show that, for arbitrary A € R,
(4vn) X, (Wi — EW;) = N(0,2’VA). We can see that 2'(W; — EW;) is a-
mixing process with the same ¢-mixing coeflicients as {Z; }. From the central limit
theorem for mixing sequences (see Billinsley (1968)) and using Taylor expansion,
we get the desired result. O

Let H(-,-) be a function satisfying: (H1) (i)H(Z,A) is defined on D X [—-x, 7],
where D is an open subset of C which contains the whole range of spectral density
function of the process.

(ii) H(Z, A) is holomorophic at fz(1).
(iii) For a real, positive definite function Z € D, H(Z, 1) is real valued.
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(H2) There exists a positive constant r such that (i) r is independent of A4,

(ii) for every A € [—m,x], the ball By = {Z € C* : |Z — fz(4)| < r} is contained
in P,

(it supzeoc,|H(Z, ) = H(fz(A), )] < h(1), where [ h(A)dA < oo,

and 0Cy = {Z : Z = fz(1) + rexp (i), -7 < 0 < «t}.

(H3) The first derivative of H(<Z, A) respect to Z, H M (Z,-), satisfies
HOD(fz(=n),-1) = HO(fz(n), 7).

Lemma 7.2.5. Under Assumption 3.1.1 and (HI),(H2), we have
/ H{fz(2),2}dA - / H{fz(2),2}dA = o,(1). (7.2.5)
[-m7] [-m7]
Moreover, if H(-,-) satisfies (H3) and (H4), then

\/E{ / H{ f7(2),A}dA - / H{fz(/l),/l}d/l}:N(O,wz) (7.2.6)
[—m,m] [—7,m]

as N — oo, where w? = % __ gﬁ({’)gﬁ(r)\/ | - p%(f)\/ 1 - P2(r)
X 2zl 16Kx (=L 1,1 — 1) + {px()px(t + € = 1) + px(t — r)px(t + O)}] with
$(7) = 1/@n) [ HO(f (). ) exp (~ijp)da.
Proof. First, we show (7.2.5). From (H1), there exists an open neighborhood
U c D such that H{Z, A}, Z € U is analytic. To begin with, we evaluate the
remainder term when we expand H{Z, -} as a Taylor expansion around f(A) under

the condition |fz(1) — fz(1)| < &, where & is taken so that f(1) € U. Then, the
remainder term R is

RO =H(f2(), ) = H(f2(2,2) = HOL(0. ) (f(D) = )
=S HOG . (Fo) - )

where fz(1) is a function on U between fz(1) and fz(1). By using Cauchy’s
integral formula for derivatives of H(fz(A1),4) — H(fz(4), 1) and (H2), we observe
that

IRQ| < ah(DIf2) = 2O (1f20 = £ < 6).

where a is a constant. Moreover, by using Lemma 7.2.1 and employing Fubini’s
theorem, we can see, for arbitrary € > 0,

P( /[ o R(1)dA

Me
> —)
N
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Na /[_m’w] h(2)dA A )
sk | [ (- P

a /[_m’m] h(2)dA /
[~m.n]

SE(f() - f(DF A

2 )
87%a /[_oo’w] h(D)da [ k*(0)ds
_)
€ [_ﬂ"”]

2 N N
_ 300 Ly ML 2 0)s / (Y lpz(h)?da

7T,7T] l:—OO

€

f2(D)da

€

<o (1= f2(01 < 6).

From the above discussion and Lemma 7.2.3, for every € > 0, there exists constant
cand N € N such that forn > N,
Mc
> R
n

P( /[_ . R(A)dA

<P [ b - AP = o

+P (ﬁgl_iXﬂ] |2() = f2(D)] > 6)
<E€.

Then we have

H{fz(2),A}dA - H{fz(2),4}dA

[—m,m] [—m,m]

- /[_ | () = F2IHD(f2(2), )dA + 0, (%)

1 2 M
<5 _/[_M] h(2)dA Jnax |/2(2) = fz(D] + Op (7)
= op(1),

which proves (7.2.5).
Next, we show (7.2.6). From above discussion, we have

«/ﬁ{ H{f7(),A}dA - H{fz(/l),/l}d/l}

[—7,7] [—m,m]

=V | {f2() = fZ OV (f2(2). H)dA + O, (%)

[—ﬂ',ﬂ]
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Vi /  HOG@D (0 B )l
i /[ HOGADD {ELW = £}
+ \/ﬁ/ [H(l)(fz(/l), A) {/ f2(WW, (A — p)dx — fz(/l)}]d/l
[—77] [—7,m]
+Vn / [H(l)(fz(/l), ) / {5(1) = f2()}W(A — /J)dX} da
[-77] [-77]

—\Vn )] 7 _ %
Vi /[_M]H (fz(0), ) {L,(2) fz(/l)}d/l+0p(\/ﬁ)

M
:L1+L2+L3+L4+0p(—),

v

where
Ly :=vn /[ HYG.D (L - B}
Ly =i /[ HOG. D {EL - 0}
Ly :=vn /[ . [H(l)(fz(/i), ) { /[ g T = g - fzu)}]cu,

Ly :=vn /[ | [H“’(fzu), ) {Fu(p) = F()}Wa(A - u)dx]cu

[-7.x]
i [ G {0 - AL
(i) To begin with, we show L; = N(0,w?) as N — oo.
By Fejér’s theorem, for any e, there exists Ly € N such that the Cesaro sum, i.e.

L-1 .
=5 > 1= Td)exp i),
Jj=—L+1

satisfies Sup je(_pq] |[HD(f2(2),2) — ¢1.(2)] < € for L > Ly,

where ¢(j) == 1/Q2) [ HO(fz(). ) exp (=ijo)dx.
Let 67(1) be the function defined by

61.(A) = HV(f2(2),2) - ¢1(A).
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We have

Var [\/ﬁ /[ | 6L(/l)fn(/l)d/l]

o0

< 5

O t=—c0

x \[1 = PO\ =~ p2(16|Kx (.11 = 1)
+{lprOpx(t + €= )| + |px(t = px(t + O} + o(1)

which tends to 0 as L — oo.

/ or(d)exp (—if/l)d/l‘ '/ or()exp (—ird)da
[—7,7] [—m,7]

For each L, we observe

Vi / 1) {1,(1) — EL(D)}dA
[-mr]

L-1 .
1 1\ 2 mra o .
== D, (="26GW(pz(j) ~ Epz())).
T L
j=—L+1
The asymptotic normality for follows from Bernstein’s Lemma (Hannan (1970)),
and the asymptotic variance is given by

L-1
jim > - haea - g i - 201 - 2

Cr=—L+1 L

X i [16Ky(=C.t.1 = r) + {px()px(t + £ =)

+ px(t = r)px(t + )},

which leads to the desired result.
(ii) Next, we show L, = 0,(1) as N — co.
From the continuity of H (M), we can see

Vi /[  HOG. (L) - )i

< max  |HOG)VA / L) - f7()ldA
(y,x)eRange(f)X[-n,r] [—m,m]
= max |H(1)(y, x)|

(y.x)eRange(f)X[-n.n]

x(% 2, [Bpz(0) = pz(O1 + i ) |pz<f>|)

[¢l<M |e]>M
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< max |H D (y, x)|
(y,x)eRange(f)X[-nr]

x(v% D, [BAz(0) = pz(0)] + % > 52|pz(f>|)

|tl<M |e1>M
=0,(1).
(iii) Next, we show L3 = 0,(1) as N — oo
We observe
Vi . J2()Wn(Ad — p)dx - fz(/l)'
-7,

2 R L s
=%f—ﬂ g;}o pz(0)exp (it )w (M) - g:z_m pz(0)exp (=it2)

2
s%f—ﬂ > pz(O)exp(-itd) {1 —w (%)}

[ll<M
Vi M? :
o] 2 P20 exp(=itd)
M? 2n KZZA;[
1-wl(L
Vi | ()|, i
<55z 2 POl ———|+ 755 > tPlpz(0)

[l<M M2 [€|>M

— 0asn — oo,

we get the result.
(iv) Last of all, we show Lg = 0,(1) as N — co.
Putting M(A — u + 2nv) = n, we have

[_ﬂvﬂ']

Vi [H“)(f(ﬂ), ) /[ ] {Ia() = F()}W,(2 - u)dX] da

=vn - [/ H(l)(fz(% + u),% + u)W(n)dn]
X {In(1) = f()}du,

where HW(., ) is a periodic extension of HV(-,-). Then we have

I\/f_l/ [H(l)(fz(/l), /1)/ {I(1) = fz()}Wn(A — p)dx|da
[—m,r] [—m,r]
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—n /[ HOG@.D (- )

Vn Ap({T(w) = fz(w)}dx|,

[—ﬂ,ﬂ']

where

Au(p) = [ / ﬁ(l)(fz(% + ), % + )W (n)dn — HY(f2(p), ,U)] :

By the above discussions,

Var

Vi / A () {() - fz(ﬂ)}dx]
[-7,7]

[o9)

)

L t=—00

/ Ap () exp (—ifxl)d/i‘ '/ Ap () exp (—ir/l)d/l'
[-m,7] [-m7]

X\ = PO\ 1 = 261K (=L, 1.1 = 1)
+{px(Opx(t + € = )|+ px(t = px(t + O}
+o(1),

which tends to 0 as N — oo.
O

Remark 7.2.2. We referred to Taniguchi and Kakizawa (2000) to prove the con-
sistency, Hosoya and Taniguchi (1982) to evaluate Ly, L,, Hannan (1970) to
see Ly = 0,(1), Taniguchi (1987) and Taniguchi and Kakizawa (2000) to show
Ly = 0,(1).

Proof of Theorem 3.2.1
From Lemma 7.2.5, the result follows. O

Proof of Theorem3.2.2
Under I1;, we can observe

[ a2,
[—77] gZ(/l)

¢ o) )Zdﬂ O(L)
”/[—m](fz(/l)+h(/1)/\/ﬁ F\vm)
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and

HD (M) exp(—if)da

[—7m,m] gZ(/l)

o h) ) !
"V Jinn (fz(/l) + h(awﬁ) exp(~itd1+ 0 (n)

From a direct application of the above we can get the desired result. O

Proof of Theorem 3.3.1
From the definition of the nonparametric estimator (3.3.1), and /-divergence
(3.3.2), we have

D(fzs, f2,82) — D(fz. f2.82)

1 o ~ 1 1
o ) (0= o) (gzw - fzu))cu

_ A s 1 B 1
872n {w(O)Zl /[_n,yr] (gz(/l) fZ(/l))d/l

4 1 1 .
_ lﬂ;Ma) (M) Zisr /[_M] (gz(/l) - fz(ﬂ)) exp {—ifA}dA

t#0

L ) 1 B 1
" é371211w(())z1 /[_M] (gz(/l) fz(/l))d/l

1 4 1 1 ,
— 872n Z w (M) VAVARY, [_ﬂ’”] (gZ(/U - m) exXp {—lf/l}d/l

|e|<M
0

Because the braces expression of the above is positive for sufficiently large s and

the other terms are constant and independent of s, we get the desired result. O
Proof of Theorem 3.3.2
The proof is omitted. O

Proof of Theorem 3.4.1

First, we show
fz)  fz()) _
1€l (ég(ﬂ) gz(/l)) = o).

From Assumption 3.2.1 (C), there exist d such that g(1) — d > 0. By Lemma
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7.2.3, for any € > 0 and sufficiently large n,

p max fz(ﬂ) fz(A) - .
Ael-rx1 | g2(1) 2z

_p fz(/l) fz(A)

2elor] gh) TN

L p fz(/l) _ fz()
Pt g gz

) > & max (25(0) - g2(1) > )

) > €, k{l[l_a}rxﬂ(éz(ﬂ) —8z(4) < c)

<P (ﬂn[l_ax ](§§(ﬂ) - 8z(A) > C)

gz(D)(f2(D) = f2(2)) + f2(D(gz(D) — gL(2))
+ P| max > €
Ae[-nx] (g(1) = c)g(d)

— 0 n— oo.

We can see the followings the same way as Lemma 7.2.5. Using continuity of f(1)

and g(1), Lemma 7.2.1, and Lemma 7.2.3, for ({%u) - fz(ﬂ)) < d,any € > 0, and
gZ(/l) gz(4)

the above d,

P(‘ /[ o R'(2)da

:P(‘ ‘/[ o R'(1)dA

M
+ P( / R(D)dA| > ==, max (85D — gz() < o)
[~7.7] N ae[-n7]

sP(AEm[_z}rxﬂ](gg(/l) —8z(4) > ¢)

€
> —
TR

Me T
> —, 0,(1)— A)) >
N ﬂem[_gfn](gz( ) —gz(4) > ¢)

M
+ P(/ R'(1)da| > —6, max (gg(/l) —gz(1) < c)
[-m.7] N Ae[-n7]

A 2
CN f2()  fz(A)
<€+ — b T (1) da
€+ E / o {( () gz | tmeetnnE (D))

a 2
CN_ [(1z(D)  fz(D)
=€ + - I[ 5 d/l
€ /[_ . ME{(AT( D g (D)) min (@ (D-ga(D)<0)

e / CN_ 8z(D)(fz(2) = f2() + f2(A)(gz() - g )\’ i1
- [-m,7] M (gZ(/l)_c)gZ(/l)
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<00

)

where C is a some constant R’ is the remainder term defined by

fzm)) . ( f2() ) A (fzw) (fzw ) fz(/l)) |

S (g%) gz(4) gz(D) &) gz()

Then we have

f2() (1 (fz(/l))
da - ——\|d
/[_n,ﬂH(g;w) = L S

_ ) f20) M
) /[] (gﬁw gzu)) HEUz(4), dd+ O ( . )

f2()  fz() M
<O (ggu) gz(ﬂ)) "o ( n )

= 0p(1),
which leads to the result. O
Proof of Theorem 3.4.2
The proof is omitted. O
Proof of Theorem 3.4.3
The proof is omitted. O

7.3 Proofs in Chapter 4

In this section, we provide the proofs of Theorems 4.1.1 and 4.2.1 and Proposition
4.1.1.

Proof of Theorem 4.1.1. First, we show the binary estimator is centered. For each
jeA{l,...,p},
%Zzzl EXkl —P(—a; £0; < ay)

E{VA(; — )} = Vi2a(b",.....bP) -
Lyn (EXi? —P(-ap < O < a))

=0.
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Next, we evaluate the variance of estimator. For i, j € {1,...,p},

cum{Vn(A; — ), Vn(f; — n;)}
a2 &
= b ik Z cum{X,*, X,X}
n
s,k=1 v=1
p . .
=47° Z b’sb’kcum{X‘Y,Xlk}.
s,k=1

Finally, we elucidate the L-th order cumulant (L > 3) of the binary estimator is of
order O(n~L/?*1). Foriy,...ir € {1,...,p},

Cum{\/ﬁ(ﬁil - 771‘1)’ s \/ﬁ(ﬁiL - niL)}

P n n
. A 1 1
:nL/2(27T)L Z pist ... thslcum{_ Z stl, e Z stL}
n n
k:l k=1

StyeeSr=1
p
=n~ L2+ (2t Z bi's'---b"LS’cum{XS‘,...,X‘fL}

S1yeeeSL=1

:O(I’Z_L/2+1),
thus, we have the desired result. O

Proof of Proposition 4.1.1. 1t is sufficient to show the Fisher information 7, de-
fined by

T(9 2
I(m)= / (6_771 logpcirc(e)) Peirc(6)d6,

becomes the following

3 (m = 0),
100 =% (7= -1) O <ini <,
00 (m = «£1).

First, for n; = 0, by a straightforward calculation. Second, the residue theorem
yields the assertion when 7; satisfies 0 < |i;| < 1. Third, for n; = %1, it is easy
to see the integral diverges. O

Proof of Theorem 4.2.1. For any aj(< m — ), j = 1,...,p, we have

aj aj
/ Ycirc, contam(e)dg = / pcirc(e)dg,

aj aj

from which the statement follows. O
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7.4 Proofs in Chapter 5

Proof of Lemma 5.1.1
It is easy to see that

sup
EC)

1
(90 n (0) - %LE(G)H Z {52 Ziascr + 52 —Zib; + (bt + a,ct)}

which, from (E10) and Resnick (1999, p.198 exercise 6.16), converges to 0 a.s..
Since % E(@) is the strictly stationary, ergodic, and martingale difference se-
quence, it holds that

0

—LF(@) = N(©O,IF

—SLE(0) = N(O.17)

by the martingale central limit theorem Billinsley (1999, Theorem 18.1) and the
Cramer—Wold devise. We can show —= a sa9aT LY (8F7) — J a.s. in the same way as
Ahmad and Francq (2016, Theorem 2.2). If

— 1 0 0 A
s'J S_E(/I,Z(OO)( 20 (00)) (s W/lt(t%)) )_

Then, ST%/II(GQ) =0 as.and, by (A9), s = 0. Hence, JZ is non-singular matrix.

For large n such that -0 778" is non-singular, we have

W(é,f—ew:( aagaTi:?(of*)) Vit 5L (00)

= N,(JEYTEUE)Y Y asn — oo.

O

The essential tool to prove Theorem 5.2.1 is the multi-dimensional martin-
gale functional central limit theorem (FCLT). Billinsley (1999, Theorem 18.2)
shows the one-dimensional martingale FCLT on the Skorokhod space. How-
ever, the extension of the theorem to multi-dimension is not obvious. We define
the functional space of cadlag function on [0,00) to RY. Let D(][0,),RY) :=
{x(¢) : [0,00) — R?; right continuous with left limits everywhere} and, for any

x,y € D(]0,00),RY), du(x,y) := inf s max (7(/1), /Ooo e "d(x,y,4, u)du) where
A be the set of strictly increasing and Lipschitz continuous functions on [0, c0) to
[0, c0) such that 2(0) = 0, lim;_,o A(f) = o0

)= A0 _

v(A) := sup log
s —t

0<t<s
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d(x,y,A,u) := supy., min{|[x(min{¢,u}) — y(min{A(z),u}))||, 1}, || - || denotes &>
norm. Then du.(-, -) is norm (Ethier and Kurtz, 1986, p.118) and (D([0, o), RY), dw.)
is separable and complete (Ethier and Kurtz, 1986, Theorem 3.5.6).

The following multi-dimensional martingale FCLT is due to Ethier and Kurtz
(1986, Theorem 3.5.6) and Whitt (2007, Theorem 2.1 and Section 5)

Lemma 7.4.1. Let {m, € R : t € Z} be a martingale difference sequence, i.e.
E (m;| M, - 1) = 0 where M,_; is the o-field generated by {mg,s < t — 1} and

M,(s) = 4 S48 my. f

1
lim —E
o [ ma) <o

and
1
- Z mjm]r — X in probability as n — oo,
j=1
where X is positive definite. Then, it holds

Z72M,(s) = Ba(s) in (D([0,00),RY), deo) as n — oo,

where B, is a d-dimensionalstandard Brownian motion (see Ethier and Kurtz

(1986, p.276)).

The multi-dimensional martingale FCLT holds that for any ergodic, station-
ary, and martingale difference process {£; € R : t € Z} with positive definite
covariance matrix and E||&; |>*° < oo for some & > 0. Actually, the conditions of
Lemma 7.4.1 can be checked easily; for any sequence C,, > 0 such that C,/n — 0
and C,, » oo asn — oo,

1
—E max '
<2 max e
1 1
=\ E|m max ||§,|| Lig iscoy | + ZE max, ||§J|| Lign<cay
1 Ch
;Z 1€ 1%L g 1-c.) )+ —

j=1

IA

HQLQ
ﬁ

E |§J||21{||§,||>cn}) +

5, |G
< VE(I61)7 +/5"

n

N



— 0 asn— oo.

The second condition follows from the ergodic theorem. Thus, it holds that
2 1 Lns]

-1/
(E&:€T) NG > & = Buls) in (D([0.0). R, duc) as n — oo,
=1

and
Lns] n
17211 s
(B6€]) | D6 - =6
1 \ﬁi;ég J \Gi;g; J
= By(s) — sBu(1) in (D([0,0),RY), dw) as n — oo.
We use the following Lemma 7.4.2 to prove Thorem 5.2.1.

Lemma 7.4.2. For j = P,NB, or E, we assume (A0)-(A6) and (j7)-(j8). Then, it
holds that, under H,

k
max —
1<k<n V n

Proof. We follow Kang and Lee (2014, Lemma 9)’s proof. By Assumption (j8),
it can be shown that

Ai” =0p(1) asn— oo,

1 o

_ZGGGGTZ'];(H'{*) — J/ as.asn— o

in the same way as Ahmad and Francq (2016, Theorem 2.2). We can apply the
Egorov’s theorem, that is, for any € > 0, there exists some Borel set A € # such
that P(A) < € and

1 o

39007 Z,’;(G{,'*) — J/ uniformly on Q\A.

There exists Ny such that, for any n > Ny,

. 18 .. =\ 1 .
7\ _ __ J(p’ _ ]
det (J) det( oo L6 )) < det (J) on Q\A,
and then
det (-1 il >ldet(Jj) on Q\A.
ndeoeT """ 2
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For any invertible matrix B, and B such that B, — Basn — oo, ||B,' — B7!|| =

AN (A, — AATY < 1A MII(A, = A)IIJA™Y| — 0. Thus, there exists N, € N
such that, for any n > N, > Ny,

-1
o
For any € > 0,

nd0oer "
(max V]
1<k<n
J k J
max HA H > e, Q\A|+P| max - HAkH > e, Q\A
1<k<N, Na+l<k<n Y n

From the definition of the tightness in R, there exists 7 > 0 such that

3 A -1
(17
< > H(]) ” on Q\A.

+P(A)

(7.4.1)

P( max @”A{CH > n,Q\A) < €.

1<k<N,

The second term of (7.4.1) is asymptotically negligible along the line of Kang and
Lee (2014, Lemma 9), which concludes the lemma. m|

Proof of Theorem 5.2.1
We note that

Lns| |ns|

sup su 7)) - — —f’ 0
0<sl<310€(g \/_Z 00 L) \/_Z ®
Zsup —5’(0)— é)fj(t‘))H—>O a.s. as N — 00
- [150]
and
o p (7 O
%f (60) = (/lt 1) aa/lr(ao)
0 [NB rZi—4) 0
—A d
gl B0)= /l,(Oo)(r+/lt(00)) g (00 an
9 E(g
505 (6o) = 6—0/1:(00),
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which are strictly stationary, ergodic, and martingale difference sequences. The
multi-dimensional martingale FCLT yields that

1 1o
L) 12— 2—51(0 ) — (£ w) V22— LnsJ \/_ —51(6’0)
| s Ly
() \FZ 2t - (1) } S5t 00) + 0,(1)

=B,(s) — sBy(1) in (D([0,0),R?),ds) as n — oo.

Since Brownian motion has sample paths in C([0, c0),R?), we can apply the con-
tinuous mapping theorem (Ethier and Kurtz, 1986, 3.10.2). Hence, from Lemmas
7.4.1 and 7.4.2, the continuous mapping theorem, we obtain

2

Lns] »
Cossst |l Vi

Lns]
= sup L) 1/2( Z 6051(0 o) — MTZ ai (90))

= sup [|BS(s)|I* asn — oo,
0<s<l1

- 0))

( L) I/ZJ]L(H

Lns]
2

+0p(1)

which completes Theorem 5.2.1. |

Proof of Theorem 5.2.2
We note that

n\/ﬁ ]](0{ _0i+1n

k
1 e k\/? ok n—k
=— E - —— E —f’ 0 A - = A
\/ﬁ L (90 ( 0) 30 ( 0) n 1:k n n k+1:n

where Aj , 1s defined in a same way as (5 2.1)basedon {Z,,...,Zy}. Then, we can

)

show the asymptotlc distribution of T in a same way as Theorem 5.2.1. O
Proof of Theorem 5.2.3

It is easy to see that, under the alternative Hj,

DK Wald

T]])K Wald
Lt P i) o

n3

6/

Tj. ijo\- HJ
(01 lnt] |_nTJ+1 n) K(IDK) K( 1:|nt] 0|_nTJ+1:n)
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_n‘rz(l - T)2
Bl 4

— 00 asn — oo,

B~ 007 7 (1) (60~ 1)+ 0,(1)

which competes the proof. O

The next Lemma is needed to show Thorem 5.2.4.

Lemma 7.4.3. For j = P,NB, or E, suppose that (A0)-(A6) and (j7)-(j8). Then,
it holds that, under H,

k

0 -

J 0] _ _ _ _g] 0

Zaa,< ) (zl]a 60) Zae (0))
= op(l) asn — oo,

Proof. Bythe Taylor’s expansion, there exists 0] and 0’ " such that 0y s 0,’1'* s 9{;,

0 s 0’ s 6/,

SR 0 7 S0 i (g
2 51000 = 3. 51100 = 3 75qr s @ ) (0~ 00).

l’IlX—

and

N D siai N O S RPN,
_ g] — fj J J _ .
ft (0,,) (90 0) ;:] 90007 t(en )(0n 00)

Then, we have

1 ||& o kg A
— Y =8O - =B - =Y — (8
1£kzn 1 ;aa / (ga (60) Z aof("))‘
k n

_ 1 0 ziait Aj k it A

" <k<nn - (90(90T£t (6 )Vn (0" 00) nZ 6080T€[ 6 Nn (0” 00)
N L Jnl* j

SH‘/E(H" 00)‘ 1T;?§nn Zaaaan )+ J

76" - || va (8- 00)] -

Since H\/ﬁ (@,J, - HO)H = 0,(1) and we can show that

0

7@ - 1| >0 as asn— oo (7.4.2)
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in a same way as Ahmad and Francq (2016, Theorem 2.2), thus, the second term
is asymptotically negligible. From (7.4.2), for any € > 0, there exists Ns > 0 such

that, for k > Ny,
k
1 0
P( z 4 >€):0.

HUBE

Hence, it holds that

k
k igl” J
et ZaaaaTﬁ )+
k .
_ | 7" j I i)™ j
max 7))+ +N%§nn ZaoaeTﬁ @) +J
9 Ef'(af*) —||Jf||+ max 0 _jigl"y+ g
0007 ' " Nysksn ||k &4 99997 " ’

which tends to 0 in probability since for any €', there exists M such that

Ny
P (Z > M) <e
t=1
Proof of Theorem 5.2.4

By employing Lemma 7.4.3, the ergodic theorem, and the multi-dimensional
martingale FCLT, we can see that

1/21 ™ 9 J (07
()" = 250"(“
1 Ll

0
()™ —= Z—ffwo)—( L)‘”ZL’;”:F S541(60) + 0,0

0
20007

&)

, Ln | 1
( KL) \/_Z 9 i) - (If ) 1 L’j:J \/1_ ff(ao) + o,(1)
=By(s) — sB4(1) in (D([0,0),RY),ds) as n — co.

From the fact

() (f wa)
KL 00"’
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1
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OSSEI Zao (

— sup
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e

sup
0<s<1

1 Lns] 9 Lns]

7 (Ztien) - ()
t=1

0 ~i A 0

(5—05{@9) ( 6gff(eﬂ)

and the continuous mapping theorem (Ethier and Kurtz, 1986, 3.10.2), it holds
that

’—>O a.s. n — oo

. 1 <&
<[l

Lns]
1/2 7l (A o 2
su =0 6, B(s as n — oo,
0§s£1 fio” (Z 56" ) 2l
which shows the result. m|

Lemma 7.4.4. If we assume that, for j = P,NB, orE, (A0)-(A6), (j7)-(j8), and
(A9). Then, it holds that, under H,

Z(e,(f)) a)——Z(et(of -€)| =

Proof. By Taylor’s expansion, we have

Z(e(a )—€) -~ Z(e,(a )—€)

Zat + lrglggnT Zutw ) = A4(60)) - —Z(wn) A4(60))

Zat+lrg,g§n7 Z( oof—at(eo)——Z(af 00)" < (00)

max — =0y(1) asn— oo.

1<k<n

max ——
1<k<n

—6)" (—w’ ) - (f—aﬂrwo))

1<k<n

PR . D
- Z(Gi —6p)" (%ﬂz(% ) — %/lt(‘%))

K —/1:(90) - - Z 254(00)

2 J
S\/ﬁzat+\/_||9 = Boll max —

r=1

n

nd 0
+ V|6 —aon—Z

060

TICAE 30 A(6)
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e
where ) s 6, s 6. Under the assumption, we can show that

n

D

r=1

0
ﬁt(ej - %11(00)

— 0 as.asn—

along the line of Ahmad and Francq (2016, Theorem 2.2), and, by the ergodic
theorem, it is easy to see that

Z g 10 >——Z%ﬂz(eo>

in the same way as Lemma 7.4.2. Considering to \/ﬁ”é,]; — 6|l = O,(1), the proof
of Lemma 7.4.4 is complete. |

k

ma — 0 as.asn— o
1<k<nl’l

Lemma 7.4.5. If we assume that, for j = P,NB, orE, (A0)-(A6), (j7)-(j8), and
(A9), it holds that, under Hy,

1 & AT
- Z €t2(0f,) — Eel2 in probability as n — oo.
=1

Proof. By Taylor’s expansion, we obtain

- Z( &b)) - &)

=~ LS @) - ea@) + e
t=1

S%i(a,+
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AT 6 * AT (9
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1 n
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#2172, - 4,600 |8 - oo, | s aen| + 16 [z )
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—0“ = SZe - 0012y~ Y 522
Oflqnt=1|z t(0)|¢n= aaz
N 2 1o
Ot’ln;"aat

N
where 6y s 6, s 6. By the ergodic theorem, we observe

1 n
- Z |Z, — 2,(80)|* = Ev,(6p) as. asn — oo (7.4.3)
t=1

and, by Assumption (A9), we can show

2
—>E‘ —A:(6)) a.s. asn — oo,
4
which shows that
1< N R
‘—Zé}(éfl)——Zetz — 0 asn— .
) )
The conclusion of the Lemma 7.4.5 then follows from (7.4.3). O
Proof of Theorem 5.2.5

Since ¢ is the strictly stationary, ergodic, and martingale difference, we can apply
the multi-dimensional martingale FCLT. From Lemmas 7.4.1, 7.4.4, and 7.4.5, we
have

k n

1 1 ik ;
max e —-—>é
1<k<n " 1(0] \/_ — p—

1 1 Lns) | ns| o
= sup ——— & ——— ) €&|+0,(1)
0<s<1 A/Ev,(6p) V1 ; n ; g
= sup |Bj(s)] asn — oo,
0<s<1
which proves the desired result. O

103



7.5 Proofs in Chapter 6

Proof of Theorem 6.1.1
Let pcg(6p) be a probability density function of N(6%,6#). First observe that, for

X ~ N(62,6P),

9? BB+ p2
2 0

lo 0y) = — X+ (a - — -1 F2%x
500067 g pcc (o) (@ - B)a—-pB-1)f,

~ Qa - ﬁ)(zza -B- 1)930—,8—2 N geaz

and
2

2 4 o292 P2
06006}

:82
log pcc(6o0)] = 790 +

1 (6o) := —E[

A Simple algebra gives

(Xi—0)*
i1 2ﬂ9{;’eXp{ 2P }

(X; 9")2
i= 1\/_ {_ }

_h \/_(ga B 90’ ﬁ) #Z?:l(xi - 98)
Giggrs _gu)| | S 2 - 630 + b))

Ao(09,0,) =log

&l
- n{ (6, = 6,") - 6567~ 07)
1, oo a—
+ 5(0,% h_ 93 B) + 'g(log 0, — log 00)}.
By Taylor’s expansion, we know that

67 —9F = —port ] ot 4 o
n — Y —_:8() _+_IB(IB+ )0 7"’ (l’l )’

\/_
2
0, 05" =(a - )y " ? b 3@ =B - B D6+ 06
0.7 — 0P =2a - PO " 1% + 2(2a B)Ra— B~ 16 " 2};
+0(n3),
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h 1 _,h? :
log 6, — log 6 9617 - 59‘2— + O(n_%).
n

Then, it follows that

HZa/ 95
—n{—(@‘ﬂ 0,7) - 630657 —607")

2
+ %(Gia_ﬁ - 9§a_ﬁ) + g(log 0, —log 90)}
- —%hzfo(eo) as n — oo,
and
(%(93—[3 - 057" %(93% - Qg_ﬁ)) - ((af —ﬁ)Hg_ﬁ_l g@gﬁ_l) as n — oo,

The central limit theorem gives that

Z (X ga) 0 9,3 26&/+,B
7 2 ; :
\/— Z" 1{X2 (92(1 eﬂ)}) =N ((0) 2ga+ﬂ 202ﬁ n 402(1+ﬁ as n — oo,

Applying the Slutsky’s lemma, we have the desired result. O

Proof of Theorem 6.1.2
First, we derive the Fisher information matrix. Let psgs is a probability density
function of the model (6.1.1). It is easy to see that

log pses(6o)
+1 1
-_P 7 log 27 - > log det |

_ 1 (hi = Wii(£12B0 + 70) — Waid22Bo ! o!
2 (Yai = Wiid12 = Waido)'

« (Yu = Wii(£1280 + 7o) — W2i{22ﬁ0)
(Yo = Wiil12 — Waidan)T ’

and
2
~ 360067 log pses(6o)
Wl ((le§12 + Z2i{0) (21812 + Z2iln) (Ziidin + Zzzfzz) le)
WH(Z\il 2 + Z2id0) WlWy; ’
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which converges in probability to Z;(6p).
Second, we show the LAN property. Under the null hypothesis, we observe
that

A1(6o, 0,)
. T
1 Vi = # (Z1/(§12h1 + h2) + Zoi$nhy) o-!
25 vai'

voil 2 &\ V2i

L . . 1 \T .
y (Vu 7 Z1i(finhy + 1) + Zzzfzzhl)) L1 Z ( VlzT) ! ( VllT)

T
Vi

1 © ;
=% Z {Z1i(ohy + ho) + Zoiloh ) (0! ') ( " )
i=1
1 < T 11
~ o Z {Z1i(§12hy + hy) + Zoinh} w {Z1i(§12hy + hy) + Z2; 80k}
i=1

roa a9 o V(612 D)
~ L w P2xp2
= (h1 h> )An 2 (hl 2 ) ({22 0psxpz)

1 < ZliT $12 Iy« h,
X — Z Z P27p2 )
n (ZZiT (Z1i Z2) {2 0405, \ B2
By Assumption 6.1.1, it holds that

i—Z; —Z
B

and this yields that A,ll = N(0,Z;(6y)) as n — co. O

Proof of Theorem 6.2.1

Proof. (i) First observe that

(n)

n(6;" — 63)
————— ) (i. —63)
6" + no™ Z l

0 (ks <1 ki < S+ ks)or (k3 > 1),
Vlao (1) ks < bki= L+ ks,
= 0o ks < i ki > 1+ ks, (7.5.1)
Yo\ (T,) ks =Lk =1,
j——;gl(Tn) ks =3, ki > 1,
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as n — oo and

0 (ks < %, ki < 2k3) or (k3 > 1),
ah?

an(g(n) _ 93)2 —2—}: k3 < k] 2k3,

—ﬁ = - ky < X, ki > 2k, (7.5.2)
2(9 "+ no" ) ah?

2 ! 2(92+3h]) ks = Z’ ki =1,

ah?
@ _ 1
20, k3 1) kl > 1,

as n — oo,

From (7.5.1) and (7.5.2), it follows that

n(6y" - 65) G an(6" — 62
o Yie—03) - —————-
6 +n6\” 45 269" + no™)
0 (k3 < %, ki < 2k3) or (k3 > 1),
ah?
~ 2 ks < 3. ki =2k,
—00 ks < 3, 2k3 < ki < k3 + 3,

indeterminate form k3 < 3, ki > k3 + 3, (7.5.3)

h3 Ve ahs _1 o, _
92+h1231(Tn) 2(92+h1) ks =7 k=1

gl(Tn) 292 k3 B %, kl > 1,

as n — oo,

Second, the Taylor’s expansion yields that

Za] Z(yu yi)?

292 (n) i=1 j=
ahz(l - z)

_ h
2nk-16, + 12)

hzm 7 Zimy iy ij = 5i)? —a(n = 1) + O(n!~2k)
z(nkz—%gz + %) \/m

indeterminate form 0 < kp < 1,
0 ky > 1,

(n) (n)
- —(n — 1)log— +
)

— @( )nl-kz +

+

(7.5.4)

as n — o0,
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Finally, it holds that

0\ + 16" n(6)" - 6,) +n?6\"

a
— 5 log + (5. — 63)°
2 0 20,0 + no™) Z l

- 0< k<1,
= —zwfihl)gz(Tn)—%log(l+’;—;) ki =1, (7.5.5)
0 k1 > 1,

as n — oo. The conclusion of theorem then follows from (7.5.3), (7.5.4),
and (7.5.5).

(ii) Let panova(€@) be a probability density function of (6.2.1). Since ¥;; follows
the normal distribution with mean 83 and variance 8 + 6,, the loglikelihood
function can obtained as

1 1 1
1 0) = —= log 27 — = log(6; + 62) — —————(y;; — 63)°.
og panova(8) = —5 log 2 — - log(61 + 62) 20+ 92)(y1 3)
A Simple algebra gives the desired result. m|
Proof of Theorems 6.2.2 and 6.2.3
From the definition of log-likelihood function, we have
(n) 2p(n)
60> + no n-o
AB,,'0) == S log ——1— + o DG = )2,
2 02 205(6 + ") 5

Under the null Hg"), it is easy to see that

(n) (n)
a 6, + no né

A(6,,'0) = ~ log L4 ! o

62 2(6 + n6\")

n _
o Z(yi. - 93>2),

which shows the result of Theorem 6.2.2.
Similarly, we observe that, under the alternative Kg"), nyi (i — 03)%/(0, +

nH(I”) ) follows y2 and

(n) (n)

6> + no né

A(6,,'9) = -5 log ——— + 1 G- 0,
2 62 202 \ (62 +n6") 5

which gives the result of Theorem 6.2.3. O
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Proof of Theorem 6.2.4

We denote the asymptotic distribution of A3(6y, ,) as Ly for the null and £4
for the alternative.

(i) From Theorem 6.2.2 and Problem 23.1 in Van der Vaart (2000, p.339), it
can be seen that

sup [P(A3(60,6,) < x[H(”) = P(€y < x)| — 0 asn — co.

xeR

It implies that
IP(A3(60,81) > conlHY”) = P(2y > cup)l > 0 asn — oo
Hence, we obtain

@ = P(A3(60,0,) = cop|HY)) = lim P(Ly > ),
n—oo

and consequently

a hy h
Cn,h—>C:—10g510g(1+9—2)+m/v62l[l—a’] as n — o0,

(ii) Theorems 6.2.3 and 6.2.4 (i) yields that
A3(60,8,) — cnjp = €4 — ¢ under K\
and it gives that
lim P(A3(80.6,) 2 cualKS") = P(Ly 2 ©)

b2 62 2
—P()(az(ez_l_hl))(a[l al).

(iii) By Neyman—Pearson lemma, for any n € N and any test {¢,,4} such that
lim sup, Eg, (Ynn) < @, itholds Eg, (¢nn) — Eg, (¥nn) = 0. Thus, the desired result
holds. O

Proof of Theorem 6.2.5
From the fact that 3}, (\/n(3;. — 63)/V0, + nf 1)? follows y2, simple algebra gives
that

A(6,.0)

(n) (n) (n) (n)
a 0" a0y +nel" 0V -0, 1 )
=——(n—-1)log—=— - =1 + —E E = i
5(n—1)log 5 2 e 240 {92 ,- (ij = i)}

i
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o - ei)l;r n(9(§:)> —01) n Z@f' o)
2(9 9 ) 6> + nby -
m (0““ 63) _ an(6y" - 6
PR DIl vy
ahy(1-1)

+ h
2(I’lk2_1 6, + 72)

- g(n ~ 1)log(1 + 12

nk292
hyyf2a(1 - 1) a5 20 2 (vij = yi)* —a(n = 1)
+
2(nk=20, + %) V2a(n - 1)

which shows the desired result.

+ 0p(1),

Proof of Theorem 6.2.6
In the same way to Theorem 6.2.5, it holds that
A(6,.9)
a  02+n8"  n(" - 91)
=-Jlog o ——+ ; Z(yl ~63)°}
2+n01 29, + ng( )) 02 + né

a h Y, — \nbs ,
=— —log(1 + 1 A ) + k-1 k Z A/ )
2 nri— 92 + n*16, 2(n 1=16, + n*16, +l’l1) 6> + nb

which tends to 0 as n — oo.
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