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1.1 HARKREFBICEIHAEOHE

MFEEFEE (BWE # ) 1%, Porous media DO EMME O FBEARICRTH a2 — —
MBOBOBERZEEOZENLIRE L TE LT, 2 BHERFE FEXOME ORI
BIZOWTOFFEEZEL L TITo7n. 2 BEBEREES HFREXOMEOIEHRIZ OV T,
WAk 13-15 £ E OFZE (BARNFSE (C)(2) AFFERRE TR W AR TFRIR D IEH AL
ZEM] FEREE BREZ) 128\ T, #iZ, 3 “ K. Nishihara, LP-L9 estimates
of solutions to the damped wave equation in 3-dimensional space and their application,
Math. Z. 244, 631-649(2003) " IZBWTEEDED Hil, AHFFEIZENTHWNANAK
BUISCTeBEN R &N, 22 THELNEFEO—FHIIMOFEXRIZOIEA I AT,
F 7z, FERREEVRFRIR OEBREE TH 2 HEE OLEMEIC OV T, £ OMEISF|T
oD EMEMEROET Fo Y —EF L, FRETALICBNTEEINE ([1],[2). =
NODOPMEIZONTIEL, MFEmIE LTHESN, FHERBBRINLTND. »EDy
SIRNOESHARERD HFFEHRLY A b OFFIZFHEL TS, £, ThbONFIL
WANWERY URD T L2 EERHREIZB N TRR SN, TR OIIAREERIC THEY
AR ELTEEDLATVS.

ZEfE] N R 3R R B S B 5 2 K

(DW) Uy — Au+u; = f(u), (t,z) € Ry x RN
D¥HFIE f(u) 1T
flu)=[uf/'u £721F Julf, p>1
DEZTHFEBEHLE L LTHE,
flw)= -~y p>1
DEEFFTRIVE &L LTEHLS. (DW)Da——REEZE 25 &, ST 5 R FE
AT 2RERNS, BHEFPEfPBEEH Lo L &1L, BRAER GERER L)

2
pF(N):l‘l‘N
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3o T,
HtF 1

p> pr(N) (EEF) FOWCEFAIA 7 A D ERETH D

WYeT—ZIZR L, FONEZTHD LT,
HIRBEFRINIZARITBER L, ZOBREEM L FHE
b

N {méﬁﬂ?¥ﬁmﬂb~§%kﬁ%ﬁ%ot

p = pr(N) (E&5) }
1< p<pr(N) ($HER)

DREIFESN, BEERRADO T TREENICHERN TSN TWD. —F, fRRREAE LT
B< L xT, REWT—ZITH L THORBENFLEL, t 200 DEE, TOEEMI

B I

p> pp(N) (BEEF) = WRERAIY O ABOERE L %5
p=pr(N) (B8R = WRETXMREAH 7 ABOELRNG L 725

WA T 5 AR B0 E # AR

0 < o< pe(N) (HEHR {{iﬁzzciﬁrﬁ*éﬁiﬁ FRA DR

ERBTENHIFFEND.

PBPENBEEHLESE LTS & &, FEF EOVIERFERBEICR LT, #E
BEOMOBREIF 20, HLVESME »RDA, BER, BR, SEAOBEIC,
LR THFF [ PELWI LRSS, BREREOEL EbHFELI ([3).

IR & LT HE OEF R ERERIRE F RO o — o —EIZxT L, #&3C“G. Todor-
ova and B. Yordanov, Critical exponent for a nonlinear wave equation with damping, J.
Differential Equations 174(2001), 464-489 " |23 W\ TR SN2 E A & = R0 F —Ff
EEIGHAT A LIZL- T, SBAEROBEIT, REMPFRIEBGTEAOEEHE & F
CEERTHETDHI &N, Bl icBWTRahk. 2L, 97— % OZEF R OB
EORENHELS, TREBEL LD THo7D, TRAF—IEIZLD ¥y — T RBEENG
HBNFEOIEFFHMETED HDEEBEZL TS,

oIz, T —Z OERGAOBREDEEL, EFAFOERGFROBREOEINDL
BCEABEMNREAICHE S ([6]). £4UE, Todorova-Yordanov D HIEZLRE L7726 D
T, SBEREZEOHEEOBOBREIC OV TIIEEOER Lo T, EFB~DOEIINIED
MEL oz, BONEEERIEERER, BREROHEICLAENTH DA, FEHEND
EHEE T DN U AL D VLB U ADEBEN LR D LIHRERTFRLIELOD
ThDH. LnLins, BEREEREOSEIZE, ZORBRLEBEEEZENNVICLT,
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RIEHBIERE SRS T2MEBTEAVTHR L, R L LT, VU ABOELRER
FROBAR L 7252 L%, 4RILE TOLEMIZIIT 5B LTI L= ([6],[8])-

Todorova-Yordanov (Z X 2 EHft & TR AF—FHEOHLRIL, 4] KBV USHENT-.
AU AEDEBBEPBEER L 725 2 L 2R T FIEL, [7) THRAEZESER TSR
IRy el

INETORROE TR 2T — X IZHT AR TH 7208, [9) 1B VT, A
GERRLARNT—ZICx LT, BHEBEMBEHLEL LB EAIT, HEEIEE)
GRAOa——fMEEEE L. ST 2L RATIE, “T-Y. Lee, W-M. Ni,
Global existence, large time behavior and life span of solutions of a semilinear parabolic
Cauchy problem, Trans. Amer. Math. Soc. 333 (1992) 365-378 ” DOFEEN S, #H LV EE
REEPHEND. (9 TIXEEMEROBEEIL, FHEREFERO 2 — 3 — OO
W 2RD 5D L RIFFIZ, Lee-Ni OFEFADRGEH % &%, FOHFEITZEMIKRTE TIZEH
TORBERB SRR D 2 - —MBEICLSHTRERLOTHo 2. BROSEREHD
BACERITEMIBIT 5MBEOGEICLIERSMET TH 5.

UED LS m B EEHBRRUCH T IHRED I B, F—Lzo7=5m3 [5],9], wmAHE
ERDMN ZEERLELT, E2ETENLOEXEE 25, £, BAKFELETD
MESE THZ) TR T EORY HEEKS FBRRO o — L —MEOMOLERS) b4
XxEx7-.
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for the damped wave equation with absorption, J. Math. Anal. Appl. 313, 598-



610(2006).

. R. Ikehata, K. Nishihara and H. Zhao, Global asymptoitcs of solutions to the Cauchy

problem for the damped wave equation with absorption, J. Differential Equations
226(2006), 1-29.

K. Nishihara, Asymptotic profile of solutions to nonlinear dissipative evolution sys-
tem with ellipticity, Z. angew. Math. Phys. 57(2006), 604-614.
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Asymptotic behavior of solutions to the damped wave equation related to the heat
equation, International Conference on Nonlinear Evolutionary Partial Differential
Equations, Zhen-Jiang, May 16-20, 2004.

. Asymptotic behavior of solutions to the damped wave equation related to the heat

equation, WCNA-2004, Session ”Global existence and asymptotic behaviours for non-
linear wave equations and related problems” organized by Prof. M. Nakao, Orland,

USA, July, 2004.

. Blow-up of solutions for the semilinear damped wave equation on half-line, #F5% L

¥ I — (RIEKF), 2005 451 A.

| DRINIE A B oW B IR 8 5 RSO O KR EE), BEAR ISR ) — (RRAR

K#), 200542 A.

. Global asymptotics of solutions to the Cauchy problem for the damped wave equation
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Large-time behavior of solutions for the damped wave equation, ¥ >/ R 7 A i
R & QIR DB | (FE R FEERAFATOTIERT), 2005 F 7T A.

Asymptotic behavior of solutions to the Cauchy problem for the damped wave equa-
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. Behavior of solutions to the Cauchy problem for the damped wave equation related

to the heat equation, AF5E&E S % 6 [FAL (LT & I F— (B AF), 200642 A.
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France, June 2006.
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Asymptotic behavior of solutions for the damped wave equation with slowly decaying
data, EERGENS R I U A (HEKRFE), 200743 4.

Behavior of solutions to the Cauchy problem for the damped wave equation, Sixth
ISAAC Congress, Session ”Dispersive equation”, Middle East Technical University,
Ankara, Turkey, August 2007.
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sional space, ¥R SR U RTU L (RHEKXF), 200843 A.
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1.2 HESEEHIZLIAHREOHRE

A E Gk BB2%) 13 1 RTERMERSIER O F IR 2 R BR— Rt
Wl AN, EMUREEHR RIS T DRSS L ORI —OZEMICE T DR
BEEDT. £, HEECET AT 5T NV HRRITEMRERER O G REIR L i<
SR AEOLDERD. ZRIEDWTHLEFRBOREMRIZOVWTOMELZIT>2. I
5OWRIZOWVTIE, FERLE LTHREINL, FiHEICESH SN TWD. £, 1
EONBIZNANARY VRV Y A EERHREICBWTRER S, TR AR
2, THFFEsRC Y A b, TEBEY A b S LTELDLNTND.

T, 1RFTEMA—F—2FRRUE LT, fE (Aux) BHEETRWSEEIC, a—
BT ERE L FEEOEREDEIIEE T2 EATFREINTNDS, K
PREBETHD. LoLens, FER EOVHMESERMERMBICK LT, fESLOY
AT, Liv-fakt (FFFEo48%) R (BFEARFRE) 1T X D45 © Asymptotic behaviors
of solutions for the Burgers equation with boundary corresponding to rarefaction wave,
SIAM J. Math. Anal. 29(2)(1998 Mar.), 293-308 " 23% ¥, FEHD (L TRVEE IS RAFR
ELTEESRTW:, 22T, BEMo—RITHEERFROFRAO 2R L TOYHE
EREMEEZZEEL, TNETHEVEBIN TR LRESLBEK TRVWEEICD
WY, ERERBMLAEEOERASY (AR BEEZETHD I L 2MERIES
W2 THDEMETTRLUE([8).

1 RITCERHERMROEx v b B —E T, RIFRIROMMEE T /L ORI 2 x 2
VRAFRERDBH, IO 2x2 AT AT HHZEM ETO B HERERMRE, I, &
R ECHEBSIC LV RNALNE D56, BALEHT CHRITHEFEM & IR &
DEREDEICEET 5 Z & 2R Lk ([1]).

—EOZEM 1 RIEDEFRHERMETROETT NV HFRERNRIT, 3x3 VAT ATRENDA,
SIS A3 3x 3 VAT AL 2% 2 VAT LA TIRBEN L VIERANE T 2 HEft 8
EEENEIND . EREMEREE O BBESEE T MTHERR 3X3 VAT L ERDN, IO
U RTF KR B EEE L OVIBESEREREA B R L, EMAERIRIIRIGT DRER
A OB ER Y B EEROBERFEOT ORTZ LIz L ([2]). EMmtEsE
FRAEROLEE— K TEEAKAEET L (3 X 3T AT L) IZRT 5 a— 2 —BBEIE—RIZHH
EEFMEMBE LV LER TH DD, a— 3 —REICONTHEE L, EERT RIS
+ B R AR AR O WL R EEE B ELO TN Y a OFEO T TR Z LI LKD)
L7z (4]). BROFBRBEOERHDEICHETIEERT—BHEF 2B L 200, B2
U<, EHEMERMER ORI ET L0, MRS C FERO—RESOERG DY
(BRI NEFOHEOBEDELI NI TNEEELETHD I EEIAEHL, TRIZON
THRXEZERPTHD.
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RIZ, FEEEETNETHHRARIT, BRENMIIMENTZAA F—FREERT
Y UORBROEN RIS OIZETHREZBE DT R —ART Uy VBRI FH#EN R E 7
. ZORICXTIEEMOGFELLEEMOBE22ZEMETER L. 1RTET AT
%, ERESF TORENFEETHEOAL LT, BEERIIZ>THLETHRICL Y EEHENTE
LT, ZOEFERIBERETHDH L E2RLE (). £7-, BREHMEERICHE T
%, FRIIBHE - EBET LV ORRIZENE T 5 2 LA RT Z EICEIILE (7). Zh b off
REIF-E 77077 A NV ERINDNREREEN/NENEVWSFEOTOLOTH
5. Linl, EFRE2ZBELR2VETVEERXKE L CEASEREHCTEET L9 -
EREMETIE, ABICREAR P 7 LTHRT 3 EREIEEEETHD D
&R LT ([6]).

Mo EE (BFf =) ICXDF3ERCY X b

1. F.Huang, A.Matsumura and X.Shi, Viscous shock wave to a gas-solid free boundary
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391-403.
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1-25.

6. A.Matsumura and T. Murakami, Asymptotic behavior of solutions for a fluid dynam-
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equation ; Department of Mathematics, Capital Normal University, Beijing, October
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. Asymptotic behavior of solutions for a fluid dynamical model of semiconductor

equation ; & 22 EIJLIMNIZBIT D IRM Y I EES, TUNKRFE B F v /3R
BEAR—/1, 2005 4E 1 A 27 .

Asymptotic behavior of solutions for a fluid dynamical model of semiconductor
equation, EMATHIIERT. LFEMRESR [Hilk & IEOEFEMIT) 2005 &, 7 A
12 H.

. Large Time Behavior of Solutions for One-dimensional Compressible Navier-Stokes
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. Asymptotic behavior of solutions for a fluid dynamical model of semiconductor
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Applied Mathematics, September 18, 2006.

. Large time behavior of solutions of some one-dimensional models related to com-
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11.

12.
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B MERTERIC 0 5 ER L0 & 2 IFHESESMEREIC > T, BAFEF L O
EEHEGE 2007 BE BAEFR KHRESBRRIHA21B~24H, #EIZI A 23
H(RH).
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2.1 Decay Properties of Solutions to the Cauchy
Problem for the Damped Wave Equation with
Absorption

Kenji Nishihara
School of Political Science and Economics,
Waseda University, Tokyo, 169-8050 Japan
(e-mail: kenji@waseda.jp)

Huijiang Zhao
School of Mathematics and Statistics, Wuhan University
Wuhan 430072, P. R. China
(e-mail: hhjjzhao@hotmail.com.)

Abstract

We consider the Cauchy problem for the damped wave equation with absorption
Uy — Au+u + JulP'u =0, (t,z) € Ry x RN.
The behavior of u as t — oo is expected to be same as that for the corresponding heat equation
¢~ Ap+|9lP 16 =0, (t,7) € Ry x RY,

which has the similarity solution w,(t,z) with the form t~/(P~1) f(x/+/t) depending on a =
limz) o0 |2|?/ P~V f(z) > 0 provided that p is less than the Fujita exponent pc(N) := 1+ 2/N.
In this paper, as a first step, if 1 < p < p.(N) and the data (up,u1)(x) decays exponentially as
|| — oo without smallness condition, the solution is shown to decay with orders as t — oo

(@i, lu®lless, [Vu@llzz) = 0 (7, @t mim, e =3 8) - (x)
those of which seem to be reasonable, because the similarity solution w,(t,x) have the same
decay rates as (*). For the proof, the weighted L?-energy method will be employed with suitable
weight, similar to that in Todorova and Yordanov [32].

1 Introduction

We consider the Cauchy problem for the semilinear damped wave equation with absorption:

uy — Au+u + [ufPlu =0, (t,z) € (0,00) x RY, (1.1)
(u7ut)(07z) = (u07u1)(x)a T € RNa (12)
where p > 1. When (ug,u;) € H' x L? and
N+2
1<p<Nf2(N23), l<p<oo(N=12), (1.3)
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there exists a unique solution u € C([0,00); H') N C!([0,00); L?) (Strauss [31], Ginibre and Velo
[9], Brenner [1], Matsumura [24], Kawashima, Nakao and Ono [21] etc.). In [21] it is shown that,
for 1< N <3, if

4 N+2

4
1+ — > 1+ — N=1,2
+N<p<N_2(N_3), +N<p<oo( ,2),

then the solution u(t,z) decays as
lu(t, Yze = 0 ("3 ¢72)) . when (uo,w) € H'(RY) x (L2 N LT)(RY) (1< 7 <2)

(for more details refer [21]), whose rate is same as that of solutions to the linear heat equation.
Based on [21], Karch [20] showed that the Gauss kernel is an asymptotic profile when p > 1+ 4/N
with 1 <N < 3. Very recently, in Hayashi, Kaikina and Naumkin [11] the asymptotic profile of u
for p > 1+2/N with N =1 has been shown to be the Gauss kernel.

On the other hand, the global existence and blow-up of small weak solutions to the damped
wave equation with the forcing term

Ut — Au+ Uy = |u|p (14)

with (1.2) have been also investigated. Todorova and Yordanov [32] have shown that

pe(N): =1+ % (1.5)
is the critical exponent, which is called the Fujita exponent named after Fujita [6], in any dimen-
sional space. Refer to Zhang [33] for the blow-up in the critical case, and Li and Zhou [22], Nishihara
[27] for the blow-up time. See also Ikehata, Miyaoka and Nakatake [18], Ikehata and Tanizawa, [1 7,
Ono [29, 30], Galley [7, 8], Karch [20], and references therein for the global existence and its profile.
Recently, the first author has shown in [26] that the linear damped wave equation is approximated
by the corresponding heat equation in 3-dimensional space. He has precisely derived the LP-L9
estimate on the difference of each solution. See also Marcati and Nishihara [23] in 1-dimensional
space, Hosono and Ogawa [15] in 2-dimensional space and Narazaki [25] in general space dimension
and Ikehata [16], Tkehata and Nishihara [19], Chill and Haraux [3] in the abstract setting. These
are applied to the semilinear problem (1.4) with (1.2). Note that the basic estimates on the solution
to the linear damped wave equation were obtained by Matsumura [24].

Summing up these results, the solution to the damped wave equation (1.4) is expected to have
the similar behavior as t — oo to that to the corresponding heat equation

P — Mg = |g[”. (1.6)
In this paper, we consider decay properties of solutions u(t,z) to (1.1)-(1.2) when
2
1<p<pc(N)=1+N, (1.7)

whose decay rates should be related to the Cauchy problem for the semilinear heat equation
¢ — Ap+1¢P'9 =0, (t,z) € (0,00) x RV, (1.8)
$(0,z) = go(z), = €R". (1.9)
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For any p > 1, (1.8) has a solution w*(t,z) := ((p — 1)t)~/(P=1). For p satisfying (1.7), it was
proved by Brezis, Peletier and Terman [2] that there exists a family of positive self-similar solutions

wy(t, z) such that

|xlli—1->noo 2|/ P Dy (t,7) =1 > 0

exists. The solution wg(t,z) has the form

wq(t, ) =t_:71“1f (%) (1.10)
with vy )
YN > +|f|P—1f=;—_—1f. (1.11)

We recall some results on the asymptotic behavior of solutions to (1.8)-(1.9) with (1.7). Gmira and
Véron [10] showed that, if ¢o > 0, ¢o € L1(RN) and limz_e0 || P~V () = +oo, then

tl_i}m $7-T (¢(t, ) —w(t, )) =0, uniformly on {z € RY; |z| < CV/1}.
o0
Escobedo and Kavian [4] proved that, if

d0 #0, 0< ¢o(z) < Ce P for some 8>0, C>0, (1.12)

then )
Jim 77 [lg(t, ) — wo(t, e = 0. (1.13)

Note that wg(t, z) decays exponentially as |z| — +ooc. When

¢o € LXRY), ¢ #0, Jim_ 2|7 go(z) =t a > 0, (1.14)

it has been proved by Escobedo, Kavian and Matano [5] that, depending on a > 0, the positive
similarity solution wg(t,z) is uniquely determined and

Jim 17768, ) — wa(t, )z = 0. (1.15)

From the observation in the above, our conjecture is that the solution u(¢,z) to (1.1)-(1.2) also
satisfies (1.15) if the data (uo,u1) satisfy the condition corresponding to (1.14).

In this paper, corresponding to Escobedo and Kavian [4], we show the decay properties of the
solution u to (1.1)-(1.2), provided that

luo(z)], |uy(z)] < Ce P2 for 8>0, C >0, (1.16)
but no smallness condition is assumed. To apply the weighted L?-energy method, we assume that
I? = /RN eBlel* (u% + |Vug|? + ug) (z)dz < 400 for some 3> 0 (1.17)
in stead of (1.16). Denoting the solution space X (0,T) by
x(0,1) = ([0,T7); H'®Y)) nC* (o, 7); LA(R"))
we have our main theorem.
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Theorem 1.1 Assume that 1 < p < 1+2/(N—-2)(N >3), 1< p< oo(N = 1,2) and that
(ug,u1) € HY(RN) x L2(RN) with (1.17). Then the solution u(t,z) € X(0,00) to (1.1)-(1.2)
uniquely exists, which satisfies for t > 0
1N 1 _N_
lult, Mz < CIo(1+8)77T75, [lult, )|+ < CIo(1 + )71 "D, (1.18)

)
L LiN

[Vult, Hirz + llue(t, Mz < Clo(1+1)7 71
for some positive constant C provided that 1 <p <1+ 4/N.
Remark 1.1. In the supercritical case p > p.(/N), the asymptotic profile of the solution u is expected
to be the Gauss kernel G(¢, ), whose L™-norm (1 < r < oo) decays as |G(t,)||rr = O (t‘%(l_%)).
Hence, the decay rates (1.18)-(1.19) are less sharp, and so the subcritical case (1.7) is mainly kept
in mind.

(1.19)

Remark 1.2. The L™-norm (1 < r < o) of the similarity solution w, decays as

Hqumﬁq7%<éﬂm1f<%>

Hence, in the subcritical case the decay rates (1.18)-(1.19) are sharp in the L?-sense. However,
compared to our goal (1.15), the results are dissatisfactory. We have

1<s<o0 if N=1,

umymp=0@7%ﬁ) 1<s<oo if N=2 (1.21)
1<s< @5 if N>3.

T dx yr -1 4N
EN—/2> =Ct »1"2r, (120)

applying the Sobolev inequality (N = 1) and the Gagliardo and Nirenberg inequality(N > 2) to
(1.18)-(1.19) and (2.9) in the next section, which will be derived after stating Theorem 2.1. Note
that Hayashi, Kaikina and Naumkin [13] have recently obtained (1.15) for p.(N) — & < p < p.(N)
(¢ is a small positive constant) with N = 1 and the small data with suitable positivity (see Hayashi,
Kaikina and Naumkin [12] in the critical case). See also their quite recent paper [14] for large data.

Notations. By C;, ¢;(i =0,1,2,---) or simply C we denote several generic constants. The constant
depending on a, b, - - - is denoted by C(a,b, - --). The Lebesgue space LI(RY)(resp. Sobolev space
H™(RY)) were already used with its norm

1/q m 1/2
£ zscey = ([, 1£(@)17da) <p Hf!lm=<l§)llt9§fHL2<RN)> )

In particular, ||f]l := |[fllz2@~) = l|fllo. The space RY of LY(RY) or the integrand R" will be

often abbreviated. For brevity, ||f(t, )z« = ([ |f(t, z)|? dx)'/? will be written simply by || f(t)]|L
etc.

2 Proof of Theorem 1.1

In this section we shall prove Theorem 1.1 applying the weighted L?-energy method. The weight
function is chosen as

Y(t,x) - _ a]z]2
e , with ¥(t,z) = 1 0<a<l, tg>1) (2.1)

(t+t9)’
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(later a is determined as 1/4), which is a modification of the weight introduced in Todorova and
Yordanov [32]. See also Ikehata and Tanizawa [17]. The weight function 1 satisfies

azx a?|z|?
Vp= —, VY|P = —
Y= 3arn VT Mty
5 N (2.2)
ajz| VY|
Yr=—————5 <0, = —a.
4(t + to) Yt
For the interval I = [r,7 + t;], t; > 0 and any fixed M > 0, we adopt the solution space
ueC(I; HYnC' (I; L?), &) (uy, Vu,u)(t,-) € L?
Xn(l) = with sup Ey(t;u)/? < M (23)
tel
where
Ey(t;u) = /ezw(t’z) (|ut|2 + |Vul> + u2) (t,z)dz. (2.4)
Also, denote
By(rsug,al) = [ 00 (ul? + |Vag? +uj ) (<) do. (2.5)

Clearly, Ey(0;up,u1) < M for suitable t; > 1 and M > 0 by (1.17). The global existence theorem
for (1.1)-(1.2) is well-known. However, we need that the solution u remains in X/(I) provided
that Fy(0;ug,u1) < M. Hence we prepare the local existence theorem in Xz (I) for

(2.6)r

Uy —Au+ut+[u|””1u=0, t>7, z € RY
(u7ut)(77x) = (uaau’{)(m)a T € RN-

Proposition 2.1 Let N > 1 and 1 <p < N/(N—-2)(N >3), 1 <p<oo(N =1,2). For any
M > 0 and some constant Cy > 0, if (uf,u]) € H! x L? satisfies Ey(r; uf,u])/?2 < M, then there
exists a time t1 = t1(M) depending only on M such that the Cauchy problem (2.6); has a unique
solution u(t,z) in Xoo,m(7, 7+ t1).

The sketch of the proof will be given in the Appendix. The local solution u(t,z) € X ([0,T7])
satisfies the following a priori estimates.

Proposition 2.2 Let p satisfy the conditions in Proposition 2.1 and
1 N
= —— = —>0. 2.7
afp) 1=~ = 7 >0 (27)
Then the solution u(t,z) € Xp([0,T]) to (1.1)-(1.2) satisfies the estimates:
/ 2V (t:2) ([ut[2 +|Vaul? +u® + ]ul”“) (t,z)dzx
RN
t
+/ / e2¥(72) (IutlQ + | Vuf? + |V 2u? + |u|”+1) (1,z)dzdr (2.8)
0 JRN

<y /RN 2 (0:2) (|u1]2 + IVUOP + ug + [uolp+1) (z)dx =: COE’,p(O;uo,ul),
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(t+ to)“(?’)/ 2 (t2) ([utl2 + | Vu? +u? + ]ul”“) (t,z)dz
RN

t
+(t+t0)_5/ (T+t0)2“(1’>+5/
0

e2¥(72) ([utIQ + |Vul? + |u(”+1) (r,xz)dzdr (2.9)
RN

<Ce (1 + Ew(ﬂ;uo,ul))
and

RN

20 (|us? + [Vul® + [uf ') (t,2) do
t

(T + tg)2elP)Fide / N e |y [*(7, z) dz dr (2.10)
R

+(t + to)—e/

0
<C; (1 + Ew(o;uo,ul))
for some tg > 1 and any fizred € > 0 with C. = oo as t — oo.

Propositions 2.1-2.2 imply the global existence theorem in X s(0, 00). In particular, the estimate
(2.8) and the Gagliardo and Nirenberg inequality play a role to extend the local solution to the
global one.

Lemma 2.1 Let the ezponents s,q,7 (1 < s,q,7 < 00) and o € [0, 1] satisfy

1 1 1 1
= - _ = 1-0o)=

with r < N ezcept for the case (s,r) = (0o, N) when N > 2. Then it holds that
lullzs < Cllullzz?IVulg-, welf VuelL
for C = C(s,q,r,N).

Applying Lemma 2.1 to the local solution on [0, 7], we have

1/(p+1)
(/ 2 |y (¢, z) [P+ da:)
L . (2.11)
2 it 3°(1-0) 70
<C (/emw( ’z)u(t,:z:)2 da:) (/ 22 (|Vu? + u?)(t, z) d:z:)
foro = N(3 - Iﬁ) (<1 when p < 1+ x+5). In fact, since f := e2¥/(P+1)y satisfies
R ( 1 z )
= +1 _
Vf=er Vu+p+1t+t0u ,
the inequality
[flle+s < CIFIIMONV AU
implies (2.11). From (2.12) and (2.8),
Ey(t;u) < Ey(t;u) < CTEy(0;up, u1) < CF (E,,,(O; ug, u1) + CEw(O;Uo,M)%I) ,
where
Ey(t;u) = / 200 (Jug? + |Vul? + u? + [ufP 1) (¢, 2) da. (2.12)
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Hence, for a given data (ug,u;) take M > 0 so that
Cl (Eu,(o Ug, U1) +CE¢(0 Ug, U1) = ) < M2

then Ey(T;u) < M 2, which allows the local solution to extend beyond the time 7.

Theorem 2.1 Let p satisfy the condition in Proposition 2.2. If Ey(0;ugp,u;) < +oo, then the
Cauchy problem (1.1)-(1.2) has a unique global solution satisfying (2.8)-(2.10) for any t > 0.

Theorem 1.1 is a direct consequence of Theorem 2.1, and (1.21) is derived as follows. By (2.9)
the L'-norm of u(¢,z) is estimated as

1/2 1/2 1
@l < (f 02ar) ([ e Duapar) " s ca vy

Also, the L*-norm for IV =1 follows from the Sobolev inequality and (1.18)-(1.19):

wlz

(e, Mz < lutt, )21 Vule, )12 < Ot + to) 7.
In Lemma 2.1, if (s,q,7, N) = (s,2,2,2), 2< s < 00, thenoc=1-2/s <1 and
N

Jut, Mae < Ot +t0) TFT TR — o4 4) FT

If (¢,7) = (2,2) and s < 13—1_\/2 for N > 3, then 0 < 1 and the same estimate as above holds. Thus
(1.21) is completed.
Proof of Proposition 2.2. Multiplying (1.1) by e*¥u; and e*¥u, we have

0= ey (utt — Au+u + Iulp_lu)

= 1 (S0l + 19wy + )]

dt
2
(1+52) - o) s 2]
t

—V - (e®uVu) + Lwew]z/)tvu - utV¢|2,
2 4

(2.13)
+e2¥

and
0= e*u (utt - Au+u + ]u]p_lu)

- di [ X (uut i ;u2> J (2.14)
+[e2 (1Vul? - gou® + [uP*1)]

+ [62'/’ (—2wtuut - Iut|2 + 2uV) - Vu)] 2wuV’u)
Since we choose v in (2.1) with (2.2), integrating (2 13) and

@
& ][ (5 (P + 19up) + |us‘°“)

+ [ ((1-ar givur) '“t'z * a(P+ ) V) .

.14) over R, we respectively get
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and 4 1
(—ﬁ/ew (uut + §u2> dz
+/e2¢ (IVU[2 + %]V'M?u? + lu[”“) dx — /e2¢[ut|2 dz
/ew (§|V¢|2|uuti +2[w[|u|1vu;> do
< /ew <§|v¢|2|ut|2 + 2a|Vul? + %www) da.
Here (2.16) is rewritten by
%/ew (uut + %u2> dx
+/e2w ((1 _ 2a)|Vul + 4—1(;|v@z)|2u2 + ;u|P+1) dz
—/62’/’ (1 + %IV'&&'?) lug|? dz < 0.

Adding (2.15) to (2.17) multiplied by v (0 < v < 1), we get

d 1 1 1

%/ew {5 (]ut|2 + 2vuuy + z/u2) + §|Vu|2 + mlu[”“} dz
1-4

+/621/’ { (1 —a—v+ - V|V1/le) lug? + v(1 — 2a)|Vul?

+ 2w + Vo) ) dz <o,

We determine a = v = 1/4. Then, (2.18) yields

%Eﬂ,(t; u) + Hy(t;u)

'_2dt/e (}utl +uw + 5u + |Vu| +p+1
1 1
—+—Z/e2w (2|ut[2 + §[Vu|2 + | V| ?u? + [ulp“) dz

<0,

}u|p+1> dz

which is the key inequality in the proof. Note that

1. N _
§Ew(t; u) > Ey(t;u) > cEy(t;u),

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

where Ey(t;u) is defined in (2.12). Integrating (2.19) over [0,] and using (2.20), we have (2.8).

Further, multiply (2.19) by (t + t5)?*P)*¢(0 < ¢ < 1), then

2a(p)+e F; 2a(p)+e 2a(P) +e ~
4 | ‘)l + (£ + Ho(ty) — 22T =
it [(t tO) Edl (t7 u)] (t tO) ’tp(ta u) t+1o
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Making use of (2.20), we have

2a(p) + € =~
Hy(t;u) - —}%—Ew( u)
1 2
>[5 [ (l? + Val? + lpt) de = 22DEL [0 (o Tu 4 p+t) d] - 222

+ [é /6210 (|V¢|2u2 + |u|p+1) dz — ———220(?:)_;)1 /ewu2 d.r] .

Second to the last term in (2.22) is estimated from below by

16E,,,(t u) = %/ew (|ut|2 + |Vul2 + |u|z’+1) dr if to > 8(2a(p) + 1). (2.23)
The last term is estimated from below by
—Clt+to) P17t (2.24)
In fact, by denoting
% [t de = /nlwlzx/ﬂ-ta i /~|z|s\/t¢i6 shrh
with &k = 1/161/(2a(p) + 1), each term is estimated as follows:

2
Il S 2a(p)+1/ I I.'L'[ 2,¢, 2d:1;
2(t+t0) klz|>+vt+to t+1o

2k2(2a(p) + 1) alz> 5y o 1 Wy 12, 2
22 /RN4(t+t0)e udw—g/RNe |V|“u® dzx

since ¢ = 1/4, and
I</ 2a()+162¢}d
lzi<viFio 2(t + to)
1 =2

+1 =
< */ €2¢IU|P+1 d.’l?-{—C/ (t—{—to)_I;L—TeB(‘-Ho) dr
8 /¥ Klz|<VEFio

1 _pHl N
— g/NezﬂuV’“ dz + C(t +to) 517

p—2_
ey dr

by the Young inequality with z& + p+1 = 1. Combining (2.21) with (2.22)-(2.24), we get

1
et to)2P+e B (85 u)
(2.25)

<C(t+ tO)Za(P)+€ (t+t)” s C(t + to) e

Hence, integrating (2.25) over (0,t), ¢ < T and using (2.20), we obtain

d -
= [+ 0P Byt u)] +

t

(t + to)22PHe By (15 u) (T + to)2 P By (75 u) dr

BT 16
< tga(pHEEw(O; u) + C/ (1 +t0) e dr (2.26)
0

< Ctga(pHEEw(O; ug, u1) + Ce(t + to)°.
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Dividing (2.26) by (t + t)°, we reach the second desired estimate (2.9). Concerning the weight
about ¢ we note that, if we take ¢ = 0, then the term log (f + #3) comes out and the result become
less sharp. The method to adopt € > 0 instead of € < 0 is seen in Nishikawa [28].

To obtain the third estimate (2.10), multiplying (2.15) with a = 1/4 by (¢ + to)®P)+1+e e

have J ) )
— 2a(p)+1+e 29} 2 2 2 p+1
< | +10) /e {2(;ut1 +19uf) + —lu }dm]
+§-(t+to)2a<z’>+1+f / ¥ |uy|? da (2.27)

< Clalp) + Dt + 020 [ & (juf +Vul? + [up*) do.

Integrating (2.27) over [0,t] and using (2.9) just obtained, we easily show (2.10).
Thus we have completed the proof of Proposition 2.2.

Appendix

We sketch the proof of Proposition 2.1. The proof of similar local existence theorem is seen in
Ikehata and Tanizawa [17]. Since ¢(t,z) is decreasing in ¢, it is enough to show the case 7 = 0 in
(2.7)7. So, our problem is

{ uy — Au+u = —|ufP~tu, (t,z) € [0,00) x RV, ()

(u, 1) (0,2) = (uo, w)(x).

We show that, if Ey(0;ug,u;) < M2, then there exists ¢; = ¢;(M) > 0 such that (L) has a unique
solution u(t,z) in Xac, m([0,¢1]), where C; is some constant determined later. We construct an
approximate sequence {u{™(t,z)} as follows:

The first function u(% (¢, z) is a solution to

Ut — Au +u = O, (Al)
(U, ut)(07 x) = (u07 ’U,l)(l'),
and, iteratively, u("t1(¢,z), n =0,1,2,---, is a solution to
uy — Au 4 uy = —[uM Py, (42)
(’U, Ut)(o, 'T) = (UO, ’U,l)(il')

It is enough to assert the following three claims:
(i) For any ¢t > 0, Ey(t;uO)/2 < O\ M.
(ii) For some ¢t = t;(M) > 0, if u™ € X0, m([0,1]), then u(®+D) € Xoc 1r(]0, 1]).

(iii) For some ¢; = ¢;(M) > 0 taken to be smaller if necessary,

1
sup Ey(t; u™+) My < 2 gup Ey(t; u™ — y(n-1),
0<t<ty 0<t<t;
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Since we have u € C([0, 00); H!) N C*([0, 00); L?), multiplying (A1) by €2¥(u; + }u), we have

1d 21/)(t:c)< 2 15 2)
- > —_— V < (.

Hence, by

1 1
§E¢(t;u) > /ew(t’z) (|ut|2 + uug + §u2 + |Vu|2) dz > cEy(t;u),

for some constant C; > 0
Ew(t; u) S CfE¢(0;u0,u1) S (ClM)Q,

which means (i). Next, multiplying (A2) by 2 (u; + fu), we have
Ey(t;u) < (C1M)* + C/Ot/ew|u(")|p([u| + |uy|) dzdr
< (ClM)2+/0t/e2¢ (Iu(")|2p+u2 + IutIQ) dzdr
< (C1M)? + C/Otl Ey(T; u™\P dr + C/Ot Ey(r;u)dr, t< il,
since [e¥|u™|?Pde < CEy(t; u{™)P, which is obtained by similar way to (2.11). Hence the
Gronwall inequality implies
Ey(t;u) < ((01M)2 + C(2C’1M)2”t1) et < (201 M)2

if 0 < t; < 1, which gives (ii). The assertion (iii) is followed from the similar way to (ii).
Thus we have completed the proof of Proposition 2.1.
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Abstract
We consider the Cauchy problem for the damped wave equation

uge — Au+uy = [ulflu, (t,z) € Ry xRV
and the heat equation
¢ —Ap=1¢l""'¢, (t,2) € Ry xRN

If the data is small and slowly decay likely ¢;(1 + |z|)~*N, 0 < k < 1, then the
critical exponent is p.(k) = 1+ % for the semilinear heat equation. In this paper
it is shown that in the supercritical case there exists a unique time global solution to
the Cauchy problem for the semilinear heat equation in any dimensional space R",
whose asymptotic profile is given by

_lz—wi?
e 4t (5]

by (2 =
o(t, z) /R (Amt)N/2 (1 + [y[2)kN/2

provided that the data ¢o satisfies limy,|_, o (z)*™ ¢o(z) = c1(# 0). Even in the semi-
linear damped wave equation in the supercritical case a time global solution u with the
data (u,u:)(0,z) = (ug,u1)() is shown in low dimensional spaces RV, N =1,2,3, to
have the same asymptotic profile ®o(t, z) provided that limzjo(z)*"N (ug + 11 )(z) =
c1(# 0). Those proofs are given by elementary estimates on the explicit formulas of
solutions.

dy

1 Introduction
In this paper we have concerned with asymptotic behavior of solutions to the Cauchy
problem for the semilinear damped wave equation

ug — Au+up = [uff 7y, (t,z) € (0,00) x RV, (1.1)
(U, ut)(Ox) = (uoaul)(w)7 TE RN’ ‘
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with p > 1. It has been recognized that the solution to (1.1) behaves as that to the
corresponding semilinear heat equation

¢t — Ap = |g|"1¢, (t,z) € (0,00) x RV, L
¢(0,£IJ) = (Z’O(m), S RN, ( . )

For small data ¢¢ in L'(R"), global existence, asymptotic profile of solutions and
blow-up within a finite time, estimates on the blow-up time for (1.2) are well-known in
Fujita [4], Hayakawa [5] and the survey papers Levine [15], Deng and Levine [3] and
references therein. Those for (1.1) are also known in [6, 7, 8, 12, 13, 18, 20, 21, 24, 25]
etc. and references therein. Roughly speaking, if p is bigger than the Fujita exponent
pr :=1+2/N, then a time-global solution exists and behaves as 8yG(t, z) (6 : constant)
with the Gauss kernel

G(t,z) = (dmt) N2e 7, |z =22+ +2%.

While, if p < pF, then the solution blows up within a finite time.
In this paper, we consider the initial data not necessarily in L'(R"), that is,

uo(z), u1(2), go(2) = O({x) ™) as |z| = o0 (1.3)

with
0<k<1, (1.4)
where (z) = (1 + |z|?)'/2. If k = 0 formally, then the data is a constant and the equation
become the ordinary differential equation. Hence the solution blows up, and we can expect
that the critical exponent depends on k. In fact, for (1.2) with (1.3), (1.4) Lee and Ni [14]
showed that the critical exponent p.(k) is
k 1 2 1.5
pelk) =1+ (1.5)
and that, if p < p.(k) or p = p.(1), and ¢o(z) > 0, then the solution ¢(t,z) blows up
within a finite time and the life-span is also estimated, while, if p > p.(k) except for
p = pc(1) and ¢¢(z) is suitably small, then the solution globaly exists. The asymptotic
profile is not given. We note that if & > 1, then the data is in L'(R") and the new
exponent p.(k) is continuated to the Fujita exponent at £k = 1. The proof in [14] is by the
comparison principle, which may not be available for the damped wave equation. See also
Cazenave and Weissler [1].
Thus, our first aim is to obtain the asymptotic profile of the solution ¢(¢,z) in the

supercritical case
p > pe(k), (1.6)

whose proof is not by the comparison principle. The solution ¢ to (1.2) is defined by that
of the integral equation

o(t,x) / Glt,x —y dy+// Gt — 1,z — )P é(r,y)dydr

(1.7)
Pr(t)d0)(2) + /(PNu—T)lqsrﬂ (r, ) (z) dr
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and the solution space Y.£ is defined by

YE = {¢ € C([0,00); B¥*N);

lpllyx = ;qu;{ak(t)llrﬁ(t, Mpo + b ()lI6(t, ) |gorn } < oo}, (1.8)
where
m={feC™ozf € L*(0 < |a] <m)},
B™! = {f € B™; (2)!|82f] < 00 (0 < |o] < m)}
and

_ L+ kN2 (0<k<1) _ 1 (0<k<1)
a () _{ 1+8M2/log 2 41) (k=1), b’“(t)_{ Vg (2+1) (k=1). 19

Then our first theorem is the following.

Theorem 1.1 (i) (Global Existence) Suppose that the data ¢g € BN (0 < k < 1) is
sufficiently small. Then there ezists a unique solution ¢ to (1.2) in YX.
(ii) The function

oft, z) / G(t ( >kNdy ¢ #0 (1.10)
satisfies for some positive constant C1 independent of t
Cr' < ar(1)l|®o(t, ) lgo < C1. (1.11)
(i1i) (Asymptotic Profile) If the data ¢¢ in (i) satisfies
lim (2) go(z) = e1( 0), (1.12)

lz|—o00
the solution obtained in (i) satisfies
Jim a(){|(2, ) — @o(2, -)l[ge = 0. (1.13)
—00

From Theorem 1.1 ®¢(t, z) is an asymptotic profile of the time global solution ¢(%, z).
We note that the profile is depending only on the data, not on the semilinear term. It is
interesting to compare with the profile §yG(t, z) for L'-data, where

oo
by — / do(z) dz + / / 6P~ (t, z) dz dt. (1.14)
RV 0 JRY
The proof is given by elementary estimates on the explicit formula (1.7), not by the
comparison principle. Hence, similar way will be available for the damped wave equation.

By Sn(t)g, denote a solution to the Cauchy problem (1.1) with data (ug, u1)(z) = (0, g)(z)-
Then the solution u to (1.1) satisfies the integral equation

u(t, ) = Sn(t)(uo + u1) + 0 (Sn(t)uo) + /Ot Sn(t — 1)|ulf u(r, ) dr. (1.15)

Sn(t)g is decomposed to the sum of wave part and parabolic part of the form

Sn(t)g = e 2 Wy (t)g + Jon (t)g, (1.16)
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where

Wi(t)g = % 'Z‘<tg(a:+z)dz (D’Alembert formula)
Wo(t)g = %[dﬁt%dz (Poisson formula) (1.17)
Ws(t)g = * / g9(z + tw) dw (Kirchhoff formula)
4 Jg2
and /2 JET
Jultly = — To(=—5——) = Dg(z +2)dz
lzi<t —
Tnlg = S / cosh > 2 “ Lo+ 2)d (1.18)
2m <t VE= 2P
e_t/2 Il(_.__—“t22—lz|2)

(x + 2)dz.

t)g = 2/ — 2]
J03( )g 4 /|Z|St 2\/ml_§g

Here, I, is the modified Bessel function of order v given by

e 1 Y\ 2mtv
Iu(y)—mzz0 m!F(m+y+1)(§)2 + (1.19)

with the Gamma function I', and 52 = {w = (w1, ws,w3); |w| = \/w? + w? + w? = 1} with
its surface element dw. The formula of Sy (t)g is referred in Courant and Hilbert [2]. The
decompositions are proposed in Marcati and Nishihara [16](N = 1), Ikehata, Nishihara
and Zhao [10[(N = 2) and Nishihara [20}(N = 3). In the case N = 2 see Hosono and
Ogawa [9]. In general dimensional space see Narazaki [18]. LP-L? estimate(l < ¢ < p < 00)
on Jyy(t)g with N = 1,2,3 were given by

N

Ion (gl < C+0)776 P llgls (22 0),
I(Jon(®) = Px()gllr < Ct 26D Ygle (£ 0).

1_1

(1.20)

For the basic estimate on Sy(t)g see Matsumura [17].

If we define a weak solution to (1.1) by the solution to (1.15) with (1.16), then we can
easily conjectured that similar result for (1.1) to Theorem 1.1 holds, since the parabolic
part is near to the solution of heat equation and wave part decays fast. In fact, our second
theorem is the following.

Theorem 1.2 Let N = 1,2 or 3. Suppose that
ug € BIEMN 4y ¢ BOAN (1.21)

are small. Then a unique weak solution u € Y (0 < k < 1) to (1.1) exists. Moreover, if

lim (z)*Y (ug + u1)(z) = c1(# 0), (1.22)
|z| =00
then it follows that
tl—lgolo ak(t)”u(tv ) - QO(tv ')”BO =0, (123)

where ®y(t,x) is defined by (1.10).
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It will be worth why we have treated only the cases N = 1,2,3. Different from the
parabolic equation, we have not the smoothing effect for the damped wave equation. The
regularity problem may happen in the wave part. In fact, when N > 4, Wx(t)g includes
the derivatives of g. For example,

e t/2 t r3dr
Si(t)g = at/o /Sgg(x + rw) dw

4dn?t 12 — 2
—t/2 ¢ h Y£-r° _ 1)p3 4
e / (cosh ¥15 )r r/ oz + rw) dow
S3

472t t 0
= e Wy(t)g + Jos(t)g

12 — p2

and

1t rdr
Wa(t)g = s /0 T Ss(2g(:L' +rw) +rVg(r + rw) - w) dw

(cf. [10, 22, 23]). Hence, to obtain a solution to (1.15) we need more consideration,
in particular, on the solution space. Our problem in higher dimensional space will be
considered in the forthcoming paper. The semilinear damped wave equation in the crit-
ical and subcritical cases should be investigated, which will be also considered in the
forthcoming papers. Here we refer Tkehata and Ohta [11], where they showed that for
L™-data(1 < m < 2), not necessarily L!-data, the critical exponent is 1 + 2#” for (DW).

The content of this paper is as follows. The basic estimates for the heat equation and
Theorem 1.1 is proved in Section 2, which becomes a study on the damped wave equation.
In Section 3 Theorem 1.2 will be shown by assuming the basic estimates(Lemma 3.1)
on Wy(t)g, Jon(t) etc. In the final section Lemma 3.1 will be proved using the explicit
formulas (1.17)-(1.18).

Here and after, by C(a,b,--),Cqp,.. OF ¢(a,b,--),cqp... We denote several positive
constants depending on a,b,---. Without confusions, we denote them simply by C,c,
whose quantities are changed line to line. Also, the integrand R” is often abbreviated.

2 Semilinear heat equation
The solution ¢ to (1.2) is defined by (1.7). The linear part
(Pr(tion)(a) = [ Glt.a—w)en(v)dy 1)
is estimated as follows.
Lemma 2.1 (i) When ¢o € BN (0 < k < 1), it follows that for any z € RN and t > 0

(ax () + b (2)(@)*™)| (Pn () o) ()] < Cligollgosn- (2:2)

Both ay, and by, are defined in (1.9).
(ii) Moreover, if do satisfies ¢o(x) > colz| %N, |z| > R, for some positive constants cp, R,
then for any fized constant A > 0 there exist some constants to > 0 and C > 0 such that
for |z] < A, t >t

(z)*N(Py(t)$0)(z) > C  epar(t) ™. (2.3a)

In other words, fort >ty
| Pn(t)ollgo > C ™ eoar ()" (2.3b)
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Proof. For 0 < t < 1 clearly |(Pn(t)¢0)(z)| < |idollge < ||¢pollgorn. Fort > 1

N z—y|2 kN
(Prs) @) < () % [ .%@ﬂdy

EN
< Cligollgornt™ = +
|%—z|§1 |—"”——z|>1

< C”¢°“B°W‘E“’ﬂ(,i_z,§( 1 z|2)_
< Clidollgornt=F (/0 (%+r)_TrN_1dr+l).

When k < 1, the last integral is clearly bounded. When &k = 1, it is estimated by

kN

1 3%
- i - z|2) * dz
t

22
dz+/ e dz>
RN

kN
2

11 1 1 1
/ (=+7r%)~ 2dr=[log(r+ Z+r2)}0§C’log(t+2).
0

Hence we have

ax (t)|(Pn (t) o) (z)| < Clldollgorn- (2.4)
Since (z) < C({z —y) + (y)),

@ ne@] < 0 [ e (- yt 4 ) ko)l dy
pai? \/z kN
Clontasas ( [ e Y0 s+ ).

When 0 < ¢t < 1, the last integral is estlmated by [e ZT 2)¥V¥dz < C. When t > 1, since
(Vtz) < VH{z) and (z — Vtz) =V, /1 + I\/Z — 2]?, the last integral is estimated by

IA

( + > V1|22 Ndz
|22t S| B2l \/TTITP

' kel N-1 22 kN
< Coé}lz%(e (z)F ) ( +7?) dr+/ 1 |2|"Vdz
< Ch(t)™!
Hence we have
b (8)(z) " | (Pw () d0) (2)] < Cll dollgon- (2.5)
By (2.4)-(2.5) we have shown (i).

(ii) We set

kN _ kN _
(@) (Py()do)(z) = () (/gm* /lmZR) G(t.z — y)o(y) dy

For ¢, it is easy to show

61(t, )] < C(A, R, ¢o)(1 + )" % (> 0).

36



For ¢, since C(z) > (y)/{z — y),

hlts) 2 Cla [ Glhe-yiz-y "y
lyi>R
> C_lcﬂt_k% e__ Iz4|2 dZ
- sopn® " (TT R

|
— C7lepar ()™ as t — oo.

Since ¢; decays faster than ax(¢)~!, (2.3) holds when ¢ > t; for some constant tg > 0. O

To show the small data global existence of solutions to (1.7) we use the following

lemma.

Lemma 2.2 If ¢ € YX(0 < k < 1), then it follows that
lonllyr < C||¢”§/£,
where ¢ is the semilinear part of (1.7)
t
on(t.) = [ (Pu(t =)ol (7, )(@) dr.

Proof. First let 0 < k < 1. When p > 2, by Lemma 2.1,

t
ox(to) < C [ (+t=n) FNeP(r ) lgosvdr
t )
< Clolgy [a+e-n)Fa+n e
< CU+)7 TNl by o> pclk),
and
@i (t,2)] < C [ g llpoavdr
o [t _(p=1kN p
< Clolfy [ (47" dr < Cllolg

Hence we have (2.6). When 1 < p < 2, the estimate are delicate a little bit:

t/2 EN
ont )l < C</o (L4t =) 197 (r, ) lgosndr

! (p=1kN
+ t/2(1 +t—1)" 2 ||¢|°(T, ')|lao,<p—1)kwd7>
< CHQ)H;’%’Z </0t/2(1 +t— T)_%V“(l + T)_(p—;)kN &
M t/tQ(l et N T)_%d)
< C+0) (ol

The estimate (2.9) is available for 1 < p < 2. Hence we also have (2.6).
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Next let £k = 1. When p > 2,
|¢N(t z)|

< C/(1+t—T)‘"log(2+t—7-)[[l¢|”(7, ||BONdT o
2.11
< Clllg, /(1+t—7) Flog@+t—7)- (14757 (log (2 + 7))°dr
< Clegliy, (1+1) "7 log(2+1) by p> pe(l),
and
(z )NI¢N(t )|
< ¢ [Mlog(2-+t=7)lI6F(r, Ylpodr
i (2.12)
< Clele, /log(2+t—r) (1+7) 53" (log (2 + 7))Pdr
< Cligliy, log(2+1).

Thus (2.11) and (2.12) 1mply (2.6). When 1 < p < 2, estimates are similar to (2.9)-(2.12)
and omitted. m|

Proof of Theorem 1.1. Once we have Lemma 2.2, then the iteration {¢(™}%, C YE
defined by

691, = Pu(®go, 6"t = 90, + [ Pule=nle™p o (r, ) dr
is shown to be a Cauchy sequence by a standard way if ¢o € B%*Y is small. This proves

(i). Part (ii) follows from Lemma 2.1 (ii).
Finally, when ¢ € Y is a small solution, we claim

lim ax(O)llgn (8, )lgo =0, (2.13)
Jim k(8] Pi(t)do — Bolt, g0 = O, (2.14)

which show (iii).
It is similar to (2.8)-(2.12) how to prove (2.13). First, let 0 < k < 1. When p > 2, we
choose a small constant § > 0 as

(14+8kN <N, (p—1-06kN > (1+08kN, p>1+%+5 (2.15)

Then we have
oxtta)l < © [ rt-n
Cll /(1+t—f>—
P by (2.15).

(7, Ml go.i+eren dr

a +<§)kN 1+ T)_(_P:_l_;_ﬂ_kf!dT (2.16)

IA

< Cl+1t)

When 1 < p < 2, we choose § > 0 as

2
(1+8)kN<N, p>1+— +

v (2.17)

38



then, since (p — 1 — §)kN < kN,

t/2
lon(t,z)] < C (/ (I+t—1)" (1, )lgo.a+erendT
0
t _1-
v [ Qi)
t/2

“ |¢|p(7_, ) ”BO,(p—l—&)kNdT)

t/2 L
< Cllolg. (/ (14t (147" (2.18)
had 0
t — -
+ (1+t—7)‘Mﬁ(1+T) <1+6>kNd7_)
t/2
< C+t7TTT by (217).

Next, let £k =1. When p > 2, we choose § > 0 as

p>1+%+25, (p—1—=28)N > N, (2.19)
then
)N |gP(1,y) < ((y )Nl¢l)”"l¢lf5’ -0
< C+71)” (log (2 + 7))*I8ll31
< (1 +T) (p— 1225)N

and (y)~(1+ON e L1 n L>(RY). Hence

én(t,a)] < C / Py (t — 1) ()N () OOV glo(r, ) dr
(p—1-28)N 2)N
< C/ 1+71)” N (t— 7)() T (2.20)
< C/ (+t—1) 31+ gr
< o1+ HE,

because Py (t) is linear, its kernel is positive, and |Pn(t)g| < C(1 + t)%HgHLme. When
1 < p <2, we choose § > 0 as

2
p>1+ N + 24. (2.21)

Since (p—1—-46)N < N,

lon(t,z)| < C(/()t/2(1+ - MPN(t—T)(> (146N 4.

t (p—1—
+ 1+t—7)" ‘)llBO,(p«l—S)Nd’l’)
t/2
t/2 C1—26)N
< C (/ 1+t— T)_%(l + T)_(P S g (2:22)
0
t (p—1—8)N N
+ (+t-7)" (1 +T)—7d7)
t/2
< Cl+t)"% by (221).
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Thus, by (2.15)-(2.22) we have (2.13).

Next, we show (2.14). By (1.12), for any € > 0 there is a constant R = R(g) > 0 such

that

()" go(y) —erl S or [goly) —er(y) V| < <y>5kN if |z| > R.

Hence

19O (¢,z) — @o(t, w)l

/lyISRGtx W) l60(y) — 1 (y) ™V dy + /MZRG(t,x D)7y
< CR(1+t) N2 4 6Cak(t)_1.

IA

Since limy_;e0 ax(t)(1 +t)~N/2 = 0,
lim sup ag(t)|¢ (¢, z) — @ (t, z)| < eC.
t—00

Therefore we have (2.14) because € can be chosen arbitrarily small.
Thus we have completed Theorem 1.1.

3 Damped wave equation

A weak solution to (1.1) is defined by the solution of the integral equation
u(t, ) = Sn(t)(uo + u1) + G (Sn(t)ug) + /Ot Sn(t — 7)|ul’"tu(r, ) dr

with (1.16). The t-derivative of Sy (?) is

8,(Sx(0)g) = e™3(— 5 Wix(0)g + 0(W(1)9)) + ulJon (1)),

When N = 1,2, we put Jin(t) = 04(Jon(t)g). When N = 3, since I1(y)/yly=0 = %

t/21 emt2n (VLR
Or(Joa(t = e YI_Ws(t b d
t( 03( )g) € 8 3( )g+ 2i<t t Sﬁm g(fL‘ + Z) Z

¢
e 2§W3(t)9 + Ji3(t)g.
Hence 3
8 (Sn(t)g) = e *Wi(t)g + Jin(t)g,

where
WN( )g + 0(Wn (t)g) (N=1,2)

WN(“QZ{ (CL+ DWa(t)g + a(Wa(D)g) (N =3).
In the result, (3.1) is rewritten as
u(t,) = (e t/2WN(t) + Jon (1)) (uo +w1) + (e™*Wi (1) + Jin ())uo
+/ tT)/2WNt—T)+J0N(t—T Niul?tu(r, ) dr.

-~

Sn(t—71)

(3.1)

(3.4)

Thus we need similar estimates to (2.2) or (1.19), which play a key role in the proof

for the damped wave equation.
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Lemma 3.1 Let N = 1,2,3. Assume g € BY%*N or g ¢ BlZ1:EN (0 < k <1). Then the

following estimates hold:
(ak(t) + br () (2)*) |2 (Wi (£)g) ()] < Ce™*|lglgosn,
(ak(t) + be(t) (@) V) e (W (8)g) ()] < Celigl| i)
(ak(t) + bk (8)(2)*™)|(Jon (t)g — P (t)g)(2)] < C(1+1)~"lgllgosn,

(ak(t) + b ()(2) ) |(Niw (8)g) ()] < C(L + )7 |lgllgowen,
where ax and b are defined in (1.9).

Once we get Lemma 3.1, we have the basic estimate on Sy (t).

Lemma 3.2 Let N =1,2,3.
(0) Assume (ug,uy) € BIIAN BOAN | then

uO(t, z) == (Sn () (uo + w1)) () + 8:(Sn (t)uo) ()

satisfies
(ak(t) + be () (@) ™M) [V (¢, 2)| < Clluo, wi

B[%MN < BOEN "

(i) Assume g € BYN | then

(ax(t) + bi(t)(2)*™)|(Sn (1)g) ()] < Cligligo.in-

(3.5a)

(3.5b)

(3.7)

(3.8)

(i) Moreover, if g satisfies g(z) > colz|™*N, |z| > R for some positive constant cg, R,
then for fized constant A > 0 there ezist some constants ty > 0 and C > 0 such that for

|:El < Aa t 2 t07
(@) |(Sn(t)g)(z)] > C ™ coar(t) ™.

In other words, fort > tg
1Sn (t)gllgo > C ™ eoar(t) ™"
Proof of Lemma 3.2. (0) By (3.6a) and (2.2), it is clear that

(ax(t) + be(t)(2)*™)|(Jow (£)g) ()] < Cllgligo.ss
which together with (3.5) and (3.6b) shows (3.7).
(i) Both (3.5a) and (3.10) yield (3.8).
(ii) By (3.6a) and (2.3), for |z| < A

(@)*NJon(t)g > (@) NPy (t)g — Caar(t) 11+ )7 Igllgo
> Clepag(t)™! (t > to).

Since e~*/2Wy (t)g decays much faster, we have (3.9).
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(3.9a)

(3.95)

(3.10)

(3.11)



Our main theorem 1.2 is now proved rather easily.

Proof of Theorem 1.2. We define the iteration {u(™(t,z)} by
uwO(t,) = Sn(t)(uo +u1) + 8(S(t)uo)
¢
utD(¢,) = w0 (t,-) +/ Sy (t— T)[u(n)[p—lu(n)(q—, Y dr.
0

By (3.7), u{9 € Y£(0 < k < 1). Since Sn(t) satisfies the estimate (3.8), same as (2.2) for
Py (t), we have

lunllys < Cllulfy
similarly to Lemma 2.2, where uy(t,) = f§ Sn(t—7)|u|’"'u(r, ) dr. Hence, by a standard
way we easily show that {u(™} is a Cauchy sequence in Y, if ||ug, u3 ”B[%]*"N (0N is small.

Thus we have a time-global weak solution to (1.1).
By (3.6a) and (2.14)

|(Jon (t) (uo + u1))(z) — Dolt, z)|
< |(Jon(t) = Pr(t))(uo +u1) ()] + [(Pn () (uo + 1)) () — Bo(t, )]
= o(ak(t)™h),
and |e~ 2 Wy (t) (w0 +u1)], le"/2Wi (t)uo| and |Jyn(t)ug| are also o(ak(t)~1) as t — oo by
(3.5a), (3.5b), (3.6b). The nonlinear part uy(t, ) is shown to decay faster than aj(t)™*
by the same method as that in (2.15)-(2.22). Because Sy(¢) is linear, its kernel is positive

for N =1,2,3, and Sn(t)g satisfies (3.8), same as (2.2).
Thus we obtain the asymptotic profile of the solution w. O

4 Proof of Lemma 3.1

In N = 1,3 we need basic properties on the modified Bessel functions.

Lemma 4.1 The modified Bessel function I, of order v satisfies

B(0) =1, Tiw)/yly=o = 5. (41)
I(y) = L), L) =l - ih W), (4.2)

and, moreover, as Yy — 00,

L(y) = /—%ey (1 _ (V—1/22);u+1/2) 4 (u—1/2)(u~3é!22)2(2;3/2)(l/+1/2)

——e (_1)k(z/—1/2)---(u——(k~1/:!)2),5;:-(19—1/2))-~-(V+1/2) + O(y._k_l)) '

(4.3)

For the proof, see e.g. [19].
We prove Lemma 3.1 only in the case of N =3 and N = 2. The case N = 1 is similar

to N = 3, and omitted.
(I) N =3. The estimate (3.5a) is clear by

|(Ws(t)g)(z)| < tllgllse
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and
()N |(Wa(t)g)(z)| < Ct/sz(<w+tw)m + (tw)*N)|g(z + tw)| dw
<

Ctl|gllgo.sn + Ct(t)*N|g|Igo.
Since

B(Wa(t)g)(z) = ZI; /S 9(z + tw) dw + %/52 Vo(z + tw) - wdw,

(3.5b) is also clear. For (3.6a) we express Jo3(t)g and P3(t)g by polar coordinates, and
decompose the integrand

J03( g — P3(t)g

2

/t2/3 / / e 21'1(\/t27)t e_:t_t
- 47rt 12/3 | Jg2 Wt2 — r2 Vit

e~ T 2/4t 0
/ /52 47rt)3/2g (z + rw)rtdrdw

= (X1 + X2) + Xs.
For 0 < t < 2, clearly

) g(z + rw)r? dr dw

| X;illgoxn < Cligligosn (2 =1,2,3). (4.4)
For t > 2, X3 is estimated as

oo
Xal < Cllgllgoe™* [~ & /47322 dr < Ce~P gl (45)
t

for some constant G > 0 and
(@)EN | X3
o<

P2
C/ / e” % ((z + rw)N + (rw) V) g(z + rw)|t~3?r? dr dw
boo 752, (4.6)
C [ e lgllsosn + (1) lgllge)t™*/r dr

IN

IA

t
Ce™%lgllgo.sx-

IA

Since I, (y) (v > 0) is increasing, by (4.3) for t?3 <r <t,t>2,v =1,2,

12 — 2
e—t/2IV(—__
1 t+,/t2_t4/3

S VovEoane T T (ro o
—r2/4t
nd (%t—)m < Ce P Hence we have
m

 3.1/3
(14 (z)*V)[Xa| < Ce™ P |gllgosn . (4.7)
Main part is X;. Since (t2)m < :2 (m > 1) for r < £33, by (4.3)

LA ‘t/QI \/t—_‘ﬁ)
Vart 2 2

1 1 r2 L
= Vint oy e T
2V mVt2 —r?

, (4.8)

(1+0( )):1+%0(1+Tt—),

3
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because

—; S N 2
ez_i—%"r 1522 2 —e pre) (1+\/1—r2/t2)2 :1+ %O(%).
Further, since
t r? 1 _r?
1- =) 12=14+-0(—
we have
1 X
- _/t2/3 o=/t | [ g=r?/ar\ T 1 e (m) - ﬁ)-1/2 .
- 52 dmt |\ V4t 2 2 12
Jg(z + rw)|r? dr dw
< ¢ /*’3 Lo AN R Ll G R
- t2” ” 52 \4nt t (x + rw)kN
C g BOkN/ "|Zl /4 2 dz
< ZACTBORY (1 —  (rw=—V12).
—_ t R3 € + lz[ )<.'L' _ \/iZ)kN (Tw \/Z’z)
Further, similar to deriving (2.4),
| X1
< Cllglgoant™ =% ( . + [ ) (14 [P )( +]2 = 2?7 dz
|W—z|<1 |2 —2(>1 \/'
< Clgllgonvt™—% ( i NEl Ty Eas [ )dz)
< CHgHBo,th_lak(t)‘l.
(4.9)
By a similar fashion we have
(@)*V|X1| < Cllgllgosnt™ b (). (4.10)

Combining (4.4) with (4.5)-(4.10), we have (3.6a). Finally we estimate Jj3(t)g. By (4.2)

J13
e7t/? ViZ —r? t?
T 4t / /52 2 )2(t2 —r?)

V2 1‘2)( t 2t2
r vE—r T o ayvE

t2/3 ¢
= / +/ = Xy +X5.
0 t2/38

Clearly (1 + (z)*™)|X;| < C|gllgo.e~ for 0 < t < 2. When ¢ > 2, it is clear that (1 +
(z)*V)| X5| < Ce“ﬁtl/sﬂgHBo,uv. Since

~Ii( - g(z + rw)rtdrdw

t2 1 1, r? t 2t I
WE—r2) 5+ 20(=), + =5+ -0(7)
r2) 2t tT 22 (-2 2 t
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for r < t¥/3, t > 2 together with (4.8), we have

t2/3 2

e T /4t
/2 i )|g(:1:+rw)|r drdw.
s

7t

| X4| < Ct_z/
0

Therefore, X4 is estimated similar to X;. Thus we obtain (3.8b), and complete the proof
in N =3.

(II) N =2. Since

(a(0)(@)] < gl || 22 < tlgle

and
(2 + 2 + ()*Vg(e +2)]

(@) N M (t)g) (@) < C©
|2|<t \_Ctﬁ — 122
Ct(llgllgosn + (t)* )

lgllgo),

IA

we have (3.5a). Since

Vg z +rw)
8,(Wa(?) 27r//51 ﬁ “ dr dw,
we easily have (3.5b). For (3.6a)

Joz( )g = P2
(cosh Y22 _T -1) 2

(t)g
t2/3 e~ % 2
= 47rt </ /t2/3) /51 ( t2—'r2 —e 4t) -g(m+rw)rdrdw

e T 2/4t
/ /Sl yp g(z + rw)rdrdw

= (X1 + X2) + Xs.

When 0 < t < 2, (1+ (z)*¥V|X;| < Clgllgos~ (¢ = 1,2,3), and both X, and X3 decay
exponentially similar to those in N = 3. Moreover, when r < #2/3 ¢ > 2, for some positive
constant § < 1/4

2 _ p2 22,2
T 1) = e_F(eﬁ_ + O(e‘ﬁt))
2 P2

= e @ (14 0(1+ =)

-
ol ™
|
3
~

+

Nfes

26_%(COSh
(4.11)

=1+ %O(%) Hence

| X1 “/

tZ
< Ct“Z/ /e‘ﬁ 1+ )Ig(z+rw)3rdrdw

¢
and ———
A /t2 _,,.2

t2/3 72 1 7'2
/ e T +;+t—— D|g(z + rw)|rdrdw
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This is estimated similarly to the case in N = 3, which shows (3.6a). Finally,

Ji2(t)g = 8:(Jo
t 2 2
e 3 tsmh YEZTZ 2(cosh Y5~ — 1) 1 t
- / /51 ( t2—r2 - g (§+t2—r2) g(z + rw)rdrdw

t2/3
= / +/ =: X4 + X5.
0 t2/3

X5 decays exponentially. When ¢ > 1, since

2

12 2 2 1
2~ sinhTT = e (1+ 701+ :—2))
with (4.11), and
t 1 1 r?
_ (14 Z0(=
s —r7) 2 T 0
11 ¢ 1 1 r2
— = =-—(1+-01+=
t2—’r2(2+t2—7"2) 2t( +t ( +t2))7

we have
t2/3 2 r2
| X4| < Ct“2/ /1 e ®(1+ T)Ig(x + rw)|r drdw,
0 s

which derives (3.6b).
Thus we have completed the proof of Lemma 3.1.
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2.3 Asymptotic profile of solutions to nonlinear
dissipative evolution system with ellipticity

Kenji Nishihara

Abstract. We consider the Cauchy problem for the nonlinear dissipative evolution system with
ellipticity on one dimensional space

=—(1-a)y— 6, +ar.,, (tz)€(0,00)xR
= "—(1 - a)9 -+ V2’IZ);,; + aoza: + 2’({)03,

with 0 < 1?2 < 4a(l —a), 0< a < 1. S. Q. Tang and H. Zhao [4] have considered the problem
and obtained the optimal decay property for suitably small data. In this paper we derive the
asymptotic profile using the Gauss kernel G(¢,z), which show the prcise behavior of solution as
time tends to infinity. In fact, we will show that the asymptotic formula

—(l—a-i2 cos (3= + § + Bo)
H( ) the) ~ Doemt oo, o i)

LP(R:)
= e~(-a=Eito-30-3)),

holds, where Dy, 8, are determined by the data. It is the key point to reformulate the system to
the nonlinear parabolic one by suitable changing variables.

Mathematics Subject Classification(2000). 35B40, 35K55, 356M10.

Key words. Evolution system with ellipticity, parabolic system, asymptotic profile.

1 Introduction

We consider the Cauchy problem for the nonlinear dissipative evolution system with el-
lipticity on one dimensional space

Y= —(1 =)y — O + gy, (t,z) € (0,00) xR 1)
0; = —(1 — a)f + V29 + alzy + 2900,, .

(©,6)(0,7) = (¥, 80)(z), z € R. (1.2)
The parameters a,v(> 0) are assumed to satisfy

0<v?<4a(l-0a), 0<a<l. (1.3)

The system (1.1) is a special case of the simplified system

Y = —(0 — )Y — 00 + azy, (1.4)
0; = —(1—/3)6+V27pz+;391‘z+2¢9:c- )

The system (1.4) with a = 0, together with the system having the conservative nonlinear
term (1), instead of 2¢0,, was originally introduced in Hsieh [1] to observe the nonlinear
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interaction between ellipticity and dissipation, and (1.4) is found in Prof. S.Q.Tang’s
Ph.D. thesis(private communication) and Hsieh, Tang and Wang [2]. As written in Tang
and Zhao [4], if we ignore the damping and diffusion in the moment, then the linearized
system of (1.4)

Py = —ol;
0; = V21pz

is elliptic, and the equilibrium (1, 6) = 0 is unstable. By taking the nonlinear term 26,
into consideration, it is still unstable when || < 1, and it switch to be stable when
|| > 1 because the system become hyperbolic. In their paper [4] they have obtained the
decay estimates of the solution to (1.1)-(1.2), whose system has the damping and diffusion
effects, provided that the data is small.

In this paper we improve their result to obtain the asymptotic profile of the solution

using the Gauss kernel

2

1
vVarat P %%

To do so, we change (¢, 0) to the new variables (u,v)

< () > — 26—(1——a—é)t ( UT—("E) - UT+($) ) (16)

G(t,z) = ). (1.5)

4 —v(uTy(z) + vT_(z))
u '\ le(l—-a-—%) YT_(z) — gT+(a:)
( v ) 4 t( ~(¥T4(2) + 5T-(2)) ) (.7

so that the Cauchy problem (1.1)-(1.2) is reformulated to the problem for a new parabolic
system

U = QUgy + Fy
{ Uy = Qugg + F_ (1.8)

with the initial data

w0 (@ ) (g .ol %o@T-(e) - 2ET (a) >
(v)(o’ )"<vo)()"4<—(«po(zm(m%ﬂﬂ(x)) - 19

Here

FL= Fi(u,z)v, Ug, Vg)
— (- ENT, (2)(uT- (2) — 0Ty (D) L (T (z) — vT4 (2)) + 2T (2) + 0T (2))}

(1.10)
and v v v T
Ty (z) = cos %z:{:sm 55T = \/icos(ézzq: Z)' (1.11)
The solution (u,v) to (1.8)-(1.9) is given by that to the integral equation
¢
ut,a) = [ Glt.o—puwdy+ [ [ Gt -z~ yFilry) dydr
R 0 /R (1.12)

v(t, ) =/RG(t,:c—y)v0(y) dy+/0t/RG(t—T,z—-y)F_(T,y) dy dr,
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and, if (ug,vo) € L'(R), then it is expected that
l(u — 6,G,v— 6_G)(t,")| = o(t™2), t— oo, (1.13)

where

6+—/u0( d:c+/ /F+7'y)dyd7'
5_=/ vo(z dx+/ /F_(T,y)dydT.

Hence, by (1.6) we expect (v, 6) to behave as

po—i-a- ) ( BTE ST ) alt,) (1.15)

(1.14)

as t = 0o. Moreover, since

T, (x) = \/icos(—;&x - g) = \/écos(—é%x + % - g) = \/isin(él—/(;x—i- g)
by (L.11), L
6.T_(z) — 6_Ty(z) = 1/2(82 + 62) cos (%w + 1 + fo), (1.16)
ith
" cos 3 _ sin [ _ 0 (1.17)
0 = 3 0= . .
/6% + 62 \/02 + 62
Similarly,
v
514 (2) + 8-T-(2) = \/26% + 82) sin (5-a + & + fo). (1.18)

Substituting (1.16), (1.18) to (1.13), we expect that

¥ / —(1-a-2 cos(gzz+5+06) \_ -1
( 9 ) -2 2((53_-}—(52_)3 1 4a)tG(t,ZII) ( —l/sin2(—2'—/a—gg—:%+,60) ) —O(t ) (119)

That is, the solution (v, 8) behaves like the Gauss kernel vibrating with the period 4“77'
in z-direction, whose phases have § gap and whose magnitudes have the ratio 1: v, and
decays exponentially in f-direction.
Even when
v? > 40(1 - a)

in stead of (1.3), the system (1.1) can be formally reformulated to (1.8). But, the order of
nonlinear term seems to be too small to prove the global existence. Also, when (g, 6p) ¢
L'(R), especially

zkglw(quvOO)(x) = (¢i70i)a (¢+70+) 7é (¢—70—)a

see Zhu and Wang [5]. For the related results see the references in [4, 5]
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2 Reformulation of the problem

We derive (1.8) from (1.1). Multiplying (1.1) by e}, A:=1-a - 4 , we have
At v e At At
(e™Y) = _Ee Y — (e70)z + a(e™ )z,

2
(10); = — €0+ V2 (e*Y); + aleMb)sq + €M,

where
[ =2¢6,.
Moreover, noting that
T'(2) = ~5-Te(e), Ti(e) = 5 T-(2), Ti(z) = ~(5.)"Tx(a),
we calculate (2.1) x T_(z) and (2.2) x T (z):
(YT (2)); = — 42" YT(z) — (€0);T-(2) + (YT (2))zz

—a (=(£)2eAYT (z) - 2(eA)s 2 T (2))
= v(eA9)o Ty (z) = (eX0). T (2) + (e YT ())aa

nd
) (eA9T () = — L eA9T (z) + 12 (eAl4) s T () + (0T (2)) a0

—a (—(£)2e40T, (2) + 2(e0)o 5T (2)) + e [T ()
= V(M) T (z) — v(e0),T-(z) + (0T (2))as + e T4 (2).
Hence, 1{(2.1) x T_(z) — 1(2.2) x T+ ()} with (1.7) implies

1
Ut = QUgg — EeAth-F(z)'

Similarly, —{(2.1) x T4-(z) + 2(2.2) x T_(z)} gives

1
Vf = QUgy — 4—VeAth_(:c).

From (1.7) and
Ti(z)? +T (z)* =

(1.6) easily follows. From the second equation in (1.6)
8, = —2ve A (ugTy (z) + v T- (2)) + —2%(UT_ (z) — vT4 ()},

which yields

Fr=—-LeAfT ()
= ¢ M (2)(uT-(2) - T4 (2)){§ (uT- (2) = vT4(2)) + 2uaTs (z) + v T-

Thus we have obtained (1.8) with (1.10).

(2.5)

(2.6)

(2.7)

(z))}-



3 Global existence and asymptotic profile

First, we solve the reformulated problem (1.8)-(1.9) by solving the integral equation (1.12).
The order of the nonlinear term is 2, which is less than the Fujita exponent 1+ %, N=1
and small for the global existence, generally. However, e~4! in F; helps us to obtain the
global existence theorem and the asymptotic profile.

The solution space is defined by

X(0,00) = {(u,v) € C([0,00); L' N L®(R)); (u,v)s € C([0,00); L'(R))}
with the norm

lu, vl x = 021<Pm{||(u,v)(t)llu +(1+ )7 ([ (2, 0) @)l + [, 0)e®)l2)}. (3.1)

For the initial data we assume that

(uo,v0) € L' N L=(R), (uo,v0)s € L'(R),

(3.2)
llwo, vollLinze + [[(uo, vo)sz|lr < €(< 1).
As usual, define the iteration {(u,v)™} by
(u,0)0t,2) = [ Glt,z - y)(uo, o) ) dy (33)

(1,0)™ (£, 3) = (u,0) Ot 2) + /O t /R Gt - 7,2 — y)(Fy, F) " D(r,y) dydr,  (3.4)

where
Fin)(t, z) = Fi(u(”), v("), u(zn)’ Ui"))(t, ). (3.5)
It is easy to show
I(w, )@l x < ColJluo, volizrnze + Il (o, v0)e |1 < Coe. (3.6)

Moreover, we show for some positive constant Cjy

(i) when e <« 1,
I(w, v) ™ Dlx < 2Coe = ||(u,0)™||x < 2C0e,
(ii) for less constant ¢ if necessary,
)™ = ()Pl < S, 0)™ = (,0) D
Then we get the solution (u,v) to (1.12) in X (0, o). Denoting
U = (u,v), Up = (ug,v0) with |U| = |u| + |v|, |Us| = |uo| + |vo], (3.7)

noting that

|F (U, Urz) — F(Uz, Uaz)|

At (3.8)
< Ce (U, U, Uiy, Uag||U1 — Ua| + U1, U||Uiz — Uagl).
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we prove (i). For X-norm of u,
1™ (2)] 2

t
< a1 + /0 1G( = 7, )| [ F O () 1 dr
< Ju®)

t
+ [ e U= jT D (g + UG g [0 D)) b

t

< s + [ Cem A1+ 7) U] x dr
0

< u@lzs + C2Cee)?,

t
1™ @)l < ez + /0 1G( =7, )=l F D ()l dr
t 1
< @) e +/ Clt—1) 2 A (1+7) 5 |U D) dr
0
< u®zee + (1 +8)7% - C(2Cpe)?

and
t
™ @) < 1wl + /0 1G2(t =, M I F D ()l dr

<Nl + (1 +8)77 - C(2C0¢)%
Hereandafter C' denotes several positive constants. Hence
lu™llx < ul?]x + C(2C0e)*. (3.9)
In a similar fashion to the above, we have
o™ lx < [vllx + C(2Coe)?. (3.10)
Adding (3.9) and (3.10), we have
UM x < UQx + C(2Cpe)?
< Cpe(1l + 4CCye) (3.11)
<2Che if € <1/(4CCh).

The proof of (ii) is almost same as (i} and omitted.
Thus we reach to the first theorem.

Theorem 3.1 (Global existence) There ezists a sufficiently small constant € > 0 such
that, if (3.3) holds, then the solution (u,v) € X(0,00) to (1.12), and hence to the Cauchy
problem (1.8)-(1.9), uniquely exists, which satisfies

(2, 0) (¢, )lzr < C(L+4)"707%), 1<p< oo, (3.12)

(g, va)(t, )l < C(1L+18)7%. (3.13)

Further, consider the asymptotic profile of the solution obtained in Theorem 3.1. Then
F. is integrable over [0,00) x R and 1 are well-defined by (1.14). The main theorem is
given by the following.
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Theorem 3.2 (Asymptotic profile) The solution (u,v) obtained in Theorem 3.1 sat-

isfies as t — 00
1w = 6,G,v = 6_G)(t,-)|l1» = ot 2075)).

Proof. The solution (u,v) satisfies (1.12). Hence, setting

oo
o = [w(@)ds, 67 = [~ [ Fr(ry)dyar,
R 0 R

we estimate as follows. For the initial data,
[, Glta =) dy - 8L6(t.2)
= [ (G(t.z—9) - G(t.z))uo(w) dy
1
= [ [ Galt.o = ) dx - (~y)uoty) dy

and, if (1 + |- |Jug € L*(R) for a moment, then

|| Gt o~ yuoy) dy — 6LG(t, @)l < 3077,
R

(3.14)

(3.15)

(3.16)

When ug € L'(R) only, for any small constant 5 >, there exists the constant M = M (n) >

0 such that
/ luo(y)|dy < 7.
ly>M
Hence . .
2079 (G(t,z ~y) - G(t, 2)uo(y) dyllzy
. ly|>M
<A [ 2060 el dy
<C [ fuly)ldy<Cr
ly|>M
and
1(1_1)
t2 | (G(t,z ~y) — G(t,2))uo(y) dyl|Lp
tyISJ}/I »
<C / / a1 d
wi<m Jo \/‘I 0 y)! Yy
< —77:—/1{[u0(y)|dy—)0 as t — oo.

Therefore, by (3.16),
Tm 207 / G(t, — y)uoly) dy — 6LG(t, z)[l1» < O,
t—o00 R

which implies

I [ 6t = hun(y) dy - 616t s = olt H0 7))

(3.17)



For the ”forcing term” we sketch the estimates, which are similar to those in Karch
[3]. We devide the integrand of the difference into three parts:

//Gt—Tx— )F+(7'y)dyd7'—5FG(t x)

//2/2 Gt—r,z—y)Fy(r,y)dydr — G(t,z /t/z LF+(T,y) dydr (3.18)
+ [T [t -ma -y - GNPy dyar
0 JR
=: K1 + Ky + K;.
Since
Kl < [ 160 =)l IFu(e) s o
t/2
/ Ce UMz (IU () + 1Uz(7)]21) dr,
= 0(1)
and

K1 L= < /t/t2 C(t — 1)~ 2 AU (D) 2= (IU (D)l g1 + [Ua(7)l|2) dr
= o(t"3).

Combining them, we have
I1Kil|z» = o(¢™¥075)). (3.19)

For K, it is easy to show
1 1
1Kallzr = o(t"207%)). (3.20)

Following [3], for small constant u(0 < u < %) we devide K3 into two integrands:
Ky = ( [+ ) (Gt -~ y) - G2 Fr(ry) dydr,  (321)
() J02()
with
t
Q1 (t) = [0, ut] x {y € R; ly| < pt'/?}, Qa(t) = ([0, I X RN\ (2). (3.22)
Since

La-1) la-b) [*
2| lr <2347 IG(t —7,- —y) = G(t,)l|o|Fs (1, )| dy dr,
Q(t) 0 yl<pvit

the changing variables 7= £, % =z, T = st yield

L L
ARy [ s

—z)2 2
// / P (~2as)  exp(—5)
|2 <p dra(l — s) Vara

P 1/p
d§) [Fy(st,Vtz)|Vtdz - tds.
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Here, samely as above, for any small constant n > 0, there exists the constant y = u(n) >0
such that, if |s| < p, |z] < u, then

£—z)2 p 1/p
/ eXP(—4(a(1z_)s)) B exp(—%) dt <7
R| Vira(l —s) Vira -
Hence -
BOBY [ N <n [ IPr(ny)ldydr < On. (3.23)
() i (t)

Using this 7, we derive

ol < L (160 =7l + GG ) P 9) dy

(3.24)
<ot - D[ IFny)ldydr = o(t7H ).
Qa(t)
Combining (3.21)-(3.24), we have
Tom ¢3(1-3)
lim 2V 77/ ||K3||» < Chn,
t—o0
which implies
I1Ksllze = o(t™205). (3.25)
From (3.17)-(3.20) and (3.25), the desired estimate (3.15) on u has been obtained. The
estimates on v are completely same as those on u, which completes the proof. a

Theorems 3.1-3.2 on (u,v) are returned back to the theorem on the original variables
(¢,6) by (1.6).
Theorem 3.3 Let (¢g,60) € L' N L®(R), (v0,60)z € L1(R) be sufficiently small. Then

the Cauchy problem (1.1)-(1.2) has a unique solution (¢,6) € C([0,00); L' NL>®(R)) with
(4,0); € C([0,00); L'(R)), which satisfying the decay estimates

16, 8) (¢, llr < Ce~0—— 501 487309, (3.26)

16,0)(t, )l < CeU—a—5t, (3.27)

Moreover, the asymptotic formula

1/) 2 2 —(l—a—é)t COS(QLJ"_*_ % +60)
( 4 >(t’“’) —2y2(03 +6%)e = G(t,z) —vsin (£ + T + )

= (lma—gg )t o(t” 21— 1))

LP(R:)

holds, where 84, By are given by (1.14), (1.17), respectively.
The asymptotic formula in Theorem 3.3 is derived as the procedure (1.13)-(1.19).
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2.4 HBHESAEXOI——RIEDORED
PLEIR R

vl (B RF BOGREF FTh)

1 B

AFECiE, EER S 5 ER (Damped wave equation, Wave equation with dissipation)
Oa—— FDE] %

{ uy — Au+uy = f(u), (¢,z) € Ry xRV,

(DW) (u, ue)(0, ) = (uo,u)(z), = € R

PELD. flu)=0DEXELHAARFOBBEREHF RN THY, BHEPE f(u) &
EETDH L X I p > 1 2D
(1.1) flu) = |uf~tu, tulf FE fw) = —|ulftu
HEEZD. EORFEEICLST,
“ HEEEE FRAOMIIL - oo & & HIIHESEE

LR ENTEE. Thbh, (DW)Dfu(t,z)ld, t > oD & X, HIET D BGEKX
(Heat equation) ¥ 7= 1% 385 #(Diffusive equation) ® =1 — 2 —fi&H

¢ — Ap = f(¢), (t,z) € Ry xRY,
(#) { ¢(0, z) = ¢o(z), z€ RN

DR $(t,z) \CEHET A L. BHEEIZIHEEIOMBERLETOBIABELL TEZ. 21 b
ZOWTE ETITE .

P GBS RTETIAR 2 ORTTS. TRLAEROEHKTLH Y, HEER
BHFERXOLBERENES BB TELLBDONINLTHS.

ETFIL 1.1 (BMEEEXRTHER (Li [32]) BAlticB T, ZEH 1 RTAICERICHED
DEEDE BT BEME q(t,z) £ 5. BUlz FROHIGEHLLLDETD L, [a,b]
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HDBE ¢ DEIT dtf #(t,x)dr T, £ = a,bIZBITHBDOHAY ¢(t,a) — q(t,b) =
— Pt 2)dz IZE L RBDT,

(1.2 S otnao=-[wad o ota=0

2D, 7V OERIICK T, BYUR ¢ I TRERIZHST 5 (MFIERIE~ 1 T X)
DT,

(1.3) q(t, ) = —kde(t,z) (k> 0: BEEFE).
(uﬂ%@ﬂmﬁkbf,%%lﬁﬁ@ﬁ%ﬁﬁﬁﬁ

(1.4) $r — Kzz =0

2D, (13)P@EEOT7—VOERITH L0, HEEAND 7 — U =Dk |

(1.5) gt +7 ) = —kéa(t,z) (0<T<1)
BRETSE, qt+7,2) 2HEt TF—F—BEL, 2RUBOELEET5 L,
(1.6) a(t, ) + Ta(t, 7) = —kea(t, 7)

Lieh. IR THOLT (L) #EE, ZEE 1 ATONMERBAER

(1.7) Ty + P — Kpge =0

BE5. 7 0+ ETHIE, TOEEXHFNLD, BREBEL LT, HENEHHER
(1.7) REAHEER (1.4) WS 5 2 L AT ENS.

ETIL 12 (ZAEPOEHBUEROFERR) ZALETO 1 RTEMER DO FERIT La-
grange FEAER &2 WD &

(1.8) {vrﬂuzo,uﬂoeR+xR1

u +p, = —au, (a>0:EHK)

EREIND. 22T, (> 0)IZHEHE (= 1/p, p: BE) , wITHEE, plIEHT, Na b
RE—iip=f(v) BRETS. HEFIZp) =v " (> 1) Thd. y=10DL &%
B, y>10LE3Ex L bo—KThs. FI1RIEERTLZRL, F2UEH
ERFH (EF1X) »oELNS. 18)DFE 2T, BEO=a— F OB AIT
—ou DRDVIZ, v(%), (v >0 HMERE) L5, ZHEFTIE, EEIHAITDE
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BIZL2EANKEL, —aubeoTb. &T, (1.8) DEDFEIZ OV TIZTEHE [45]
R, BOZEENL, t 5> ocoD & E XN —0DER] (Darcy’s law) 12X 5 T,

(1.9) {@_Fzz 0

p(v):z = —au,
(1.10) (v,u)(0,2) = (v, uo)(x) = (va, ux) (v, uz : EEL, vs > 0)

Z¥Fo & &, Hsiao-Liu [17]1d, WY RMEREK (0,a0)(t,z) EEAL, V(t,z) = [* (v—
7—0)(t,y)dy D2 ﬁ%(%%lm{ﬁiﬁjﬁn D a——BRICER Lz L, EBYRERMET—
FBNENENIFHEDOTT

(1.11) 1(v = 8)(t: Mlzznze = O(E™Y2), ¢ — oo

To. BEIZE-T, (1.8)1Fp(v) < 0LV, v DEBEEENIAENX, (1.9) 130 DL
FEXT, (L11)I3HBEERSFTRAOLEEREZER L TV D ’@%%w , (L11) T,
(v =B)(t, )|z 1 || (v = B)(2, mp;@ﬁawﬁmifri@wtéomv1&x@rﬁ
FEROMD LP-/ A 2iE O 1079)) THET BIETTHBEMND. DO ENEEDE
HOEHEDER L 2o 7.

WEITIE, (DW) 3RE, T7hbb, f(u) = 0DHEIC, BETEZANVT, MET5H
(H) Dfg & E ORISRV D, 8iE (DW) IR AR BFBRRXOFMICH - T, @
EORICESIMNE S hlr (B MIMEZFO0EEZBETSH. EI3EHTHE, F280oK%E
DFEORERZ R OMEIEAT 5. f(u) = —|ulflu D & 2 3EBEREITRINE &
LT, flu) =uflu, £uff 0L X ZBEHLE & LTEE, ZRENEEPERS. &
BOBETIIBEETAFEEICOVLTER L THD L K D,

2 WREHMBKRBAENX
B SRR R O = — o — R

(DW) {utt—Au—l-ut:O, (t,.’L')ER+XRN,
L

(u, u)(0, x) = (ug,u1)(z), =€ RN

T, MIETD R (B HEX o a—2—fHE

{@~A¢=m(ameR+xRM

(e 8(0, 7) = do(z), =€ RY
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CEEIET, ENODOHBO “E” OFEERSLD. (H) OfF o(t,z) &

(2.1) (Py(t)oo)(z) = /RN Gr(t,z — y)do(y) dy, Gnl(t,z) = (dnt) Te o
EERT L, I<ALNTWAEIIZ, ¢geld,1<qg<p<oollXLT, LP-LIFH
18]

N1y o 18
(2.2) 10802 Py (t)gollze < Clldollzat 29772, ¢>0,

WS T 5. 2212, aeNpg:=1{0,1,2,...}, B=(Bi,...,08v) € Nox --- x Ng, 8] =
Bi+--+ByT, 8,=0/0t, 08 =038 ... 00 THB. CIHEEEKEET. (DW), I
LTI, (uo,u) ORDYIC, FIHME (0,9)(z) 2> —+ —FHE

(2.3) {vu—Av+vt=0, (t,¢) € Ry x RY,
' (v,2) (0, 7) = (0, 9)(z), = €RN

DfFEx v(t,z) = (Sn(t)g)(z) L RT &, (DW), DfFu(t,z) 1L
(2.4) u(t,z) = (Sy(t)(ug + u1))(x) + 8 (Sn (t)uo) ()

ERTENTED. £IT, Syt)glzon T, (21) DL D ICERETERD, ThifiF
Fri<(22) ICBE L7 MARkDS. LT, N=3DLEEZHRLNILTEHEREEDD.

2.1 HREHBREEGHFEXLOBRRT
N =1,2,30& ED Sy(t)g PEFRITRD L 51252 5415 (Courant and Hilbert [2]):

—t/2

2.5), (Si(t)g)(z) = - /IZIStIO (%,/t2_|z|'z)g(x+z)dz

e~ t/2 cosh 54/t2 — |z|?
27 /|z|5t

(2.5)2 (S2(t)g)(z) =

—t/2

23)s (S:(0)9)(a) = o /mg Io (%,/ﬁ 2P gla + 2) dz.

DI, L(y) RERAS v ABEET, &E TR

(26) L(y) = n;i;o m!T'(m :— v+1) (%)Qm (I 7~ B%)

TEx b, ~yEABEE () ZED & L(y) =i"](y) (v € No), £72i%, 2FBEER
BHBRI 4L - (1+5) L, =0 OMTLH 5. FET (2.5) BT, NRTEBS
RO = — —

Uy — A = 0, (t,l‘) € R+ X RN,
(7,7:)(0, ) = (0,3)(x), =€ RN
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ORI YOLE T ik L BN AR ERE A L TALAS. BY(2), 9B (2) iz,
O N KTER, NKTREE LT,

ota) = Wn(9)(@)

1 (18\ 7 [tN-2 ) -
V—N (;52) <—laBt| 9Bu(z) 9(y) dSy) (N = #%)
—1.9... _ 2\/7rN N-1

1 (10 7 g(y dy "
| = N =
YN (t 6t> (IBBA B:i(zx |y — xIZ) ( {Ej%{)

| (w=2-4-N, B = %’Ts’;t”)
ThHHrZ 2B ToE, oy =(z1,...,2n, Zy01) = (@N,Zny) ER LT, (N+1)
KRB H R D = — o — BB (2.7)ns1 C G(@na1) = g(@n)e™h b 255, M1
O(t, xny1) = 0(t, xy) - eN+ ERYE, §1F, NRTO=a— 2 —RE

{ Uy — AT — 25 =0, (t,z) € Ry xRV,

(5’ ’Et)(o’ x) = (0 g)( )7 T=ZyE RY
DEETHD (RFTETE) . 61T, EEE# o(t,z) = e Dt 1), c=1/2 F &, v
ZN RITEBEESH RO — 3 —fE @&%ﬁt?
> T, 3RITDOMBRE (S3(t)g)(x )%§< Z1E, (2.7) =g DRERE

g(es +yq)

47r2t at B0) , /#2 ly4[2

IZ, g(@a) = glas)er™ ERAL, e 2 2EITTHLAD :

19 g(@s + y;)es @t
472t Ot J B2 (0) \/tz — Jyal2 — 42

(Wa(t)g)(z4)

(Ss(t)g)(zs) = e75-e 2% dysdy,

e 2 9 /’ ( 4 )d /\/ t2~|yg]? e%y“ dyy
= = T
4m?t Ot Bf(o)g 37 Us) OYs VE—lysl? \/ — |ys?) -

e—t/2 o 1 5
= %o 530) Iy (5\/7E ~ |ysf? )9(‘1’3 + y3) dy;
%fé.::f, Tfljﬂ_~whmn%ﬁot &mgmowf%ﬁ%.

t
Sy(t)g)(me) = e T (/ / ) twy, t 3(za+tws) g
(S2(t)g) () in 52’w3>0+ 52 o <0 9(z1 + twy, T2 + twn)e? W

= e—'%i / g(wQ + yz) (e%\/ t2_'y2'2 .+_ 6_5 V tZ_!y2[2> _____i__
Z(0)

4r Jp2 — |y
e~t/? / o2ty )coS%\/t2 — ly,/? dy

= 2 -

2 Jy, i<t Yy, 2
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2.2 FEETSy(t)g DAL [P-L1 FE{f

B~y 2B T, OWEH AT Sy(t)g (7 2,3) ZfRATT 5.

R 2.1 By EABEEKI (ve Ny it

=172, ((w) = “RO)/|,_, = 1/8

I(0) = 1, L(y)/y] _,

(2.8)
(2.9) L(y) = i(y), Ni(y) = Do(y) - Liy)/y
ZWel, IHIZ, y o oo D& EROEBAN AT
I, y) = ey 1— (v=1/2)(v+1/2) + (v—1/2)(v— 3/’2) v+3/2)(v+1/2)
(2.10) Y \/2—@( (iy 1/2)-(v—=(k= 1/2))(V+(i21?;2)) (v+1/2) k-1
e (=1)k B +0(y™*1)).

Si(t)g #BEERE L, (2.8),(29) ZAVWTERTS L,

o
(211) = / / IO V12— r2)g(z + rw)r? dwdr
St Lo swyaos S [ [ ngvETm Lt I dudr
ZIT, £ lsgr+tw)dod (2.7) y=3 D IRTEETEXDOHE Ws(t)g (FAERT DR
) THHZLIEELT,
(2.12)3 Sn(t)g = e *Wy(t)g + Jon(t)g (N =3)
PRELED. N=2,105 % (2.12); & A
(S2(t)9) ()
gletz)dz i/ coshly® 1219 - 1g(:z: +2)dz
jz1<t 12 — |22

~t/2
@122 =5 /|z|st Ve—lzP 2
=: ¢ "2 (Wy(t)g)(z) + (Joa(t)9) (),

(Sl(t);q)(ﬂf)
e t? 1 2 _ 1,2
(x+z)dz+§/|Zi< (IO— t |z|)—1> (z+2)d

(2.12) -
2 Jizl<t <

(Jor(t)g)(z).
ERBETED., L<HLNTND LI, Wolt)g, Wit)glZERT v Vv ORKEF T

= e 2(Wi(t)g)(z) +

NR—)LDARNTH 5.
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EH1Z, Sn(t)g Dt LEET S L,

0y (S3(t)g)(x) = ‘”2{( )Wa( )g + 0:(Ws(t)g)}
(2.13)3 N / //S t/;f: t;/—_i_z» ﬂ)}g(x-f-rw)r? dwdr

= e A (W3(t)g) () + Jis(t)g
T, N=120¢&iX
1
9 (Sn(t)g) = e—t/z{_.éWN(t)g + 8,(Wn(t)g)} + 8,(Jon (2)g)
e 2 (Wx(t)g)(z) + Jin(t)g
LETD. ZOXIIIHMLTEL ZLOMRIKROFMESHILT 10 THS.

WiE 2.1 £BEDpq(l1<g¢g<p<o0)bgelfiZXKL, N=1230L &, ROFM
D RYAC RS

(2.13)1,2

(2.14) [ Tow ()gllze < Cllgllze(1+8)" 2G5, >0,
(2.15) 1(Jow (1) = Pu(8))gllze < Cllgllzat 2971, >0,
(2.16) v (®)gllee < Cllgllee(1+8)~ 26971 ¢ >0,

ZOMENS, Jont)glEt — 0o D& & Py(t)g LRFROZEENEZT 50T, (2.12) 13
KEETDHREE o L IEBE I RSz
(2.17) Sn(t)g =€ - Wi (t)g+ Jon(t)g
N e \W__/
RENER 5 LB
(DW), O u(t, z) IZ5F LTI, (2.4) & (212),(2.13) & 9,
u(t, x)

= Sn(t)(uo + u1)(z) + 8:(Sn (t)uo)(x)
= f_t/2{WN(t) (’U,() + ul) + WN(t)UO}($Z+:]0N(t)(uU + U])(.’E) + JlN(t)UO(l')l-

W B B4
LEL D LAWED. G 21 Ab, (DW), & (H), OO “E7 13RO L 5 I FHET
X%,
FE 21 N=1,232»21<qg<p<0&l, u,u €L7%, H L,

(2.18)

2oiE, (DW) Offu s (H) D¢ DEITL>0DEEROFBTIMEIND ¢

(2.20) ||(u— )(t,-) — e { Wi () (o + 1) + W (D)uo}|ze < Clluo, ua||pat™ 29 7L,
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EE 2.1 (a) —BKTTITBT B (DW), OO TR [36] 12 & > TE2 bhi

N

_N1_ 1
(2.21) lu(t, @)llze < COL+8)™ TG ((lug, uallie + lluoll yaprsre + eall12),

ITI, 1<q<2<p<ooT, feW™LiZBfeli(|f|<m)Tho.
(b) Gallay-Raugel [8] 1%, LB OMEE HAVWT (DW) OEOEIIRRAEHB 15, &
b (DW) OEOIEBIRREZR L THEWVWR D, EHIIRA A —ATHROFEICLS.

L<HLNTND & 1T, HERBFENIT FHE{EZIE (smoothing effect) #FF0723, HRE
#& £ (finite propagation property) IEFf7-72\. WEBN FRNITABRCHEELEF-N, FiF
LN RIIFF/= T, 5 DK (derivative loss) THEEE . L7223 -T, EH2.1ITKRD

ORI A EEBAWVRIE Lt

(1) MO (2.5) o HEREE NI ABREEN 285503, TSR ZE-20. &L
%, fRIZ F R (singularity) 24 U 5. KB, Wh(t)g 13- %284, RLHE g,
Wn(t)g BES t-Moaahrb. Lal, BEELZEDE, HEOWED L # (cone) I2
W TEIET 525, SRR NOAE LD e 2 2T 5N TV 5 O TF DM S T HEERNRE
T5.

(2) #ZT, (220) 1%, BEMZERIE, HEREES HREXOMOBIIR (asymptotic profile)
THIHUE ¢g = wo + uy ZFFOIEBMITEROH THLZLERL TS, MOSETERIEL,
HIHUE D+ 72 IEHIME (regularity) 27 Ci, THEBEREEIHFERUIt - oo D& T IEHE
X eFRRDOEEEZ T 5.

ST ORBE AR 5 (21, ¢ = 0 DIEED e 2Wy (1) EOTB b LETH 5. FIHE
% 7 R S AU IR O ER 2.1 OB 5. EE 2.1(a) DRFHIC X B S
(2.21) BT BEAMED LEM L4955, BNOEFIZT— ) BB LD, 77— TF
ML %, BEKDS WBHSCHIET2) O IIRIEOERINE % B 5 5358
RS L, SRR RIS LT B,

e 2.2 N=1,23¢ L, 1<g<p<ootTB. t>0lIxtL, ROFMHPELT D :
le™ (Wi (£)g)(Mler < Ce g1,

le™20,(Wn (t)g) ()lze < Ce™lg]|

W[-‘g’:],q °

AEIORNEL, [35, 46, 47, 50, 23] DRBICET ORRE L L ORBLELOTHD.
B}E o S YEEE DI SEIT 5B G ITHME-/DI [16)(N = 2), #hlE [42) (—#koT) biE
L. FERIE AW L3l 2V TV (51, 52, 53] 2 B 8.

N=3DLEOME2L DL, 0<t<tpDEXFEIAEST, t>, 0L &I, (2.15)
ZEE, Py(t)g DFFM (2.2) 2685 T (2.14) R ER D, (2.15) DI, ZEOENE

> I
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% 3oyt B

(%d) R(D

tT —t/2 2 — 7,2 ¢ e_T2/4t \
47Tt / /1+5 /_/Sg < 9 )\/m - \/m ) g(.’L' + 7"(.4))7' dr dw

e T 2/4t

2
47rt/ //52 = g(z + rw)ridrdw
.(X1+X2)+X3, (O<E<1).

Xy, X3 BHEHHBRABLN, TEHEHTHD X1: 0<r <t (t>t) D&, HE
2.1 DEBAR (2.10) L v,

(e—r2/4t -1 e_t/2I (m)
Vart 2 Vg
VAt 1 2y V2P r?
=Y7 1 e ETT (1 4 0u+ —))
2 \2n- V272

1 r?
=14-0(1+ —
+t(+t)

ML THZEIZED. (213) TEZHND J3()glZ 20 TH Mm% LTEHEL, X
X0 BEAK (2.10) 25T (2.16) nELNDS.

3 FREHBEEHHEL

RIS ) SRR D = — o — I (DW) %, HEBLE R (H) L B
ESETERD. TaT7 ALOERIIL-T, (DW) DL, YRR

(3.1) u(t, ) = Sn(8)(uo + u1) + Bu(Sw (£)uo) + /0 “Swlt — 7)f(u)(r, ) dr

DETERT DH. BORBIFE L BLZEE), S0 ITEROFRIFHRIN OB & BFHRER DOF
fliZe SVZBLDH D, 3.1 I TIIEHFIEL 1B & H LE (sourcing term) & L TE<

(3.2) filu) = uflu £ folw) = [ulf, p>1

2]V, 3.2 81T RIUIE (absorbing term) & U T < ¥4 IE

(3-3) flw)=~[uf"'u, p>1

B, FNENOBE TRORRNE-TL 5. (H) IKH LTIRZAZAOEAIC
DELVERLELATEY, BELBINICHERZSh TV, E280E8EM5
(H) (k3 2 fE 5 & REORE 2% (DW) IZR L CLEIE SRS, LLARRL, (DW) I
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HLTUTHRTARERRBELBON TN HDIT TIERY. I<MoNTWA LI, &
MR ERAUC LTI OERIIRIET TR, BAREHAELR LT BXEEE K
VVT HERFER ARSI TS, FRICK LT, EE210BRTHBRE L H I, HEEAK
BRI FRICIRITELS, ©L A, BOFEMENETS. 2L T, HAXERELHE
B AREAUTK LTI L2V, 22T, (DW)IZHT B2REROEH 28R4 5 5
B, MOEAMIEERLRASL, ERNERBIKEL 2V, fIE, Lo LF—iEkid
ZIERT2Z LI5S,

3.1 FH{REENRELEELLTBGES
%79, {BH LE (sourcing term) & L TEY < F4RUIE f1(9) = [¢]°~ 1o ZFFOREIRE

(H) { 6~ Ap =619, (t,z) € Ry x RN
’ 6(0,7) = ¢o(z), =€ RV

X ARERA BT 5. R [6] 10 LB ABRM A EIC ko T, BRI

(3.4) pr(N) =1+~ (K & 075)

BHoT, FHp DRE ZITL > THORRITKRD X 5 IZ5E IR 5:

() p>pr(N) BER DL, ¢ SV, (H)s O—ERIREJISAE o, 2) 2S7ETE
L, ZOWEHIL, 0,Gn(t,z) THEZBNE. =L,

(3.5) %zéﬂmmw+féwﬂ@@maﬁ

(i) p=pr(N) BEFR) DLE, ¢9>0, ¢ #07%0iE, EERFERBFE ot z),t € [0,T] X
HIRFFFHWNIZ B 72, 7205, $D5 T <o B3HoT, T = Tp DL & ¢(T,z) N
0. EHIZ, ¢ DIRPDYVIZ, egp(0 < e € 1) &2 &DEX, D [FTERH (lifespan)T, =
sup{T; [0,T] THEG(t,z) BFIET D } &5 &, T, 1

e—(p—1)

(3.6) T. ~e® (e = 0+)

LR END. EL, (3.6) OBWIHEER C1,C ke BNHoT, 7Y <1 <
e gce<e) B L.

(iil) p>pr(N) (HEHR) OLE, ¢ >0, ¢ #0751, FHEMREBIM G 1), t €0,T] 1%
FIREEHEINIC B 2. 51T, g PRDVIZ, epp(0<e ) LD L&, BOGE
REfE] T, 1

(3.7) T, ~Ce 717 (e 04)
LEHE SN D,
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6] TIIFHERDOBEDBREN TSN, BROBEOFEIEILRN[10] (2 XD, Weissler
[57], Lee-Ni [30] % —~XA #&3L Levine [31], Deng-Levine [3] ¥ b &M, f1(4) PRIV I
o) = |l 1oRF LT b LI ORERIIRIIT 528 £1(0) 13 LTHER BTV S, Bffid
BREOBRLELED T (H)s DS ER L TWARZ Z Tidfhd, AE-EOICLD
A [26] DB E 2T TEL.

ST, flu) = fi(w) 272 fo(u) DEHE OFHERHBR K E H R0 = — o —RE

{ ug — Au+u = f(u), (t,z) € Ry xRN (f = fi(u), i = 1lor2)
(u,ut)(O,:c) = (u07u1)($)9 T e RN

CRLTH, (H)s 05 LR (I)-(i) BRIT 5 - ERTFRENS. KEFET
MR- - AT [25] SEICHR B A%, N > 3 CIREMIEE Y DX vy T 0b ot FNT LT
72 < LSBT BIEICRIE LT e 2 LIz kB, H# 1T [25) CEMERTT b, RTEID
HRELANT, BEROBAICKOERLB:.

T 3.1 (BEER, KEAELE, N =3([46]) f = filu) 7243 fol) EF 5. p > pr(3)
DL x| (ug,u) € Zo = (WH N WL) x (L1 N L®) B/ &R 5, (DW)s DHBAET
reb S HERR (3.1) DEA—E KRBT L,

(DW)s

(3.9) lut, Mize < CQL+ 1720 fug, ullz, (1< p < 0)
EHRTT. BT, 1<p<oocdt X,
(3.9) lu(t, ) = 00Gs(t, )l = 0(t™307)), = o0
BT L, 00Ga(t,z) BWREOEER THD. T2, 6iX (3.5) ooy, KTEZX L
na
t
(3.10) By = /R (v + w)(2) dz + /0 /R F(u)(t, @) dadt.

—J, BR, $EROBEOEBERBICEL UL, fily) =|ulp, N=1,20 L 2fERR%H
V72 Li-Zhou 12 & BEN-FER 33 130 5. HOOFEEFBELT, N=30L % LT
B’FETD.

THE 3.2 (BBRLLEBRA, BE N=3(47)) p<pr@) &L, 0<ek1%LY,

f=fu) = FEMEEZ(0,ew)(x), wi(r) >0, fgswi(z)dz >0
f=folu) = FIHMEIZ (cup, euy)(x), Jgs(uo +u1)(z)dz >0

FIRETD. ZD L%, (DW)s OFEBETHISIAE u(t, z) IXTBRFFMNICIBRE L, BOF
EREET.IZe 20D EERO LI IZFHEEND -

expCe™ = p=pp(3)
e~ oG5
Ce " "'e=172) p< pr(3).

(3.11)

(3.12)
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—HRRITIZOWTIE, folu) = [uf? 1Z%F LT, Todorova-Yordanov iZ & A7 455 [54]
BHD. pp(N)<p< L(N=120LZiZpp(N) <p<oo)DEE, a2 W rBE%
B ONE 2T —F (ug,ur) € WY x L2zt LEFRIRBMMREE L, —F, 1< p < pp(N)
DEEL, [pyui(z)de > 0(i=0,1) 2 OITARRITHERFENIBER T O LE2RLE. 20
RXTIE eV OFOELBENS GBI E DN, BRIEH DB S OBFEIX Zhang [62] 12
Lo TREIN TS, EBEROEE DOEHEFIZ DTl Karch [27], #-Kaikina-Naumkin
(1] 28R, BRTZERICBITIER, FEROBE OMOFIEREM OFM T AR

L<HLNTVD X DI, BT BRRXOBLEDITIEY M eMEmZ2EAL, £
DHTELERFNEEY, ZOFNHRa——FITHDI LE2TRTON—BRHRFETH
H. A—=—FTHDH I LEFTOI [P-LIFHE (MifE2.1-22) 2MEbhd. EH310
35813 ARZER Xp(T < oo) %

Xr={u e C([0,T]; L' n L>=);
lullxz == suppy([lu(t, i + (1 + )22 [lu(t, )|lz=) < oo}

LEHEL, X = Xo OF THEREF] {u™]) %

{ ©O)(¢, ) = S3(t) (uo + u1) + 0;(S3(t)uo)
um (¢, ) = uO(t, ) + [ESs(t — 1) f(w™)(T, ) dr

TEETD.

() [ux < luo, urllz,
(i) o, millz NSV E X, BB Co > 01T L
[u™x < 2Colluo,urllz, = [l x < 2C,
(i60) o,z (BERBES B12) ASNE E, [ulD) — o™y < Llul — o@=D||

#RLT, X Oa—v—3 {u™} ORRRE L T—BMROEE L MOBELE, THE31MN
TEND.

ROBREETTIEWAWARTENS D, tiIZETITHOOEBRSARERXEMHED
DINOEDDFETHD. WZIE, a>0& LT

I'(t)y > cI't(t), I(0)=e¢>0

ROIE, THEBENT, 1) > (I72(0) - act)® %185 2 Lnd, FEEMO 260
T, < e *%2B5. LrLReisb, FaxORE (DW)s L 2B RO T—HIC
ITATIRE L, S DS OME TIIAv. Li-Zhou [33] I3 AR 2 —EOMELRL,
N=12, fo=uf OBEIHEEE.

WRE 3.1 T a,B(a>0,0<8< 1)k, BEEI@),t>003HWETRERX
I1+a

(3.13) IO+ 1'0) 2 @

1(0) > & > 0, I'(0) > 0
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EW7TT 0L, I(t) TAREFMNICER L, FERME T IIROL S ICHEMsn5:
(3.14) T.<exp(Ce™) (B=1), T,<Ce ™7 (0<B<1).

fiRE 3.2 fRE3.1 Do, BIZxtL, BB GE) B3t >t +2, to > 1 DL ERHTRER

-2

t I+a t—2 1+a
(3.15) G@)20¢+(b</ @—wﬂGtL d¢+2 Gr )
t

%ﬁt#t%ﬁ,awdﬁﬁﬁﬁmmﬁ%b,ﬁﬁﬁﬁﬁi#%@mﬁ?ﬂﬁéna

u% (DW)s ORFIEET 2L, (311) 25 filu) DL XX EER TH B Z LICE
BELT, Gt = inflz|s\/;{tN/2|u(t,x)l} EBIFIEN =3ThoTh, a=p-1,8 =
(p—1)N/2(< 1) IZX L (3.15) N EOLNTEHEI2NELND.

%I, S LR RV -2 T T AR RICERE LTHEL. H)sliixtL
Tlid Lee-Ni B0] {Z L B HERDD, do(z) ~ L+ |z)) N0 < k<1 DEX, FFLOER
e )

pe(ki N) =1+ 1
piroh, EBER, BR, SEFMEEOBEIIEATIVNEI VT —Z x5 5 KTFERE,
1B L FERROTHERFE LTS, (DW)g l2xf LTI, HE-AH [24], HR-TEE [44]

LEDTHEPMET THD.

3.2 FEWEHSLRREL L THISS
HRIZED UL IA (absorbing term) & LTI f(¢) = —|o| 1o D & %,

(H)A { ¢t_A¢+!¢IP—1¢:O’ (t,x)€R+XRN

#(0,z) = ¢o(z), =€ RN

CONWTIEHSZL ODEFERLINTETEY, KRERIZE-T, £EIC kg@#ﬁﬁf_y
(€ LY zxtL, BERIREMEZHD, t 5 0o DL XDOEERITRD LS IZHEENS -

(iv) p>pp(N) BEER) = o(t,z) ~ 6G(t, )

(v) p=pr(N) BER) = ot z)~0(logt) 2G(t,x)

(Vi) p<pr(N) (FBER) = 6(t,a) ~wy(t,z) == t 7 fi(t, z),
W, wp(b>0) T e T 7 A f 2FEO BEEARE T, f, IS FERX
B16) =G+ NP = s ) =
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DIETH D ([9, 28, 4, 5, 7| EEBR).
R ORE RS

(DW)A { U — Au + u; + |Ulp‘1u = 0, (t,.’L’) I I{/+ % RN

(u,u)(0,z) = (up,u1)(z), z€RV

LT O EIE SN D, B RN 20 15, (uo,uw) € W2 x L2 IT% L, p <1+
S(N=120L& T p<oo) DL &, KEifEu € C([0,00); WH)NCH([0, 00); L?) DFF
EERLEZ. EBIT (ug,u) €L BIRETDE, p>1+ 5 20IE, BOBE |lu(t)|| <
CA+t) M1 <N <4bRLE. ZOBWMERIINY AR Gt,z) D L2-BRELH
LT, BEROBAEOHE (V) DELWI & &R L5, £, Karch [27] 1
(w = 6G)#)||lz2 = ot N*) R LTz, —F, LEREHDB S OBEIL, Todorova-
Yordanov [54] 12 & > TBA% &7 E4 B ¥t 25 LT, #JR-Zhao [50] 1ZHIH1 7 —
2Oz HEOBERIE Py € L2 (1=0,1) & EfiRuld

(3.17) |[u(®)|lr < CL+1) 7%, 1<p<lt—v

A, BOHEEEw, bE DBEE |t = O 711%) L2 5D TEEROBEIE
BEHEOBELRLBEbhS. BR, BEFEEOL &L B.17) BERITEH, |GO)|w =
O™ 70) kv, LROBHE (iv),(v) 25 RIUDBRERTRE LTV, w(b>0) Dz
Tyr’?@{@zf@ilxl?/”‘l) BROTZIOKELEIFNT. ZALIIKRDOESIIZHKBINTWVD

I 3.3 ([23,48]) (I) 1<p<l+:25(N<3), 1<p<oo(N=12)22p<1+ 4
k L, (U(),Ul) € H' x L2 Hn (Uo,VUO,Ul,IU()l&) (S L*m %«7%7”:‘?“3:?‘5 ZZiZ, m=
—"’———>0(5>0)’C8‘o‘9 gEL*™ LT (1+|z™)ge 2D EThHDE. DL X,

1

jtﬁmw (3.17) D plzxtL
(3.18) lu@®)]lze < C(1+ 1) 772

BRIZE. 72770, p>pp(N) D& EiE2m > N 0 E.
(II) &5, N <3(resp. N=4)DE X, (ug,u1) € H> x H', (Awy,Vuy) € L¥™ 725
= 1+%<p§1+%(reSp.1+%<p<1+%)0)<‘:%,

(3.19) u(t) — 0G ()|l = ot 707#)), 1<p< oo
NERALT 5. 0y 1% (3.10) THX BLD.

TOEBIZE-T, BB w, O R TIZITAEMRELDL & THEEROBAD
OB RBENESIL, BEROBESIE, N <4 TRREOENTIENHT 7 A0 EEGEL
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EIRD I ENRFLNT. BRBEEOBEDHEERSLSE IO A OWHERIZ W Ti
AIH/OHN TV, MR-Kaikina-Naumkin (2 L 2 —EOHLENH - T, BRIEECE
FICIEWHEFER OGS ICEER E TEOL/BER1H S ([12, 13, 14] BLW(15)). Hi#F
(iv)-(vi) EDF vy FIHKRE LTHY, ZNOITRMEL L THEINTND
EHE33D (D IZ20TiE, B4 Dk oz, EAEEK 2eME2y, 2 (DW) 4 (28T T, %
BOE

681,‘[ 2’/’ ((ut + [Vul? )+ 2 |u]”+1>] -V (2e2¢utvw)

2 —
261 - vy + w‘”’ ) uf + _—wttwtw —w VY + ——2[() f’{) [ulP ] =0

2%, ZOLEEHRBEOERN D £, v 0%RHERT,
wt = th - ’V’I,b'{ _"/}t > 07

HBHVIEH o L BHUT, —iy > 0930 [V /(=) < 1 & 725 ¢ BSBNAUTELRfH & L2357
B LS. EEE [54] T Y, z) > |z]2/4E+K) EBATH S, ¢ OBRICITEHEM S
HHOTIRETIITHENETETH S5, [50] Tl (L, z) = a|z]2/4(t+10) (0 < a < 1)
EBAT, RNENGH D good term ZF|H L TEAfT & L2-FHEOHMEE THRZ. &5
iZ, [23,48) Tidy = mmuﬁﬁﬂﬁkﬁhfﬁﬁ%wt.m%? & D x FRDOEH»DK
BENTWS. (1) OEBROEEITIE, (|GO)|l =155 |ju(®)]p OBERMEEES D
zgf%é(Dwuf@<ﬁﬁ¢5jﬁ@mu%%ﬁ&A@¢e u DERIE & |Jug (t)]| 2
DAEGELET D, KODOMLEFEIIBWTHL IO EBKREERSTWVS., ZD7=HIT
NI DFHME (3.18) b A FZ— kLT, fERR (3.1) 1T LP-LI594f (M 2.1-2.2) ZIGH L
|u(t)|| L PFFMMZ KD, EHEOTRAF—FMICHA L THREEZHRYIRT. |lu(t)]re @
AR AR LB THBICIITAT, N=32BX TN =4F TITEATE 3728,
N>bDEEXITELED THB.

4 BAEDRMIEE

BEEORMEA BT Zo/Niaedkb -, AR CRERTRE TICHWTE O TER
REITIIRHS T E 720, JEETRIZ t OB RE L LToL

Uy — Au+ a{t)uy =0

EAICIE, 7— U TEMAEST (58, 59, 60] B M. RHGAy/RRER ﬁTiDQQZ
(a(t) = 1) R [61] PRERBHD. bHAA alt) DRDYVIZ, a(z),alt,z) DEE b
EThs. E, FEBOMBEERRE

— Au+a(t,z)|u|us = 0
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DEE, BOFELHETEILIZo DRESIL L THHABNAE U 50085 LB
L1259 ([37, 55, 40, 38, 21] %) . T HIZOWT, HZERRAMMEEICET 2 PIHEER
FUERE O OB R EE L EROHIMEL 255 ([21, 39, 41, 20, 43, 49) E%
ZH) .

EEOEME S o TF L L2ICEE LT, Jin-Xin 5 /L (B LEELBEMET LOM)

vitu =0, u+v,=f(v)—u

R LTE, B4, =0, U, = f(0) —u DREICERE T2 Z L FRINS. ZHIEBIR
THA RO 1 IoTTHBAREE K

Ut — Ugg + f(V)z + 0, =0

DFENKIET D NR—H—ZAFER G + f(0)r = e PREIZENTT 2 Z LIZXIET D ([56]
LEBR). KRB, ZILEFOEBERICONT, TV 1.2 TIEEZEEZE X TV,
BRAEZD LA T —EETETNVFERX

pi+ (pu)s =0, (pu)s + (pu’)z + p(p)z = —apu, (p,u)(0,z) = (po,uo)(x), po >0
BEZDVERDD. pp) = p? BWHEEFT, t — 00 D& X IFIREY AN —DERING
bt —1(p)ee =0, p(P)z = —@pu & B D ESIWR—F AAT 4 7 HEABHT, Barenblatt

[e4

AN i ?6ﬁ&woﬁﬁ&ﬁéqu&#%3%%
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