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Abstract 

The deterioration of reinforced concrete (RC) structures due to chloride-induced 

corrosion is not spatially uniform because of the spatial variability related to material 

properties and environmental stressors. This variation has a substantial effect on the 

reliability of RC structures. However, few experimental studies have focused on the effect 

of the interaction of corrosion pits among tensile rebars on the reliability of RC structures. 

Therefore, in this dissertation, an experimental procedure that incorporates X-ray and 

digital image processing techniques was conducted on RC slab specimen subjected to 

accelerated corrosion. Using the experimental results, the parameter of the transverse 

correlation function of steel weight loss distributions was estimated to investigate how 

the corrosion pits in corroded rebars are correlated. Based on the experimentally obtained 

model parameters, the spatial steel weight loss distributions were simulated by spectral 

representation method. A three-dimensional (3D) nonlinear finite element (FE) analysis 

of RC structures with simulated steel weight loss distributions was conducted to obtain 

the ultimate bending capacity of RC structures. In an illustrative case study, the effect of 

the transverse correlation among steel weight loss distributions of multiple tensile rebars 

on the failure probability of RC girders was quantified. 
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 Introduction 

Reinforced concrete (RC) structures located in chloride-laden environments are subjected 

to corrosion, which causes a reduction in structural capacity and a decrease in their 

longevity. It is well documented that the cost of structural interventions (e.g., inspection, 

maintenance, and repair) has increased due to corrosion damage [1, 2]. Consequently, in 

recent decades, corrosion problems have received a substantial amount of attention from 

researchers and practitioners [3]. 

The mechanism of material corrosion in RC structures in an aggressive environment 

depends strongly on various parameters, such as geometrical and material properties that 

are associated with the structural systems, mechanical and environmental stressors, and 

other factors involved in the deterioration processes. All these parameters typically need 

to be modeled as uncertain. In such circumstances, reliability theory and assessment 

methods play an essential role in estimating structural safety because they consider these 

uncertainties [4–10]. Moreover, it has been well recognized that the uncertain parameters 

associated with geometric and material properties are not uniform in RC structures due to 

the spatial variability associated with workmanship quality, environmental exposure, and 

other factors [11]. This lack of uniformity causes local corrosion damage, such as 

corrosion cracks, concrete cover spalling, and steel corrosion [12]. Furthermore, studies 

confirmed that spatial variations in steel corrosion within RC structures have detrimental 

effects on the structural capacity [13–15]. Zhu et al. [13] noted that the cross-sectional 

area loss of corroded rebars in RC beams is highly related to the reduction in structural 

performance. Castel et al. [14, 15] indicated that the coupling between the reduction in 

the steel cross-sectional area and the local steel-concrete bond strength loss due to 

corrosion cracking has a substantial detrimental impact on the structural performance of 
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RC members. As a result, disregarding nonuniform corrosion can lead to overestimating 

of the reliability of RC structures [12, 16, 17]. Therefore, an investigation of the effect of 

spatial steel corrosion distributions on the reliability of RC structures is important. 

To consider the spatial variability of steel corrosion in reliability analyses, some 

studies have discretized RC members into a series of longitudinal elements and modeled 

maximum corrosion pit depths for each tensile rebar in each element using Gaussian or 

non-Gaussian random fields [12, 17–20]. However, few studies have focused on the 

interaction of corrosion pits among tensile rebars in the transverse direction, which has a 

substantial effect on the reliability of RC structures. Kioumarsi et al. [21, 22] proposed 

the use of a modified cross-section for corroded tensile rebars to account for the effect of 

the possible interaction of localized corrosion among these rebars in the performance 

assessment of RC beams. However, this adjustment was made based only on an analytical 

approach using finite element (FE) analysis Therefore, more work is needed to 

experimentally investigate the influence of the interaction of corrosion pits among tensile 

rebars on the reliability of RC structures. 

The parameter that represents the interaction of corrosion pits among tensile rebars 

can be experimentally obtained based on the results of steel corrosion distributions in 

corroded RC members. Recently, Lim et al. [23, 24] applied X-ray and digital image 

processing techniques to estimate the steel weight loss distributions in corroded RC 

beams. Their experimental results were acquired from RC beams with a single tensile 

rebar. Therefore, to capture the effect of the interaction of corrosion pits among multiple 

rebars (i.e., correlation in the transverse direction), an experimental program must be 

established to investigate the progression of steel weight loss distributions of RC 

members with multiple rebars. 

This dissertation proposes a procedure for estimating the structural reliability of RC 

structures considering the effect of the interaction of corrosion pits among tensile rebars. 
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In particular, Chapter 2 presents the literature review on the basic knowledge of steel 

corrosion in concrete, experimental methods for investigating corrosion of embedded 

rebars, and analytical approaches for determining the structural safety of RC members. 

The issues highlighted in this chapter have led to the improvement of the structural 

reliability estimation of corroded RC structures presented in the part of the dissertation. 

In Chapter 3, the experimental program to investigate the effect of the interaction of steel 

corrosion distributions among tensile rebars in an RC specimen is presented. The spatial 

steel weight loss distributions of tensile rebars in an RC specimen were monitored and 

quantified using the X-ray and digital image processing techniques. Chapter 4 introduces 

the procedures for the stochastic simulation and structural performance assessment of 

corroded multiple rebars RC members. Based on the experimental results of steel weight 

loss distributions in the RC specimen, the interaction of corrosion pits among tensile 

rebars can be represented by the parameter associated with the transverse correlation of 

steel weight loss distributions. Subsequently, this parameter is applied to simulate the 

spatial steel weight loss distributions in stochastic fields using the spectral representation 

method (SRM). To study the influence of the (simulated) spatial steel weight loss 

distributions on the structural performance of corroded RC structures, three-dimensional 

(3D) nonlinear FE analysis is adopted to evaluate the ultimate load capacity of corroded 

RC structures under bending. In Chapter 5, as an illustrative example, the impact of the 

transverse correlation among the spatial steel weight loss distributions on the failure 

probability that is associated with the flexural failure of RC girders subjected to load 

demand and steel corrosion is discussed. Finally, Chapter 6 presents the main 

conclusions of the dissertation and future works. 
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 Literature Review 

2.1 Basic Knowledge on Steel Corrosion in RC Structures 

2.1.1 Mechanism of Steel Corrosion 

The reinforcing bar in RC structures is protected by a thin passive film that forms on the 

surface of the rebars due to the alkaline solution contained in the pores of the hydrated 

cement paste [25]. However, corrosion can occur when this passive film is eliminated or 

locally damaged. This passivating environment in the concrete can be broken down 

without attacking the concrete due to a couple of conditions: carbonation and chloride 

penetration. These are the two major causes of corrosion on reinforcing bars in RC 

structures. Carbonation can be commonly observed in aging and poorly constructed 

structures (particularly buildings). It is rare in modern civil engineering structures where 

water-to-cement ratios are low and cement contents are high with good compaction and 

curing [19]. Under specific conditions, other causes of corrosion on the reinforcing bars 

can be detected (e.g., sulfate attack, bacteria, stray current induced corrosion), 

nevertheless only chloride-induced corrosion is described herein. 

Chloride ions can be found in concrete owing to several causes. Sea salt spray, 

seawater wetting and deicing salts are some of the most frequent sources of chloride 

penetration into concrete [19]. Chlorides serve as catalysts to steel corrosion and are not 

consumed in the process but let the corrosion process to progress rapidly. Once an amount 

of chloride ions exceeds a critical level at the surface of the rebars, the protective layer 

on the steel breaks down and a localized attack can arise. Chlorides in concrete are also 

prone to absorb and retain moisture, reducing concrete’s electrical resistance and allowing 

easier transportation of ions. 

Corrosion is an electrochemical mechanism consisting of anodic and cathodic half-



5 

 

cell reactions [19]. At the anode, the iron in the steel is oxidized to form ferrous ions 

(Fe
2+

) to the concrete pore solution based on the following half-cell reaction: 

2Fe Fe 2e    (1) 

The electrons released by the anodic reaction are consumed at the cathodic sites on 

the steel surface to preserve electrical balance. The cathodic reaction is the oxygen 

reduction as: 

 2 2O 2H O 4e 4 OH     (2) 

Chloride ions can activate the unprotected steel surface and form an anode: 

2
2Fe 2Cl FeCl    (3) 

 2 2 2
FeC l 2 H O Fe O H 2 H C l    (4) 

Ferrous hydroxide  2
F e O H  can also be formed according to: 

 2

2
Fe 2O H Fe O H    (5) 

and can result in the formation of ferric hydroxide 3Fe(OH) : 

   2 22 3
4 Fe O H O 2 H O 4 Fe O H    (6) 

and finally hydrated ferric oxide: 

  2 3 2 23
2 Fe O H Fe O H O 2 H O    (7) 

The anodic–cathodic reactions just described are presented in Figure 1. 2 3 2Fe O H O  

in Eq. (7) is the final corrosion product, so-called “red rust’’, but the other iron oxides 

also exist. The corrosion product volume is 2-6 times larger than that of the steel bar [26], 

as shown in Figure 2. Subsequently, this significant volume expansion of rust causes 
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internal pressures and leads to cracking and spalling of the concrete surrounding the rebar. 

Consequently, the chloride ions can easily reach the rebar surface and accelerate the 

corrosion mechanism. The chloride-induced corrosion of steel bars therefore potentially 

reduces the serviceability and long-term structural performance of RC structures. 

 

 

Figure 1 Schematic illustration of a chloride-induced corrosion process in concrete structures [25]. 

 

 

Figure 2 Corrosion products of iron [26]. 

2.1.2 Influences of Steel Corrosion in the Structural Degradation 

Steel corrosion is one of the major causes of the structural degradation of RC structures. 

In recent decades, a significant number of studies have been dedicated to investigating 

the influences of reinforcing bar corrosion on the structural performance of RC structures.



7 

 

 

Figure 3 Influence of steel corrosion on the structural performance of RC structures [27]. 
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The major impacts of corrosion on RC structures are: (1) concrete cover cracking, 

(2) reduction of strength and ductility, (3) deterioration of bonding between concrete and 

reinforcing bars. The consequences of each of these effects on the degradation of 

serviceability, durability and load-carrying capacity of RC structures are presented in 

Figure 3 [27]. 

Mangat and Elgarf [28] conducted experimental testing of flexural capacity on 

corroded RC beams. They indicated that loss of rebar cross-section has a significant 

impact on the residual flexural capacity of beams. An empirical formula was presented to 

assess the effect of steel corrosion on the residual capacity of corroded RC beams. Torres-

Acosta et al. [29] pointed that the flexural strength of corroded RC members is 

significantly affected by the maximum corrosion pits rather than the average cross-

sectional area loss of steel bar. The experiments conducted by Castel et al. [30] showed 

that a ductility reduction approximately 70% for the beam failed at the mid-span where 

the maximum corrosion pit occurs. This is attributed to a loss of ductility of the tensile 

rebar from localized damage due to corrosion. They confirmed that the loss of bonding 

between concrete and reinforcing rebar has no impact on the load-carrying capacity and 

the residual capacity can be estimated by using the cross-sectional area loss of the rebar. 

El Maaddawy et al. [31] conducted experiments to investigate the coupled effects of steel 

corrosion and sustained load on the structural capacity of RC beams. The experimental 

results indicated that the beam capacity reduction was relative to the cross-sectional area 

loss of steel bar induced by corrosion. Zhu and François [13] presented that the ductility 

loss of corroded RC beam was due to approximately 50% loss of the rebar cross-section 

at the failure location. The results also showed a 57% reduction in ultimate deflection of 

the corroded beam. 

Kashani et al. [32] provided a comprehensive state-of-the-art review of several 

experimental studies on the residual capacity of RC beams affected by steel corrosion. 
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The ratio of residual ultimate flexural capacity (i.e., the ratio of the ultimate flexural 

capacity of a corroded beam to that of a sound beam) and the ratio of ultimate residual 

deformation (i.e., the ratio of the ultimate deflection of a corroded beam to that of a sound 

beam) of the collected beam data were plotted against the percentage of steel weight loss. 

However, the results showed large-scatter relation.  

Lim et al. [22] conducted the four-point bending test on corroded RC beams. They 

reported that a significant reduction in the flexural strength and deflection of the RC 

beams was due to the highly localized steel corrosion. The experimental results indicated 

that as the spatial variability of the steel cross-sectional area loss increases, the effect of 

the localized corrosion on the load-carrying capacity of RC beam tends to be more 

substantial than the average steel weight loss. Using the mean steel weight loss to predict 

the structural deterioration of RC members may not be accurate in some cases since the 

distribution of steel corrosion was highly non-uniform along the rebar length due to the 

spatial variability associated with workmanship quality, environmental exposure, and 

other factors [11]. 

The corrosion of stirrups can lead to substantial effects on the RC structures. For 

example, severe corrosion of stirrups can cause detrimental loss of the shear capacity of 

beams, as well as significant reduction of the ductility and compressive capacity of RC 

columns. Higgins and Farrow [33] investigated the structural capacity of RC beams with 

corroded stirrups and found that the corrosion of stirrups resulted in reduced shear 

capacity and overall deformability at failure. It was also reported that the spacing of 

stirrup could affect the extent of spalling and cracking of concrete cover due to the 

expansion of corrosion products. Experimental and numerical investigations on beam-end 

specimens conducted by Hanjari et al. [34] and Coronelli et al. [35] indicated that for a 

certain level of corrosion of the longitudinal rebar, the corrosion damage in RC members 

with corroded stirrups was more severe than that without corroded stirrups. Furthermore, 
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it was determined that the corrosion of stirrups could reduce the bond strength; 

nevertheless, significant bond degradation would begin only when the level of stirrup 

corrosion was high. However, only the effects of corrosion in tensile rebars on the 

structural performance of RC members were investigated in this dissertation. 

2.2 Experimental Methods for Investigating Steel Corrosion in RC 

Structures  

2.2.1 Accelerated Corrosion Methods 

Since the process of reinforcement corrosion in concrete structures under natural 

conditions is prolonged, laboratory studies need to accelerate the corrosion process to 

achieve a short test period. According to the standard NT Build 492 [36], several 

accelerated corrosion methods have been commonly used, e.g., impressed current 

methods, artificial climate environmental methods, and accelerated chloride migration 

methods. However, the impressed current technique is the most common method used to 

study rebar corrosion embedded in concrete [37]. Several studies have been conducted 

using the impressed current method to study the corrosion effects on the cracking of 

concrete cover [38], bond behavior [39], and the load-bearing capacity of RC members. 
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Figure 4 Typical layout of the impressed corrosion techniques [40]. 

 

The impressed current technique is performed by supplying a constant current from 

a direct current (DC) power supply to the reinforcing bars in concrete structures in order 

to provide a significant corrosion level on the rebars in a short period of time. Figure 4 

shows four typical layouts of the impressed current technique [40]. The main differences 

among the test settings shown in Figure 4 are the position of the counter (or auxiliary) 

electrode (e.g., external copper plate and stainless-steel plate) and exposure condition of 

specimens. The embedded steel reinforcement in the concrete that functions as the anode 

is connected to the positive charge of the DC power supply, while the counter electrode 

that serves as the cathode is connected to the negative charge of DC power. The current 

is impressed from the counter electrode to the reinforcing bar embedded in concrete with 
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the aid of the electrolyte (typically 3% or 5% sodium chloride solution). Anode, cathode 

and electrolyte constitute a closed circuit. The impressed current is varied on the basis of 

the surface area of the anode such that a desired constant current density can be achieved.  

2.2.2 Spatial Steel Corrosion Measurements 

The study of spatial steel corrosion using experimental data obtained from the 

accelerated-corrosion RC members has become the focus of researchers in recent years 

[17, 23, 24, 41]. The statistical information of spatial steel corrosion obtained from the 

experimental tests in the laboratory can be applied together with the observation data from 

the in-situ structures in order to improve the accuracy for the evaluation of the magnitude 

and variability of steel corrosion in aging structures and their long-term performance. 

Therefore, it is essential to develop the measurement methods of non-uniform steel 

corrosion distributions which facilitates the understanding of how they vary in space and 

time.  

The general approaches applied in the literature to study the non-uniformity of steel 

corrosion at different corrosion levels are described as follows. Initially, RC specimens 

are corroded up to the desired steel corrosion amounts at different corrosion levels. After 

that, the destructive method is generally used by severally breaking RC specimens to 

obtain samples of corroded rebar in order to measure the geometrical parameters and 

amount of corrosion of the corroded bar. Various methods, including weighing loss, 

vernier caliper, drainage method, 3D scanning, have been applied for the measurement 

[42]. Figure 5 shows a schematic diagram of methods for measuring spatial steel 

corrosion. Figure 6 illustrates an example of cross-sectional analysis for corroded and 

uncorroded rebars after 3D scanning. 
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(a) Schematic diagram of drainage method 

 

(b) Schematic diagram of 3D scanning method 

Figure 5 Schematic diagram of methods for measuring the spatial steel corrosion [42]. 

 

However, these methods require certain specimens to be demolished to measure the 

steel corrosion evolved, and they may be error-prone owing to the difficulty in controlling 

the same experimental conditions and other uncertainties (e.g., different corrosion 

cracking patterns and locations of steel corrosion). 
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Figure 6 Cross-sectional analysis of corroded and uncorroded rebars after utilizing 3D scanning 

method [43]. 

 

To understand the process of steel corrosion growth and the spatial variability 

changed with time, continuous monitoring is necessary. Recently, Lim et al. [23, 24] and 

Zhang et al., [17] applied X-ray and image processing techniques to monitor the steel 

corrosion in RC specimens. The correlation of non-uniform steel corrosion distribution 

and crack width distribution along corroded rebar was also observed during the corrosion 

process. Figures 7(a) and (b) display an example of the X-ray image of a RC specimen 

and measured steel weight loss distribution of the rebar in a corroded RC specimen, 

respectively [24].  

The experimental results of steel weight loss distribution in Lim et al., [23, 24] and 

Zhang et al., [17] were obtained from RC beams with a single tensile rebar. Therefore, to 

understand the effect of the interaction of corrosion pits among multiple rebars by 

observing its correlation in the transverse direction, an experimental program must be 

carried to investigate the growth of steel weight loss distributions of RC members with 

multiple rebars using the X-ray technique. 
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(a) X-ray image along a corroded RC specimen 

 

(b) Steel weight loss distribution of a corroded RC specimen 

Figure 7 Example of X-ray image and measured steel weight loss distribution of a tensile rebar in 

corroded RC specimen [24]. 

2.3 Analytical Approaches for Determining the Structural Safety of 

Corroded RC Members 

2.3.1 Structural Reliability Analysis 

The structural degradation of RC structures due to corrosion attack depends strongly on 

several uncertain factors such as geometrical and material properties that are associated 

with the structural systems, mechanical and environmental stressors, and other factors 

involved in the deterioration processes. Therefore, reliability concepts and methods have 

to be adopted in estimating structural safety because they can reflect these uncertainties 

[4–10].  
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Over the past decades, several models for evaluating the reliability of corroded RC 

members have been proposed by many researchers. Reliability-based service life 

assessment of corroded concrete girder was established by Mori et al. [44]. The reliability 

of RC girders under the corrosion attack was proposed by Frangopol et al. [4]. The 

influences of steel corrosion on both flexural and shear reliabilities of RC bridge T-girder 

are investigated. The results showed that under the same corrosion rate, the loss of flexural 

reliability is generally larger than that of shear reliability. Stewart et al. [45] presented the 

time-dependent reliability of deteriorating reinforced concrete bridge decks. Their study 

presented the application of de-icing salts and atmospheric exposure in a marine 

environment to investigate the long-term deterioration of RC bridge desks. Enright et al. 

[46] proposed a reliability-based condition assessment of deteriorating concrete bridges 

considering load distribution. Based on the previous studies, the effect of steel corrosion 

on flexural capacity was assumed as a uniform distribution over the entire structures by 

using the reduced cross-sectional area of reinforcing bars to estimate the load-carrying 

capacity. However, this assumption is an oversimplification because steel corrosion and 

the associated corrosion cracking and spalling of cover concrete are substantially 

nonhomogeneous in RC structures due to the spatial variability caused by workmanship, 

environmental stressors and other factors [12, 47]. The inclusion of spatial variability of 

pitting corrosion can lead to a significant decrease in flexural reliability [12]. 

Several studies have conducted reliability analyses of corroded RC structures by 

incorporating the effect of the spatial steel corrosion distribution. These studies simulate 

the maximum corrosion pit depths along tensile rebars in RC members in the random field 

context to account for the effect of the spatial steel corrosion distribution. However, few 

studies have focused on the interaction of corrosion pits among tensile rebars in the 

transverse direction, which has a substantial effect on the reliability of RC structures. 

Kioumarsi et al. [21, 22] proposed to modify the total residual cross-section of corroded 
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tensile rebars in the analytical analysis of the load-carrying capacity in order to consider 

the effect of the interaction of corrosion pits on the structural reliability. However, this 

adjustment was made based only on an analytical approach using finite FE analysis. 

Therefore, more work is required to experimentally investigate the influence of the 

interaction of corrosion pits among tensile rebars on the reliability of RC structures. 

The FE method is currently applied for the probability-based structural performance 

assessment of corroded RC structures [17, 48, 49]. By randomizing some of the parameters 

in the FE method, the uncertainties and variations that are ignored in a deterministic analysis 

can be considered. Therefore, it is essential to incorporate the FE method in the reliability 

assessment of corroded RC structures considering the spatial variability of steel corrosion. 

2.3.2 Stochastic Modeling 

 

Figure 8 Example of simulated steel weight loss distribution on tensile rebar in a corroded RC 

beam [17]. 

 

To account for the effect of the spatial variability of steel corrosion in the estimation of 

structural reliability for corroded RC structures, several studies have adopted the random 

field concept to simulate the corrosion process in a random field context [12, 17, 19, 20, 

48, 49]. Specifically, based on statistical information of the spatial steel corrosion 

obtained from the measurements, a random field of steel corrosion can be generated by a 
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sequence of random variables. Figure 8 shows a possible realization of the steel weight 

loss on rebar in a RC beam generated based on the random field theory [17].  

 

Procedure for Simulating Stochastic Field 

The procedure for simulating a random field is generally composed of three main steps: 

(1) evaluation of statistical characteristics (e.g., probabilistic distribution type, mean, 

standard deviation, and correlation length) for a variable based on experimental data, (2) 

defining random field mesh size, and (3) generating random field. A random field can be 

generated based on several methods, such as Covariance Matrix Decomposition (CMD) 

[48, 50, 51], the Spectral Representation Method (SRM) [19, 52–54], Karhunen–Loève 

Expansion (KLE) [55, 56], and the Local Average Subdivision (LAS) method [57, 58]. 

Figure 9 shows a general procedure for simulating random fields. 

 

 

Figure 9 General procedure for simulating random fields. 

 

Correlation Function and Correlation Length 

The correlation function is a function that represents the statistical correlation between 

random variables according to the spatial distance between the variables. In comparison, 

the correlation length is a parameter in a correlation function that represents the variability 

in the random field. Figure 10 shows the influence of the correlation length in a random 

field for the compression strength in a concrete beam of 5 m long. As presented in Figure 

10, the random field simulated using a shorter correlation length (i.e., 50 cm) displays a 

shorter correlation among the variables in a random field than that simulated by a longer 

Evaluation of statistical 
characteristics for a variable 
based on experimental data

Define random 
field mesh size

Generate random field 
by e.g., CMD, SRM, 

KLE, and LAS
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correlation length (i.e., 200 cm). 

 

 

(a) Correlation length = 50 cm 

 

(b) Correlation length = 200 cm 

Figure 10  Influence of correlation length in random fields of the compressive strength (fc) for a 

RC beam [59]. 

 

Gaussian and non-Gaussian Random Field 

A random field is Gaussian if the random variables are all normally distributed. When the 

mean, variance and correlation function of a Gaussian random field are known the random 

field is completely defined. In contrast, if the random variables are non-Gaussian, the 

random field is non-Gaussian. If a non-linear transformation is possible between the non-

Gaussian and Gaussian random variables, the non-Gaussian random field can be obtained 
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by a non-linear transformation of a Gaussian random field. The log-normal (i.e., non-

Gaussian) distributed random field is vital in the modeling of engineering problems due 

to its non-negative domain. This transformation is provided in more detail in part of the 

dissertation. 

 

Univariate and Multivariate Random Field 

The physical quantities involved in the probabilistic model of problems in mechanics are 

very often described by a number of correlated variables; for example, the ultimate 

strength and ultimate elongation of a cable wire are correlated, the various mechanical 

properties of a soil are correlated. In other circumstances, it is very beneficial to substitute 

an n-dimensional random field (or wave, meaning that one dimension is in the time 

domain, and the others are in the space domain) by a set of correlated (n − 1)-dimensional 

univariate (UV) fields/processes/waves. For example, the wind speed is a random wave 

that is usually modeled as a set of random processes, each of them relative to a particular 

point (e.g., see [60]). In both of these cases, a multivariate (MV) random field generator 

is required [61]. In other words, an MV random field is a set of correlated UV random 

fields. 

 

Spectral Representation of Random Field 

In some cases, the second-order properties of a random field are expressed in the 

frequency domain with the spectral density function (SDF), which is comparable with the 

covariance function in the spatial domain. The simulation approach that utilizes the SDF 

to generate a random field is named SRM. SRM is a versatile method that can be utilized 

to simulate Gaussian and non-Gaussian random fields, UV and MV random fields, and 

multidimensional random fields. A series of papers provided herein are listed according 
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to types of the simulation in the order of UV Gaussian, MV Gaussian, UV non-Gaussian 

and, and MV non-Gaussian random fields in the following paragraphs, respectively. 

SRM for the simulation of UV and MV Gaussian random fields has been introduced 

by Shinozuka and Jan [62]. Many further developments for the simulation of UV 

Gaussian random fields have been proposed over the years by Shinozuka and Deodatis 

[63, 64]. Meanwhile, Deodatis [65] has improved the simulation of MV Gaussian random 

fields taken into account for an ergodic property. The applications of UV Gaussian SRM 

include, for example, simulating the corrosion process in RC beams [53] and RC slabs 

[10, 19, 54]. In comparison, an application of MV Gaussian SRM is a simulation of wind 

velocity fields [52]. 

For the simulation of UV non-Gaussian random fields, Yamazaki and  Shinozika [66] 

proposed the SRM-based iterative methodology according to a target non-Gaussian SDF 

and a target non-Gaussian marginal cumulative density function (CDF). Their method is 

based on Grigoriu’s translation field theory [67, 68]. Since the methodology proposed by 

Yamazaki and  Shinozika [66] was confirmed later that its accuracy is less than ideal, 

Deodatis and Micaletti [69] proposed some modifications using a “compatibility check” 

to confirm whether the target non-Gaussian SDF and the prescribed non-Gaussian 

marginal CDF are compatible or not. As a result, their proposed method dramatically 

improved the accuracy of the simulation. Simultaneously, Shi and Deodatis [70] have 

developed a methodology with similar accuracy to the Deodatis and Micaletti algorithm 

[69]. Recently, Shields, Deodatis and Bocchini [71] have developed the SRM-based 

iterative technique for generating UV non-Gaussian random fields. The proposed 

algorithm is conceptually much simpler, and at the same time, considerably more efficient 

computationally. The applications of UV non-Gaussian SRM have contributed to, for 

example, simulation of corrosion process of steel beams [72], RC beams [53], and RC 

slabs [19, 20], simulation of damage levels of bridges [73]. 
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The simulation of MV non-Gaussian random fields using SRM has been introduced 

by Popescu, Deodatis, and Prevost [74]. The proposed methodology starts by simulating 

Gaussian MV random fields that is then transformed into desired non-Gaussian ones using 

Grigoriu’s translation field theory [67, 68] in conjunction with the iterative family 

approach [66]. Up until lately, Shields and Deodatis [75] have introduced the conceptually 

simple and computationally efficient methodology for simulating UV non-Gaussian 

random fields proposed by Popescu, Deodatis, and Prevost [71] into the simulation of 

MV non-Gaussian random fields. An example of the application of MV non-Gaussian 

SRM is a simulation of wind fields [75]. 

One of the main purposes of this dissertation is to propose a procedure for simulating 

steel weight loss of multiple rebars RC beams in the stochastic field context by 

considering the effect of the interaction of corrosion pits among the rebars. Therefore, 

based on the above-developed methodologies, the main concerns are (1) representation 

of random fields for steel weight loss in multiple rebars RC members (i.e., UV or MV 

random fields), (2) probability distribution types of the steel weight loss (i.e., Gaussian 

or non-Gaussian), and (3) parameters for the simulation (i.e., mean, standard deviation, 

and correlation parameters). To answer these questions, the nature of steel weight loss in 

multiple rebars RC members is observed and discussed in Chapter 3.   
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 Estimation of Steel Weight Loss Distributions of 
Multiple Tensile Rebars in a Corroded RC Slab 

To investigate the effect of the interaction of corrosion pits among tensile rebars in the 

transverse direction, an experimental procedure for a corroded RC slab specimen that 

contains multiple rebars was established. Based on the test results of the spatial steel 

weight loss distributions obtained from an RC slab specimen that contains multiple rebars, 

the interaction of the steel corrosion pits is observed based on the correlation of the 

corrosion pits in the transverse direction. To determine whether the transverse correlation 

of steel weight loss distributions needs to be considered in the reliability analysis, the 

experimental procedure is conducted on a single RC slab specimen. The effects of several 

factors, including the concrete properties, tensile rebar diameter, tensile rebar spacing and 

concrete cover, are beyond the scope of this study. However, further research is needed to 

investigate the effects of these parameters on the degree of steel corrosion correlation 

among tensile rebars. 

3.1 Experimental Procedure 

3.1.1 Accelerated Corrosion Test 

The details of an RC slab specimen with three tensile rebars are presented in Figure 11 

and the details of the concrete mixing proportions are shown in Table 1. The RC slab 

specimen was cured for 28 days after casting, and then accelerated steel corrosion was 

induced. According to the standard NT Build 492 [36], several accelerated corrosion 

methods have been commonly utilized, e.g., galvanostatic methods, artificial climate 

environmental methods, and accelerated chloride migration methods. In this study, a 

galvanostatic method (the so-called impressed current technique) was applied [36]. A 
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schematic and a photograph of the experimental setup are shown in Figures 12(a) and (b), 

respectively.  

 

Table 1. Concrete mixing proportions. 

Gmax 

(mm) 

W/C 

(%) 

Water 

(kg/m3) 

Cement 

(kg/m3) 

Fine 

aggregate 

(kg/m3) 

Coarse 

aggregate 

(kg/m3) 

AE 

(mL/m3) 

20 50 181 362 754 961 2715 

 

 

Figure 11 Details of the RC slab specimen (all dimensions are in mm). 
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(a) Schematic diagram of the accelerated corrosion process for the RC slab specimen 

 

(b) Photograph of the experimental setup for the accelerated corrosion test on the RC slab 

specimen. 

Figure 12 (a) Schematic diagram of the accelerated corrosion process for the RC slab specimen 

and (b) photograph of the experimental setup for the accelerated corrosion test on the RC slab 

specimen. 
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The RC slab specimen was placed on two pieces of supporting timber and partially 

immersed in a chloride solution with 3.0 wt.% NaCl (refer to Figures 12(a) and (b)) in the 

temperature range 23-25 ℃. The anode side and cathode side were connected to the rebars 

and the copper plate under the RC slab specimen, respectively. The power supply selected 

for this experiment was set to 200 μA/cm2. An equal amount of current was applied to all 

the tensile rebars by connecting them in parallel with the positive electrode of the current 

generator [76], as shown in Figure 12(a), to obtain a similar amount of corrosion for all 

three rebars. The accelerated corrosion process proceeded until the accumulated current 

time reached approximately 3250 h (i.e., approximately five months). Notably, a low 

current density close to natural conditions (i.e., 100 μA/cm2) has been found to cause 

highly localized corrosion in RC members [17]. However, it takes a long time to achieve 

such corrosion tests. Therefore, in this experimental procedure, an impressed current 

density of 200 μA/cm2 was applied to corrode the rebars within a reasonable time frame. 

A future study is needed to address the effect of current density on the correlation of the 

steel corrosion pits in the transverse direction. 

Noted that generally, both concrete beams and slabs are the structural element in 

bending. However, the depth of a concrete slab is significantly smaller compared to its 

span. Since the covering concrete at the top of RC slab is less than that of beams, the RC 

slab specimen herein was partially immersed in 3% NaCl solution in order that the 

chloride ions can diffuse only from the bottom of the specimen. Therefore, the steel 

weight loss distributions obtained from the slab in this dissertation can also be applied 

with the beam element. 

3.1.2 Estimation of Steel Weight Loss Distributions 

During the accelerated corrosion process, the amount of corrosion in the rebars was 

evaluated by the localized steel weight loss (Rw) using X-ray images [24] at four target 
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corrosion levels. The mean values of the localized steel weight loss for all the tensile 

rebars (MRw) were expected to be 5%, 10%, 15%, and 20%; note that the MRw values 

estimated by X-ray were 4.10%, 7.88%, 15.73% and 18.84%, respectively. MRw is 

defined as follows: 

,
1

1
( ),

m

S i
i

MRw MRw
m 

 
 

(8) 
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u

MRw Rw u
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(9) 

m is the number of tensile rebars in the RC member (i.e., m = 3 for this experiment); 

MRwS,i is the mean steel weight loss over a single rebar i (i.e., i = 1, 2 and 3 represent the 

left rebar, center rebar and right rebar, respectively) (refer to Figure 11); Rwi (u) is the 

localized steel weight loss at location u (%) per length L (mm) over a single rebar i; and 

M is the total number of locations where the steel weight loss measurements are 

performed on a single rebar. 

The configuration of the X-ray machine employed in this study is illustrated in Figure 

13. The range for the captured X-ray images of the original and corroded rebars in the RC 

slab specimen is between 270 mm and 1100 mm from the left side of the slab. Note that 

the length of an X-ray image is 60 mm (equivalent to the length of an X-ray photogram), 

as illustrated in Figure 14(a). The X-ray images were obtained by an X-ray apparatus from 

3 viewing angles (120°, 180°, and 240°), as shown in Figure 14(b). Example X-ray images 

of the original and corroded rebars after digital image processing are shown in Figure 15.  
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Figure 13 X-ray imaging configuration. 
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(b) Three viewing angles (120°, 180°, and 240°) for capturing the center rebar 

Figure 14 X-ray imaging of the RC slab specimen: (a) range of captured X-ray images and (b) 

three viewing angles (120°, 180°, and 240°) for capturing the center rebar (all dimensions are in 

mm). 

 

 

Figure 15 Example X-ray images of the original and corroded rebars after digital image processing. 
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Figure 16 Example of profile for the intensity values for the row ν of pixels in an X-ray image. 

 

The X-ray images show the black and white indicating the X-ray intensity after 

penetrating through a material. Generally, the X-ray intensity after penetrating through 

the concrete is higher than that after penetrating through the rebar. According to the 

difference in the intensity of the pixel, the boundary between concrete and rebar, or 

between concrete and corrosion products could be detected using digital image processing. 

Therefore, by attuning the grey values for pixels of the steel bar, the total number of pixels 

under a threshold of grey value that represent the extent of the steel bar can be counted 

using the image processing software. Figure 16 shows an example of a profile for the 

intensity values for a selected row ν of pixels in an X-ray image. 

After the number of pixels of the original and corroded steel bar was estimated, the 

total area was acquired by multiplying the number of pixels by the unit area per pixel as 

follows:  

   , ,ψ ψi θ i θ pA ν P ν A   (10) 

   , ,' '
ψ ψi θ i θ pA ν P ν A   (11) 



31 

 

where  , ψi θA ν and  ,'
ni θA ν are the areas of the original and corroded rebar i, respectively at 

a viewing angle for the row ν of pixels in an X-ray image, θψ represents the ψ-th viewing 

angle,  , ψi θP ν  and  ,'
ψi θP ν  are the number of pixels for the area of the original and 

corroded rebar i, respectively at viewing angle θψ of the image row ν, and Ap is the unit 

area (mm2 /pixel) for the X-ray image. Then, the volume of the rebar before and after 

corroding at a location u can be estimated by: 
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where  , ψi θV u  and  ,' ψi θV u  are the volumes of the original and corroded rebar i, 

respectively, of the location u at viewing angle θψ, and L is the length of the rebar, which 

is 5 mm herein.  

Accordingly, the steel weight loss per length L (mm) of the rebar i at location u, Rwi 

(u) was obtained by taking the average of each value of the steel weight loss for each 

viewing angle as follows: 
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Rw u 100

λ V u

     (14) 

where Rw is the steel weight loss in percentage (%) per length L (mm) of rebar and λ is 

the number of viewing angles (λ = 3 for the 3 different viewing angles applied herein i.e., 

120°, 180°, and 240°). Note that the length for evaluating Rw (i.e., L = 5 mm) is selected 

to be lower than the length of the rebar element utilized in the FE model, which is 

described in Chapter 4.5. 
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3.1.3 Validation of the Steel Weight Loss Distributions Measurement  

After the accelerated corrosion process, the three tensile rebars were separated from the 

RC slab specimen and immersed in a 10% diammonium hydrogen citrate solution for     

24 h to remove the corrosion products. Gravimetric mass loss measurements were 

conducted to acquire the steel weight loss results along each rebar. These results were 

compared with the mean steel weight loss of rebar i, MRwS,i (i = 1, 2, and 3), which was 

determined with Eq. (9), for validation purposes. Table 2 shows that the absolute errors 

of the steel weight loss of the three rebars (i.e., left, center and right rebars) obtained from 

the gravimetric mass loss measurements and MRwS,i, as estimated by the X-ray technique, 

are approximately 1%. A possible reason for the measurement errors was the inability of 

the projected 2D X-ray images to provide information about localized corrosion on the 

rebar surface, which is discussed in detail by Lim et al. (2017) [24]. 

All the verified MRwS,i values indicate that the application of X-ray imaging to an RC 

slab specimen with multiple tensile rebars is effective, as previously illustrated for an RC 

beam with a single tensile rebar [23, 24]. 

 

Table 2. Validation of steel weight loss estimation. 

Rebar* 
 

MRwS,i estimated by the 

X-ray technique 

(Eq. (9)) 
 

Steel weight loss 

measured by the 

gravimetric method 

Absolute error 

 
 

Left (i = 1) 22.1% 22.9% 0.77% 

Center (i = 2) 19.3% 19.5% 0.19% 

Right (i = 3) 15.1% 16.4% 1.38% 

* 

 

 

 Cross section of RC slab specimen

Left Center Right
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3.2 Experimental Results and Discussion 

Figure 17 shows the distributions of the localized steel weight loss Rw, which is estimated 

by the X-ray images of three tensile rebars in the RC slab specimen. The results show that 

the Rw distributions are not uniform and vary spatially. Furthermore, similar Rw profiles 

were obtained among the tensile rebars in the RC slab specimen for all the corrosion 

levels.  

 

 

(a) Spatial steel weight loss distributions of three tensile rebars in the RC slab specimen                     

at 1st X-ray, MRw = 4.10% 

 

(b) Spatial steel weight loss distributions of three tensile rebars in the RC slab specimen                     

at 2nd X-ray, MRw = 7.88% 
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(c) Spatial steel weight loss distributions of three tensile rebars in the RC slab specimen                    

at 3rd X-ray, MRw = 15.73% 

 

(d) Spatial steel weight loss distributions of three tensile rebars in the RC slab specimen                     

at 4th X-ray, MRw = 18.84% 

Figure 17 Spatial steel weight loss distributions of three tensile rebars in the RC slab specimen 

estimated by X-ray and digital image processing techniques: (a) 1st X-ray, MRw = 4.10%; (b) 2nd 

X-ray, MRw = 7.88%; (c) 3rd X-ray, MRw = 15.73%; and (d) 4th X-ray, MRw = 18.84%. 

 

To estimate correlation values of the steel weight loss between a pair of rebars i and 

j (i.e., i, j = 1, 2, 3 in this experiment), ρij, the Pearson correlation is adopted herein as: 
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Figure 18 presents the matrixes of ρij for the steel weight loss distributions among the 
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rebars at all corrosion levels. It is confirmed that the steel weight loss distributions are 

correlated among the rebars. Based on these results, it demonstrates that the spatial 

distributions of steel weight loss in multiple tensile rebars are also correlated in the 

transverse directions. Therefore, both directional correlations of steel weight loss (i.e., 

longitudinal and transverse directions) should be considered when performing the 

simulation. Moreover, the correlation values of steel weight loss distributions between 

the pair of adjacent rebars (i.e., Left-Center and Center-Right) are likely to be higher than 

that of the single skipped rebars (i.e., Left-Center), as shown in Figure 18. This indicates 

that the spacing between the rebars might affect the correlation of steel weight loss in the 

transverse direction. Accordingly, this effect is comprehensively discussed in the 

simulation process provided in Chapter 4. 

The spatial variability in steel weight loss in both the longitudinal and transverse 

directions is explained by the fact that the macroscopic mechanical properties of concrete 

are remarkably discrete due to the random distribution of coarse aggregates and pores. 

Due to the nonuniform distribution of pores in concrete materials, chloride ions migrate 

through the pore solution in the concrete by different transfer paths, leading to the 

difference in chloride ion accumulation on the surface of the rebar. As a result, the final 

distribution of the corrosion products becomes nonuniform [77]. Further experimental 

work should be focused on identifying factors that lead to the correlated steel weight loss 

distributions of rebars in both the longitudinal and transverse directions. 
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(a) Correlation matrix of steel weight loss among the three tensile rebars in the RC slab specimen 

at 1st X-ray, MRw = 4.10% 

 

(b) Correlation matrix of steel weight loss among the three tensile rebars in the RC slab specimen 

at 2nd X-ray, MRw = 7.88% 
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(c) Correlation matrix of steel weight loss among the three tensile rebars in the RC slab specimen 

at 3rd X-ray, MRw = 15.73% 

 

(d) Correlation matrix of steel weight loss among the three tensile rebars in the RC slab specimen 

4th X-ray, MRw = 18.84% 

Figure 18 Correlation matrix of steel weight loss among the three tensile rebars in the RC slab 

specimen estimated by X-ray and digital image processing techniques: (a) 1st X-ray, MRw = 

4.10%; (b) 2nd X-ray, MRw = 7.88%; (c) 3rd X-ray, MRw = 15.73%; and (d) 4th X-ray, MRw = 

18.84%. 
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(a) Relative frequency histogram and lognormal PDF of steel weight loss, Rw (%), in the corroded 

RC slab specimen for MRw = 15.73% in the 3rd X-ray 

 

(b) Relative frequency histogram and lognormal PDF of steel weight loss, Rw (%), in the corroded 

RC slab specimen for MRw = 18.84% in the 4th X-ray  

Figure 19 Example relative frequency histogram and lognormal PDF of steel weight loss, Rw (%), 

in the corroded RC slab specimen: (a) MRw = 15.73% in the 3rd X-ray and (b) MRw = 18.84% in 

the 4th X-ray. 
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Previous statistical analysis results have demonstrated that the distribution of the steel 

corrosion pattern along the length of a corroded rebar is well represented by a lognormal 

distribution [78, 79]. This finding was also confirmed in this experiment. Figure 19 shows 

that the relative frequency histograms of Rw for all three rebars in the RC slab specimen 

follow a lognormal probability density function (PDF). Hence, the spatial steel weight 

loss distributions that are simulated herein are assumed to be lognormally distributed. 
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 Stochastic Simulation and Structural Performance 
Assessment of Corroded Multiple Rebars RC Structures 

4.1 Spectral Representation of MV Random Fields 

The SRM is a very versatile method that can be applied to generate Gaussian and non-

Gaussian random fields, UV and MV random fields, and multidimensional random fields 

[61, 63, 65, 66, 74]. Using SRM, previous studies have simulated steel corrosion in 

reinforcing bars of RC structures, which evolves over time and at continuous locations in 

space in UV random fields [19, 20, 72, 80]. However, based on the experimental data in 

Chapter 3, the Rw profiles and the correlation matrixes of the spatial steel weight loss 

distributions reveal a significant transverse correlation among the three tensile rebars. 

Therefore, the spatial steel weight loss distributions should not be represented by three 

UV (i.e., uncorrelated) random fields. Instead, the most appropriate solution is to simulate 

the steel weight loss distributions as MV random fields [61, 65]. With this approach, the 

transverse correlation of steel weight loss among the tensile rebars can be considered in 

the stochastic simulation. A general approach for simulating MV random fields using the 

SRM is introduced in this subchapter. By applying this simulation technique, a procedure 

is proposed to generate the spatial steel weight loss distributions of multiple rebars for 

RC members in Chapter 4.2. 

4.1.1 Simulation of MV random fields 

To model the cross-correlation of vector fields, the Gaussian cross-spectral density matrix 

(CSDM),  S(κ), is defined as follows [65]: 
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(16) 

where m is the number of components, κ is the wavenumber, and Sij (κ) represents the 

cross-SDF values, which are defined as follows [61]: 

       ,      , 1, 2, ..., ,ij ij ii jjS κ γ κ S κ S κ i j m 
 (17) 

where 

Δ

Δ ,  0,  1,  2,..., 1

uκκ
N

κ n κ n N



    

The terms Sii (κ) and Sjj (κ) denote the auto-SDF of rebars i and j, respectively; γij (κ) 

is the coherence function; uκ  is the upper cutoff frequency beyond which the spectral 

density can be assumed to be zero; and N is a parameter defining the number of 

discretization points in the wavenumber domain. N is related to the number of discrete 

locations in a simulated vector (M) because of the following anti-aliasing requirement: M 

≥ 2N [63].  

With the Gaussian CSDM, ( )κS , as expressed in Eq. (16), MV random fields of m 

components can be simulated. A general computational procedure is explained in the 

following six steps [61]. 

(I) ( )κS  is decomposed to satisfy the following equation: 

     Tκ κ κS H H
 

 (18) 

where * denotes the complex conjugate and T denotes the transpose operator. This 

decomposition can be performed with several existing methods [81]. 

With Cholesky’s decomposition, the matrix H can be obtained recursively as follows [82]: 
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Here define the quantities  ijw κ  as: 
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Comparing Eq. (22) to the definition in Eq. (21), iiw  is: 
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In turn, the cross terms ijw  are provided by: 
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The recursive Eqs. (23) and (25) show that the variables  w κ  are functions only of the 

coherences  γ κ . So, in general,  
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     ij ij iiH κ w κ S κ   (26) 

In this way, the Cholesky decomposition of S(κ) can be calculated knowing only the 

auto-SDF and coherence function. For instance,  w κ  for the case of a vector process 

with three components (i.e., m = 3) can be obtain as: 
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H   (28) 

(II) The resulting lower triangular matrix H(κ) is applied to compute the functions 

( )s

i jt  as follows: 

   ( ) ( )Δ DFT 2 Δ Δ Δ exp Is s

ij ij jn

j
t u x H n κ κ κ φ

m
        

  (29) 

where 

0,  1,..., 1

1, 2,...,

1,  2,...,

0,  1,..., 1

2
Δ

Δ

n N

i m

j i

u M

π
x

M κ

 


 


 

  

( )s

jnφ  are N random samples of phase angles uniformly distributed in the interval [0, 2π] 

and associated with component j of sample s, ∆x and ∆κ define the discretization in the 

space domain and wave number domain, respectively and  DFT    is the Discrete 

Fourier Transform defined as: 
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      (30) 

X and Z are vectors of length M and I is the imaginary unit. 

 (III) Next, m copies of ( )s

i jt  are concatenated to generate ( )s

ijh  as follows: 

    ( ) ( )Δ m o d , Δ     0 ,  1, ..., 1s s

ij ijh q x t q M x q m M     (31) 

where mod(q, M) is the remainder of the division of q by M. 

(IV) Thereafter, ( )s

ijh  is multiplied by a shifting factor as follows: 

     ( ) ( )ˆ Δ Δ exp I Δ Δs s

ij ij

j
h q x h q x κ q x

m

       
  (32) 

where    indicates the real part of the quantity in brackets. 

(V) Each component i of the sample (s) of the MV and Gaussian random field is 

obtained by the following equation: 

   ( ) ( )

1

ˆˆ Δ Δ
i

s s

i ij
j

g q x h q x


 
 

 (33) 

(VI) The standard Gaussian samples ( )ˆ s

ig   are mapped to a desired non-Gaussian 

distribution using the translation field theory [67]. 

4.1.2 Underlying Gaussian CSDM by a Translation Process 

In general, the underlying Gaussian CSDM in Eq. (16) can be computed based on a 

prescribed stationary target CSDM using an iteration-based procedure proposed by 

Shields et al. [75]. The details of this algorithm are explained briefly in the following five 

steps. 

(1) The first approximation of the underlying Gaussian CSDM, 
(0) ( )G κS , is set to the 

normalized target non-Gaussian CSDM, ( )T

N κS : 

(0)
( )

( )
T

Nij

Gij

Ni Nj

S κ
S κ

σ σ
   (34) 

where the superscript (0) in 
(0)( )G κS  represents the first iteration and Niσ  is the standard 
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deviation of vector component i. 

(2) The corresponding Gaussian cross-correlation matrix (CCM), 
( )( )k

G κR , is 

computed from 
( )( )k

G κS  at the k-th iteration using the Wiener-Khintchine transform as 

follows [83]: 

   ( ) ( )( ) exp Ik k

Gij GijR τ S κ κτ dκ



    (35) 

( )( )k

G κR  is then transformed into the corresponding non-Gaussian CCM, 
( )( )k

N κR , 

which is expressed as follows [68]: 

     ( ) 1 1 ( )

1 2 1 2 1 2( ) ( ) ( ) , , ( )k k

Nij Ni Gi i Nj Gj j i j ij i jR τ F F x F F x Φ x x ρ τ dx dx
 

 

 
      (36) 

where 
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  (37) 

 ( )

1 2, , ( )k

i j ijΦ x x ρ τ  is the joint Gaussian PDF, ( ) ( )k
ijρ τ  is calculated by normalizing 

( ) ( )k

GijR τ , 1 ( )NiF    is the inverse of the non-Gaussian cumulative distribution function (CDF) 

of the translation vector component i and ( )GiF   is the Gaussian CDF of the translation 

vector component i. Subsequently, the non-Gaussian CSDM ( ) ( )k

N κS  is estimated from 

( ) ( )k

N κR  using the Wiener-Khintchine transform as follows: 

   ( ) ( )1
( ) exp I

2
k k

Nij NijS κ R τ κτ dτ
π




    (38) 

(3) All of the CSDMs (i.e., ( )T

N κS , ( ) ( )k

N κS  and ( ) ( )k

G κS ) are decomposed using the 

Cholesky’s decomposition, as described in Eqs. (18) to (28). Based on this decomposition 

of the CSDMs, matrices ( )T

N κH , ( ) ( )k

N κH  and ( ) ( )k

G κH  can be obtained accordingly. Note 

that ( )T

N κS  is decomposed only once, whereas ( )T

N κS  and ( ) ( )k

N κS  are decomposed at 

every iteration. 

(4) The Gaussian CSDM decomposed at the (k + 1)-th iteration, 
( 1)( )k+

G κH  is upgraded 
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as follows: 

( 1) ( )
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( )

β
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Gij Gijk

Nij

H κ
H κ H κ

H κ


 
  
  

  (39) 

where   is selected to optimize the convergence speed (i.e., the number of iterations for 

convergence) and the relative difference between ( )T

N κS  and 
( 1)( )k+

N κS  at the (k + 1)-th 

iteration 
( 1)kε , as defined in Equation (40). Note that 

( 1)kε  is calculated for each iteration 

to confirm the convergence criterion: 
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  (40) 

(5) Based on the upgrading using Equation (39), the new Gaussian CSDM, 
( 1)( )k+

G κS , is 

calculated using Equation (18). Since the upgrading will alter the variance of the 

underlying Gaussian from the assumed unity, 
( 1)( )k+

G κS  needs to be normalized as follows: 

   
       

1

( 1)

1 1
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k

GijN i

Gij
k k

Gii Gjj

S κ
S κ

S κ dκ S κ dκ





  

 



 
  (41) 

where the superscript N indicates normalization. 

Steps (2) through (5) are repeated using the new estimated Gaussian CSDM, 
( 1)( )k+

G κS , 

until 
( 1)kε —computed with Equation (40)—meets the convergence criterion. 

4.2 Procedure for Simulating the Spatial Steel Weight Loss 

Distributions of Multiple Rebars in MV Random Fields using 

SRM 

Figure 20 presents a proposed procedure for simulating the steel weight loss of m corroded 

tensile rebars as MV random fields. The procedure is composed of four main parts. Part 
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1 gathers simulation parameters from a corroded RC member with multiple rebars (i.e., 

samples of steel weight loss distributions along the rebars, mean values and standard 

deviations of steel weight loss, and the distribution type), which are obtained from 

Chapter 3 herein. To simulate MV random fields, two essential functions, the auto-SDF 

and coherence function, are determined in Part 2 and Part 3, respectively. The detailed 

procedure to estimate these functions based on the experimental results will be described 

in Chapter 4.3. Accordingly, the steel weight loss of RC structures with m tensile rebars 

is represented by MV random fields in Part 4 using the method provided in Chapter 4.1.1. 

 

 

Figure 20 Flowchart for simulating spatial steel weight loss of m rebars in MV random fields. 

According to Step (VI) of the procedure to simulate MV random fields presented in 

Part 3. Estimation of coherence function

Part 2. Estimation of auto-SDF 

The simulation parameters to generate a random 
field (i.e., samples of steel weight loss along the 
rebars, mean values and standard deviations of 
steel weight loss, and the distribution type) are 

estimated from a corroded RC member with 
multiple rebars

Step 2
Extracting subsamples of the mapped steel weight loss 

distributions in Step 1 for each level of MRw and each rebar

Step 4
Estimating the “empirical auto-SDF” for each of 

the subsample extracted in Step 2

Step 1
Mapping the samples of steel weight loss distributions to a 
standard Gaussian distribution for each level of MRw and 

each rebar

Step 3
Testing the homogeneity of the subsamples of the mapped 

steel weight loss distributions for each level of 
MRw and each rebar

Step 5
Fitting the auto-SDFs with a functional form

Part 4. Simulation of steel weight loss of RC structures 
with m tensile rebars in MV random fields

Simulating MV random fields of the steel weight 
loss distributions

Step 6
Estimating the “empirical cross-SDF” and the 

“empirical coherence function” between 
different pairs of rebars (e.g., between pairs of 

adjacent rebars and single skipped rebars)

Step 7
Determining the highest frequency that the 

empirical cross-SDF and empirical coherence 
function can be assessed, and fitting the 

coherence functions up to this frequency with a 
functional form

Part 1. Gathering simulation parameters

Estimating Gaussian CSDM based on the auto-SDF and coherence 
function estimated
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Chapter 4.1.1 (i.e., Part 4 in Figure 20), since the experimental results of the steel weight 

loss distribution is well represented by a lognormal distribution, as stated in Chapter 3, 

the standard Gaussian samples ( )ˆ s

ig   in Eq. (33) are mapped to the desired lognormal 

distribution [67]: 

   ( ) ( )

, ,
ˆexps s

i YS i YS i if x MRw σ g x      
 (42) 

where 

2

,2 2

, , , ,2

,

1
ln 1 ln( )

2
S i

YS i YS i S i YS i

S i

σ
σ ,    MRw MRw σ

MRw

 
     

   
 (43) 

and MRwS,i and σS,i are the mean value and standard deviation, respectively, of the 

localized steel weight loss in a single rebar i, which can be obtained from the experimental 

results. 

4.3 Estimation of the Auto-SDF and Coherence Function 

Using the experimental results of the steel weight loss in the RC slab specimen presented 

in Chapter 3, the auto-SDF Sii (κ) and coherence function γij (κ) in Eqs. (16) and (17) are 

estimated, respectively. With the results of Sii (κ) and γij (κ), the longitudinal and transverse 

correlation of steel weight loss can be represented. Due to the limitation in the number of 

specimens, it is not possible to estimate these functions entirely empirically. Instead, a 

functional form needs to be selected based on physical considerations, and the 

experimental data can be used to calibrate the functional forms of the auto-SDF and 

coherence function. 

Steps 1 to 5 and Steps 6 and 7 shown in Figure 20 comprise the procedure for 

determining the auto-SDF and coherence function, respectively. The various steps of the 

proposed procedure are described in detail in the following (the numbers of Steps 1 to 7 

in Figure 20 correspond to the numbering of the subchapters that follow). 
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4.3.1 Mapping Steel Weight Loss Samples Rwi (u) to Standard Gaussian 

Samples RwG,i (u) 

The ( )iRw u  samples from rebar i are mapped from a lognormal distribution to a standard 

Gaussian distribution for each corrosion level (i.e., MRw = 4.10%, 7.88%, 15.73% and 

18.84%) using the classic Nataf transformation [67]: 

  
,

1

, ( ) ( )
G i iG i Rw Rw iRw u F F Rw u

 (44) 

where 
, ( )G iRw u  are the standard Gaussian mapped samples of steel weight loss, 

,

1

G iRwF   is 

the inverse Gaussian cumulative distribution function (CDF) of rebar i, and 
iRwF  is the 

lognormal CDF with mean value MRwS,i and standard deviation σS,i, where σS,i is provided 

by 

2

, ,
1

1
( ( ) )

M

S i i S i
u

σ Rw u MRw
M 

 
 

(45) 

The results of the standard Gaussian mapped samples of steel weight loss RwG,i for 

all the corrosion levels are presented in Figure 21. To compare the distribution of RwG,i 

with the standard Gaussian distribution, the normal probability plots of the samples RwG,i 

for all the corrosion levels are displayed in Figure 22. As shown in Figure 22, the results 

indicate good fit of the samples RwG,i to the theoretical distribution (i.e., standard 

Gaussian distribution), especially at significant corrosion levels e.g., MRw = 15.73% and 

18.84%. 
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(a) Mapped samples RwG,i at 1st X-ray, MRw = 4.10% 

 

(b) Mapped samples RwG,i at 2nd X-ray, MRw = 7.88% 

 

(c) Mapped samples RwG,i at 3rd X-ray, MRw = 15.73% 

 

(d) Mapped samples RwG,i at 4th X-ray, MRw = 18.84% 

Figure 21 Mapped samples RwG,i at each corrosion level: (a) 1st X-ray, MRw = 4.10%; (b) 2nd X-

ray, MRw = 7.88%; (c) 3rd X-ray, MRw = 15.73%; and (d) 4th X-ray, MRw = 18.84%. 
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(a) Normal probability plot of samples RwG,i for three tensile rebars at 1st X-ray, MRw = 4.10% 
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(b) Normal probability plot of samples RwG,i for three tensile rebars at 2nd X-ray, MRw = 7.88% 
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(c) Normal probability plot of samples RwG,i for three tensile rebars at 3rd X-ray, MRw = 15.73% 
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(d) Normal probability plot of samples RwG,i for three tensile rebars at 4th X-ray, MRw = 18.84% 

Figure 22 Normal probability plot of samples RwG,i for three tensile rebars (i.e., Left, Center and Right) at each corrosion level: (a) 1st X-ray, MRw = 4.10%; (b) 

2nd X-ray, MRw = 7.88%; (c) 3rd X-ray, MRw = 15.73%; and (d) 4th X-ray, MRw = 18.84%. 
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4.3.2 Extracting Subsamples RwG,i,k (u) 

 

Figure 23 Example extraction of samples RwG,i,k (u) from the measurement results of the 1st X-ray 

(MRw = 4.10%). 

 

For each corrosion level and rebar, from the mapped samples , ( )G iRw u , three subsamples 

, , ( )G i kRw u  are extracted, where k = 1, 2 and 3 represent the beginning, end and middle of 
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the , ( )G iRw u  field, respectively. Figure 23 illustrates an example of the extraction of the 

samples , , ( )G i kRw u  from the measurement result of the 1st X-ray (MRw = 4.10%). 

4.3.3 Homogeneity Testing of Subsamples RwG,i,k (u) 

Before applying the mapped samples , , ( )G i kRw u  that were extracted in the previous step 

to estimate the functional form of the auto-SDF, a homogeneity test is performed by 

considering the mean value , ,G i kMRw  and standard deviation , ,G i kσ  of each subsample of 

the mapped steel weight loss distributions , , ( )G i kRw u  as 

, , , ,
1

1
( )

Q

G i k G i k
u

MRw Rw u
Q 

 
 

(46) 

2

, , , , , ,
1

1
( ( ) )

Q

G i k G i k G i k
u

σ Rw u MRw
Q 

 
 

(47) 

where Q is the total number of discrete locations in a subsample , , ( )G i kRw u . 

Notably, the results of the homogeneity testing shown in Table 3 indicate that 

, ,G i kMRw   and , ,G i kσ   match the statistical characteristics of the standard Gaussian 

distribution (i.e., the mean value and standard deviation are equal to 0 and 1, respectively) 

and are approximately equivalent among the three subsamples for all three rebars and four 

corrosion levels. Thus, it is reasonable to assume that the samples extracted in Step 2 (i.e., 

Chapter 4.3.2) are homogeneous in the mean value and in the standard deviation. In 

practice, most homogeneous random fields (and stationary processes) are also ergodic; 

therefore, herein, it is assumed that the field is ergodic. This enables the assessment of the 

properties of MV random fields (e.g., auto-SDF and coherence) from the results of the  
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single experimental test that was performed.  

 

Table 3. Means and standard deviations of subsamples of the mapped steel weight loss distributions. 

 

 

Corrosion level Rebar 

MRwG,i,k (%) 
 

 σG,i,k (%) 

Beginning part 

(k = 1) 

End part 

(k = 2) 

Middle part 

(k = 3) 

 Beginning part 

(k = 1) 

End part 

(k = 2) 

Middle part 

(k = 3) 

1st X-ray  

(MRw = 4.10%) 
 

Left (i = 1) -0.07 0.07 0.07  0.86 0.99 1.13 

Center (i = 2) 0.35 0.13 -0.37  0.80 0.93 1.14 

Right (i = 3) 0.20 0.08 -0.20  0.80 0.90 1.14 

2nd X-ray  

(MRw = 7.88%) 
 

Left (i = 1) -0.15 0.35 0.13  1.13 1.07 0.83 

Center (i = 2) 0.52 0.47 -0.54  0.65 0.77 1.18 

Right (i = 3) 0.22 0.53 -0.25  0.69 0.70 1.18 

3rd X-ray  

(MRw = 15.73%) 
 

Left (i = 1) -0.36 0.16 0.35  0.86 1.07 1.01 

Center (i = 2) 0.45 0.29 -0.47  0.76 0.77 1.12 

Right (i = 3) -0.01 -0.11 0.00  0.87 0.87 1.12 

4th X-ray  

(MRw = 18.84%) 
 

Left (i = 1) -0.43 0.29 0.44  0.65 1.13 1.09 

Center (i = 2) 0.41 0.51 -0.43  0.73 0.73 1.15 

Right (i = 3) 0.10 0.03 -0.11  0.81 0.84 1.15 



58 

 

4.3.4 Estimating Empirical Gaussian Auto-SDFs SEG,ii,k (κ) 

For each subfield obtained from Step 2 (i.e., Chapter 4.3.2), the “empirical auto-SDF” is 

estimated by [83]: 

, ,k , , , ,

1
( ) ( ) ( )

2EG ii G i k G i kS κ Rw u Rw u
πT


 

 
(48) 

where 

T Q x  , 

, , ( )G i kRw u  is the Fourier transform of 
, , ( )G i kRw u , and Q is the total number of locations in 

a subsample of 
, , ( )G i kRw u . 

Figure 24 shows the empirical auto-SDF for the subfields obtained from Step 2, 

, , ( )EG ii kS κ   at all the corrosion levels. Figure 25 presents the results of the average 

, , ( )EG ii kS κ  calculated for each corrosion level. These results reveal that there is no distinct 

relationship between , , ( )EG ii kS κ  and the corrosion level. Therefore, it is assumed that a 

single auto-SDF is analyzed and applied for any single rebar using the total average 

, , ( )EG ii kS κ  calculated from all the corrosion levels. Note that this is possible because the 

effects of the different mean and standard deviation associated with each corrosion level 

are accounted for by the mapping in Eq. (42). 
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(a) Empirical auto-SDF for subfields, , , ( )EG ii kS κ  at 1st X-ray, MRw = 4.10% 

 

(b) Empirical auto-SDF for subfields, , , ( )EG ii kS κ  at 2nd X-ray, MRw = 7.88% 
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(c) Empirical auto-SDF for subfields, , , ( )EG ii kS κ  at 3rd X-ray, MRw = 15.73% 

 

(d) Empirical auto-SDF for subfields, , , ( )EG ii kS κ  at 4th X-ray, MRw = 18.84% 

Figure 24 Empirical auto-SDF for the subfields obtained from Step 2, , , ( )EG ii kS κ  at each corrosion 

level: (a) 1st X-ray, MRw = 4.10%; (b) 2nd X-ray, MRw = 7.88%; (c) 3rd X-ray, MRw = 15.73%; 

and (d) 4th X-ray, MRw = 18.84%. 
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Figure 25 Average SEG,ii,k (κ) at each corrosion level. 

 

4.3.5 Fitting SEG,ii,k (κ) with a Functional Form 

An array of functional forms is tested to capture the auto-SDF of the steel weight loss. 

According to the general tendency of the average , , ( )EG ii kS κ  shown in Figure 25, three 

possible functional forms presented in Table 4 are tested to capture the spectrum. Notably, 

when selecting the functional form, special emphasis is given to the ability to capture the 

spectrum at low wavenumbers because the fluctuations at high wavenumbers (i.e., short 

periods) in the experimental results may be generated by measurement errors and are less 

reliable than the fluctuations at small wavenumbers (i.e., long periods). 

The fitted parameters for each functional form (i.e., C1 and/or C2) are estimated using 

a least square regression on the experimental data. The results of the coefficient of 

determination (R2) indicate that functional form No. 3 in Table 4 best captures the 

spectrum with the parameters C1 = 0.0063 and C2 = 5.7 for the longitudinal correlation.  

Figure 26 shows a comparison of the total average , , ( )EG ii kS κ   and the fitted function  
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( )FGS κ  using the parameters C1 and C2. As shown, these two results yield good characterizations between the measured and functional spectra at 

low wavenumbers, where R2 = 0.85. Even though the fitting is inconsistent at high wavenumber (> 0.1 rad/mm), the results at the low wavenumber 

(0 – 0.1 rad/mm), which is important parts for representing the longitudinal correlation, are satisfactory fitted with the functional form. Therefore, 

Sii (κ) of a single rebar i in Eqs. (16) and (17) can be well represented by the functional auto-SDF, ( )FGS κ , with C1 = 0.0063 and C2 = 5.7 to consider 

the longitudinal correlation of a steel weight loss distribution. 

 

Table 4. List of functional forms utilized to capture the auto-SDF of the steel weight loss. 

No. Functional form SFG Fitted parameters 
Coefficient of 

determination R2 

1 3 2

1 1

1
( ) exp( )

4FGS κ C κ C κ   C1 = 45.12 −0.25 

2 
12 2 2 2

1 2 1 2 1 2( ) ( ) ( )( )FGS κ C C C C π C κ C κ


       C1 = 9094, C2 = 0.0991 0.48 

3 
2 2 4

2 1 1

4 2 4 2

1 2 1 1 2 1

1 40000 ( / ) ( / )
( )

(1 / ) 4 ( / ) (1 10 / ) 400 ( / )FG

C κ C κ C
S κ

κ C C κ C κ C C κ C

  
          

 C1 = 0.0063, C2 = 5.7 0.85 
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Figure 26 Fitting the total average SEG,ii,k (κ) calculated from all the corrosion levels. 

4.3.6 Estimating Empirical Coherence Functions γEG,ij,k (κ) 

At the beginning of the procedure to determine the coherence function γij (κ) used in Eq. 

(17) based on the experimental results in Chapter 3, the “empirical coherence functions” 

, ,EGij kγ  between two pairs of adjacent rebars (i.e., ,12,EG kγ  and ,23,EG kγ  for the pair of rebars 1 

and 2 and pair of rebars 2 and 3, respectively) and a pair of single skipped rebars (i.e., 

,13,EG kγ  for the pair of rebars 1 and 3) are estimated for each subfield k and each corrosion 

level. 

In particular, , ,EGij kγ  can be calculated by inverting Eq. (17) and using the empirical 

auto- and cross-SDF as 

   
   

, ,

, ,

, , , ,

EG ij k

EG ij k

EG ii k EG jj k

S κ
γ κ

S κ S κ


 

(49) 

C1 = 0.0063, C2 = 5.7

Total average SEG, ii, k

Fitted function SFG (R2 = 0.85)
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where , , ( )EG ii kS κ   is the empirical auto-SDF estimated by Eq. (48), and the “empirical 

cross-SDF”, , , ( )EG ij kS κ  can be estimated as follows [83]: 

, , , , , ,

1
( ) ( ) ( )

2EG ij k G i k G j kS κ Rw u Rw u
πT


 

 
(50) 

Figure 27 shows the results of the average , ,EGij kγ   that is calculated from the three 

subsamples (i.e., k = 1, 2 and 3) at each corrosion level. Additionally, in this case, the 

values associated with large wavenumbers (i.e., larger than 0.05 rad/mm) and short 

periods are affected by potential aliasing and measurement errors and can be disregarded 

to focus on the first part of the data (i.e., wavenumbers smaller than 0.05 rad/mm). The 

initial decay and its speed are similar for all corrosion levels, with only a couple of 

exceptions. Therefore, as for the auto-SDF, a single functional form is assessed for the 

coherence at all corrosion levels. 

 

 

(a) Average empirical coherence functions, , ,EGij kγ  at 1st X-ray, MRw = 4.10% 

Rebars 1-2 Rebars 1-3 Rebars 2-3
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(b) Average empirical coherence functions, , ,EGij kγ  at 2nd X-ray, MRw = 7.88% 

 

(c) Average empirical coherence functions, , ,EGij kγ  at 3rd X-ray, MRw = 15.73% 

 

(d) Average empirical coherence functions, , ,EGij kγ  at 4th X-ray, MRw = 18.84% 

Figure 27 Average empirical coherence functions, , ,EGij kγ , calculated from the three subsamples 

(i.e., k = 1, 2 and 3) at each corrosion level: (a) 1st X-ray, MRw = 4.10%; (b) 2nd X-ray, MRw = 

7.88%; (c) 3rd X-ray, MRw = 15.73%; and (d) 4th X-ray, MRw = 18.84%. 

 

4.3.7 Fitting γEG,ij,k (κ) with a Functional Form 

Based on the coherence functions in Figure 27, a negative exponential functional form is 
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selected: 

,

3

( ) exp
2

ij

FG ij

κ d
γ κ

πC

 
  
 
   

(51) 

where , ( )FG ijγ κ   represents the functional coherence function between rebars i and j, dij 

represents the distance between rebars i and j, and C3 is an estimated parameter that tunes 

the initial decay. This functional form can describe the coherence for all pairs of rebars 

considering the different distances between the rebars in the RC slab specimens. 

With regard to relevant points of the coherence functions, which can be utilized to fit 

the functional form, the smallest distance between two measured points in two different 

rebars across the RC slab specimen determines the highest wavenumber with which the 

empirical cross-SDF and empirical coherence function can be assessed. Based on 

Nyquist’s theorem, these highest frequencies can be estimated by [83] 

max cross-SDF Δ

π
κ

x


 
(52) 

Using Eq. (52), the highest frequencies that can be assessed for the pairs of adjacent 

rebars (i.e., rebars 1 and 2 and rebars 2 and 3) and the pair of single skipped rebars (i.e., 

rebars 1 and 3) are π/57 = 0.055 rad/mm and π/114 = 0.028 rad/mm, respectively. The 

empirical values of the coherences in Figure 27 beyond these wavenumbers are 

essentially noise and should be discarded. Figure 28 presents the fitting of the average 

, ,EGij kγ  based on the remaining points, with the functional coherence function in Eq. (51). 

Note that for fitting the coherence functions of the adjacent rebars, the average 

,12, ,23,( ) / 2EG k EG kγ γ  is used, assuming the coherence function between the pairs of rebars 
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1 and 2 is equal to that between the pairs of rebars 2 and 3. As confirmed in Figure 28, all 

the fitted parameters C3 are similar and thus are independent of the corrosion level. It 

should be noted that only the average coherence function for adjacent rebars at the 3rd X-

ray in Figure 28(c) reveals a different trend from that of the corresponding fitted curve. 

This difference could occur due to the uncertainties associated with the corrosion process. 

Therefore, the mean value of all the fitted parameters C3 shown in Figure 28, which is 

0.05, is applied for the simulation. While this value is a good estimate for this study and 

is recommended for practical applications, additional experiments are needed to confirm 

or refine this assessment. 

Figure 29 shows an example of the functional coherence functions ,FG ijγ  of the RC 

slab specimen using d12 = d23 = 57 mm for ,12FGγ  and ,23FGγ  and d13 = 114 mm for ,13FGγ , 

given C3 = 0.05. Assuming γij = γFG,ij (C3 = 0.05), the transverse correlation of steel weight 

loss among the rebars can be taken into account in the simulation. 

 

 

(a) Fitting the average empirical coherence functions, , ,EGij kγ  at 1st X-ray, MRw = 4.10% 

Adjacent rebars

C3 = 0.027 C3 = 0.074

Single skipped rebars

Average (γEG,12,k+γEG,23,k)/2

Fitted curve

Average γEG,13,k

Fitted curve
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(b) Fitting the average empirical coherence functions, , ,EGij kγ  at 2nd X-ray, MRw = 7.88% 

 

(c) Fitting the average empirical coherence functions, , ,EGij kγ  at 3rd X-ray, MRw = 15.73% 

 

(d) Fitting the average empirical coherence functions, , ,EGij kγ  at 4th X-ray, MRw = 18.84% 

Figure 28 Fitting the average empirical coherence functions, , ,EGij kγ , calculated from the three 

subsamples at each corrosion level: (a) 1st X-ray, MRw = 4.10%; (b) 2nd X-ray, MRw = 7.88%; (c) 

3rd X-ray, MRw = 15.73%; and (d) 4th X-ray, MRw = 18.84%.  

 

C3 = 0.039 C3 = 0.045

Adjacent rebars Single skipped rebars

Average (γEG,12,k+γEG,23,k)/2

Fitted curve

Average γEG,13,k

Fitted curve

C3 = 0.051 C3 = 0.059

Adjacent rebars Single skipped rebars

Average (γEG,12,k+γEG,23,k)/2

Fitted curve

Average γEG,13,k

Fitted curve

C3 = 0.041 C3 = 0.063

Adjacent rebars Single skipped rebars

Average (γEG,12,k+γEG,23,k)/2

Fitted curve

Average γEG,13,k

Fitted curve
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Figure 29 Example of functional coherence functions, ,FG ijγ , of the RC slab specimen between the 

two pairs of adjacent rebars and the pair of single skipped rebars using the parameter C3 = 0.05. 

 

The auto-SDF and the coherence estimated based on the procedure proposed herein 

are associated with the so-called “underlying Gaussian field” [71] because a preliminary 

mapping of the experimental results to a standard Gaussian field was performed. This is 

important because it prevents the need to identify the underlying Gaussian CSDM, as 

described in Chapter 4.1.2, and makes the simulation more straightforward. 

4.4 Example of Simulated Spatial Steel Weight Loss Distributions for 

the RC Slab Specimen 

Using the functional auto-SDF and functional coherence function, a numerical example 

of the simulation of spatial steel weight loss distributions in the RC specimen is presented. 

Since the experimental results of steel weight loss distributions presented in Figure 17 

indicate that the locations of rebars i.e., outside rebars (left and right rebars) and inside 
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rebar (center rebar) have no effect on the corrosion level, the steel weight loss 

distributions are simulated herein assuming that the steel weight loss distribution for each 

rebar has the same MRwS,i, i.e., MRwS,i (i = 1, 2,…, m) = MRw. With this assumption, σS,i 

of the steel weight loss distribution of a single rebar in Eq. (43) can be estimated by Eq. 

(45) for any specific MRw. To determine the relationship between MRw and σS,i, steel 

weight loss distributions of nine RC specimens reported in [17] are utilized. Figure 30 

shows that MRw increases with σS,i. In the following example, σS,i is estimated by the linear 

regression shown in Figure 30. Note that only a few steel weight loss distributions with 

an MRw value greater than 20% were obtained from the experimental data. Further 

research is needed to understand the steel corrosion phenomena of RC members with 

higher MRw values. 

 

 

Figure 30 Relationship between MRw and σS,i. 

 

Since the RC slab has three tensile rebars (i.e., m = 3), the Gaussian CSDM in Eq. 

(16) can be provided by 

σS,i = 0.2323MRw + 0.0483
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(53) 

Figures 31(a) and (b) show the effect of the transverse correlation parameter C3 on 

the spatial steel weight loss distributions in the RC specimen, assuming MRw = 10%. Two 

degrees of parameter C3 are applied in the simulation as follows: 

1) Low transverse correlation (i.e., C3 = 0.005) (refer to Figure 31(a)). 

2) Experimental transverse correlation (i.e., C3 = 0.05) (refer to Figure 31(b)). 

 

 

(a) 

 

(b) 

Figure 31 Effect of the transverse correlation parameter C3 on the spatial steel weight loss 

distributions in the RC slab shown in Figure 11, assuming MRw = 10%. 

As expected, the transverse correlation among the steel weight loss distributions of 
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the three tensile rebars depends on the transverse correlation parameter C3. By applying 

the SRM to simulate the spatial steel weight loss distributions in MV random fields, the 

effect of the interaction of corrosion pits among tensile rebars can be considered. 

4.5 Structural Performance Assessment Using 3D Nonlinear FE 

Analysis and the Response Surface Method 

 

Figure 32 3D FE model considering the reduction in rebar cross-sectional area based on the 

simulated spatial steel weight loss distributions. 

 

After simulating the spatial steel weight loss distributions of tensile rebars with the SRM, 

the structural performance of RC structures with the simulated spatial steel weight loss 

distributions is evaluated using 3D nonlinear FE analysis. Assuming m = 3, the 3D FE 
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model utilized herein is illustrated in Figure 32. Each tensile rebar is modeled by two-

node truss elements with a length of 100 mm, and the spatial steel weight loss 

distributions simulated in the previous subsection are employed to calculate the average 

cross-sectional area loss within each tensile rebar element in the FE model. 

Eight-node solid elements with dimensions of 100 mm × 100 mm × 100 mm are used 

for the concrete. The constitutive model of concrete is shown in Figure 33(a), in which 

the tension-softening and compressive behavior are modeled based on Hordijk [84] and 

Feenstra [85], respectively. The corrosion-induced damage to the concrete cover is taken 

into account by modifying the stress-strain relation of the concrete based on the method 

suggested by Coronelli and Gambarova [86]. For the tensile rebars, the stress-strain 

relation is modeled based on Shima et al. [87], as shown in Figure 33(b).  

 

 

(a) Material constitutive models of concrete 
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(b) Material constitutive models of tensile rebar 

 

(c) Material constitutive models of bond-slip between concrete and rebar 

Figure 33 Material constitutive models in FE analysis: stress-strain relationship of (a) concrete, 

(b) tensile rebar, and (c) bond-slip between concrete and rebar. 

 

The perfect and deteriorated bond-slip relationships between the concrete and the 

rebars are modeled using the interface elements proposed by CEB [88] and Kallias and 

Rafiq [89], respectively, as shown in Figure 33(c). The residual bond-slip relationship can 

be described as: 

 0.3
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 1/0 .3

1 m ax 1'αS S α U U  (55)

     max 1 max, 1 o 1 max, exp 1/0.3 ln / ln /D DS S U U S U U     (56)

where α'= 0.7, U1 = 2.57(fʹc)0.5, S1 = 0.15co where co is the spacing between the ribs of the 

rebar, S2 = 0.35co, and So = 0.15 or 0.4 mm for plain concrete or steel confined concrete, 

respectively. Umax,D is the residual bond strength, which can be obtained as [90]:  

   max, 0.55 0.24 / ' 0.191 /D b c st yt s bU R c d f A f S d      (57)

1 2 LR A A m   (58)

where 𝑐 is the concrete cover, db is the diameter of the tensile bar, Ast is the cross-sectional 

area of the stirrup, fyt is the yield strength of the stirrup, Ss is the stirrup spacing; R is the 

factor accountable for the residual contribution of concrete towards the bond strength, 

which depends on the corrosion current applied in the accelerated corrosion test and the 

amount of steel weight loss in percentage (i.e., MRw herein) [90]. Eq. (57) composes of 

two separate terms, which are attributed to the concrete and stirrup contributions to the 

bond strength, respectively. It is worth noting that the deteriorated bond-slip model for 

each interface element is calculated based on MRw of a corroded RC structure. 

Applying 3D nonlinear FE analysis to Monte Carlo simulation (MCS)-based 

reliability estimation is impractical due to the high computational cost. Hence, to 

eliminate this limitation, the response surface method (RSM) is incorporated by 

approximating the relation between the desired output of the FE analysis and the main 

influencing variables [9, 91, 92]. In the following chapter, the structural reliability 

estimation of corroded RC girders using a 3D FE model, the RSM and MCS is illustrated 

as a case study.  
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 Illustrative Case Study 

The effect of the transverse correlation on the simulated steel weight loss distributions of 

the RC slab specimen has been presented in the previous chapter. Accordingly, to 

understand how the structural safety is influenced by this parameter, in this chapter the 

reliability analysis is applied with assumed RC structures in which their steel weight loss 

distributions are simulated considering the effect of parameters related to the transverse 

correlation (e.g., the transverse correlation C3). Then, the results of the failure 

probabilities for the analyzed RC girders considering the effect of the interaction of 

corrosion pits among the tensile rebars are compared and discussed comprehensively. 

5.1 Description of RC Girders Analyzed 

The details of RC girders that contain three and seven tensile rebars are illustrated in 

Figure 34. Table 5 shows a list of considered cases to investigate the effect of the 

transverse correlation C3 among the spatial steel weight loss distributions, the number of 

tensile rebars m, and spacing between tensile rebars ds on the reliability of RC girders. 

The RC girders in Cases A to F have the same total rebar cross-sectional area of 6.16×102 

mm2, concrete compressive strength of 40 MPa, and rebar yield strength of 369 MPa. 

The concrete cover is assumed to be 20 mm. 
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(a) Longitudinal elevation of the analyzed RC girders 

 

(b) Cross-sections of the analyzed RC girders 

Figure 34 Details of the analyzed RC girders: (a) longitudinal elevation and (b) cross-sections 

with different numbers and spacings of tensile rebars (all dimensions are in mm). 

 
Table 5. List of assumed cases. 

Case 
Number of rebars (= 

m) 

Transverse correlation 

parameter, C3 

Spacing of tensile 

rebars, ds (mm) 

A 3 0.005+ 69 

B 3 0.05* 69 

C 3 0.005+ 23 

D 3 0.05* 23 

E 7 0.005+ 23 

F 7 0.05* 23 

+ low transverse correlation 

* experimental transverse correlation 

DB6 @150

8000

m = 3, ds = 69 mm

Total cross-sectional area of tensile rebars in both RC girders: 6.16×102 mm2

m = 7, ds = 23 mm

35
0

200

35
0

200

m = 3, ds = 23 mm

35
0

200

69 23 23
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5.2 Performance Function 

To estimate the structural reliability of the RC girders, the spatial steel weight loss 

distributions of tensile rebars are simulated using the SRM from MRw = 0% to 45%. 

Additionally, the number of sample realizations is set to 10000 for the simulation. The 

simulated spatial steel weight loss distributions are then applied in the 3D FE analysis 

and RSM to estimate the ultimate flexural capacities of the RC girders for each level of 

MRw. The reliability of the RC girders is calculated in the MCS by comparing the ultimate 

load capacity and load demand: 

u sg P P 
 (59) 

where uP is the ultimate flexural capacity of corroded RC girders that are subjected to a 

flexural moment when the concrete ultimate strain reach to 0.0035 and sP  is the load 

demand, which is assumed herein by Gumbel distribution with the location and scale 

parameters of 55kN and 4kN, respectively. 

The probability of failure ( )fP w  at MRw = w is estimated as follows: 

( ) Pr( 0 )fP w g MRw w  
 (60) 
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Figure 35 Relative frequency histogram and Gumbel PDF of load demand. 

5.3 Validation of the Response Surface Method 

To verify the accuracy of the RSM, a 3D FE analysis of the RC girder with seven tensile 

rebars is performed using a reduced cross-sectional area of the longitudinal rebars based 

on a series of simulated spatial steel weight loss distributions with MRw = 40%. An 

approximation of the FE analysis output is obtained by a quadratic polynomial function 

with two-factor interactions as follows: 

2 2

0 1 1 2 2 3 1 4 2 5 1 2uP α αX α X α X α X α X X     
 (61) 

where uP is a set of the monitored responses of the ultimate load capacities estimated by 

the FE analysis, 1X  is the distance from the middle of the RC girder to the location of the 

concrete ultimate strain, 
' 0.0035cuε  ; 2X  is the mean value of the local steel weight 

Gumbel PDF
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losses, ( )iRw u , among all the m rebars at the location of the concrete ultimate strain; and 

αξ (ξ = 0, 1, 2, …, 5) are the regression coefficients calculated by the multiple regression 

analysis. 

 

(a) 25 FE models 

 

(b) 50 FE models 

Figure 36 Effect of the parameters X1 and X2 on the ultimate flexural capacity, uP  with the 

corresponding regression coefficients obtained from (a) 25 FE models and (b) 50 FE models. 
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Figures 36(a) and (b) present the effect of the parameters X1 and X2 on the ultimate 

flexural capacity, uP with the corresponding regression coefficients obtained from 25 FE 

and 50 FE models, respectively. As displayed in Figure 36, the response surfaces of the 

ultimate flexural capacity, uP are consistent between both cases (i.e., the RSM with 25 

and 50 FE models). Figure 37 presents the relationship between the ultimate flexural 

capacity obtained directly from 100 FE models and that predicted by the response surface 

created from 25 and 50 FE models (see Figures 36(a) and (b), respectively). Note that the 

FE model has a different sample realization of the spatial steel weight loss distributions. 

As shown in Figure 37, since the results of both cases have similar coefficients of 

determination (R2 ≈ 0.65), the RSM that was previously described with the response 

surface obtained from 25 FE models (i.e., the 25 sample realizations of the spatial steel 

weight loss distributions) is utilized to reduce the computational cost. 

 

 

Figure 37 Relationship between the ultimate flexural capacity obtained directly from 100 FE 

models and that predicted by the response surface created from 25 and 50 FE models. 

30

35

40

45

50

55

60

30 35 40 45 50 55 60

L
oa

d 
ca

pa
ci

ty
 (

R
S

M
) 

(k
N

)

Load capacity (FE analysis) (kN)

25 data set

50 data set

(R2 = 0.63)

(R2 = 0.67)



82 

 

5.4 Results and Discussion 

Figure 38 shows a comparison of the failure probabilities of the analyzed RC girders with 

three and seven tensile rebars. The failure probabilities of the RC girders with three rebars 

and seven rebars increase as the transverse correlation parameter C3 increases (i.e., as the 

degree of the transverse correlation increases). Moreover, although all the girders 

analyzed in this case study have the same total cross-sectional area of the tensile rebars, 

the failure probability of the RC girders increases as the spacing and number of rebars 

decrease. However, this tendency becomes less obvious as the transverse correlation 

degree increases. 

This finding can be explained by the fact that when the transverse correlation 

increases and the spacing and number of rebars decrease, the probability of having 

localized steel weight loss, which generates a particularly weak cross-section for the 

flexural load capacity of the RC beams, increases, and consequently, the flexural load 

capacity decreases. As confirmed by the effect of C3, m and ds on the histogram of the 

ultimate flexural capacity Pu with MRw = 35%, as shown in Figures 39, 23, and 41, 

respectively. The probability densities in the left tail of the histogram for the RC girder 

with a higher transverse correlation parameter, smaller rebar spacing, and fewer tensile 

rebars are higher than those for the RC girder with a lower transverse correlation 

parameter, larger rebar spacing, and more tensile rebars, as shown in Figures 39, 23, and 

41, respectively, which leads to a higher failure probability. However, as illustrated in 

Figures 40 and 41, the left tails in the histograms of Pu for the RC girders with different 

rebar spacings and different numbers of rebars become likely as the transverse correlation 

degree increases. Thus, it is important to consider the correlation of steel corrosion not 
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only in the longitudinal direction but also in the transverse direction when estimating the 

reliability of corroded RC structures. 

 

 

Figure 38 Comparison of the failure probabilities of RC girders with a different number and 

spacing of tensile rebars. 
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(b) Three rebars and a spacing of 23 mm 

 

(c) Seven rebars and a spacing of 23 mm 

Figure 39 Effect of the transverse correlation parameter C3 on the histogram of the ultimate 

flexural capacity Pu for the RC girders when MRw = 35%: (a) three rebars with a spacing of 69 

mm, (b) three rebars with a spacing of 23 mm, and (c) seven rebars with a spacing of 23 mm. 
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(a) Low transverse correlation (C3 = 0.005) 

 

(b) Experimental transverse correlation (C3 = 0.05). 

Figure 40 Effect of the spacing of tensile rebars ds on the histogram of ultimate flexural capacity 

Pu for the RC girders when MRw = 35%: (a) low transverse correlation (C3 = 0.005) and (b) 

experimental transverse correlation (C3 = 0.05). 
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(a) Low transverse correlation (C3 = 0.005) 

 

(b) Experimental transverse correlation (C3 = 0.05) 

Figure 41 Effect of the number of tensile rebars on the histogram of ultimate flexural capacity Pu 

for the RC girders when MRw = 35%: (a) low transverse correlation (C3 = 0.005) and (b) 

experimental transverse correlation (C3 = 0.05).  
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 Conclusions and Future Works 

6.1 Conclusions 

(1)  The results of the spatial steel weight losses in the multiple tensile rebars of the 

corroded RC slab specimen measured with the X-ray and digital image processing 

techniques reveal that similar Rw profiles were obtained among the tensile rebars for 

all the corrosion levels; therefore, the effect of the correlation of steel weight loss 

among the rebars in the transverse direction should be considered when performing 

simulations. 

(2)  A procedure for simulating the spatial steel weight loss distributions of multiple 

tensile rebars in MV random fields was proposed. In this procedure, the functional 

auto-SDF and functional coherence function are estimated from measured results to 

consider the correlation of steel weight loss in the longitudinal direction and 

transverse direction, respectively. In this dissertation, the longitudinal correlation 

parameters C1 = 0.0063 and C2 = 5.7 and the transverse correlation parameter C3 = 

0.05 were obtained. In the numerical example, the Rw profiles of the spatial steel 

weight loss distributions simulated by the proposed procedure show how the strength 

of the transverse correlation depends on the value of parameter C3. 

(3)  The simulated spatial steel weight loss distributions were simultaneously applied in 

MCS that incorporates 3D FE analysis and the RSM to estimate the reliability of 

corroded RC structures considering the effect of the interaction of corrosion pits 

among tensile rebars. 

(4)  The results of the case study show that the failure probabilities of the RC girders 
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increase as the transverse correlation degree increases and the number and spacing 

of the tensile rebars decrease. This is because when the transverse correlation 

increases and the spacing and number of rebars decrease, the probability of having 

localized steel weight loss, which generates a particularly weak cross section for the 

flexural load capacity of RC beams, increases, and consequently, the flexural load 

capacity decreases (i.e., higher failure probability). However, the effect of the number 

and spacing of tensile rebars on the failure probability likely becomes less significant 

as the transverse correlation strengthens. These results suggest that the transverse 

correlation among the spatial steel weight loss distributions of multiple tensile rebars 

must be considered when estimating the failure probabilities of RC girders. 

6.2 Recommendations for Future Works 

This dissertation is the first to propose a procedure for simulating spatial steel weight loss 

distributions of multiple tensile rebars RC members considering the effect of the spatial 

variability not only in the longitudinal direction but also in the transverse direction. Thus, 

it is possible to improve the efficiency of synthesizing the dataset of steel corrosion 

distributions used for building a machine learning model to predict the deterioration state 

of corroded RC members [49].  

Since it has been reported that the steel corrosion in RC members is both non-

uniformly distributed along a rebar length [23] and around rebar cross-sections [93]. 

However, the effect of non-uniform corrosion around any cross-sections for a rebar on 

the structural safety of RC members is not addressed herein. In the future, therefore, more 

works should contribute to this issue experimentally and numerically. 

Since the effects of the transverse correlation among the tensile rebars must be 
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considered in structural performance assessment, further experimental research is needed 

to investigate the spatial distributions of the steel corrosion of RC members with different 

concrete qualities, rebar diameters, and distances between the rebars and concrete cover 

and observe how they depend on the corrosion level. The key technology for 

understanding the correlation of steel corrosion among longitudinal rebars is X-ray 

imaging because it enables the continuous observation of the steel corrosion in RC 

members nondestructively. In addition, life-cycle maintenance and optimization of RC 

structures must be performed by considering the longitudinal and transverse correlations 

associated with material deterioration [94–96]. 
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