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 When  we  f o rmula te  mathemat i ca l  mode l s  desc r ib ing  ac tua l  non l inear  
phe no me na ,  i t  i s  ve ry  im por tant  t o  s ing le  o u t  r i gh t  no n l ine ar  s t ruc tur es  in  
domains  where  the  phenomena  take  p lace ,  wh i le  i t  i s  so met imes  c ruc ia l  t o  
pay  a  spe c ia l  a t te nt i o n  o f  the  cho i ce  o f  boundary  cond i t i ons .  Le t  us  take  the  
d i f fus ion  phenomena  o f  he a t ,  f o r  exam ple .  Then  we  shou ld  no t i c e  that  the  
s tandard  bo undary  cond i t i o ns  such  as  o f  D i r i ch le t ,  Neumann ,  o r  Ro b in  type  
have  a  phys i ca l  mean ing  on ly  when  an  ar t i f i c i a l  c ont ro l  o f  the  heat  f lux  o n  
the  bo undary  i s  poss ib le .  Th i s  i s  no t  the  case  w i th  sys tems  in  a  l arge  s ca l e ,  
where  such  a  contro l  on  the  boundary  i s  unava i lab le .  For  ins tance ,  
S te fan -Bo l t zmann ’s  l aw  shows  that  the  heat  energy  rad ia t ion  out  o f  the  
sur face  o f  the  bo dy  ( the  boundary  o f  the  domain )  i s  pr opor t iona l  t o  the  f our th  
power  o f  the  d i f f e rence  o f  t e mperatures  be tween  the  ins ide  and  outs ide  o f  the  
body  (ac ross  the  boundary  o f  the  doma in )  in  three  d imens iona l  Euc l idean  
space .  
 There fo r e ,  no n l inear  bo undary  co nd i t i o ns  a re  so me t imes  mo re  natura l  
ra ther  than  the  s tandard  l inear  bo undary  cond i t i o ns  such  as  the  
hom o ge ne ous  Dir i ch le t ,  N eum ann,  o r  Ro b in  bo undar y  co nd i t i o ns  f rom  
phys i c a l  po in t  o f  v iew.  In  sp i te  o f  such  im por tance ,  however,  there  ar e  f e w  
resu l t s  even  on  spec ia l  parabo l i c  par t ia l  d i f f e rent ia l  equat ions  w i t h  
non l inear  bo undary  cond i t i ons  o f  rad ia t i on  type .  The  f i r s t  s tudy  on  the  
Cauchy  pro b le m o f  the  he at  e quat i on  wi th  no n l ine ar  Ne um ann  bo unda ry  
cond i t i on  was  g iven  by  H .  Bréz i s  in  1971 ,  where  the  we l l -posedness  o f  the  
prob le m was  proved  by  a  ne w c lass  o f  max imal  monotone  opera tor  in  the  
f ramework  o f  K mura ’s  theory  o f  non l inear  semigroups  in  the  Hi lber t  space .  
In  th i s  work ,  d i s s ipat ive  s t ruc ture  o f  the  sys tem p lays  an  essent ia l  r o l e ,  an d  
ac cord ing ly,  s tud ies  on  parabo l i c  equat i ons  w i th  non l inear  bo undary  
cond i t i o ns  are  no t  fu l ly  pursued  f o r  non -d i s s ipa t ive  sys tems  whic h  may  
admi t  b l ow-up  so lu t i ons .  

 In  th i s  thes i s  the  author  s tud ie s  the  Cauc hy  pr ob lem  fo r  a  c lass  o f  
non l inear  parabo l i c  equat i ons  w i th  non l inear  boundary  cond i t i o ns  in  a  
bo unded  domain  w i th  regu lar  bo undary  in  the  Euc l idean  space ,  where  
non l inear  in te rac t i ons  in  the  equat i ons  may  no t  have  d i s s ipa t ive  s t ruc ture  
and  bo undary  co nd i t i o ns  are  o f  rad ia t i o n  type .   
 Th is  thes i s  i s  c omposed  o f  two  par t s  and  te n  chapte rs .  Par t  I  i s  c omposed  o f  
Chapters  1 -6  and  Par t  I I  i s  c omposed  o f  Chapters  7 -10 .  

 In  Par t  I ,  no n l inear  he at  equat i o ns  o f  Fu j i ta  type  are  s tud ie d  wi th  no r mal  
der iva t ive  g ive n  by  a  po we r  o f  the  te mperature  on  the  bo undary.  The  purpose  
o f  Par t  I  i s  t o  p rove  the  ex i s t ence  and  un iqueness  o f  l o ca l  so lu t ions ,  the  
ex i s tence  and  nonex i s tence  o f  g loba l  so lu t ions ,  un i fo rm bounds  o f  g loba l  
s o lu t i ons ,  c ompar i son  theorems ,  and  s t ruc tura l  s tab i l i t y  o f  non l inear  
bo undary  cond i t i o ns .  



 2

 In  Chapter  1 ,  p re l iminar i es  a re  summar ized  on  max imal  monotone  opera tors ,  
subd i f f e rent ia l s ,  and  Mosco  c onverge nc e  o f  no n l inear  func t iona l s .   

In  Chapter  2 ,  the  ex i s te nce  o f  l o ca l  so lu t i ons  i s  proved  by  - e nergy  
me tho d  and  no n -mono to ne  per tur bat i o n  theor y  f o r  no n l ine ar  par abo l i c  
equat i ons  der ived  by  subd i f f e rent ia l  o f  func t i ona l s .  These  func t i ona l s  a re  
ne w.  Her e ,  no n l inear  bo undar y  co nd i t i o ns  are  de scr ibe d  by  sur face  in te gr a l  
over  the  bo undary  o f  in te gr a ted  power  o f  the  te mperature .  
 In  Chapte r  3 ,  space - t ime  un i fo rm bounds  o f  g loba l  s o lu t ions  ar e  ob ta ined  by  
the  Moser  type  es t imates  on  these  ne w func t iona l s .  The  proo f  does  no t  
depe nd  on  the  homogene i ty  o f  func t iona l s .  Argument  o f  th i s  t ype  i s  a l so  ne w.  
 In  Chapte r  4 ,  c ompar i son  theorems  o f  ne w  type  i s  f o rmula ted  and  proved  fo r  
genera l  parabo l i c  sys tems  wi th  l inear  and  non l inear  bo undary  cond i t i o ns .  
These  new compar i son  theorems  are  app l i cab le  t o  compar i son  o f  two  
so lu t i ons  w i th  d i f f e rent  bo undary  cond i t i ons .  As  an  app l i ca t i on ,  the  
ex i s tence  o f  b l ow-up  so lu t i ons  sa t i s fy ing  non l inear  bo undary  cond i t i o ns  i s  
e s tab l i shed .  
 In  Chapter  5 ,  a  spec ia l  one -parameter  fami ly  o f  non l inear  bo undary  
cond i t i o n  i s  in tr oduced  to  desc r ibe  the  ex i s tence  o f  b low-up  so lu t ions  f o r  
l a rge  parameters  and  o f  g loba l  smal l -ampl i tude  so lu t ions  f o r  smal l  
paramete rs .  The  ex i s tence  o f  un ique  thresho ld  d iv id ing  bo th  reg imes  o f  
parameters  i s  a l so  proved .  Th i s  r esu l t  g ive s  a  c l ear  p i c ture  o f  no n l inear  
bo undary  cond i t i o ns  wh i ch  connec t s  D ir i ch le t  and  Neumann  cond i t i o ns  by  
one -parame ter.  
 In  Chapter  6 ,  s t ruc tura l  s tab i l i t y  i s  d i s c ussed  in  te rms  o f  the  cont inuous  
depe ndence  o f  s o lu t i ons  w i th  respec t  to  c ont inuous  po wers  desc r ib in g  
bo undary  cond i t i o n .  Mosco  converge nce  o f  the  asso c ia ted  convex  func t iona l s  
i s  p roved .  

 In  Par t  I I ,  r eac t i on  d i f fus i on  sys tems  o f  the  neutron  dens i ty  and  
te m pe r atur e  are  s tud ie d  wi th  no r mal  de r iva t ive  g ive n  by  a  po wer  o f  the  
te mperature  on  the  bo undary.  The  purpose  o f  Par t  I I  i s  t o  p rove  the  ex i s t enc e  
o f  pos i t i ve  so lu t i ons  t o  the  s ta t i onary  prob lem and  the  assoc ia ted  o rderd  
un iqueness ,  the  l o ca l  we l l -posedness  o f  the  Cauchy  prob le m in  ,  and  the  
ex i s tence  o f  g loba l  s o lu t ions  and  b low-up  so lu t i ons .   
 In  Chapter  7 ,  p re l iminary  resu l t s  on  f i xed  po in t  theor i es  and  Grönwal l  t ype  
argument  are  summar ized  t o  be  used  in  the  subsequent  chapters .  
 In  Chap te r  8 ,  the  ex i s te nc e  o f  po s i t i ve  so lu t i ons  t o  the  s ta t i onary  pr o b lem 
i s  pr oved  by  Kranose l ’sk i ’s  f i xe d  po in t  theorem in  the  space  o f  no nnegat ive  
c ont inuous  func t ions  on  the  c l o sure  o f  the  domain .  Var ia t i ona l  methods  are  
no t  app l i c ab le  t o  th i s  r e ac t i on  d i f fu s i o n  sys tem s  due  t o  the  lac k  o f  
var ia t i ona l  s t ruc ture .  A new approach  i s  in troduced  t o  - e s t im ates  o f  
so lu t ions  w i th  cont ro l  o f  c on tr ibut ion  by  the  bo undary.   

In  Chapt er  9 ,  the  Cauchy  prob le m f o r  the  reac t i on  d i f fus ion  sys tems  wi th  
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no n l inear  bo undary  cond i t i ons  ar e  s tud ie d .  The  l o ca l  we l l -pose dness  o f  the  
Cauchy  prob le m i s  p roved  by  the  - energy  method .  Regard ing  g l oba l  
be hav ior  o f  s o lu t i ons ,  i t  i s  shown  that  every  pos i t i ve  s ta t i onary  so lu t io n  
se par ate s  the  se t  o f  po s i t ive  in i t ia l  d a ta  in to  two  subsets :  

The  se t  o f  the  dat a  that  l e ad  to  g l o ba l  po s i t i ve  so lu t i o ns  van i sh ing  as  
t im e  te nds  to  in f in i ty.  
The  se t  o f  the  da ta  that  l e ad  to  so lu t i ons  o f  f in i te  l i f e span  wi t h  
d ive rg ing  we ighted  heat  summat ion  as  t ime  t ends  t o  l i f e span .  

 In  Chapte r  10 ,  the  un i f o r m  bo unde dne ss  o f  g l oba l  so lu t i o ns  i s  d i s c usse d .  I t  
i s  p roved  that  every  g loba l  so lu t ions  o f  the  Cauchy  prob le m fo r  the  reac t i on  
d i f fus ion  sys tems  wi th  Ro b in  bo undary  cond i t i o n  i s  bo unded  in  space - t ime .  
The  proo f  de pends  on  the  d i s s ipa t ive  s t ruc ture  o f  the  sys tem.  

 A l l  theorems  o f  the  app l i cant  in  th i s  thes i s  a re  new and  o r ig ina l .  
In  c onc lus ion ,  th i s  thes i s  makes  a  c l ear  ac count  o f  se ve ra l  powe r fu l  methods  

f o r  the  s tudy  o f  non l inear  parabo l i c  equat ions  w i th  non l inear  bo undary  
cond i t i o ns  that  was  no t  t r ea ted  w i th  a  f e w  except io ns .  The  commit tee  o f  
r e fe rees  a c cep ts  tha t  the  thes i s  deserves  Do c to r ’s  De gree  (Sc ience )  c on fe r ra l .  
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